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Summary. Let X be a recurrent Lévy process with no negative jumps and n the measure of its
excursions away from 0. Using Lamperti’s connection [13] that links X to a continuous state branching
process, we determine the joint distribution under n of the variables C’j'f = fOT lix, 501X lds and
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insight on an identity of Fitzsimmons and Getoor [9] on the Hilbert transform of the local times of X.
Further results in the same vein are also discussed.

Key words. Cauchy’s principal value, Lévy process with no negative jumps, branching process.
A.M.S. Classification. Primary: 60 J 30; secondary: 60 F 05, 60 G 10.

Submitted to EJP on November 28, 1996. Final version accepted on September 1, 1997.



1 Introduction

This work originates from a striking result of Fitzsimmons and Getoor [9] on the Cauchy’s
principal value of the local times of certain Lévy processes, which we now recall. Let X =
(X¢ :t > 0) be a real-valued Lévy process started at 0, which has local times (LY : z € IR and
t > 0). This means that the occupation density formula

t 00
| #xds = [~ fla)Lida
0 —00
holds for all ¢ > 0 and all Borel functions f > 0, a.s. We assume that the local times are
sufficiently smooth in the space variable x, say a.s. locally Holder continuous with some index
p > 0 (see Barlow [1] for an explicit condition which entails the latter assumption). We can
then define the so-called Cauchy’s principal value of the local times

o T —x du : t ds
Ct — /O (Lt _Lt )7 = 51_1}(1)/}’_/0 1{|XS|>E}Z

In other words, 7~'C; coincides with the negative of the Hilbert transform of L, evaluated at
0.

We then introduce o(-) = inf{s > 0: L? > -}, the right-continuous inverse of the local time
at level 0. Fitzsimmons and Getoor [9] have observed that when X is recurrent,

(Ca(t) it > 0) is a symmetric Cauchy process with parameter 7. (1)

More precisely, (1) has first been shown by Biane and Yor [6] in the special case when X is
a Brownian motion. Then (1) has been proven in [9] under the additional condition that X
is symmetric; and that the symmetry condition can be dropped has been noted in [4]. The
argument of [9] for establishing (1) is based on a combinatorial lemma on Euler numbers,
whereas that of [4] relies on the Fourier analysis of the Feynman-Kac formula.

Making use of the well-known Lévy-Ito decomposition for a Cauchy process, it should be
clear that (1) is essentially equivalent to the assertion that the process (Ca(t) —Coy i t 2> 0) is
a Poisson point process with characteristic measure z2dz (i.e. the Lévy measure of a symmetric
Cauchy process with parameter 7). Let us denote by n the It6 measure of the excursions away
from 0 of the Lévy process, and by T' = inf{t > 0 : X; = 0} the duration of an excursion *.
A standard argument of excursion theory makes plain that (Ca(t) —Coy 1 t 2> 0) is a Poisson

point process with characteristic measure n (Cr € dz), where Cp = fOT ds/Xs. In other words,

(1) is essentially equivalent to

n(Cr € dr) = 2 %dx. (2)
It is remarkable that the identity (2) is independent of the distribution of the Lévy process,
and it would be interesting to have a ‘purely probabilistic’ explanation of this feature.

In general, the major problem when one tries to prove (2) directly is that it seems that no
known description of the excursion measure n is adequate to determine the law of Cp. In the

!By a slight common abuse of notation, we denote both the Lévy process and its generic excursion by X.
The distinction will always be clear from the context.



Brownian case, Biane and Yor [6] have been able to established (2) using decompositions of
the excursion measure of Bessel processes and a connection between two Bessel processes of
different dimensions based on a simple time-change. The main purpose of this work is to point
out that there is another situation where this can be done, namely when the Lévy process has
no negative jumps and zero Gaussian coefficient (and of course also, by an obvious symmetry,
when the Lévy process has no positive jumps and zero Gaussian coefficient). Specifically, it
is then easy to see that a typical excursion of X away from 0 first stays negative, then jumps
across 0, and finally stays positive until it returns to 0. The joint distribution of the positive and
negative parts of the excursion can be described explicitly, and this enables us to investigate
the variables

T T
Ct :/o lix-p X, 'ds , Cr :/0 1ix,<op|Xs|'ds.

The point in decomposing Cr = CF —Cy into the positive and negative contributions, is thatwe
are now dealing with a pair of positive functionals which appear in the work of Lamperti [13]
connecting Lévy processes with no negative jumps to continuous state branching processes.
This enables us to determine the joint distribution of Cf: and C under n (this method based
on time-substitution is thus close to the original one used by Biane and Yor [6] in the Brownian
case). We find in particular that the distribution of (Ci, C7) depends on the law of the Lévy
process though that of C'r does not.

The second section of this paper is devoted to preliminaries on Lévy processes with no
negative jumps, continuous state branching processes and the Lamperti connection between
the two. The framework is more general than that needed for our main purpose, but is relevant
for other applications we have in mind. The result on the joint distribution of (C7, C7) under
the excursion measure is stated and proved in section 3. Some related results, extensions and
comments are presented in section 4.

2 Preliminaries

2.1 Lévy processes with no negative jumps

Throughout the rest of this paper, X = (X; : ¢t > 0) denotes a Lévy process with no negative
jumps (the trivial case when X is constant is implicitly excluded). For every x € IR, we write
IP* for the law of the Lévy process started at z, i.e. IP* is the distribution of z + X under
IP = IP°. The so-called Laplace exponent 1 : [0, 00) — (—00, 00) is specified by the identity

E° (exp{-)\X;}) = exp{ty(\)}, t,A>0

and can be expressed in the form

Y(N) = al+ b\ + (67 =1+ Arlgery) Ade) (3)

(0,00)

where a € R, b > 0 and A is a measure on (0,00) such that [, ., (1 A 2?) A(dz) < co. One
refers to (3) as the Lévy-Khintchine formula, and calls b the Gaussian coefficient and A the



Lévy measure. It is immediately checked that ) is a strictly convex function, and that the
mapping A — 1 (\)/\ is concave.

When X has non-decreasing sample paths, we say that X is a subordinator. This is equiv-
alent to () < 0 for all A > 0. When X is not a subordinator, the Laplace exponent 1 is
ultimately increasing and tends to co. In both cases, we put

®(0) = inf{A\>0:¢(\) >0}

with the usual convention that inf() = co. In particular, ®(0) = oo if and only if X is
a subordinator. When X is not a subordinator, then ®(0) is the largest root of the equation
¥(A) = 0 (either ®(0) = 0 is the only root, or (0) > 0 and then 0 and ®(0) are the only roots).
The condition ®(0) > 0 holds if and only if the Lévy process drifts to oo, i.e. lim; 0o X3 = 00
a.s.; see Corollary VII.2(ii) in [5].

2.2 Continuous state branching processes

Continuous state branching processes form a class of Markov processes that appear as limit
of integer valued branching processes. They have been introduced by Jirina [11] and studied
by many authors including Bingham [7], Grey [10], Lamperti [13, 14], Kawazu and Watanabe
[12], Silverstein [17] etc... Specifically, let (Z; : t > 0) be a cadlag process with values in [0, oo],
where 0 and oo are two cemetery points. More precisely, if we introduce the absorption time

a =inf{t >0: 2, =0}

and the explosion time
¢ =inf{t >0: 27 =00},

then Z; = 0 for every t > « and Z; = oo for every t > (. Next, let P = (P*: z € [0,00]) be a
family of probability measures such that P*(Zy = x) = 1, and let ¢ be given in the form (3).
We say that (Z, P) is a continuous state branching process with branching mechanism 1 if it
is a Markov process whose semigroup is specified by

E” (exp{—AZ:}) = exp{—=zuA(t)} , A>0
where vy, : [0,00) — [0, 0o] solves the integral equation
¢
n®)+ [ $a(s)ds = A (4)

(here and in the sequel, we use the convention e=** = 0). Plainly, (4) can be solved explicitly
in terms of ¢, and this readily yields the law of the absorption time (see Grey [10]).

Lemma 1 (i) If ®(0) = oo or if [*dN/¢Y(X) = oo, then P* (a < 00) = 0 for every x > 0.
(ii) If ®(0) < oo and [* dN/¢Y(N) < oo, then put

ft) = /tm%, t € (9(0),00).
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The mapping f : (2(0),00) — (0,00) is bijective; we write ¢ : (0,00) — (®(0),00) for the
inverse mapping. We then have for every x,t > 0

P?(a<t) = exp{—zp(t)} .
Similarly, the law of the explosion time is given by the following:

Lemma 2 (i) If ®(0) = 0 or if — [y, d\/¥(X) = oo, then P* ({ < 00) =0 for every x > 0.
(i) If @(0) > 0 and — [y dA/P(X) < oo, then put
t d\

0o P(A)’
The mapping g : (0, ®(0)) — (0,00) is bijective; we write y : (0,00) — (0, ®(0)) for the inverse

mapping. We then have for every x,t > 0

P* (¢ > 1) = exp{-z7(t)} .

g(t) = t € (0,9(0)).

2.3 Lamperti’s time substitution

Lamperti [13] observed that the continuous state branching process with branching mechanism
1 is connected to the Lévy process with no negative jumps and Laplace exponent ¢ by a simple
time-change. Specifically, consider the Lévy process started at x > 0 (i.e. work under P*) and
write

T =inf{t>0:X, =0}
for the first return time to 0. Next introduce the clock

tds
Cy = | — tel0,7T).
! 0 X, €l0.7)
We then put
_{s if Cs =t for some s € [0,T)
=T otherwise.

Then the time-changed process 2 X o7 is a continuous state branching process started at x,
with branching mechanism . In the sequel, it will be convenient to identify Z = X o n and
IP* = P*. In particular, one immediately derives the following formulas for the absorption and
explosion times

_{CT if T < o0 C—{C” if T = oo
R NS if T = o0 ’ |l o ifT <00

As a consequence of Lemmas 1 and 2 we get

2Because T = oo can only occur if lim_, o, X; = 0o a.s., the notation X o 7 is never ambiguous.



Corollary 3 (i) If (0) = oo or if [* dA/Y(N) = oo, then IP* (Cr < 00, T < 00) = 0 for every
x > 0. Otherwise, in the notation of Lemma 1, we have for every x,t >0

P* (Cr <t,T <o0) = exp{—zp(t)} .

(i) If ®(0) = 0 or if — [y, dA/9(N) = oo, then IP* (Cx < 00,T =00) = 0 for every x > 0.
Otherwise, in the notation of Lemma 2, we have for every x,t > 0

P* (Cx <t,T =00) = 1 —exp{—a7y(t)}.

3 Main result

We now assume that the Lévy process is recurrent, which is equivalent to

Jim (N)/A =0, (5)

see for instance Corollary VII.2(ii) in [5]. In particular ®(0) = 0 (because v is strictly convex).
Due to Corollary 3(i), we also suppose that

© d\
—— < 00 (6)

()

since otherwise the functional Cr can clearly not be defined under the excursion measure.
Because 9 is increasing, (6) forces limy oo ¥(A)/A = 0o, which is the necessary and sufficient
condition for 0 to be regular for itself (see Corollary VIL5 in [5]). This ensures the existence
of a continuous everywhere positive resolvent density u? : (—o0,00) — (0,00), i.e. for every
q > O:

Ep<AweﬂfﬂX3dQ zt/wjﬁwu%xﬁ@ (7)

for every Borel function f > 0; see Theorem I1.19 in [5].

The fact that 0 is regular for itself also enables us to define the local time at level 0 as the
occupation density at 0:

1 t
0 _ : il
LY = lim — [ g peds, (8)

see Proposition V.2 in [5]. Recall that o stands for the inverse local time at 0,
o(t) = inf{s>0:L>t}, t>0.
Because X is recurrent, we have o(t) < oo a.s., and the process o is a subordinator with
IE (exp{—qo(t)}) = exp{—t/u?(0)}, (9)

see Proposition V.4(ii) in [5].

Our final assumption on the Lévy process is that its Gaussian component is zero,

b=0. (10)



Together with (5), this entails that the Lévy-Khintchine formula can be re-written as
)\:/ X 14 ) A(d :A/oo1— 2\ K(z)dz | 11
v = (e P)Adw) = A [T (1= ) Rw)do (11)

where A(z) = A((x,00)) denotes the tail of the Lévy measure.

The It6’s measure n of the excursions away from 0 of the Lévy process (corresponding to
the local time that has just been specified by (8)), is supported by the set of excursions that
first stay negative then jump across 0, and finally stay positive until they return to 0 (see [3] on
page 1467). Denote by j = inf{t > 0 : X; > 0} the unique instant when the excursion jumps
across 0. We thus have on a set of full n-measure

T T T ds i ds
CF = /0 1{Xs>o}§l(—8S =/ ;i(_ss and —Crp = /0 1{Xs<O}Z = b X
Recall that the function ¢ has been defined in Lemma 1. We are now able to state the main
result of this note.

Theorem 4 Suppose that (5), (6) and (10) hold. The distribution of the pair (Cf,Cs) under
the excursion measure is given by

w(C > 0,05 > 5) = LB Vol)  ple@) —vlel) (g

p(t) ¢(s) p(t) —¢(s)

The proof of Theorem 4 relies on the following description of the excursion decomposed at
the jump time j across 0. Recall that A denotes the Lévy measure.

Lemma 5 (i) For every y > 0 and z € [0,y], we have
n(X; ede, X; — X;_ €dy) = deA(dy) .
(ii) Under the conditional probability measure n (- | X; = z, X; — X, = y), the processes
(X0 :0<t<T—j) and (=X :0<t<j)

are independent. The first has the same law as (X; : 0 <t < T') under IP*, and the second has
the same law as (X; : 0 <t <T) under IPY™".

Proof: The second part of the statement just rephrases Lemma 1 in [3]. The remark on page
1470 in [3] shows that

n(X; € de, X; — X,;_ € dy) = kdzA(dy) (12)
for some constant k£ which depends on the normalization of the local time. So all that we have
to check is that the choice (8) for the local time implies k = 1.

To this end, take an arbitrary Borel function A > 0 that vanishes on (—o0, 0], and recall
(7). A standard application of excursion theory yields for every ¢ > 0

[ rwdy = ([ e )

—00 0

- FE ( /O ” e_q"(t)dt> n ( /O ’ e‘qth(Xt)dt>

— w(0)n ( / Te_qth(Xt)dt> ,

0
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using (9) in the last line. As u?(y) < u9(0), and, since X is recurrent, u?(y) ~ u4(0) as ¢ — 0+
(see e.g. Corollary I1.18 in [5]), we conclude by dominated convergence that

T
n (/() 1{Xt€dy}dt> = dy .

On the other hand, let W : [0,00) — [0, 00) denote the scale function, that is the unique
continuous function with Laplace transform

LWy = 1wy, x>0

see section VII.2 in [5]. It is known that for every z > 0

E* (/OT h(Xs)d3> = /OOo h(y) (W(y) — Loy Wiy — x)) dy ,

see [5] on page 207. We thus get from the description (ii) of the excursion measure and (12)
that for every y > 0

n (/OT 1{Xt€dy}dt> = /[O’Oo) n(X; € dz)E* (/OT 1{Xtedy}dt>
= k (/Ooo A(z) (W(y) — Loy W(y — x)) dx) dy .

Putting A(z) = [ A(s)ds, we have

|7 R@ (W) - 1y Wiy =) do = [ Ry = )W (o).

The Laplace transform of the measure dW is A/1(A), and it is plain from the Lévy-Khintchine

formula that the Laplace transform of A is ¥(N\)/A%. We deduce by Laplace inversion that the
last displayed quantity equals 1 for a.e. y > 0. We conclude that

T
n (/O 1{Xt€dy}dt> = kdy,

and thus k = 1. [ ]

Lemma 6 For every A\, u > 0, we have

Y — )

n (1 —exp{-AX; +pX;-}) = —— p

Proof: By Lemma 5(i), the left-hand side in the statement equals

Yy
Ald /d 1 — e~ Me—uly—=)
J M) [ (1~ )
e MY _ o=y
= A(dy y—7>
/(o,oo) ( )< A=W



and the claim follows from the Lévy-Khintchine’s formula (11). [ |

The proof of Theorem 4 is now straightforward.
Proof of Theorem 4 : By Lemma 5(ii), we have

n (C}L >t,Cp > 3) = / n(X; €ede, X; — X;_ edy) P*(Cr > )P *(Cr > s).

0<z<y

When then apply Corollary 3(i) (recall that X is recurrent, so that 7' < oo a.s.) to express the
right-hand side as

S (X e de X, — X, € dy) (1 - exp{—zp(1)}) (1~ exp{~(y — )(s)})

= n((1—exp{=p()X;}) + (1 — exp{p(s)X;-}) = (1 = exp{=p (1) X + ¢(s)X;-})) -

We conclude with Lemma 6. [ ]

4 Comments

1. It is important to check that (2) can be recovered from Theorem 4. Specifically, for every
t > 0, we can express n (Cr > t) as

n(C}L—CT_>t) = /Ooon(C}L>t+s,Cf€ds) = /OOO(A(S)—l—B(S)—C(S))ds

with A(s)ds = d (¢(0(s))/¢(s)) and

Y(p(t+s)) —P(p(s)) P'((p(8))P((s))
(p(t+5) — ¢(s))? ot +s) —p(s)

note that ¢’ =1 o ). An integration by parts shows that for every 0 < ¢ < &
¥ ¥ g

/:B(s)ds - /:C(s)ds + [@(t f(f)(s_))w(s)L ,

so that n (Cr > t) = lim, o D(k) — lim._,o4 D(&) with

p(t + s)¥(p(s))
(s) (p(t +5) — @(s))

B(s) =

((pls)) , Cls) =

D(s) =

We let € tend to 0+, so ¢(g) — oo and p(t+¢) — ¢(t) < co. Since () = 0o(A?) as A — oo
(this is seen from the Lévy-Khintchine’s formula (11)), we deduce that D(g) — 0.

We next let k go to oo; both ¢(k) and ¢(t + k) tend to 0+. By the mean value theorem,
there exists some A\, € [¢(t + k), p(k)] such that p(k) — ¢(t + k) = P(\;)t. We deduce from

(5) that (x) — @(t + r) = o(¢(~)), so

Ot+K) ~ p(k) ~ A

9



Finally
Ple(k) 1

D ~ ~ —
W g

and we conclude that n (Cr > t) = 1/t. By same calculation as above, we have n (Cp < —t) =

1/t, and (2) is checked.

2. Write S. = supy.,.. X, for the supremum of X. The process R*) = S — X is known
as the process reflected at the supremum; it has the strong Markov property and only takes
nonnegative values. We write n(®) for the excursion measure of R®) away from 0, and 7 =
inf{t > 0: R = 0} for the duration of the excursion. Assuming that (5), (6), and (10) hold,
an excursion always has a finite duration and ends by a jump at time 7. One has the following
description of n®) (see Corollary 1 in [3]): n(®) (RE_) € dr) = A(z)dz, and conditionally on RY =
x, the reversed excursion (jo)_t)_ 0<t< 7') has the same distribution as (X;:0 <t <T)
under IP*. The same calculation as for Theorem 4 then yields for every ¢ > 0

([ -

3. Write I. = infy<s<. X, for the infimum process of X. The process R®Y = X —J has again
the strong Markov property and takes only nonnegative values; it is referred to as the process
reflected at the infimum. We write n(® for the excursion measure of R® away from 0, and
7 =inf{t > 0: R = 0} for the duration of the excursion. Suppose that (5) holds. It can be
proved that n(¥ is the weak limit as  — 0+ of the finite measure z*IP” (- o kr), where kr
denotes the killing operator at 7', the first hitting time of 0. See Chaumont [8] on page 19. It
is then easy to deduce from Corollary 3(i) that, when (6) holds, then for every ¢t > 0

; T ds
(@) _
n </0 0 >t> = o(t).

4. Corollary 3(ii), which is related to the explosion time of the continuous state branching
process, has also some interesting consequences. Suppose here that X is a subordinator started
from 0 (so ®(0) = co and we work under IP = IPY). The Stieltjes transform Sx of X is given
by

© (s

We deduce from Corollary 3(ii) that Sx(y) = oo a.s. for every y > 0 if — [, dA/¥()\) = o0,
and otherwise

P (Sx(y) >t) = exp{—y7(t)}.

5. Suppose that X drifts to oo but is not a subordinator, i.e. ®(0) € (0,00). For every
x > 0, one can plainly define the conditional law @° = P*(- | T = oo) of the Lévy process
started at = and conditioned to stay positive. It should be clear from Corollary 3(ii) that
Joods/ X, = oo @F-a.s. if — [y d\/1(A\) = oo and otherwise

% ds 1 —exp{—ay(t)}
v ( o X, = t) 1 —exp{—z®(0)} (13)

10



We now assume moreover that — [y, d\/¢(\) < oo and that 0 is regular for (0,00); the
later is equivalent to limy_,o ¥(A)/A = 0o (see Corollary VIL5 in [5]). It is then easy to check
that @" has a limit as * — 0+. The limit law will be denoted by @, it can be viewed as the
distribution of the Lévy process started from 0 and conditioned to stay nonnegative. See [2] for
details. The law @ appears in particular in the decomposition of X at the instant of its overall
infimum, see Millar [16]. It is easy to deduce from (13) that

6. We refer to Bingham [7] for numerous interesting applications of the result of Lamperti
to continuous state branching processes. We also mention that a different connection linking
Lévy processes with no negative jumps to continuous state branching processes has recently
been pointed out by Le Gall and Le Jan [15].

The reader will find complete a account on the Cauchy’s principal value of the Brownian
local times in Yamada [18], Yor [19] and the references therein.
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