E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 13 (2008), Paper no. 38, pages 1120–1139.

Journal URL

http://www.math.washington.edu/~ejpecp/

Self-similarity and fractional Brownian motions on Lie groups

Fabrice Baudoin

Institut de Mathématiques de Toulouse Université Paul Sabatier 118 Route de Narbonne, Toulouse, France fbaudoin@cict.fr

Laure Coutin

Laboratoire MAP5 Université René Descartes 45, rue des Saints Pères, Paris, France Laure.Coutin@math-info.univ-paris5.fr

Abstract

The goal of this paper is to define and study a notion of fractional Brownian motion on a Lie group. We define it as at the solution of a stochastic differential equation driven by a linear fractional Brownian motion. We show that this process has stationary increments and satisfies a local self-similar property. Furthermore the Lie groups for which this self-similar property is global are characterized .

Key words: Fractional Brownian motion, Lie group.

AMS 2000 Subject Classification: Primary 60G15, 60G18.

Submitted to EJP on March 14, 2007, final version accepted July 8, 2008.

1 Introduction

Since the seminal works of Itô [13], Hunt [12], and Yosida [29], it is well known that the (left) Brownian motion on a Lie group G appears as the solution of a stochastic differential equation in the Stratonovitch sense

dX_t = d∑ i=1 V_i(X_t) ∘ dB^i_t , t ≥ 0, (1.1)

where V_1, ..., V_d are left-invariant vector fields on G and where (B_t)_{t≥0} is a Brownian motion; for further details on this, we also refer to [26]. In this paper we investigate the properties of the solution of an equation of the type (1.1) when the driving Brownian motion is replaced by a fractional Brownian motion with parameter H. When H ≠ 1/2, fractional Brownian motion is neither a semimartingale neither a Markov process. Nevertheless, there have been numerous attempts to define a notion of differential equations driven by fractional Brownian motion. One dimensional differential equations can be solved using a Doss-Sussmann aproach for any values of the parameter H as in the work of Nourdin, [22]. The situation is quite different in the multidimensional case. When the Hurst parameter is greater than 1/2 existence and uniqueness of the solution are obtained by Zähle in [31] or Nualart-Rascânu in [24]. In the case H <^1_2 , since fractional Brownian motion with Hurst index H has a modification with sample paths α Hölder continuous for any α < H, it falls into the framework of rough paths theory. Rough paths theory was introduced by Lyons in [19] and further developed in [20], see also [17] and the references therein. Let us give few words on it. Let x be a C^1 by steps path on [0, 1] with values in R^δ . The geometric smooth functional over x of order p is X = (1, ..., X^p) where X^i_{s,t} = ∫ s<s_1<...<s_i<t

dx_{s1} ⊗ · · · ⊗ dx_{si} , 0 ≤ s < t ≤ 1, i = 1, ..., p.

On geometric smooth functional Lyons consider the following Hölder distance

d_{α,p}(X, Y ) = max_{i=1,...,[p]} sup_{0≤s<t≤1} (| |Xi_{s,t} − Y i_{s,t} | |_{V ⊗i}

|t − s|^{iα}

)_{1/i} , where |.| is a compatible norm with the tensor product. The set of geometric functionals, ΩG(R^δ) is the closure of geometric smooth functional with respect to d_{α,[} 1_{α ]}. Let now V_1, ..., V_δ be C^{[ 1}α^{]+2} vector fields on R^n, y be the solution of the ordinary equation

y(t) = y_0 + δ∑ i=1 ∫_t 0 V_i(y(t))dx^i_t, t ∈ [0, 1],

and Y be the geometric smooth functional over y. The Itô map is then defined on the set of geometric smooth functionals by I_{V1,...,Vδ,y0} (X) = Y. The fundamental universal limit theorem of rough paths theory (see [20]), asserts that the Itô map is continuous with respect to d_{α,[} 1_{α ]} and has an unique continuous extension to ΩG(R^δ ) denoted again by I_{V1,...,Vδ,y0} . Let now x be an α Hölder continuous path on [0, 1] taking its values in R^δ. Assume that there exists a geometric rough path over x, that is there exists a sequence (x^m) of paths C^1 by steps on [0, 1] such that the sequence (X^m) converges in (ΩG(R^δ ), d_{α,[} 1_{α ]}) to X. Here X^m is the smooth rough path over x^m. Then, y the projection of I_{V1,...,Vδ,y0} (X) on R^d, that is y(t) = I_{V1,...,Vd,y0} (X_{0,t})^1 + y_0, t ∈ [0, 1] is the unique solution of

y(t) = y_0 + d∑ i=1 ∫_t 0 V_i(y(t)) ∘ dx_t, t ∈ [0, 1],

in the sense of rough paths.

We can apply this to stochastic differential equations driven by fractional Brownian motions. Indeed, let now B = (B^1, ..., B^d) be a d dimensional fractional Brownian motion with Hurst parameter H, B^m be the linear interpolation of B along the dyadic subdivision of mesh m and B^m be the geometric smooth functional over B^m. In Coutin-Qian [8], it is proved that the sequence (B^m) converges in (ΩG(R^d), d_{α,[} 1_{α ]}) if and only if H > 1/4. Therefore a notion of solution is well-defined for H >^1_4 . If H =^1_2 , we recover stochastic differential equations driven by Brownian motions in Stratonovitch sense.

Let us observe that, for solving linear stochastic differential equations driven by fractional Brownian motions, an alternative approach based on the Skorohod integral ([6]) could be used (see [23]). But for geometric purposes, the pathwise approach given by rough paths theory is much more tractable, due to the simple form of the change of variable formula (the theory is invariant by the action of diffeomorphism groups). Actually, even in the case of Brownian motion, these are the Stratonovitch integrals that are used. The paper is organized as follows.

In a first section, we show existence and uniqueness for the solution of an equation of the type (1.1) when (B_t)_{t≥0} is a fractional Brownian motion with parameter H >^1_4 . The solution is shown to have stationary increments. We also check that the solution is invariant in law by isometries and finally, the Taylor development of the solution is obtained. In the second section, we study the scaling properties of the solution. In the spirit of the notion of asymptotic self-similarity studied by Kunita [14], [15], we show that the fractional Brownian motion on the group is asymptotically self-similar with parameter H. After that, we characterize the groups for which the scaling property is global: such groups are necessarily simply connected, nilpotent and stratified; that is are Carnot groups.

To simplify the presentation of our results, we mainly worked in the setting of Lie groups of matrices. Nevertheless all our results extend to general Lie groups.

2 Fractional Brownian motion on a Lie group

Let us first recall that a d-dimensional fractional Brownian motion with Hurst parameter H ∈ (0, 1) is a Gaussian process B B_t = (B^1_t , ..., B^d_t ), t ≥ 0, where B^1, ..., B^d are d independent centered Gaussian processes with covariance function

R (t, s) = 1 2 ( s^{2H} + t^{2H} − |t − s|^{2H} ) , (s, t) ∈ [0, +∞[^2.

It can be shown that such a process admits a continuous version whose paths are Hölder p continuous, p < H. Let us observe that for H =^1_2 , B is a d dimensional Brownian motion. On M_D(R), the set of D×D real matrices , the application exp is defined by its series expansion :

exp M = ∞∑ n=0 1 n! M^n, M ∈ M_D(R).

Let G be a finite-dimensional (dim G = d) connected and closed Lie group of matrices with Lie algebra g. That is

g = {M ∈ M_D(R), exp tM ∈ G, ∀t ∈ R}.

The set g is a finite dimensional sub vector space of M_D(R), stable with respect to the Lie bracket,

[M, N] = MN − NM, (M, N) ∈ M_D(R).

It is also the tangent space of G at point 1_G. We consider a basis (V_1, ..., V_d) of g. If (B^1_t , ..., B^d_t )_{t≥0} is a d-dimensional fractional Brownian motion in R^d with Hurst parameter H ∈ (0, 1). The process B^g defined by

B^g_t = d∑ i=1 B^i_t V_i, t ≤ 0

shall be called the canonical fractional Brownian motion on g with respect to the basis (V_1, ..., V_d). Note that B^g can be seen as a process taking its values in R^{D2} . In the remainder of this section, we assume now H >^1_4 .

Theorem 2.1. The equation

dX_t = X_t ∘ dB^g_t , X_0 = 1_G (2.2)

has a unique solution in G in the sense of rough paths of [20], denoted by X = (1, X^1, X^2, X^3). The first level of this solution (X_t)_{t≥0} = (X^1_{0,t})_{t≥0} satisfies for every s ≥ 0, (X^{−1}_s X_{t+s})_{t≥0} =^{law} (X_t)_{t≥0}. The process (X_t)_{t≥0} shall be called a left fractional Brownian motion with parameter H on G with respect to the basis (V_1, ..., V_d).

Proof. We first show the existence and the uniqueness of a solution in G according to the proof of (35.8) of [26] in the Brownian case. Without loss of generality, we can work on the time interval [0, 1]. First, according to Theorem 5 of [8], Equation (2.2) has a unique solution with finite p variation for p >^1_H , taking its values in M_D(R). It is denoted by X = (1, X, X^2, X^3). Secondly, let B^{g,m} be the sequence of linear interpolation of B^g along the dyadic subdivision of mesh m; that is if t^m_i = i2^{−m} for i = 0, ..., 2^m; then for t ∈ [t^m_i , t^m_{i+1}),

B^{g,m}_t = B^g_{tim} + t − t_im t^m_{i+1} − t^m_i

(B^g_tm_{i+1} − B^g_tm_i ).

Let us now denote X^m the solution of (2.2) where B^g is replaced by B^{g,m}, that is

dX^m_t = d∑ k=1 X^m_t dB^{k,m}_t V_k.

It is easily seen that for t ∈ [t^m_{n−1}, t^m_n ), n = 0, ..., 2^m − 1,

X^m_t = exp ( 2^m(t − t^m_{n−1}) d∑ k=1 (B^k_tm_{n−1} − B^k_tm_{n−1} )V_k ) · · · exp

(_d ∑ k=1 (B^k_tm_1 − B^k_tm_0 )V_k ) . (2.3)

Since for k = 1, ..., d, V_k ∈ g we have

∑_d k=1(B^k_tm_i − B^k_tm_{i−1} )V_k ∈ g, i = 1, ...., 2^m and therefore exp (∑_d k=1(B^k_tm_i − B^k_tm_{i−1} )V_k ) ∈ G. Thus, X^m takes its values in G. Now, from [8], X^m, the geometric functional build on X^m, converges to X for the distance of 1/p Hölder in R^{D2} :

lim m→∞ sup

0≤s<t≤1

‖X^{m,i}_{s,t} − X^i_{s,t}‖^{1i}_i |t − s|^α

= 0,

where ‖.‖_i is any norm on M_D(R)^{⊗i}. Since in finite dimension all norms are equivalents and since the group G is closed, we conclude that X^1_{0,.} = lim_{m→∞} X^m_{0,.} takes is values in G. We now show that for every s ≥ 0, the processes ((X_s)^{−1}X_{t+s}, t ≥ 0) and (X_t, t ≥ 0) have the same law. Let us fix s ≥ 0. Once time again, the idea is to use a linear interpolation along the dyadic subdivision of [0, 1] of mesh m and we keep the previous notations. First, let us observe that for t ≥ s,

X_t = X_s +

∫_t s X_u ∘ dB^g_u. (2.4)

Let us now denote (X^{m,s}_t )_{s≤t≤s+1} the solution of (2.4) where B^g is replaced by (B^{g,m}_{s+t} )_{0≤t≤1}. Therefore, for t ∈ [t^m_{n−1}, t^m_n ),

X^{m,s}_{t+s} = X_s exp ( 2^m(t − t^m_{n−1}) d∑ k=1 (B^k_{s+t}m_n − B^k_{s+t}m_{n−1} )V_k ) · · · exp

(_d ∑ k=1 (B^k_{s+t}m_1 − B^k_{s+t}m_0 )V_k ) . By using the stationarity of the increments of the Euclidean fractional Brownian motion, we get therefore:

((X^m_s )^{−1}X^{m,s}_{t+s} )_{0≤t≤1} =^{law} (X^m_t )_{0≤t≤1}.

Using the Wong-Zakai theorem ( Theorem 5 of [8]) and passing to the limit, we obtain that for every s ≥ 0, (X^{−1}_s X_{t+s})_{t≥0} =^{law} (X_t)_{t≥0}. � Remark 2.2. In the same way, we call the solution of the differential equation

dX_t = ∘dB^g_t X_t, X_0 = 1_G.

a right fractional Brownian motion on G. It is easily seen that if (X_t)_{t≥0} is a left fractional Brownian motion on G, then (X^{−1}_t )_{t≥0} is a right fractional Brownian motion on G.

Let us now turn to some examples.

Example 2.3. The first basic example is the circle. Let

S^1 = {z ∈ C, | z |= 1} .

The Lie algebra of S^1 is R and is generated by^∂_{∂θ} and the fractional Brownian motion on S^1 is given by X_t = e^{iBt} , t ≥ 0,

where (B_t)_{t≥0} is a fractional Brownian motion on R.

Example 2.4. Let us consider the Lie group SO(3), i.e. the group of 3 × 3, real, orthogonal matrices of determinant 1. Its Lie algebra , so(3), consists of 3 × 3, real, skew-adjoint matrices. A basis of so(3) is formed by

V_1 =

0 1 0 −1 0 0 0 0 0

, V_2 =

0 0 0 0 0 1 0 −1 0

, V_3 =

0 0 1 0 0 0 −1 0 0

A left fractional Brownian motion on SO(3) is therefore given by the solution of the linear equation

dX_t = X_t ∘

0 dB^1_t dB^3_t − dB^1_t 0 dB^2_t − dB^3_t −dB^2_t 0

, X_0 = Id_{R3} .

This notion of fractional Brownian motion on a Lie group is invariant by isometries, so that the law is invariant by an orthonormal change of basis. More precisely, let us consider the scalar product on g that makes the basis V_1, ..., V_d orthonormal. This scalar product defines a Riemannian structure on G for which the left action is an action by isometries. We have the following proposition:

Proposition 2.5. Let Ψ : G → G be a Lie group morphism such that dΨ_{1G} (differential of Ψ at 1_G) is an isometry and let (X_t)_{t≥0} be the left fractional Brownian motion on G as defined in Theorem 2.1. We have: (Ψ(X_t))_{t≥0} =^{law} (X_t)_{t≥0}.

Proof. As in the proof of Theorem 2.1., let us introduce the approximation defined for t ∈ [t^m_{n−1}, t^m_n ), n = 0, ..., 2^m − 1, by

X^m_t = exp ( 2^m(t − t^m_{n−1}) d∑ k=1 (B^k_tm_{n−1} − B^k_tm_{n−1} )V_k ) · · · exp

(_d ∑ k=1 (B^k_tm_1 − B^k_tm_0 )V_k ) .

Since Ψ is a Lie group morphism, we have for every u ∈ g, Ψ(e^u) = e^{dΨ1}G^{(u)}, therefore for t ∈ [t^m_{n−1}, t^m_n ), n = 0, ..., 2^m − 1,

Ψ(X^m_t ) = exp ( 2^m(t − t^m_{n−1}) d∑ k=1 (B^k_tm_{n−1} − B^k_tm_{n−1} )dΨ_{1G} (V_k) ) · · · exp

(_d ∑ k=1 (B^k_tm_1 − B^k_tm_0 )dΨ_{1G} (V_k) ) . Thus, because of the orthogonal invariance of the Euclidean fractional Brownian motion, (Ψ(X^m_t ))_{t≥0} =^{law} (X^m_t )_{t≥0}, and the result follows from Theorem 5 of [8]. � Remark 2.6. If G is compact then there exists a bi-invariant Riemann metric and so, if (X_t)_{t≥0} denotes a left fractional Brownian motion for this bi-invariant metric, from the previous proposition, we get that for every g ∈ G, (gX_tg^{−1})_{t≥0} =^{law} (X_t)_{t≥0}.

If the group G is nilpotent then we have a closed formula for the left fractional Brownian motion on G that extends the well-known formula for the Brownian motion on a nilpotent group (see by e.g. [1], [5] or [28]).

Let us introduce some notations: For k ≥ 1, • Δ^k[s, t] = {(t_1, ..., t_k) ∈ [s, t]^k, t_1 < ... < t_k}, s < t;

• If I = (i_1, ...i_k) ∈ {1, ..., d}^k is a word with length k, ∫ Δ^k[0,t]

∘dB^I = ∫ 0<t_1<...<t_k≤t

∘dB^{i1}_{t1} ... ∘ dB^{ik}_{tk} ;

• We denote S_k the group of the permutations of the index set {1, ..., k} and if σ ∈ S_k, we denote for a word I = (i_1, ..., i_k ), σ · I the word (i_{σ(1)}, ..., i_{σ(k)});

• If I = (i_1, ..., i_k) ∈ {1, ..., d}^k is a word, we denote by V_I the Lie commutator defined by V_I = [V_{i1} , [V_{i2} , ..., [V_{ik−1} , V_{ik} ]...];

• If σ ∈ S_k, we denote e(σ) the cardinality of the set {j ∈ {1, ..., k − 1}, σ(j) > σ(j + 1)};

• Finally, if I = (i_1, ..., i_k) ∈ {1, ..., d}^k is a word

Λ_I (B)_t = ∑ σ∈S_k

(−1)^{e(σ)}

k^2 ( k − 1 e(σ) ) ∫ Δ^k[0,t]

∘dB^{σ−1 ·I} .

Proposition 2.7. Assume that G is a nilpotent group then:

X_t = exp +∞∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B)_tV_I

, t ≥ 0,

where the above sum is actually finite and where (X_t)_{t≥0} is the left fractional Brownian motion defined as in Theorem 2.1.

Proof. Let B^{g,m} be the sequel of linear interpolation of B^g along the dyadic subdivision of mesh m. Let us now denote X^m the solution of (2.2) where B^g is replaced by B^{g,m}. As already seen in (2.3) for t ∈ [t^m_{n−1}, t^m_n ),

X^m_t = exp ( 2^m(t − t^m_{n−1}) d∑ k=1 (B^k_t − B^k_tm_{n−1} )V_k ) · · · exp

(_d ∑ k=1 (B^k_tm_1 − B^k_tm_0 )V_k ) . Now we use the Baker-Campbell-Hausdorff formula in nilpotent Lie groups (see [1], [5], [27]) to write the previous product of exponentials under the form

X^m_t = exp +∞∑ k=1 ∑ I=(i_1,...,i_k)

Λ_I (B^m)_tV_I ,

where

Λ_I (B^m)_t = ∑ σ∈S_k

(−1)^{e(σ)}

k^2 ( k − 1 e(σ) ) ∫ Δ^k[0,t]

∘dB^{m,σ−1 ·I} .

>From [8] Theorem 2, in the distance of p variation, with p >^1_H , and if the length of the word I is less than 3,

(Λ_I (B^m)_t)_{t≤0} →_{m→+∞} Λ_I (B)_{t≤0}. (2.5)

By using Theorem 3.1.3 of [20], the convergence in (2.5) can actually be extended to words of any length. Therefore from [8],

X_t = exp +∞∑ k=1 ∑ I=(i_1,...,i_k)

Λ_I (B)_tV_I

, t ≥ 0. � Remark 2.8. Since exp is a local diffeomorphism, there exists a positive strictely random variable T such that Proposition 2.7 may be true on non nilpotent group for t ≤ T (see [3] and [5] for the Brownian case).

Example 2.9. In a two-step nilpotent group, that if is all brackets with length more than two are zero, we have therefore

X_t = exp d∑ i=1 B^i_t V_i + 1 2 ∑ 1≤i<j≤d (∫_t 0 B^i_s ∘ dB^j_s − B^j_s ∘ dB^i_s ) [V_i, V_j ]

, t ≤ 0.

Example 2.10. The Heisenberg group H is the set of 3 × 3 matrices:

1 x z 0 1 y 0 0 1

, x, y, z ∈ R.

The Lie algebra of H is spanned by the matrices

D_1 =

0 1 0 0 0 0 0 0 0

, D_2 =

0 0 0 0 0 1 0 0 0 and D_3 =

0 0 1 0 0 0 0 0 0 ,

for which the following equalities hold

[D_1, D_2] = D_3, [D_1, D_3] = [D_2, D_3] = 0.

Consider now the solution of the equation

dX_t = X_t(D_1dB^1_t + D_2dB^2_t + D_3dB^3_t ), X_0 = 1,

where (B^1_t , B^2_t , B^3_t )_{t≥0} is a three-dimensional fractional Brownian motion with Hurst parameter H >^1_4 . It is easily seen that

X_t =

1 B^1_t^1_2 ( B^1_t B^2_t + 2B^3_t +

∫_t 0 B^1_s ∘ dB^2_s − B^2_s ∘ dB^1_s ) 0 1 B^2_t 0 0 1

, t ≥ 0

is a fractional Brownian motion on H.

We conclude this section with the Taylor development of fractional Brownian motion on a Lie group, as in [2]. Let us observe that similar type of development is obtained in [10].

Proposition 2.11. Under assumptions of Theorem 2.1, almost surely,

X_t = 1 + ∞∑ k=1 ∑ I∈{1,...,d}^k ∫ Δ^k[0,t]

∘dB^I V_{i1} ....V_{ik},

where the convergence of the series of functions of the right member holds for the p variation topology and the uniform norm of function on compact of R^+.

Proof. We work on [0, 1] without loss of generality. Let B^{g,m} denote again the sequel of linear interpolation of B^g along the dyadic subdivision of mesh m; that is if t^m_i = i2^{−m} for i = 0, ..., 2^m; then for t ∈ [t^m_i , t^m_{i+1}),

B^{g,m}_t = B^g_tm_i + t − t_im t^m_{i+1} − t^m_i

(B^g_tm_{i+1} − B^g_tm_i ).

Let p > 1/H, according to Theorem 4 of [8], ( 1, ( ∫ Δ^k[s,t] dB

m,I )_{I,|I|≤3} ) 0≤s≤t≤1

converges in the

distance of the p variation to ( 1, ( ∫ Δ^k[s,t] dB

m,I )_{I,|I|≤3} ) 0≤s≤t≤1

. That means that, almost surely,

sup_Π ∑ j 3∑ k=0 ∑ I,|I|=k | | | ∫ Δ^k[t_{j−1},t_j ]

dB^{m,I} − ∫ Δ^k[t_{j−1},t_j ]

∘dB^I | | | p/k ,

converges to 0 when m goes to infinity, where sup_π runs over all finite subdivisions of [0, 1]. According to Proposition 3.3.3 of [20] page 51, almost surely there exists a subsequence (m_l) and a control ω such that for all 0 ≤ s ≤ t ≤ 1, I word of length |I| ≤ 3, k ∈ N, | | | | ∫ Δ^k[s,t]

dB^{ml,I} | | | | ≤ 1 β(k : p)!

ω(s, t)^{k/p}, | | | | ∫ Δ^k[s,t]

∘dB^I | | | | ≤ 1 β(k : p)!

ω(s, t)^{k/p}, | | | | ∫ Δ^k[s,t]

dB^{ml,I} − ∫ Δ^k[s,t]

∘dB^I | | | | ≤ 1 β(k : p)!

2^{−l}ω(s, t)^{k/p},

where k : p = [k/p] and β > p^2(1 +

∑_∞

r=3(^2_{r−2} )^{([p]+1)/p}). Recall that ω is a control if and only if ω is continuous, super-additive on {0 ≤ s ≤ t ≤ 1} taking its values in [0, +∞[ and ω(t, t) = 0, t ∈ [0, 1]. Moreover according Theorem 3.1.3, for all 0 ≤ s ≤ t ≤ 1, I word, k ∈ N, | | | ∫ Δ^k[s,t]

dB^{ml,I} | | | ≤ 1 β(k : p)!

ω(s, t)^{k/p}, | | | ∫ Δ^k[s,t]

∘dB^I | | | ≤ 1 β(k : p)!

ω(s, t)^{k/p}, (2.6) | | | ∫ Δ^k[s,t]

dB^{ml,I} − ∫ Δ^k[s,t]

∘dB^I | | | ≤ 1 β(k : p)!

2^{−l}ω(s, t)^{k/p}.

Then the processes Y^l, l ∈ N, and Y ,

Y_t = 1 + ∞∑ k=1 ∑ I=(i_1,...,i_k) ∫ Δ^k[0,t]

∘dB^I V_{i1} ....V_{ik},

Y^l_t = 1 + ∞∑ k=1 ∑ I=(i_1,...,i_k) ∫ Δ^k[0,t]

dB^{ml,I} V_{i1} ....V_{ik}, t ∈ [0, 1], are well defined. First, since B^{g,m} is C^1 by piece, Y^l is the solution of dX_t = X_tdB^{g,ml} , X_0 = 1,

and therefore Y^l = X^{ml} , l ∈ N. Secondly, thanks to Theorem 5 of [8], X^{ml} = Y^l converges to X in the distance of p variation, for p > 1/H. We conclude that Y = X, almost surely. �

3 Self-similarity of a fractional Brownian motion on a Lie group

Recall that for the Euclidean fractional Brownian motion, we have (B^1_{ct}, ..., B^d_{ct})_{t≥0} =^{law} (c^H B^1_t , ..., c^H B^d_t )_{t≥0} This property is called the scaling property of the fractional Brownian motion. In this section, we are going to study scaling properties of fractional Brownian motions on a Lie group. As in the previous section, let G be a connected Lie and closed group (of matrices) with Lie algebra g. Let V_1, ..., V_d be a basis of g and denote by (X_t)_{t≥0} the solution of the equation

dX_t = X_t

(_d ∑ i=1 V_i ∘ dB^i_t ) , X_0 = 1_G,

where (B_t)_{t≥0} is a d-dimensional fractional Brownian with Hurst parameter H >^1_4 .

3.1 Local self-similarity First, we notice that for (X_t)_{t≥0} we always have an asymptotic scaling property in the following sense:

Proposition 3.1. Under the assumption of Theorem 2.1, when c → 0, c > 0, the sequence of processes

(_1 c (X_{ct} − 1_G) ) 0≤t converges in law to β a one dimensional Brownian motion. Moreover, if f : G → R is a C^2 map such that

∑_d

i=1(V_if)(1_G)^2 ≠ 0; then, when c → 0, c > 0, the sequence of processes

(_1

c^H (f(Xct) − f(1G)) ) 0≤t≤1 converges in law to (aβt)0≤t≤1 where (βt)t≥0

is a one-dimensional fractional Brownian motion and

a = d∑ i=1 (V_if)(1_G)^2.

Proof. >From Proposition 2.11, X_{ct} − 1_G c^H = 1 c^H

B^g_{ct} + 1 c^H

R(ct) t ≥ 0,

where the remainder term R is given by

R(t) = ∞∑ k=2 ∑ I∈{1,...,d}^k ∫ Δ^k[0,t]

∘dB^I V_{i1} ...V_{ik} ∈ g,

Let us observe that the convergence of the above series stems from (2.6). Using the scaling property of fractional Brownian motion we get that (c^{−H} B^g_{ct}, c^{−H} R(ct))_{t≥0} has the same law as

B^g_t , c^H ∞∑ k=2 c^{(k−2)H} ∑ I=(i_1,...,i_k) ∫ Δ^k[0,t]

dB^I V_{i1} ...V_{ik} t≤0 .

Again, from (2.6), almost surely,

lim_{c→0} sup_{t∈[0,1]} ‖c^H ∞∑ k=2 c^{(k−2)H} ∑ I=(i_1,...,i_k) ∫ Δ^k[0,t]

dB^I V_{i1} ...V_{ik} ‖_g = 0.

Thus, (c^{−H} B^g_{ct}, c^{−H} R(ct))_{t≥0} converges in law to (B^g_t , 0)_{t≥0} when c goes to 0 and (^{Xct−1G}_{cH} )_{t≥0} converges in law to (B^g_t )_{t≥0} when c goes to 0.

Now, by using the Taylor expansion of f between X_t and 1_G, two points of M(R^D) seen as R^{⊗D2} ,

f(X_{ct}) − f(1_G) c^H = D∑ i,j=1 ∂f ∂x_{i,j}

(1_G)

(X_{ct} − 1)^{i,j}

c^H + D∑ i,j,k,l=1

c^{−2H} R^{i,j}(ct)R^{k,l}(ct)

∫_1 0 ∂f^2 ∂x_{k,l}

(θX_s)dθ.

Since, (c^{−H} B^g_{ct}, c^{−H} R(ct))_{t≥0} converges in law to (B^g_t , 0)_{t≥0} when c goes to 0, and^{∂2f}_{∂xi,j ∂xk,l} are continuous, we deduce that when c → 0, c > 0, the sequence of processes (_1

c^H (f(Xct) − f(1G)) ) 0≤t≤1 converges in law to (aβt)0≤t≤1 where (βt)t≥0 is a one-dimensional

fractional Brownian motion and a = d∑ i=1 (V_if)(1_G)^2. � Remark 3.2. Slightly more generally, by using the Taylor expansion proved in (2.6), we obtain in the same way: Let f : G → R be a smooth map such that there exist k ≥ 1 and (i_1, ..., i_k ) ∈ {1, ..., d}^k that satisfy (V_{i1} · · · V_{ik} f)(1_G) ≠ 0.

Denote n the smallest k that satisfies the above property. Then, when c → 0, c > 0, the sequence of processes

(_1

c^{nH} (f(Xct) − f(1G)) ) 0≤t≤1 converges in law to (βt)0≤t≤1 where (βt)t≥0 is a process

such that (β_{ct})_{t≥0} =^{law} (c^{nH} β_t)_{t≥0}.

3.2 Global self-similarity

Despite the local self-similar property, as we will see, in general there is no global scaling property for the fractional Brownian motion on a Lie group. Let us first briefly discuss what should be a good notion of scaling in a Lie group (see also [14] and [15]). If we can find a family a map Δ_c, c > 0, such that (X_{ct})_{t≥0} =^{law} (Δ_cX_t)_{t≥0} , first of all it is natural to require that the map c → Δ_c is continuous and lim_{c→0} Δ_c = 1_G. Then by looking at (X_{c1c2t})_{t≥0}, we will also naturally ask that Δ_{c1c2} = Δ_{c1} ∘ Δ_{c2} . Finally, since (X^{−1}_s X_{t+s})_{t≥0} =^{law} (X_t)_{t≥0}, we will also ask that Δ_c is a Lie group automorphism. The following theorem shows that the existence of such a family Δ_c on G only holds if the group is (R^d, +). This is partly due to the following lemma of Lie group theory that says that the existence of a dilation on G imposes strong topological and algebraic restrictions: Lemma 3.3. (See [16]) Assume that there exists a Lie group automorphism Ψ : G → G such that dΨ_{1G} (differential of Ψ at 1_G) has all its eigenvalues of modulus > 1, then G is a simply connected nilpotent Lie group.

We can now show:

Theorem 3.4. There exists a family of Lie group automorphisms Δ_t : G → G, t > 0, such that:

1. The map t → Δ_t is continuous and lim_{t→0} Δ_t = 1_G; 2. For t_1, t_2 ≥ 0, Δ_{t1t2} = Δ_{t1} ∘ Δ_{t2} ; 3. (X_{ct})_{t≥0} =^{law} (Δ_cX_t)_{t≥0};

if and only if the group G is isomorphic to (R^d, +).

Proof. If G is isomorphic to (R^d, +), (X_t)_{t≥0} is a Euclidean fractional Brownian motion and the result is trivial.

We prove now the converse statement. Let us first show that the existence of the family (Δ_t)_{t>0} implies that G is a simply connected nilpotent Lie group. Let us denote δ_c = dΔ_c(1_G), the differential map of Δ_c at 1_G and observe that δ_c is a Lie algebra automorphism g → g, that satisfies Δ_c(exp M) = exp δ_c(M), M ∈ g. The map f : t → δ_et is a map from R onto the set of linear maps g → g that is continuous. We have furthermore the property

f(t + s) = f(t)f(s).

Consequently there exists a linear map ϕ : g → g such that

δ_c = Exp(ϕ ln c), c > 0,

where Exp denotes here the exponential of linear maps (and not the exponential map g → G which is denoted exp). Since δ_c is a linear application on the finite dimensional vector space g, for c^∗ > 1 close enough from 1,

ϕ ln c^∗ = Ln(I_{L(g)} + δ_c∗ − I_{L(g)}),

where L(g) is the set of linear functions from g into itself, I_{L(g)} is the identity map from g into itself, and for φ ∈ L(g) in a neighbour of 0 Ln(I_{L(g)} + φ) =

∑_∞ n=1 (−1)^{n+1}

n φ^{∘(n)}. If α is an eigenvalue of δ_c∗ , then ln α is an eigenvalue of ϕ ln c^∗. Let us furthermore observe that if λ ∈ Sp(ϕ) is an eigenvalue of ϕ, then e^{λ ln c} is an eigenvalue of δ_c, therefore ℜλ > 0 because lim_{c→0} Δ_c = 1_G which implies lim_{c→0} δ_c = 0. Therefore, |α| > 1 from Lemma 3.3 with Ψ = δ_c∗ , G has to be a simply connected nilpotent Lie group. We deduce from Proposition 2.7 that

X_t = exp +∞∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B)_tV_I

, t ≥ 0,

where the above sum is actually finite and

Λ_I (B)_t = ∑ σ∈S_k

(−1)^{e(σ)}

k^2 ( k − 1 e(σ) ) ∫ Δ^k[0,t]

∘dB^{σ−1·I} . (3.7)

Due to the assumption that (X_t)_{t≥0} =^{law} (Δ_cX t_c )_{t≥0}, we deduce that exp +∞∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B)_tV_I t≥0 =^{law} exp +∞∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B) t_c (δ_cV )_I t≥0 .

But since the group G is nilpotent and simply connected the exponential map is a diffeomorphism, therefore +∞∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B)_tV_I t≥0 =^{law} +∞∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B) t_c (δ_cV )_I t≥0 .

Let us now observe that due to the scaling property of the fractional Brownian motion +∞∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B) t_c (δ_cV )_I t≥0 =^{law} +∞∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B)_t 1 c^{H|I|} δ_cV_I t≥0 ,

where | I | is the length of the word I. Thus, for every c > 0, +∞∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B)_tV_I t≥0 =^{law} +∞∑ k=1 1 c^{kH} δ_c ∑ I∈{1,...,d}^k

Λ_I (B)_tV_I t≥0 Let us now observe that V_1, ..., V_d is a basis of g, therefore all commutators are linear combinations of the V_i’s and

V_I = d∑ i=1 α^i_I V_i, I ∈ {1, ..., d}^k , k ∈ N^∗,

δ_c(V_j ) = d∑ i=1 δ^{i,j}_c V_i, j = 1, ..., d.

The projections on V_j, j = 1, ..., d, are continuous linear maps (since g has a finite dimension), therefore N∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B)_tα^j_I

t≥0,j=1,...,d

has the same law as N∑ k=1 c^{kH} ∑ I∈{1,...,d}^k

Λ_I (B)_t d∑ i=1 α^j_I δ^{i,j}_c t≥0 ,

where N is the degree of nilpotence of G. We take now expectation on both sides and observe that the maps t → E(

∑_N k=1 c^{kH} ∑ I=(i_1,...,i_k), i_1≤...≤i_k ΛI (B)t), j = 1, ..., d are polynomial in t

2H , with coefficient associated to t^{2H} given by

1 = c^{−2H} d∑ i=1 (δ^{i,j}_c )^2, j = 1, ..., d.

Since the family of linear applications (c^{−H} δ_c)_{c>0} is bounded, there exists a subsequence (c_l)_{l∈N} and a matrix (α̃^j_i )_{i,j=1,..,d} such that lim_{l→∞} c_l = ∞, and for i, j = 1, ..., d, lim_{l→∞} c^{−H}_l δ^{i,j}_{cl} = α̃^j_i . Then, N∑ k=1 c^{kH}_l ∑ I∈{1,...,d}^k

Λ_I (B)_t d∑ i=1 α^j_I δ^{i,j}_{cl}

t≥0, j=1,...,d ,

converges in law to the Gaussian process (

∑_d

i=1 B^i_tα̃^j_i )_{t≥0,j=1,...,d}. For j = 1, ..., d, by using the scaling property of fractional Brownian motion, we observe that the map

E N∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B)_tα^j_I 2

is a polynomial with degree 1 in t^{2H} . The leading coefficient of t^{4H} is given by

E ∑ I=(i_1,i_2)

Λ_I (B)_1α^j_I 2 .

We conclude therefore E ∑ I=(i_1,i_2)

Λ_I (B)_1α^j_I 2 = 0.

From the support theorem of [7] (Proposition 3), we conclude that for all I = (i_1, i_2), , j = 1, ..., d, α^j_I = 0, that is V_I = [V_{i1} , V_{i2} ] = 0. Therefore all the brackets have to be 0, that is G is commutative. We can now conclude that G is isomorphic to (R^d, +), because so are all simply connected and commutative Lie groups. �

Remark 3.5. The previous theorem in particular applies to the case of a Brownian motion, that corresponds to H =^1_2 .

If we relax the assumption that the family (V_1, ..., V_d) forms a basis of the Lie algebra g, we can have a global scaling property in slightly more general groups than the commutative ones. Let us first look at one example.

The Heisenberg group H is the set of 3 × 3 matrices:

1 x z 0 1 y 0 0 1

, x, y, z ∈ R.

The Lie algebra of H is spanned by the matrices

D_1 =

0 1 0 0 0 0 0 0 0

, D_2 =

0 0 0 0 0 1 0 0 0 and D_3 =

0 0 1 0 0 0 0 0 0 ,

for which the following equalities hold

[D_1, D_2] = D_3, [D_1, D_3] = [D_2, D_3] = 0.

Consider now the solution of the equation

dX_t = X_t(D_1 ∘ dB^1_t + D_2 ∘ dB^2_t ), X_0 = 1,

where (B^1_t , B^2_t ) is a two-dimensional fractional Brownian motion with Hurst parameter H >^1_4 . It is easily seen that

X_t =

1 B^1_t^1_2 ( B^1_t B^2_t +

∫_t 0 B^1_s ∘ dB^2_s − B^2_s ∘ dB^1_s ) 0 1 B^2_t 0 0 1 .

Therefore (X_{ct})_{t≥0} =^{law} (Δ_cX_t)_{t≥0}, where Δ_c is defined by

Δ_c

1 x z 0 1 y 0 0 1 = 1 c^H x c^{2H} z 0 1 c^H y 0 0 1 .

In that case, we thus have a global scaling property whereas H is of course not commutative but step-two nilpotent. Actually, we shall have a global scaling property in the Lie groups that are called the Carnot groups. Let us recall the definition of a Carnot group.

Definition 3.6. A Carnot group of step (or depth) N is a simply connected Lie group G whose Lie algebra can be written V_1 ⊕ ... ⊕ V_N ,

where [V_i, V_j ] = V_{i+j} and V_s = 0, for s > N.

Example 3.7. Consider the set H_n = R^{2n} × R endowed with the group law

(x, α) ⋆ (y, β) = ( x + y, α + β + 1 2 ω(x, y) ) , where ω is the standard symplectic form on R^{2n}, that is

ω(x, y) = x^t ( 0 −I_n I_n 0 ) y. On h_n the Lie bracket is given by

[(x, α), (y, β)] = (0, ω(x, y)) ,

and it is easily seen that h_n = V_1 ⊕ V_2, where V_1 = R^{2n} × {0} and V_2 = {0} × R. Therefore H_n is a Carnot group of depth 2 and observe that H_1 is isomorphic to the Heisenberg group.

Notice that the vector space V_1, which is called the basis of G, Lie generates g, where g denotes the Lie algebra of G. Since G is step N nilpotent and simply connected, the exponential map is a diffeomorphism. On g we can consider the family of linear operators δ_t : g → g, t ≥ 0 which act by scalar multiplication t^i on V_i. These operators are Lie algebra automorphisms due to the grading. The maps δ_t induce Lie group automorphisms Δ_t : G → G which are called the canonical dilations of G. Let us now take a basis U_1, ..., U_d of the vector space V_1. The vectors U_i’s can be seen as left invariant vector fields on G so that we can consider the following stochastic differential equation on G:

dY_t = d∑ i=1 ∫_t 0 U_i(Y_s) ∘ dB^i_s, t ≥ 0, (3.8)

which is easily seen to have a unique solution associated with the initial condition Y_0 = 1_G. We have then the following global scaling property:

Proposition 3.8.

(Y_{ct})_{t≥0} =^{law} (Δ_cH Y_t)_{t≥0}.

Proof. We keep the notations introduced before the proof of Theorem 2.7. From Theorem 2.7, we have

Y_t = exp N∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B)_tU_I

, t ≥ 0.

Therefore,

(Y_{ct})_{t≥0} =^{law} exp N∑ k=1 c^{H|I|} ∑ I∈{1,...,d}^k

Λ_I (B)_tU_I t≥0 .

Since exp N∑ k=1 c^{H|I|} ∑ I∈{1,...,d}^k

Λ_I (B)_tU_I

= exp N∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B)_t(δ_cH U_I )

= Δ_cH exp N∑ k=1 ∑ I∈{1,...,d}^k

Λ_I (B)_tU_I ,

we conclude (Y_{ct})_{t≥0} =^{law} (Δ_cH Y_t)_{t≥0}. � The previous proposition admits a counterpart.

Theorem 3.9. Let G be a connected Lie group (of matrices) with Lie algebra g. Let V_1, ..., V_d be a family of g. Consider now the solution of the equation

dX_t = X_t

(_d ∑ i=1 V_i ∘ dB^i_t ) , X_0 = 1_G.

Assume that there exists a family of Lie group automorphisms Δ_t : G → G, t > 0, such that:

1. The map t → Δ_t is continuous and lim_{t→0} Δ_t = 1_G; 2. For t_1, t_2 ≥ 0, Δ_{t1t2} = Δ_{t1} ∘ Δ_{t2} ; 3. (X_{ct})_{t≥0} =^{law} (Δ_cX_t)_{t≥0};

Then the Lie subgroup H that is generated by e^{V1} , ..., e^{Vd} is a Carnot group. Proof.

We can readily follow the lines of the proof of Theorem 3.4, so that we do not enter into details. First we obtain that H has to be a simply connected nilpotent group and that for every c > 0, +∞∑ k=1 ∑ I=(i_1,...,i_k), i_1≤...≤i_k

Λ_I (B)_tV_I t≥0 =^{law} +∞∑ k=1 1 c^{kH} δ_c ∑ I=(i_1,...,i_k), i_1≤...≤i_k

Λ_I (B)_tV_I t≥0 ,

where δ_c is the differential map of Δ_c at 1_G. For k ≥ 1, we denote V_k the linear space generated by the set of commutators: {V_I , | I |= k} .

By letting c → +∞ and c → 0 and by using the support theorem of [7], we obtain that c^{−kH} δ_c is bounded on V_k for c → +∞ and c → 0. Since c^{−kH} δ_c = Exp((ϕ − kHId) ln c), for some matrix ϕ, we conclude h = +∞⨁ k=1 V_k,

where h is the Lie algebra of H. This proves that H is a Carnot group. �

References

[1] F. Baudoin: An Introduction to the Geometry of Stochastic Flows, Imperial College Press, (2004). MR2154760

[2] F. Baudoin, L. Coutin: Operators associated with a stochastic differential equation driven by fractional Brownian motions, Stochastic Processes and their Applications (2007). MR2320949

[3] G. Ben Arous: Flots et séries de Taylor stochastiques, Probab. Theory Relat. Fields, 81, 29-77, (1989). MR0981567

[4] C. Borell, On polynomial chaos and integrability, Probab. Math. Statis. (3) (1984) 191-203.

MR0764146

[5] F. Castell: Asymptotic expansion of stochastic flows, Probab. Theory Relat. Fields, 96, 225-239, (1993). MR1227033

[6] P. Cheridito and D. Nualart: Stochastic integral of divergence type with respect to fractional Brownian motion with Hurst parameter H in (0,1/2), preprint. MR2172209

[7] L. Coutin, P Friz and N. Victoir, Good Rough Path Sequences ans Applications to Anticipating and Fractional Stochastic Calculus; preprint 2005

[8] L. Coutin, Z. Qian: Stochastic rough path analysis and fractional Brownian motion, Probab.

Theory Relat. Fields 122, 108-140, (2002). MR1883719

[9] L. Decreusefond and A. S. Üstünel, Stochastic analysis of the fractional Brownian motion, Potential Analysis. 10, 177-214, (1998). MR1677455

[10] Friz P., Victoir N. (2006): Euler estimates for rough differential equations, preprint.

MR2376201

[11] M. Gradinaru, I. Nourdin, F. Russo, P. Vallois: m-order integrals and generalized Itô’s formula: the case of fractional Brownian motion with any Hurst parameter, To appear in Ann. Inst. H. Poincaré.

[12] Hunt G.A.: Markov processes and potentials: I,II,III, Illinois J. Math, 1, 44-93, 316-369 (1957); 2, 151-213, (1958).

[13] K. Itô: Stochastic differential equations on a manifold, Nagoya Math. Journal, 1, 35-47, (1950). MR0038596

[14] H. Kunita, Stochastic flows with self-similar properties, Stochastic analysis and applications (ed. by Davies, Truman and Elworthy), World Scientific, 286-300, (1996). MR1453139

[15] H. Kunita, Asymptotic Self-Similarity and Short Time Asymptotics of Stochastic Flows, J.

Math. Sci. Univ. Tokyo, 4, 595-619, (1997). MR1484603

[16] W. Lawton: Infinite convolution products and refinable distributions on Lie groups, Trans.

Am. Math. Soc., Vol. 352, 6, 2913-2936, (2000). MR1638258

[17] A. Lejay : An introduction to Rough paths, séminaire de probabilités XXXVII (2003), Vol.

1832 of Lectures Notes in Mathematics, pp1-59, Springer-Verlag. MR2053040

[18] X.D. Li, T. Lyons: Smoothness of Ito maps and simulated annealing on path spaces (I), 1 < p < 2, preprint, 2003.

[19] T. Lyons, Differential Equations Driven by Rough Signals, Revista Mathemàtica Iberio Americana, Vol 14, No 2, 215 - 310, (1998). . MR1654527

[20] T. Lyons, Z. Qian, System Control and Rough Paths, Oxford Science Publications, (2002) MR2036784

[21] P. Malliavin, Stochastic Analysis, Grundlehren der mathematischen Wissenschaften, Vol.

313, Springer, (1997). MR1450093

[22] Nourdin, Ivan, Schémas d’approximation associés à une équation différentielle dirigée par une fonction höldérienne; cas du mouvement brownien fractionnaire, C. R. Math. Acad. Sci. Paris 340, ( 2005), 8, p 611–614. MR2138713

[23] I. Nourdin, C. Tudor: Remarks on some linear fractional stochastic equations, preprint, (2005). MR2236631

[24] D. Nualart and A. Răsçanu : Differential equations driven by fractional Brownian motion, Collect. Math. 53, 1 , 55-81,(2002). MR1893308

[25] D. Nualart, B. Saussereau: Malliavin calculus for stochastic differential equation driven by a fractional Brownian motion, preprint.

[26] Rogers L.C.G., Williams D.: Diffusions, Markov processes and Martingales, Vol. 2, second edition, Cambridge university press, (2000). MR1780932

[27] R.S. Strichartz: The Campbell-Baker-Hausdorff-Dynkin formula and solutions of differential equations, Jour. Func. Anal., 72, 320-345, (1987). MR0886816

[28] Y. Yamato: Stochastic differential equations and nilpotent Lie algebras. Z. Wahrscheinlichkeitstheorie. Verw. Geb., 47, 213-229, (1979). MR0523171

[29] Yosida K.: Brownian motion in homogeneous Riemannian space, Pacific J. Math., 2, 263- 296, (1952). MR0050817

[30] Young L.C. (1936): An inequality of the Hölder type connected with Stieltjes integration.

Acta Math., 67, 251-282. MR1555421

[31] Zähle, M. (2001) Integration with respect to fractal functions and stochastic calculus. II, Math. Nachr. Mathematische Nachrichten, 225, 145–183. MR1827093