E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 13 (2008), Paper no. 18, pages 513–529.

Journal URL

http://www.math.washington.edu/~ejpecp/

Renewal convergence rates and correlation decay for homogeneous pinning models

Giambattista Giacomin^{1,2} Université Paris 7–Denis Diderot and CNRS

Abstract

A class of discrete renewal processes with exponentially decaying inter-arrival distributions coincides with the infinite volume limit of general homogeneous pinning models in their localized phase. Pinning models are statistical mechanics systems to which a lot of attention has been devoted both for their relevance for applications and because they are solvable models exhibiting a non-trivial phase transition. The spatial decay of correlations in these systems is directly mapped to the speed of convergence to equilibrium for the associated renewal processes. We show that close to criticality, under general assumptions, the correlation decay rate, or the renewal convergence rate, coincides with the inter-arrival decay rate. We also show that, in general, this is false away from criticality. Under a stronger assumption on the inter-arrival distribution we establish a local limit theorem, capturing thus the sharp asymptotic behavior of correlations.

Key words: Renewal Theory, Speed of Convergence to Equilibrium, Exponential Tails, Pinning Models, Decay of Correlations, Criticality.

AMS 2000 Subject Classification: Primary 60K05, 60K35, 82B27.

Submitted to EJP on October 2, 2007, final version accepted March 27, 2008.

1Postal address: Université Paris 7 – Denis Diderot, U.F.R. Mathématiques, Case 7012, 2 place Jussieu, 75251 Paris cedex 05, France. E-mail: giacomin@math.jussieu.fr 2Laboratoire de Probabilités et Modèles Aléatoires (CNRS U.M.R. 7599)

1 Introduction and main results

1.1 Renewals processes and the Renewal Theorem

Consider a discrete, non–delayed, persistent renewal process τ := {τ_j }_{j∈N∪{0}}, that is the sequence of random variables such that τ_0 = 0, {τ_j − τ_{j−1}}_{j∈N} is IID and such that the law of τ_1, the inter-arrival law, takes values in N := {1, 2, . . .}. We introduce the notation F (n) := P(τ_1 = n) and we observe that it is at times practical to look at τ as a random subset of N ∪ {0}, so in particular if we set u(n) := P(n ∈ τ), then {u(n)}_{n∈N∪{0}} is the renewal sequence of τ. Note that u(0) = 1 and, if F (·) is aperiodic (i.e. if gcd{n : F (n) > 0} = 1), there exists n_0 > 0 such that u(n) > 0 for every n ≥ n_0. The classical Renewal Theorem (see e.g. [2]) says that, if F (·) is aperiodic, we have u(∞) := lim_{n→∞} u(n) = 1 E[τ_1]

∈ [0, 1]. (1.1)

Much effort has been put into refining such a result. Refinements are of course a very natural question when E[τ_1] = +∞ (e.g. [11; 14]), but also when E[τ_1] < +∞. In the latter case sharp estimates on u(n) − u(∞) have been obtained for sub-exponential tail decay of the inter-arrival distribution sequence, like for example in the case of F (n)^{n→∞}∼ c_1/n^{2+c2} (c_1 and c_2 > 0), and the tails of the two sequences are directly related (e.g. [18] and references therein). Throughout the text the notation a_n^{n→∞}∼ b_n stands for lim_{n→∞} a_n/b_n = 1.

When instead the inter-arrival distribution has exponential decay the situation is quite different. In fact, what can be proven in general is that, if there exists c_1 > 0 such that lim_{n→∞} exp(c_1n)F (n) = 0, then there exists c_2 > 0 such that lim_{n→∞} exp(c_2n)|u(n)−u(∞)| = 0. However the precise decay, or even only the exponential asymptotic behavior (that is the supremum of the values of c_2 for which the previous equality holds), in general does not depend only on the tail behavior of the inter-arrival probability. This is definitely a very classical problem [20; 19], and a number of results have been proven in specific instances (see e.g [4; 5; 22]). We are now going to treat this point in some detail.

1.2 On exponentially decaying inter-arrival laws

From the very definition of renewal process one directly derives the equivalent expressions

u(n) = 1_{{0}}(n) + n−1� j=0 u(j)F (n − j) and ^u(z) = 1 1 − ^F (z)

, (1.2)

with the notation ^f(z) =

�_∞ n=0 z^nf(n) ( ^f(·) is the generating function, or z-transform, of f(·)) and z is a complex number. Of course ^f(·) is a power series and |z| a priori has to be chosen smaller than the radius of convergence, which, for the two series appearing in (1.2), is at least 1. As a matter of fact, we are interested (in particular) in the radius of convergence of

Δ(z) := ∞� n=0 (u(n) − u(∞))z^n = 1 1 − ^F (z) − 1 E[τ_1](1 − z)

. (1.3)

If we assume that lim sup_{n→∞} exp(cn)F (n) < ∞ for some c > 0, the radius of convergence of ^F (·) is at least exp(c), however it is not at all clear that the radius of convergence of Δ(·) coincides with the radius of convergence of ^F (·). The problem does not come from the singularity at z = 1 since it is easily seen that it is removable ( ^F (z) = E[τ_1](1 − z) + O((1 − z)^2)). And notice also that, when F (·) is aperiodic, ^F (z) = 1 on the unit circle only if z = 1, while of course | ^F (z)| < 1 for |z| < 1. What may happen is the existence of other solutions z to ^F (z) = 1 for z within the radius of convergence of ^F (·). And it may even happen that Δ(·) can be analytically continued beyond the radius of convergence of ^F (·). Let us make this clear by giving two (classical) explicit examples:

• F (1) = 1 − p, F (2) = p and F (n) = 0 for n = 3, 4, . . . (p ∈ (0, 1)). The radius of convergence of ^F (·) is ∞, but Δ(z) = p/((1 + p)(1 + pz)) and therefore the radius of convergence of Δ(·) is 1/p, and in fact, by expanding Δ(z) around z = 0, we obtain u(n) − u(∞) = (−p)^n(p/(1 + p)) for n = 1, 2, . . ..

• F (n) = p^n(1 − p)/p, p ∈ (0, 1). In this case the radius of convergences of ^F (·) is 1/p, but Δ(z) = p for every z, so the radius of convergence is ∞ and in fact u(n) − u(∞) = 0 for every n ≥ 1.

These examples show that the tail decay of u(·) − u(∞) may have little to do with the tail decay of the F (·): in particular, changing fine details of F (·) may have a drastic effect on the decay of u(·) − u(∞). For further examples of such a behavior see in particular [5], but also Section 4 below.

The main purpose of this note is, however, to point out that, in a suitable class of renewal processes motivated by statistical mechanics modeling, the tail decay of u(·) − u(∞) is closely linked with the tail decay of F (·).

1.3 Our set–up

We introduce the class of renewals we are going to focus on without insisting on the physical motivations, that are postponed to § 1.5. We consider the aperiodic discrete probability density K(·) concentrated on N such that for some α > 0 and some function L(·) which is slowly varying at infinity we have

K(N) := � n>N K(n)^{N→∞}∼

L(N) αN^α

. (1.4)

We recall that a function L(·) defined on the positive semi-axis is slowly varying at infinity if it is positive, measurable and if lim_{t→∞} L(ct)/L(t) = 1 for every c > 0. We refer to [6] for the full theory of slowly varying functions, recalling simply that both L(t) and 1/L(t) are much smaller than t^δ (as t → ∞), and this for any δ > 0. It is customary to say that K(·) varies regularly with exponent −α. We point out that (1.4) and aperiodicity are implied by

K(n)^{n→∞}∼

L(n) n^{1+α}

. (1.5)

Starting from K(·), we introduce a family of discrete probability densities indexed by b ≥ 0:

K_b(n) := c(b)K(n) exp(−bn), (1.6) and c(b) = 1/ � n K(n) exp(−bn) (of course c(0) = 1). Our attention focuses on the renewal process τ(b) := {τ_j (b)}_j with inter-arrival law K_b(·), that is the renewal process τ with F (·) = K_b(·) with the notation in § 1.1. The renewal sequence this time is denoted by {u_b(n)}_n, that is u_b(n) := P (n ∈ τ(b)).

1.4 Main result

With the set-up of § 1.3 we have the following:

Theorem 1.1. Given K(·) call b_0(∈ [0, ∞]) the infimum of the values of b > 0 such that there exists z satisfying 1 < |z| ≤ exp(b) and ^K_b(z) = 1.

1. For every choice of K(·) satisfying (1.4) we have b_0 ∈ (0, ∞] and for every b ∈ (0, b_0] we have lim sup n→∞ 1 n log |u_b(n) − u_b(∞)| = −b, (1.7)

while for b > b_0 lim sup n→∞ 1 n log |u_b(n) − u_b(∞)| ≥ −b. (1.8)

2. For every choice of K(·) satisfying (1.5) we have that for every b ∈ (0, b_0)

u_b(n) − u_b(∞)^{n→∞}∼

K_b(n) (c(b) − 1)^2

, (1.9)

which implies lim_{n→∞} 1 n log (u_b(n) − u_b(∞)) = −b. (1.10)

Remark 1.2. When there exists z_0, 1 < |z_0| < exp(b), such that ^K_b(z_0) = 1 (therefore b > b_0) one can easily write down the sharp asymptotic behavior of {u_b(n) − u_b(∞)}_n in terms of the values of z_0 with minimal |z_0| obtaining that the sequence changes sign infinitely often and that, while of course lim sup n→∞ 1 n log |u_b(n) − u_b(∞)| = − log |z_0| > −b, (1.11)

in general the superior limit cannot be replaced by a limit (see Section 4 for details). In Section 4 we also provide explicit examples showing that b_0 can be arbitrarily small by choosing K(·) suitably. In all the examples we have worked out the inequality in (1.8) is strict (for every b > b_0), but it is unclear to us whether or not this is a general phenomenon.

The proof of Theorem 1.1(1) can be found in Section 2 which is devoted to the study of

R_b := 1 lim sup_n |u_b(n) − u_b(∞)|^{1/n}

, (1.12)

which of course is the radius of convergence of Δ_b(·) (defined in analogy with (1.3)), and to establishing that b_0 is not zero, see Proposition 2.1. Theorem 1.1(2) follows instead by applying a well established technique [9]: this is detailed in Section 3.

In Section 2, Proposition 2.2 (see also Remark 3.1), we give a generalization of Theorem 1.1. This generalization deals with the case in which we do not assume (1.4), but we require � n nK(n) < ∞. As a matter of fact, in proving Proposition 2.1, that yields Theorem 1.1(1), we use (1.4) only to prove b_0 > 0 and actually, as we shall see, the argument leading to b_0 > 0 goes through without assuming (1.4) if � n nK(n) < ∞. We would like to point out that it is possible to show that b_0 > 0 also by coupling arguments, when � n nK(n) < ∞. This is achieved by applying for example the results in [23], but we will not detail this here. The proof we give, when � n nK(n) < ∞, is extremely short. Moreover, it does not seem to be easy to extract our results when � n nK(n) = ∞ from coupling arguments: the results in the literature are either not as sharp or they are restricted to very particular cases (see the last part of § 1.5, notably Remark 1.3, for more details). Of course in the case � n nK(n) = ∞ we do use (1.4) in order to establish b_0 > 0: this choice is driven by the applications we have in mind and we do not know to which extent one can relax it.

1.5 Homogeneous pinning models and decay of correlations

What motivated, and what even suggested the validity of the results in this note, is the behavior near criticality of homogeneous pinning models. As it as been pointed out in particular in [13], a large class of physical models boils down to a family of Gibbs measures that, in mathematical terms, are just obtained from discrete renewal processes modified by introducing an exponential weight, or Boltzmann factor, depending on N_N (τ) := |τ ∩ (0, N]|. More precisely if P is the law of τ and the latter is the renewal process with inter-arrival distribution K(·), we consider the family of probability measures {P_{N,β}}_{N∈N} defined by

dP_{N,β} dP (τ) = 1 Z_{N,β} exp (βN_N (τ)) , (1.13)

with Z_{N,β} the normalization constant. Then one can show ([8],[15, Ch. 2]) that the weak limit P_{∞,β} of {P_{N,β}}_{N∈N} exists for every β ∈ R (to be precise, this statement holds for every β assuming (1.5), but it holds also assuming only (1.4) if β > 0 and, as we shall see, this is the relevant regime for us). The parameter β actually plays a crucial role. In fact if β < 0 then τ, under P_{∞,β}, is a transient renewal and it contains therefore only a finite number of points (this is the so-called delocalized phase). If instead β > 0 then τ, again under P_{∞,β}, is a positive recurrent renewal with inter-arrival distribution given by K_b(·), with b = b(β) unique real solution of � n K(n) exp(−bn) = exp(−β) (this is the localized phase). Note that if β ↘ 0, then b ↘ 0. We point also out that it is not difficult to see that b coincides with the limit as N tends to infinity of (log Z_{N,β})/N and it is hence the free energy of the system [15, Ch. 1]. In [13] and, more completely in [15, Ch. 2], one can find the analysis of b(β) as β ↘ 0 (and (1.4) is the natural hypothesis to get a regular behavior of b(β) as β ↘ 0).

As a consequence τ(b), for b > 0, does describe the localized regime of an infinite volume statistical mechanics system: if b is small, the system is close to criticality. The correlation length is a key quantity in statistical mechanics, see e.g. [13]. Moreover it is expected to scale nicely with β (or, which is equivalent, with b) approaching criticality, typically like β to some (negative) power, possibly times logarithmic corrections. The correlation length may be defined by introducing first the correlation function:

c(n) := lim m→∞ P (m ∈ τ(b), m + n ∈ τ(b)) − P (m ∈ τ(b)) P (m + n ∈ τ(b)) � P (m ∈ τ(b)) (1 − P (m ∈ τ(b))) P (m + n ∈ τ(b)) (1 − P (m + n ∈ τ(b))) = E [τ_1(b)] E [τ_1(b)] − 1 � P (n ∈ τ(b)) − 1 E [τ_1(b)] � , (1.14)

where we have used the Renewal Theorem. Then the correlation length is just one over the decay rate ξ(b) of c(·): ξ(b) := −1/ lim sup_{n→∞} n^{−1} log |c(n)| and therefore

ξ(b) = −1/ lim sup_{n→∞} n^{−1} log |u_b(n) − u_b(∞)|, (1.15)

so that Theorem 1.1 (largely) guarantees that

ξ(b)^{b↘0}∼ 1 b , (1.16)

which roughly can be rephrased by saying that the correlation length, close to criticality, scales like one over the free energy.

On physical grounds (1.16), or rather the weaker form log ξ(b) ∼ − log b, is certainly expected [13], not only in the homogeneous set-up, but also in the disordered one. A disordered pinning model is defined by taking a typical realization of an IID sequence {ω_1, ω_2, . . .} of centered random variables and by replacing N_N (τ) in (1.13) with N_N (τ) + ε

�_N n=1 ω_n1_{n∈τ} : if ε ≠ 0 one can no longer solve exactly this model and, as a matter of fact, the disorder introduces some striking effects (see [1; 10; 15; 17] for the state of the art and further details). A proof of (1.16) has been given in [24] by coupling arguments for the case in which K(·) is given by the return times of a simple random walk and the proof is given also for disordered models. The result actually holds as an equality for every b (like the case presented in § 4.1 below: we point out that for α = 1/2 the distribution K(·) treated in § 4.1 coincides with the distribution of the returns to zero of a simple random walk in the sense that K(n) is the probability that the first return to zero of a simple random walk happens at time 2n). In general, coupling arguments yield precise upper and lower bounds on the rate when suitable monotonicity properties are present (see in particular [21]): the returns of a simple random walk are in this class. In absence of monotonicity properties coupling arguments usually yield only upper bounds on the speed of convergence (and hence lower bounds on the rate, see [2] and references therein): in [25] a coupling argument is given for disordered pinning models and it yields in our homogeneous set-up that for every α > 0

lim sup b↘0 log ξ(b) log(b)

≤ −1, (1.17)

under the stronger hypothesis (1.5) (compare (1.16) and (1.17)).

Remark 1.3. The result (1.17) is obtained [25] by a coupling argument that is substantially more complex than the over-jumps coupling technique in [23]. The argument, which tries to mimic the proof for the simple random walk, involves suitably chosen Bessel processes and it is tuned to the regular variation character of K(·), i.e. to hypothesis (1.5). It yields however stronger results in the direction of having more quantitative bounds, namely results that hold for every n. It must be said that coupling results typically do yield quantitative estimates, but also the generating function techniques can be pushed beyond asymptotic results like the one we have presented (see e.g. [5], but also [4]): we have not pursued this direction. On the other hand, it is less obvious how to apply generating function techniques when disorder is present.

We conclude this introduction by recalling that the class of pinning models we have considered is sometimes presented as the class of (1 + d)–dimensional pinning models. The name comes from the directed viewpoint on Markov chains: if one considers a Markov chain S with state space Z^d, the state space of the directed process {(n, S_n)}_n is Z^{1+d}. The renewal structure in this case is simply given by the successive returns to 0 ∈ Z^d by S or, equivalently, by the intersections of the directed process with the line {(n, 0) ∈ Z^{1+d} : n = 0, 1, 2, . . .}. This viewpoint is important in order to understand the spectrum of applications of pinning models, that includes interfaces in two dimensional space. We are not going to discuss this further here, and we refer to [15; 26], but we do point out that precise estimates catching the order of magnitude of the correlation length in a class of interface pinning models in d-dimensional space (Gaussian effective interfaces pinned at an (hyper-)plane) have been obtained in [7].

2 The radius of convergence of Δ_b(·)

In this section we work in the most general set-up, i.e. we assume (1.4). Recall the definition of b_0 from the statement of Theorem 1.1 and recall (1.12).

Proposition 2.1. R_b ≤ exp(b) and, for every choice of K(·), b_0 > 0 and therefore R_b = exp(b) for b ∈ (0, b_0].

Note that this result implies (1.7) and (1.8).

Proof. We are going to show that R_b ≤ exp(b) by making use only of ^K_b(exp(b)) < ∞ and of the fact that the radius of convergence of ^K_b(·) is exp(b).

Of course we may assume that Δ_b(·) is analytic in the centered ball of radius exp(b), since otherwise there is nothing to prove. Let us suppose that Δ_b(·) has an analytic extension to the open ball of radius R > exp(b). From (1.3) we immediately derive an expression for ^K_b(z) in terms of Δ_b(z), for |z| < exp(b), and this gives the meromorphic extension of ^K_b(·) to the centered ball of radius R. However we know that the radius of convergence of ^K_b(·) is exp(b) and that |^K_b(z)| ≤ c(b) � n K(n) < ∞ if |z| = exp(b). So the singularity of ^K_b(·) cannot be a pole and therefore ^K_b(·) does not have a meromorphic extension. This implies that Δ_b(·) cannot be analytically continued beyond the centered ball of radius exp(b).

The question that we have to address in order to complete the proof of Proposition 2.1, that is proving b_0 > 0, can be rephrased as: do there exist two sequences {b_j }_j , b_j ↘ 0 and {z_j }_j , 1 < |z_j | ≤ exp(b_j ) such that �K_{bj} (z_j ) = 1 for every j? Of course, if this is not the case, ^K_b(z) ≠ 1 if log |z|(> 0) is sufficiently small.

We make some preliminary observations: first, we may assume ℑ(z_j ) ≥ 0, since if ^K_b(z) = 1, we have ^K_b(z) = 1 too. Then let us remark that, by writing z_j = r_j exp(iθ_j ), we can pass to the limit in the equation �K_{bj} (z_j ) = 1: by the Lebesgue Dominated Convergence Theorem we have that every limit point (1, θ) of {(r_j , θ_j)}_j satisfies � n K(n) exp(inθ) = 1, (2.1)

which gives θ = 0 by aperiodicity. This tells us that, for b small, singularities have necessarily positive real part and small imaginary part (in short, they are close to 1). Moreover, by monotonicity, we see that the imaginary part cannot be zero (and therefore we assume that it is positive, since solutions come in conjugate pairs).

Let us now assume by contradiction that there exists a triplet of sequences � {b_j }_j , {δ_j }_j , {θ_j }_j � , (2.2)

tending to zero, with the requirements that 0 ≤ δ_j < b_j , θ_j > 0 for every j and such that �K_{bj} (exp(b_j − δ_j ) exp(iθ_j )) = 1 for every j. Of course the triplet corresponds to the poles of the associated Δ_{bj} (·) function at z_j = exp ((b_j − δ_j ) + iθ_j ). We are going to show that such a triplet does not exist since we are able to extract subsequences such that

�K_{bj} (exp(b_j − δ_j ) exp(iθ_j )) ≠ 1, (2.3)

for every j in the subsequence.

Let us consider the auxiliary sequence of non-negative numbers {δ_j /θ_j }_j . By choosing a subsequence we may assume that this sequence converges to a limit point γ ∈ [0, ∞].

We consider first the case of α ∈ (0, 1). We distinguish the two cases γ < ∞ and γ = ∞.

If γ < ∞ we have the asymptotic relation � n K(n) exp(−δ_j n) sin(θ_j n)^{j→∞}∼ θ^α_j L(1/θ_j )

�_∞ 0 exp(−γs) sin(s) s^{1+α} ds , (2.4)

that follows from a Riemann sum approximation and the uniform convergence property of slowly varying functions [6, § 1.5] if the sum is restricted to θ_jn ∈ (ε, 1/ε). The rest is then controlled for small n’s (n ≤ ε/θ_j ) by replacing sin(x) with x and using summation by parts which tells us that �_N

n=1 nK(n) is equal to

�_{N−1} n=0 K(n) − NK(N) and the latter behaves for large values of N as N^{1−α}L(N)/(1 − α) [6, § 1.5]. For large n’s the rest is controlled by using | exp(−δ_j n) sin(θ_j n)| ≤ 1. Overall the absolute value of the rest is bounded by cθ^α_j L(1/θ_j )(ε^{1−α} + ε^α) for some c > 0, with c not depending on ε, for j sufficiently large (for example, θ_j < ε) and (2.4) follows. Observe that the left-hand side of (2.4) is asymptotically equivalent to the imaginary part of ^K_b(exp(b_j −δ_j ) exp(iθ_j )), apart for the multiplicative constant c(b_j ) = 1+o(1) ∈ R. The integral can be explicitly computed and it is equal to � 1 + γ^2

�_{α/2} Γ(1 − α) sin (α arctan(1/γ)) , (2.5)

which is positive for every γ ∈ [0, ∞), therefore for j sufficiently large (2.3) holds (the definition of Γ(·) is recalled in Section 4).

If γ = ∞ instead we write � n K(n) exp(−δ_j n) sin(θ_j n) = R^<_j + R^>_j , (2.6)

with R^<_j the sum for n ≤ ε/θ_j and R^>_j is the rest (0 < ε ≤ π/2 is a fixed positive constant). Setting s_ε := sin(ε)/ε we have

R^<_j ≥ s_ε θ_j � n≤ε/θ_j

nK(n) exp(−δ_j n)^{j→∞}∼ s_εΓ(1 − α)L(1/δ_j ) � θ_j δ_j � δ^α_j . (2.7)

To obtain (2.7) we have used summation by parts, namely the identity: ∞� n=1 nK(n) exp(−δ_j n) = ∞� n=0 K(n) exp(−δ_j (n + 1)) − (1 − exp(−δ_j )) ∞� n=1 nK(n) exp(−δ_j n). (2.8)

On the other hand � �R_{>j} � � ≤ exp (−(δ_j /θ_j)ε) �

n>ε/θ_j

K(n)^{j→∞}∼ exp (−(δ_j /θ_j )ε)

L(1/θ_j ) α (θ_j /ε)^α , (2.9)

therefore � � � � R^>_j R^<_j � � � � ≤ c exp (−(δ_j /θ_j)ε)

L(1/θ_j ) L(1/δ_j ) � θ_j δ_j

�_{α−1} ≤ c^′ exp (−(δ_j /θ_j )ε) � θ_j δ_j

�_{α−2}

, (2.10)

where c, c^′ are positive constants (we have explicitly used the fact that, for every c_1 > 1 and every c_2 > 0 there exists c_3 > 0 such that L(x)/L(y) ≤ c_1(x/y)^{c2} whenever x/y ≥ c_3 [6, Th. 1.5.6]). Therefore |R^>_j /R^<_j | → 0 as j → ∞ and for j sufficiently large we have � n K(n) exp(−δ_j n) sin(θ_jn) ≥ 1 2 s_εΓ(1 − α)L(1/δ_j ) θ_j δ_j δ^α_j , (2.11)

and then also in this regime (2.3) holds.

The marginal case of α = 1 and � n nK(n) = +∞ is treated as follows.

If γ ∈ [0, ∞) for the step analogous to (2.4) we split the sum according to whether θ_j n ≤ ε or θ_jn > ε. Summing by parts we obtain N� n=1 nK(n) =

N−1� n=0 K(n) − NK(N)^{N→∞}∼ N� n=1 L(n) n =: ^L(N), (2.12)

where in the asymptotic limit we have used [6, Prop. 1.5.9a] that guarantees that ^L(·) is slowly varying and that lim_{n→∞} ^L(n)/L(n) = +∞. From this we directly obtain that the first term in the splitting, i.e. the sum over θ_jn ≤ ε, is bounded below by a positive constant, depending on ε and γ (this constant can be chosen bounded away from zero for γ in any compact subset of [0, ∞)) times θ_j ^L(1/δ_j ). The rest instead is bounded, in absolute value, by a constant (independent of γ) times θ_jL(1/θ_j ), for j sufficiently large (just use | sin(θ_j n) exp(−δ_j n)| ≤ 1). Using once again ^L(n) ≫ L(n) for large n, we obtain that �_n K(n) exp(−γ_jn) sin(θ_j n) > 0 for j sufficiently large.

If instead γ = +∞ we restart from (2.6) and, by proceeding like in (2.7) and (2.9), we obtain that for j sufficiently large � n K(n) exp(−δ_j n) sin(θ_j n) ≥ 1 2 s_ε ^L(1/δ_j ) � θ_j δ_j � δ_j − 2 ε exp (−(δ_j /θ_j )ε) L(1/θ_j )θ_j, (2.13)

which is positive for j sufficiently large and the case α = 1 and � n nK(n) = ∞ is under control.

Let us now consider the case � n nK(n) < ∞. In this case for every γ ∈ [0, ∞] we observe that lim_{j→∞} exp(−δ_j n) sin(θ_jn)/θ_j = n and that | exp(−δ_j n) sin(θ_j n)/θ_j| ≤ n, so that by Dominated Convergence we have � n K(n) exp(−δ_j n) sin(θ_jn) θ_j j→∞ −→ � n nK(n), (2.14)

and therefore the left-hand side is positive for j sufficiently large. This concludes the proof of Proposition 2.1.

The very last part of the previous proof (formula (2.14)), that is when � n nK(n) < ∞, clearly requires no regular variation assumption. More precisely we have proven the following generalization of Proposition 2.1:

Proposition 2.2. Assume that inter-arrival laws are of the form (1.6), with K(·) an aperiodic discrete probability density such that � n nK(n) < ∞. If the radius of convergence of ^K_b(z) is exp(b), then b_0 > 0 and R_b = exp(b) for b ∈ (0, b_0].

This of course immediately generalizes Theorem 1.1(1) (for what concerns Theorem 1.1(2), see Remark 3.1).

3 Sharp estimates

Throughout this section K(·) satisfies (1.5), we assume b > 0 and we set ∇u_b(n) := u_b(n) − u_b(n − 1) for n = 0, 1, . . . (u_b(−1) := 0). We also introduce the discrete probability density μ_b on N ∪ {0} defined by μ_b(n) := K_b(n)/m_b, (3.1)

with m_b := � n nK_b(n) and K_b(n) := � j>n K_b(j). Let us observe that

m_bμ_b(n) = K_b(n) ∞� j=1 K(n + j)

K(n) exp(−bj)^{n→∞}∼ 1 exp(b) − 1

K_b(n), (3.2) and that this directly implies the properties �_n j=0 μ_b(j)μ_b(n − j) μ_b(n) n→∞∼ 2 ^μ_b(exp(b)) and μ_b(n + 1)

μ_b(n) n→∞∼ exp(−b). (3.3)

We point out also that from (1.2) we get

�∇u_n(z) = ϕ_b ( ^μ_b(z)) , with ϕ_b(z) := 1 m_bz

, (3.4)

at least for |z| < 1, like for (1.3). Of course the domain of analyticity of ϕ_b(·) is C \ {0} and if we observe that, by direct computation, we have

^μ_b(z) =

1 − ^K_b(z) m_b(1 − z)

, (3.5)

one can then extend the validity of (3.4) to all values of z satisfying |z| ≤ exp(b) and |z| < inf{|ζ| > 1 : ^K_b(ζ) = 1}.

Proof of Theorem 1.1(2). Let us choose b < b_0. We observe that the two properties in (3.3) are the hypotheses (α) and (β) of [9, Theorem 1]. Hypothesis (γ) of the same theorem, that is that ^μ_b(z) converges at its radius of convergence (exp(b)), is verified too. Since b < b_0, { ^μ_b(z) : |z| ≤ exp(b)} ⊂ C \ {0}, i.e. the range of the power series ^μ_b(·) is a subset of the analyticity domain of ϕ_b(·). Therefore [9, Theorem 1] yields

∇u_b(n)^{n→∞}∼ ϕ^′_b ( ^μ_b(exp(b))) μ_b(n) = − μ_b(n) ( ^μ_b(exp(b)))^2 m_b

, (3.6)

and by (3.2) we have

∇u_b(n)^{n→∞}∼ − c(b)(exp(b) − 1) (c(b) − 1)^2

K(n) exp(−bn). (3.7)

We conclude by observing that this yields

u_b(n) = − � j>n ∇u_b(j)^{n→∞}∼ c(b) (c(b) − 1)^2

K(n) exp(−bn) =

K_b(n) (c(b) − 1)^2

, (3.8)

and the proof is complete.

Remark 3.1. The validity of the results in [9] go beyond the assumption (1.5), that, in fact, has been used to verify (3.3). Since, as pointed out in Proposition 2.2, we do not make use of the regularly varying character of K(·) in establishing b_0 > 0 when � n nK(n) < ∞, the results in this section (and therefore Theorem 1.1(2)) can be generalized to the set-up of Proposition 2.2, assuming in addition (3.3). The hypotheses (3.3) characterize, in a rather implicit way, a class of distribution that goes under the name of discrete sub-exponential [6, App. 4]. Just to make an example, Theorem 1.1 holds also for K(n) = L(n)n^q exp(−n^γ ), with q ∈ R and γ ∈ (0, 1). Whether sub-exponentiality could replace in general our hypotheses seems to be a delicate point and in the literature there are some incorrect statements (for example we point out that [6, Th. A.4], cited from [12], is not correct, as it is proven by the examples we work out in the next section).

4 Some examples and further considerations

Recall that Γ(z) :=

�_∞ 0 t^{z−1} exp(−t) dt for ℜ(z) > 0, that Γ(·) can be extended as a meromorphic function to C and that Γ(z + 1) = zΓ(z) for z /∈ {0, −1, −2, . . .} (therefore Γ(n) = (n − 1)! for n ∈ N). Much of the content of this section is based on the fact that for β ∈ R \ {0, −1, −2, . . .} and |x| < 1 we have_∞ � n=0 Γ(β + n) n! x^n = Γ(β)(1 − x)^{−β}. (4.1)

This is just a matter of realizing that for n ≥ 1

d^n dx^n

(1 − x)^{−β} = β(β + 1) . . . (β + n − 1)(1 − x)^{−β−n}, (4.2)

and the formula is the Taylor expansion in x = 0.

Since sign(Γ(β)) = (−1)^{⌈|β|⌉} for β < 0 (|β| /∈ N) the first terms of the series in (4.1) have alternating signs, but for n sufficiently large the sign stabilizes and, by Stirling’s formula

Γ(x)^{x→∞}∼ exp(−x)x^{x−(1/2)} √ 2π, (4.3)

one readily sees that Γ(n − α)/n!^{n→∞}∼ 1/n^{1+α}. Therefore, with the help of (4.1) we can build probability inter-arrival distributions with the type of decay we are interested in and for which the generating function is explicit.

Remark 4.1. It is not difficult to see that one can differentiate, say j times, the expression in (4.1) generating thus sequences which decay like (log n)^j /n^{1+α} and that, for sufficiently large n, do not change sign. This provides examples involving slowly varying functions.

Since we are just developing examples and that generalizations are straightforward, we specialize to the case of −β = α ∈ (0, 1).

4.1 The basic example

In this section we study the case of

K(n) :=

Γ(n − α) −Γ(−α) n!

n→∞∼ n^{−1−α} −Γ(−α)

. (4.4)

Note that

�_∞ n=1 K(n) = 1 follows from (4.1), with β = −α, as well as, with reference to (1.6), c(b) = 1/(1 − (1 − exp(−b))^α) and

^K_b(z) = 1 − (1 − z exp(−b))^α 1 − (1 − exp(−b))^α

. (4.5)

In defining z^α for α non integer, we choose the cut line {z ∈ R : z < 0}. With this choice (1 − z exp(−b))^α, and therefore ^K_b(·), has a discontinuity on the line {z ∈ R : z > exp(b)}. We observe that, for every b > 0, ^K_b(z) = 1 for |z| ≤ exp(b) only if z = 1, therefore Theorem 1.1 holds with b_0 = ∞.

Remark 4.2. In the special case under consideration, but also in all the other cases considered in this section, one can obtain and go beyond Theorem 1.1 by direct computations. In fact if we set q(z) := (1 − z exp(−b))^α we have for |q(z)| < |q(1)| 1 1 − ^K_b(z) = 1 − q(1) q(z) − q(1) = − 1 − q(1)

q(1) ∞� j=0 � q(z) q(1)

�_j . (4.6)

Now we set R_m(z) := Δ_b(z) +

1 − q(1) q(1) m� j=1 � q(z) q(1)

�_j

, (4.7)

and we note that (q(z))^j = (1 − z exp(−b))^{jα} and therefore once again (4.1) provides the expansion for (q(z))^j if jα /∈ N and the n-th term in the power series (of (q(z))^j ) behaves, as n → ∞, like c exp(−nb)n^{−1−jα}, c ≠ 0. Note that if jα ∈ N the arising expression is just a polynomial and hence does not contribute to the asymptotic behavior of the series expansion. Finally, the series expansion � n r^{(m)}(n)z^n of R_m(·) can be controlled by observing that this function is analytic in the centered ball of radius exp(b) and by using the formula

r^{(m)}(n) = 1 2πi � R_m(z) z^{n+1} dz = exp(−bn) 2π �_{2π} 0 R_m (exp(b + iθ)) exp (−inθ) dθ, (4.8)

where the contour in the middle term is (say) |z| = r, for r ∈ (0, exp(β)), and the last term is obtained by letting r ↗ exp(b), using the fact that R_m(exp(b + iθ)) is bounded. In fact, from the explicit expression and by construction, one readily sees that R_m (exp(b + iθ)) is smooth except at θ = 2πk, k ∈ Z, where it is C^{⌊(m+1)α⌋}. By using the fact that n-th Fourier coefficient of a C^k function is o(n^{−k}), we see that r^{(m)}(n) = exp(−bn)o(1/n^{⌊(m+1)α⌋} ). The chain of considerations we have just made leads to an explicit expansion to all orders for exp(bn)(u_b(n) − u_b(∞)) as a sum of terms of the form c_{j1,j2} n^{−j1−αj2} , for suitable (explicit) real coefficients c_{j1,j2} (j_1, j_2 ∈ N).

4.2 Singularities and slower decay of correlations

From the basic example one can actually build a large number of exactly solvable cases that display the more general phenomenology hinted by Theorem 1.1: in particular that, in general, b_0 < ∞.

For example, fix m ∈ N and define

K(n) := � Γ(n − m − α)/ (−Γ(−α) (n − m)!) for n = m + 1, m + 2, . . . 0 for n = 1, 2, . . . , m.

(4.9)

Note that this is nothing but the previous choice of K(·) translated to the right by m steps. Therefore ^K_b(z) = z^m (1 − (1 − z exp(−b))^α) (1 − (1 − exp(−b))^α)

. (4.10)

Once again the radius of convergence is exp(b), but this time, in general, it is no longer true that one cannot find a solution z_0 to ^K_b(z_0) = 1 in the annulus 1 < |z_0| < exp(b).

Let us choose α = 1/2 and let us first look at the case of m = 1. One can directly verify that

z_0 = − 1 2 � 1 + � 8 exp(b) � 1 − � 1 − exp(−b) � − 3 � < −1, (4.11)

solves ^K_b(z_0) = 1, that it is the unique solution (except the trivial solution z_0 = 1), and |z_0| < exp(b) for b > b_0 with

b_0 := log � 3/2 + √ 2 − �√ 2 + 5/4 � = 0.248399... (4.12)

So, if b > b_0, since z_0 is a (simple) pole singularity of Δ_b(·) we can write

Δ_b(z) = 1 z_0K^′_b(z_0) (1 − (z/z_0))

+ f(z), (4.13)

with f(·) a function which is analytic on the centered ball of radius exp(b). Therefore

u_b(n) − u_b(∞) = 1 z_0K^′_b(z_0) z^{−n}_0 + ε(n), (4.14)

and lim sup_{n→∞}(1/n) log |ε(n)| = −b.

Remark 4.3. Note that z_0 = −1 − exp(−b)/4 + O(exp(−2b)) for b large, so that the rate of convergence of u_b(n) − u_∞(n) becomes smaller and smaller as b becomes large. This is not a general phenomenon, for example if one chooses δ ∈ (0, 1) and defines an inter-arrival distribution taking value δ for n = 1 and value (1 − δ)K(n) for n ≥ 2, K(·) as in (4.9) with m = 1 and α = 1/2, then for δ ∈ (0, √ 2 − 1) there exists z_0, simple pole singularity of the corresponding Δ_b(·) function, for b sufficiently large. But we have z_0^{b→∞}∼ −δ(2 + δ) exp(b).

Going back to (4.9), for m larger than 3 one can no longer explicitly find all the solutions z to ^K_b(z) = 1. However we have the following:

Proposition 4.4. For every b > 0 and α ∈ (0, 1) one can find m ∈ N such that if K(·) is given by (4.9) then there exists a solution z_0 to ^K_b(z_0) = 1 with 1 < |z_0| < exp(b).

Remark 4.5. In general, once the solutions to ^K_b(·) = 1 of minimal absolute value (in the annulus {z : 1 < |z| < exp(b)}) are known, it is straightforward to write the sharp asymptotic behavior of u_b(n) − u_b(∞). For example if z_0 is a complex solution, then also its conjugate is a solution. If these have minimal absolute value among the solutions and if they are simple solutions, for a suitable (and computable) real constants c_1 and c_2 (|c_1| + |c_2| > 0) we have

u_b(n) − u_b(∞)^{n→∞}∼ |z_0|^{−n} (c_1 cos (n arg (z_0)) + c_2 sin (n arg (z_0))) . (4.15)

An analogous formula is easily written in the general case.

Proof of Proposition 4.4. In reality, we are going to do something rather cheap, but we are actually proving more than what is stated: we are going to show that for every b > 0 and every r ∈ (0, exp(b)) we can find an m such that there are m zeros of ^K_b(·) − 1 in the annulus {z : 1 < |z| < r}.

Given b > 0, since the only solution z to 1 − (1 − z exp(−b))^α) = 0 is z = 0, then for every r ∈ (1, exp(b)) we have

x_r := inf_θ � � � 1 − (1 − r exp(−b + iθ))^α) 1 − (1 − exp(−b))^α) � � � > 0. (4.16)

Therefore (recall (4.10)) |^K_b(z)| ≥ r^mx_r, if |z| = r. Therefore for m sufficiently large we have |^K_b(z)| > 1 for |z| = r: let us fix such a couple (m, r). Rouché’s Theorem (e.g. [3, p. 153]) guarantees that if f and g are analytic in a simply connected domain containing the simple closed curve γ and if |f(z) − g(z)| < |f(z)| for z ∈ γ, then f and g have the same number of zeros enclosed by γ. Let us apply Rouché’s Theorem with f(z) := ^K_b(z) and g(z) := 1 − ^K_b(z) and γ := {z : |z| = r}, so that |f(z) − g(z)| = 1 < |f(z)| for z ∈ γ, by the choice of m. But ^K_b(·) has precisely m + 1 zeros (they are all in 0) and therefore also 1 − ^K_b(·) has m + 1 zeros enclosed by γ. Of course 1 − ^K_b(·) has a zero in 1 and all the other zeros have absolute value in (1, r).

Acknowledgments

I am greatly indebted with Bernard Derrida for having supplied the basic example of Section 4 and for several discussions. I am also very grateful to Francesco Caravenna and to Fabio Toninelli for important observations and discussions. The author acknowledges the support of ANR, project POLINTBIO.

References

[1] K. S. Alexander, The effect of disorder on polymer depinning transitions, to appear on Commun. Math. Phys., math.PR/0610008

[2] S. Asmussen, Applied probability and queues, 2nd ed., Springer-Verlag, New York, 2003.

MR1978607

[3] L. V. Ahlfors, Complex analysis, McGraw-Hill, third edition (1979). MR0510197

[4] P. H. Baxendale, Renewal theory and computable convergence rates for geometrically ergodic Markov chains, Ann. Appl. Probab. 15 (2005), 700–738. MR2114987

[5] K. S. Berenhaut and R. B. Lund, Renewal convergence rates for DHR and NWU lifetimes, Probab. Engrg. Inform. Sci. 16, 67–84 (2002). MR1885331

[6] N. H. Bingham, C. M. Goldie and J. L. Teugels, Regular variation, Cambridge University Press, Cambridge, 1987. MR0898871

[7] E. Bolthausen and Y. Velenik, Critical behavior of the massless free field at the depinning transition, Commun. Math. Phys. 223 (2001), 161–203. MR1860764

[8] F. Caravenna, G. Giacomin and L. Zambotti, Sharp asymptotic behavior for wetting models in (1+1)-dimension, Elect. J. Probab. 11 (2006), 345–362. MR2217821

[9] J. Chover, P. Ney and S. Wainger, Functions of probability measures, J. Analyse Math. 26 (1973), 255-302. MR0348393

[10] B. Derrida, G. Giacomin, H. Lacoin and F. L. Toninelli, Fractional moment bounds and disorder relevance for pinning models, preprint (2007), math.PR/0712.2515

[11] R. A. Doney, One–sided local large deviation and renewal theorems in the case of infinite mean, Probab. Theory Relat. Fields 107 (1997), 451–465. MR1440141

[12] P. Embrechts and E. Omey, Functions of power series, Yokohama Math. J. 32 (1984), 77–88. MR0772907

[13] M. E. Fisher, Walks, walls, wetting, and melting, J. Statist. Phys. 34 (1984), 667–729.

MR0751710

[14] A. Garsia and J. Lamperti, A discrete renewal theorem with infinite mean, Comment.

Math. Helv. 37 (1963), 221–234. MR0148121

[15] G. Giacomin, Random polymer models, IC Press, World Scientific (2007).

[16] G. Giacomin and F. L. Toninelli, The localized phase of disordered copolymers with adsorption, ALEA 1 (2006), 149–180. MR2249653

[17] G. Giacomin and F. L. Toninelli, On the irrelevant disorder regime of pinning models, preprint (2007), math.PR/0707.3340 MR2320142

[18] R. Grübel, Functions of discrete probability measures: rate of convergence in the renewal theorem, Z. Wahrscheinlichkeitstheor. Verw. Geb. 64 (1983), 341–357. MR0716491

[19] C. R. Heathcote, Complete exponential convergence and some related topics, J. Appl.

Probab., 4 (1967), 217–256. MR0215343

[20] D. G. Kendall, Unitary dilations of Markov transition operators and the corresponding integral representation of transition probability matrices, In Probability and Statistics (U. Grenander, ed.) 138–161. Almqvist and Wiksell, Stockholm (1959). MR0116389

[21] R. B. Lund and R. L. Tweedie, Geometric convergence rates for stochastically ordered Markov chains, Math. Oper. Res. 21 (1994), 182–194. MR1385873

[22] S. P. Meyn and R. L. Tweedie, Computable Bounds For Convergence Rates of Markov Chains, Ann. Appl. Probab. 4 (1996), 981–1011. MR1304770

[23] P. Ney, A refinement of the coupling method in renewal theory, Stochastic Process. Appl.

11 (1981), 11–26. MR0608004

[24] F. L. Toninelli, Critical properties and finite size estimates for the depinning transition of directed random polymers, J. Statist. Phys. 126 (2007), 1025–1044. MR2311896

[25] F. L. Toninelli, Correlation lengths for random polymer models and for some renewal sequences, Elect. J. Probab. 12 (2007), 613–636. MR2318404

[26] Y. Velenik, Localization and delocalization of random interfaces, Probab. Surv. 3 (2006), 112–169. MR2216964