E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 9 (2004), Paper no. 22, pages 634-673.

Journal URL http://www.math.washington.edu/~ejpecp/

Countable Systems of Degenerate Stochastic Differential Equations with Applications to Super-Markov Chains

Richard F. Bass^1 and Edwin A. Perkins^2

Abstract

We prove well-posedness of the martingale problem for an infinite-dimensional degenerate elliptic operator under appropriate Hölder continuity conditions on the coefficients. These martingale problems include large population limits of branching particle systems on a countable state space in which the particle dynamics and branching rates may depend on the entire population in a Hölder fashion. This extends an approach originally used by the authors in finite dimensions.

1. Research supported in part by an NSF grant DMS0244737.

2. Research supported in part by an NSERC Research grant.

Keywords: Martingale problem, infinite dimensional operators, elliptic operators, degenerate, Bessel, stochastic

differential equations, superprocesses

Classification: Primary 60H10

Running Head: Degenerate SDE’s .

Submitted to EJP on January 19, 2004. Final version accepted on August 23, 2004.

1. Introduction.

We prove existence and uniqueness of the martingale problem for the infinite-dimen-sional degenerate operator

Lf(x) = � i∈S [x_iγ_i(x)f_{ii}(x) + b_i(x)f_i(x)]

under suitable Hölder continuity assumptions on the coefficients γ_i and b_i. Here S is a countably infinite discrete set, we write x = (x_i)_{i∈S} with x_i ≥ 0 for each i, L operates on the class of finite-dimensional cylindrical functions, and f_i and f_{ii} denote the first and second partials of f in the direction x_i.

In the last ten years there has been considerable interest in infinite-dimensional operators whose coefficients are only Hölder continuous rather than Lipschitz continuous. See [CD96], [D96], [L96], [Z00], and [DZ02], for example, which consider operators that are perturbations of either the infinite-dimensional Laplacian or of the infinite-dimensional Ornstein-Uhlenbeck operator. The operator L given above is not only infinite-dimensional, but also degenerate, due to the x_i factor in the second order term. This degeneracy also means that the diffusion coefficient will not have a Lipschitz square root even for smooth γ_i, invalidating the standard fixed point approaches.

The principal motivation for this work is the question of uniqueness for measurevalued diffusions which behave locally like a superprocess. In general assume S is a Polish space and let M_F (S) denote the space of finite measures on S with the weak topology. Write m(f) = � f dm for m ∈ M_F (S) and an appropriate R-valued f on S. Assume {A_x : x ∈ M_F (S)} is a collection of generators, all defined on an appropriate domain D_0 of bounded continuous functions on S, and γ : S × M_F (S) → R_+. Let Ω be C(R_+, M_F (S)), equipped with the topology of uniform convergence on bounded intervals, its Borel σ-field F, canonical right-continuous filtration F_t, and coordinate maps X_t(ω) = ω_t.

For each law μ on M_F (S), a probability P on (Ω, F) is a solution of the martingale problem associated with A, γ and initial law μ, written MP (A, γ, μ), if for each f ∈ D_0,

X_t(f) = X_0(f) + M^f_t +

�_t 0 X_s(A_{Xs} f) ds,

where M^f is a continuous F_t-martingale such that

⟨M^f ⟩_t =

�_t 0 X_s(2γ(·, X_s)f^2) ds.

Under appropriate continuity conditions on (A_x, γ) one can usually construct solutions to MP (A, γ, μ) as the weak limit points of large population (N), small mass (N^{−1} ) systems of branching particle systems. In these approximating systems a particle at x in population X_t branches into a mean 1 number of offspring with rate Nγ(x, X_t), and between branch times particles evolve like a Markov process with generator A_{Xt} (see e.g. [MR92]). The main difficulty lies in questions of uniqueness of solutions to MP (A, γ, μ). A case of particular interest is S = R^d and

A_X f(y) = � i,j≤d

a_{ij} (y, X)f_{ij} (y) + � i≤d b_i(y, X)f_i(y),

in which particles evolve according to a state dependent Itô equation between branch times. For γ = γ_0 constant, uniqueness is proved in [DK98] under appropriate Lipschitz conditions on a, b, using methods in [P95]. The latter also effectively handles the case γ(y, X) = γ(y) (and some other special cases of X-dependence) by proving uniqueness for an associated strong equation and historical martingale problem.

Even in the case where S is finite, the problem of handling general γ was only recently solved in [ABBP02] and [BP03]. If S = {1, . . . , d}, then M_F (S) = R^d_+ and A_xf(i) =

�_d j=1 q_{ij} (x)f(j), where for each x ∈ R^d_+, (q_{ij} (x)) is a Q-matrix of a Markov chain on S, that is, q_{ij} ≥ 0 for i ≠ j and q_{ii} = − � j≠i qij . Then X solves MP (A, γ, μ) if

and only if X_t ∈ R^d_+ solves the degenerate stochastic differential equation

X^i_t = X^i_0 +

�_t 0 d� j=1 X^j_s q_{ji}(X_s) ds +

�_t 0 (2γ_i(X_s)X^i_s)^{1/2} dB^i_s, i = 1 . . . d. (1.1)

Here γ_i : R^d_+ → [0, ∞), i = 1, . . . , d, B^1, . . . , B^d are independent one-dimensional Brownian motions, and X_0 has law μ for a given probability measure μ on R^d_+. More generally, consider the generator

Lf(x) = d� i=1 [x_iγ_i(x)f_{ii}(x) + b_i(x)f_i(x)]

for f ∈ C^2_b (R^d_+), the space of bounded continuous functions on R^d_+ whose first and second partials are also bounded and continuous; b_i(x) = � j x_j q_{ji}(x) would correspond to (1.1).

If μ is a law on R^d_+, a probability P on C(R_+, R^d_+) solves MP (L, μ) if and only if for all f ∈ C^2_b (R^d_+),

M^f_t = f(X_t) − f(X_0) −

�_t 0 Lf(X_s) ds

is an F_t-martingale under P and X_0 has law μ.

Theorem A (Corollary 1.3 of [BP03]). Assume γ_i : R^d_+ → (0, ∞), b_i : R^d_+ → R are α-Hölder continuous on compact sets and satisfy

b_i(x) ≥ 0 on {x_i = 0}, (1.2)

|b_i(x)| ≤ c(1 + |x|). (1.3)

Then there is a unique solution to MP (L, μ) for each law μ on R^d_+.

A similar existence and uniqueness theorem was proved in [ABBP02] (see Theorem A of [BP03]) assuming only continuity of γ_i and b_i but with (1.2) strengthened to

b_i(x) > 0 on {x_i = 0}. (1.4)

A simple one-dimensional example shows these results are sharp in the sense that uniqueness fails if only continuity and (1.2) are assumed (see Section 8 of [ABBP03]). Clearly (1.2) is needed to ensure solutions remain in the positive orthant.

In this work we extend the method of [BP03] to the case where S is a countably infinite discrete set and hence take a step towards resolving the general uniqueness problem described above. Both [ABBP02] and [BP03] adapt the perturbation approach of [SV79] to this setting by considering L as a perturbation of L_0f = � i x_iγ^0_i f_{ii} + b^0_i f_i for some constants γ^0_i > 0 and b^0_i ≥ 0. If R_λ is the resolvent associated with L^0, the key step is to show that on a suitable Banach space (B, ‖ · ‖), one has

‖(R_λ f)_i‖ + ‖x_i(R_λ f)_{ii}‖ ≤ C‖f‖ for all i. (1.5)

In [ABBP02] the space B is L^2(R^d_+,

�_d

1 x^{b0i /γ 0i −1} i dx_i) (here b^0_i > 0), while in [BP] the space B is a weighted Hölder space ((4.9) below gives the precise norm). In both cases the constant C in (1.5) is independent of d. The L^2 setting in [ABBP02], however, does not appear to extend readily to infinite dimensions. There is the question of an appropriate measure on R^∞_+ , there are problems extending the Krylov-Safonov type theorems on regularity of the resolvents which are required to handle all starting points as opposed to almost all starting points, and, as in the finite-dimensional setting, (1.4) will not hold for the most natural Q-matrices such as nearest random walk on the discrete circle. We therefore will extend the weighted Hölder approach in [BP03]. This approach has also been effective in other (non-singular) infinite-dimensional settings ([ABP04]).

Our main result (Theorem 2.7) states that the natural infinite dimensional analogue of MP (L, ν) has a unique solution when S is a discrete countably infinite set and X takes on values in an appropriate space of measures. To understand the nature of the assumptions made on the coefficients b_i and γ_i, consider the Corollaries 2.10–2.12 when S = Z^d. Basically, we require b_i and γ_i to be Hölder continuous in the j^{th} variable, where the Hölder constant approaches 0 at a certain polynomial rate as |i − j| approaches ∞. The state space of X will be measures x(·) satisfying � i |i|^qx(i) < ∞ where q > 0 may approach zero for α close to 1 but becomes large as α gets small. There are cases where infinite measures are allowed but they require stronger Hölder conditions on the coefficients as the mass gets large (see Remark 2.13).

The main result and a number of corollaries are stated in Section 2. In Section 3 we prove a more general existence theorem (Theorem 2.4) by truncating to a finite-dimensional system and taking weak limits. Although these type of arguments are well-known (see [SS80]), we could not find the particular result we needed in the literature and have included the proof for completeness: in addition, there is an unexpected mild condition needed; see Theorem 2.4 and Remark 2.5. The weighted Hölder spaces are introduced in Section 4 where the infinite dimensional analogues of (1.5) are derived. Since the constants in [BP03] are independent of dimension this should be easy, but some complications arise in infinite dimensions since boundedness of the weighted Hölder norms does not imply continuity, in contrast to the case of finite dimensions. We must establish uniform convergence of the appropriate derivatives of the resolvent by the corresponding quantities for a sequence of approximating finite-dimensional functions to carry over the finite-dimensional estimates from [BP03] and obtain continuity (Proposition 4.8). The key bounds on the weighted Hölder norm then follow from the finite-dimensional result in [BP] (Corollary 4.10). This approximation is also used to derive the perturbation equation for the resolvent of strong Markov solutions of MP (L, μ) in terms of R_λ = (λ − L_0)^{−1} (Proposition 5.4).

In Section 5 local uniqueness is established (Theorem 5.5), i.e., if γ_i and b_i are sufficiently close to constant functions, uniqueness is shown. In this setting our state space may include counting measure, but as the coefficients become asymptotically constant this is not surprising. In Section 6 we use the local uniqueness and a localization argument to prove Theorem 2.7. Localization in infinite dimensions still seems to be an awkward process and our arguments here are surely not optimal–we believe some of the additional continuity conditions in Assumption 2.6 may be weakened. Still it is important to note that the weighted Hölder spaces at least allow for localization. In their ground-breaking paper [DM95], Dawson and March establish a quite general uniqueness result in the Fleming- Viot setting but were unable to carry out the localization step. Nonetheless [DM95] still represents the best available uniqueness result in general infinite dimensional settings albeit in the Fleming-Viot setting and for close to constant coefficients. Finally in Section 7 we prove the various corollaries to Theorem 2.7.

2. Notation and statement of results.

We will use the letter c with or without subscripts to denote positive finite constants whose exact value does not matter and which may change from line to line. We use κ with subscripts to denote positive finite constants whose value does matter.

Let S be a countable set equipped with a map | · | : S → [0, ∞) such that S_n = {i ∈ S : |i| < n} is finite for all n ∈ Z^+. (S_0 = ∅). Our prototype is of course S = Z^d with | · | equal to the usual Euclidean length of i. Let ν : S → (0, ∞) and for x ∈ R^S let |x|_ν = � i∈S |x_i|ν_i ∈ [0, ∞].

ν will be called a weight functon. We will use both ν_i and ν(i) for the i^{th} coordinate of ν and similarly for other maps defined on S.

We let M_ν (S) = {x ∈ R^S_+ : |x|_ν < ∞}.

and consider elements of M_ν (S) as measures on S with

⟨x, φ⟩ = � i∈S x_iφ(i) when φ : S → R, � i∈S x_i|φ(i)| < ∞.

It is easy to see that M_ν (S) is a Polish space when equipped with the distance |x − x^′|_ν . If ν_i ≡ 1, it is easy to check that M_ν (S) = M_F (S) is the usual space of finite measures on S equipped with the topology of weak convergence for the discrete topology on S.

R_+ = [0, ∞) and C^2_b (R^{Sn}_+ ) is the set of bounded continuous functions f : R^{Sn}_+ → R whose first and second partial derivatives f_i, f_{ij} are bounded and continuous. If x_i = 0, then the partials f_i, f_{ij} are interpreted as right-hand derivatives.

Define the projection operator π_n : R^S_+ → R^{Sn}_+ by

π_nx(i) = x(i), i ∈ S_n, (2.1)

and define the lift operator Π_n : R^{Sn}_+ → R^S_+ by

Π_nx(i) = 1_{(i∈Sn)}x(i). (2.2) Let C^2_{b,F} (M_ν (S)) = {f : M_ν (S) → R : ∃n, f_n ∈ C^2_b (R^{Sn}_+ ) such that f(x) = f_n(π_nx)}.

These are the functions which only depend (in a C^2 way) on the coordinates x_i with i ∈ S_n. Clearly C^2_{b,F} (M_ν (S)) ⊂ C_b(M_ν (S)), the space of bounded continuous maps from M_ν (S) to R.

For i ∈ S assume γ_i : M_ν (S) → [0, ∞), b_i : M_ν (S) → R, and for f : M_ν (S) → R define Lf(x) = � i∈S � x_iγ_i(x)f_{ii}(x) + b_i(x)f_i(x) � , x ∈ M_ν (S), (2.3)

provided these partial derivatives exist and the above series is absolutely convergent. Note that this is the case if f ∈ C^2_{b,F} (M_ν (S)). Let Ω_ν equal C(R_+, M_ν (S)), equipped with the topology of uniform convergence on bounded intervals. Let X_t(ω) = ω(t) for ω ∈ Ω_ν , let F^0_u be the universal completion of σ(X_s : s ≤ u), and set F_t = ∩_{u>t}F^0_u, F = ∪_{t≥0} F^0_t .

Definition 2.1. Let μ be a probability on M_ν (S). A probability P on (Ω_ν , F) solves MP(L, μ), the martingale problem for L in M_ν (S) started at μ, if P(X_0 ∈ ·) = μ(·) and for any f ∈ C^2_{b,F} (M_ν (S))

M^f_t = f(X_t) − f(X_0) −

�_t 0 Lf(X_s)ds

is an (F_t)-local martingale under P. MP(L) is well-posed in M_ν (S) if and only if there is a unique solution to MP(L, μ) in M_ν (S) for every initial law μ on M_ν (S).

Note that s → Lf(X_s) and t → f(X_t) and hence t → M^f_t are all necessarily continuous functions.

Remark 2.2 (a) As in Remark 1.1(d) of [BP03] one could also consider test functions f(x) = f_n(π_nx) for some f_n ∈ C^2_b (R^{Sn} ), (i.e., those which extend in a C^2 manner to all of R^{Sn} instead of R^{Sn}_+ ).

(b) Changing the class of test functions changes the martingale problem. The smaller the class of test functions for which one establish uniqueness, the stronger the theorem. C^2_{b,F} (M_ν (S)) is a reasonably small class.

(c) Let {B_i : i ∈ S} be a sequence of independent one-dimensional adapted Brownian motions on a filtered probability space (Ω, F, F_t, P) and consider the stochastic differential equation

Y_i(t) = Y_i(0) +

�_t 0 (2Y_i(s))γ_i(Y_s))^{1/2}dB^i_s +

�_t 0 b_i(Y_s)ds, i ∈ S, t ≥ 0. (2.4)

Here Y (0) is an F_0-measurable random vector in M_ν (S). If Y is a continuous M_ν (S)- valued solution to (2.4), a simple application of Itô’s formula shows that the law P_Y of Y is a solution to MP(L, μ) where μ is the law of Y (0). Conversely, given a solution P of MP(L, μ), a standard construction allows one to build Brownian motions {B^i : i ∈ S} and a solution Y to (2.4) on some Ω such that P is the law of Y .

We introduce conditions on b_i, the first of which we assume throughout this work:

Assumption 2.3. (a) There exists a constant κ_{2.3a}(b) such that � i∈S |b_i(x)|ν_i ≤ κ_{2.3a}(b)(|x|_ν + 1), x ∈ M_ν (S), (2.5)

(b) There exists a constant κ_{2.3b}(b) such that

b_i(x) ≥ −κ_{2.3b}(b)x_i, i ∈ S, x ∈ M_ν (S). (2.6)

Assumption 2.3(a) will avoid explosions in finite time while a condition such as Assumption 2.3(b) is needed to ensure that our solutions have non-negative components (although a weaker condition b_i(x) ≥ 0 if x_i = 0 sufficed in finite dimensions – see [BP03].) Note that no analogue of (2.3) is needed for the diffusion coefficients.

Our focus is on uniqueness in law of solutions to MP(L, δ_{x0} ), but as our setting is slightly different from that considered in the literature (e.g., Shiga and Shimizu [SS80]), we state a general existence result. The proof is given in Section 3. Theorem 2.4. Assume there exists β : S → (0, ∞) such that lim_{|i|→∞} β(i) = 0 and for all i ∈ S, b_i, γ_i have (necessarily unique) continuous extensions b_i : M_{βν} (S) → R, γ_i : M_{βν} (S) → [0, ∞). In addition to (2.5) and (2.6) assume there exists a constant κ_{2.4}(γ) such that sup_i ‖γ_i‖_∞ = κ_{2.4}(γ) < ∞. (2.7)

Then for any x_0 ∈ M_ν (S) there is a solution to MP(L, δ_{x0} ).

Remark 2.5. Note the above continuity condition is trivially satisfied if γ_i, b_i are given as continuous functions on R^S_+ with the product topology (as in Shiga and Shimizu [SS80]). This condition is only needed to obtain a compact containment condition in the usual tightness proof and will be easy to verify in the examples of interest. If γ_i, b_i on M_ν (S) are uniformly continuous with respect to | · |_{βν} , the above extensions exist.

Here is our key Hölder continuity hypothesis on γ_i and b_i: Assumption 2.6. For some β : S → (0, ∞) satisfying lim_{|i|→∞} β(i) = 0 and β(i) ≤ κ_{2.6a}ν(i)^{−α/2} , for each i ∈ S, b_i and γ_i have (necessarily unique) continuous extensions b_i : M_{βν} (S) → R, γ_i : M_{βν} (S) → (0, ∞). For any x_0 ∈ M_ν (S), η > 0, there exists δ_0 > 0 and a κ_{2.6b} > 0 such that if x ∈ M_ν (S) and |x − x_0|_{βν} < δ_0, then (a) holds and either (b) or (c) holds, where (a) � i∈S |γ_i(x) − γ_i(x_0)|

γ_i(x_0) + |b_i(x) − b_i(x_0)| γ_i(x_0)

< η (2.8) and (b) for any j ∈ S, h > 0, � i |γ_i(x + he_j ) − γ_i(x)| γ_i(x_0) + |b_i(x + he_j ) − b_i(x)| γ_i(x_0)

≤ κ_{2.6b}γ_j (x_0)^{−α/2} x^{−α/2}_j h^α or (c) lim_{|i|→∞} ν(i) = ∞ and for any j ∈ S, h ∈ (0, 1], � i |γ_i(x + he_j ) − γ_i(x)|

γ_i(x_0) + |b_i(x + he_j ) − b_i(x)|

γ_i(x_0)

≤ κ_{2.6b}γ_j (x_0)^{−α/2} (1 + x^{−α/2}_j )h^α .

Our main result is the following.

Theorem 2.7. Suppose Assumptions 2.3(a) and 2.6 hold, (2.7) holds, and either b_i(x) ≥ 0 for all i ∈ S and x ∈ M_ν (S), (2.9) or lim |i|→∞

ν(i) = ∞ and b_i(x) ≥ −κ_{2.7}x_iγ_i(x), for all i ∈ S and x ∈ M_ν (S). (2.10)

Then MP(L) is well-posed in M_ν (S).

We state some corollaries to Theorem 2.7, the proofs of which are given in Section 7. Corollary 2.8. Assume b_i : M_ν (S) → R, γ_i : M_ν (S) → R_+ are continuous maps for all i ∈ S, where ν : S → (0, ∞) satisfies lim_{|i|→∞} ν(i) = ∞. Assume Assumption 2.3(a)-(b), (2.7), inf_{i,x} γ_i(x) = ε_0 > 0, (2.11) there exists non-negative constants {C(i, j) : i, j ∈ S} such that |γ_i(x + he_j ) − γ_i(x)| + |b_i(x + he_j ) − b_i(x)| ≤ C(i, j)h^α , h > 0, x ∈ M_ν (S), (2.12) and if C(j) = � i C(i, j), then � sup_j C(j) � + 1_{(α<1)} � j C(j)^{1/(1−α)} ν(j)^{−α(1− α2 )/(1−α)} < ∞. (2.13)

Then the hypotheses of Theorem 2.7 are valid and so MP(L) is well-posed in M_ν (S).

Recall that Q = (q_{ij} )_{i,j∈S} is a Q-matrix on S if q_{ij} ≥ 0 for all i ≠ j and � j≠i qij =

−q_{ii} for all i ∈ S.

Corollary 2.9. Let (q_{ij} ) be a Q-matrix satisfying q = sup_i |q_{ii}| < ∞ (2.14) � i 1(i ≠ j)q_{ji}ν_i ≤ κ_{2.9}ν(j), j ∈ S, (2.15)

where ν : S → (0, ∞) satisfies lim_{|i|→∞} ν(i) = ∞. Suppose (^b_i, γ_i)_{i∈S} satisfies the hypotheses of Corollary 2.8 (or more generally of Theorem 2.7 and (2.11) holds). If b_i(x) = ^b_i(x) + � j x_j q_{ji},

then (b_i, γ_i) satisfies the hypotheses of Theorem 2.7 and so MP(L) is well posed in M_ν (S).

Consider now the case when S = Z^d and |i| is the usual Euclidean norm.

Corollary 2.10. Let ν(i) = (|i| + 1)^q for some q > d(1 − α)(α(1 −^α_2 ))^{−1} , and, for some c_0 > 0, p > d, set C(i, j) = c_0(|i − j| + 1)^{−p} for i, j ∈ Z^d. Let b_i : M_ν (Z^d) → R and γ_i : M_ν (Z^d) → (0, ∞) be continuous maps satisfying (2.5), (2.6), (2.7), (2.11), and (2.12). Then MP(L) is well-posed in M_ν (Z^d).

Corollary 2.11. Let p : Z^d − {0} → [0, 1] be a probability on Z^d − {0} such that m_q = � i |i|^qp(i) < ∞, where q is as in Corollary 2.10. Let q_{ij} = λp(j −i) (i ≠ j) be the Q-matrix of a random walk which takes steps distributed as p with rate λ > 0. Let ν, (^b_i), and (γ_i) satisfy the hypotheses of Corollary 2.10, and let b_i(x) = ^b_i(x) + � j x_j q_{ji}. Then MP(L) is well-posed in M_ν (Z^d).

Corollary 2.12. Let R > 0, N = {i ∈ Z^d : |i| ≤ R} and γ : R^N_+ → [ε, ε^{−1} ] be Hölder continuous of index α ∈ (0, 1]. Assume q > d(1 − α)(α(1 −^α_2 ))^{−1} and set ν(i) = (|i| + 1)^q, i ∈ Z^d. Let q_{ij} = λp(j − i), (i ≠ j) where p is a probability on Z^d − {0} with finite q^{th} moment. If b_i(x) = � j x_j q_{ji} and γ_i(x) = γ((x_{i+j} : j ∈ N)), then MP(L) is well-posed in M_ν (Z^d).

Corollary 2.8 is a version of Theorem 2.7 where the hypotheses are given in terms of the Hölder constants of the γ_i and b_i; Corollary 2.9 applies Corollary 2.8 to the case of super-Markov chains. Corollaries 2.10–2.12 are the application of Corollaries 2.8 and 2.9 to the case where S = Z^d and an explicit bound is given for the Hölder constants of the γ_i and b_i.

Remark 2.13. If we assume Assumptions 2.6 (a),(b) and (2.9) we may take ν_i → 0 so that M_ν (S) will contain some infinite measures, that is, points x such that � i∈S x_i = ∞.

In this case the Hölder condition Assumption 2.6 (b) becomes rather strong if x_j gets large.

3. Existence.

If ε = {ε_n} is a sequence in (0, ∞) decreasing to 0 and S^′ = {S^′_n} is a sequence of finite subsets of S which increases to S with S^′_0 = ∅, let

K_{ε,S}′ = {x ∈ M_ν (S) : � i /∈S^′_n

x_iν_i ≤ ε_n for all n ∈ Z_+}.

Write K_ε for the above in the case when S^′_n = S_n for all n ∈ Z_+.

Lemma 3.1. (a) For any ε, S^′ as above, K_{ε,S}′ is a compact subset of M_ν (S). (b) If K is a compact subset of M_ν (S), there is a sequence ε_n decreasing to 0 such that K ⊂ K_ε.

Proof. The standard proof is left for the reader.

Remark 3.2. If σ_N : M_ν (S) → M_ν (S) is defined by σ_N (x)(i) = 1_{(i∈SN )}x(i), then for any sequence ε_n decreasing to 0, it is easy to check that σ_N (K_ε) ⊂ K_ε. Proof of Theorem 2.4. First, let X^n_t be the solution to

X^{n,i}_t = x^i_0 + 1_{(i∈Sn)}

� � t 0 b_i((X^n_s )^+)ds +

�_t 0 � γ_i((X^n_s )^+)|X^{n,i}_s |

�_{1/2}

dB^i_s � . (3.2)

Here (X^n_s )^+ = ((X^{n,i}_s )^+ : i ∈ S) and {B^i} is a sequence of independent one-dimensional Brownian motions on some filtered probability space. Note that ^b_i((x_j )_{j∈Sn} ) = b_i((x^+_j )_{j∈Sn} , (x^j_0)_{j∈Scn} ) is a continuous function on R^{Sn} with linear growth (by (2.5) and the continuity assumptions on b_i). The same is true of ^σ_i((x_j )_{j∈Sn} ) = � γ_i((x^+_j )_{j∈Sn} , (x^j_0)_{j∈S}c_n )|x_i| �

and so the existence of X^n follows from Skorokhod’s existence theorem for finite-dimension-al SDEs. Using L^0_t (X^{n,i}) = 0 and b_i(x) ≥ 0 if x_i = 0 (by (2.6)), one can use Tanaka’s formula to see that X^{n,i}_t ≥ 0 for all t ≥ 0 and for all i almost surely, and one may therefore remove the superscript^+’s in (3.2). Let T^n_k = inf{t : |X^n_t |_ν ≥ k}. For each n, T^n_k ↑ ∞ as k → ∞, since x_0 ∈ M_ν (S). Define M^n_t = � i∈S_n νi

�_t 0 (γ_i(X^n_s )X^{n,i}_s )^{1/2}dB^i_s, and note that if ν_n = max_{i∈Sn} ν_i, then

⟨M^n_t ⟩ =

�_t 0 � i∈S_n

ν^2_i γ_i(X^n_s )X^{n,i}_s ds

≤ κ_{2.4}ν_n

�_t 0 |X^n_s |_ν ds ≤ κ_{2.4}ν_nkt (3.3) for t ≤ T^n_k . Let

X^n_t = |X^n_t |_ν + κ_{2.3b}

�_t 0 |X^n_s |_ν ds

= |x_0|_ν +

�_t 0 � i∈S_n

ν_ib_i(X^n_s ) + κ_{2.3b}|X^n_s |_ν ds + M^n_t . (3.4)

M^n_{t∧T} n_k is a martingale by (3.3) and so (2.5) implies

E X^n_{t∧T} n_k ≤ |x_0|_ν +

�_t 0 E (κ_{2.3a}(|X^n_{s∧T} n_k |_ν + 1) + κ_{2.3b}|X^n_{s∧T} n_k |_ν )ds

≤ |x_0|_ν + κ_{2.3a}t + c_1

�_t 0 E (|X^n_{s∧T} n_k |_ν )ds.

The left hand side is clearly finite by the definition of T^n_k , Gronwall’s lemma implies E (X^n_{t∧T} n_k ) ≤ [|x_0|_ν + κ_{2.3a}t]e^{c1t}, t ≥ 0, and so Fatou’s lemma gives E (X^n_t ) ≤ [|x_0|_ν + κ_{2.3a}t]e^{c1t}, t ≥ 0. (3.5) Therefore, using (2.6) in (3.4), we see that X^n_t is a submartingale. The weak L^1 inequality and (3.5) imply P(sup_{t≤T} |X^n_t |_ν ≥ k) ≤ P(sup_{t≤T} X^n_t ≥ k) ≤ k^{−1} [|x_0|_ν + κ_{2.3a}T ]e^{c1T} , (3.6) which implies lim_{k→∞} sup_n P(T^n_k ≤ T ) = 0, T > 0. (3.7) Define X^n_t (φ) = � i∈S X^{n,i}_t φ(i) for φ : S → R_+ and β_m = sup_{i∈S}c_m β(i) ↓ 0. Then (recall S^c_0 = S) P(sup_{t≤T} X^n_t (1_Sc_m νβ) > ε_0) ≤ P(sup_{t≤T} � i∈S^c_m

ν(i)X^{n,i}_t > ε_0/β_m)

≤ β_m ε_0

[|x_0|_ν + κ_{2.3a}T ]e^{c1T} . (3.8) Let ε, T > 0. Choose m_k ↑ ∞ and K_0 > 0 such that ∞� k=1 � β_{mk}

�_{1/2} [|x_0|_ν + κ_{2.3a}T ]e^{c1T} + K^{−1}_0 [|x_0|_ν + κ_{2.3a}T ]e^{c1T} < ε, (3.9)

and define

K = {x ∈ M_{νβ} (S) : � i∈S^c_{mk}

x_iν_iβ_i ≤ (β_{mk} )^{1/2} for all k ∈ N, |x|_ν ≤ K_0}.

Then K is compact in M_{νβ} (S) by Lemma 3.1. By (3.8) with ε_0 = � β_{mk}

�_{1/2} and m = m_k and (3.6) with k = K_0 we get that for each n

P(X^n_t ∈ K for all t ≤ T ) (3.10) ≥ 1 −

�^∞� k=1 (β_{mk} )^{1/2}[|x_0|_ν + κ_{2.3a}T ]e^{c1T} + K^{−1}_0 [|x_0|_ν + κ_{2.3a}T ]e^{c1T} �

≥ 1 − ε, by (3.9). This will give us the compact containment required for the tightness of {P(X^n_· ∈ ·) : n ∈ N}.

We claim next that if i ∈ S is fixed, then

{X^{n,i} : n ∈ N} is a tight sequence of processes in C([0, ∞), R). (3.11)

By (3.7) it suffices to show

{X^{n,i}(· ∧ T^n_k ) : n ∈ N} is tight in C([0, ∞), R) for each k ∈ N. (3.12)

Let M^{n,i}_t denote the stochastic integral on the right hand side of (3.2). Then for s ≤ t, E � � t s 1_{(r≤T} n_{k )}dM^{n,i}_r

�_4�

≤ c_2E

� � t s 1_{(r≤T} n_{k )}X^{n,i}_r γ_i(X^n_r )dr

�_2�

≤ c_3(κ_{2.4})^2(k/ν_i)^2(t − s)^2. (3.13)

In addition by (2.5), �_t s 1_{(r≤T} n_{k )}|b_i(X^n_r )|dr ≤ κ_{2.3a} ν_i

�_t s 1_{(r≤T} n_{k )}(|X^n_r |_ν + 1)dr ≤ κ_{2.3a} ν_i

(k + 1)(t − s).

This, (3.13), (3.2), and standard arguments now imply (3.12).

(3.10) and (3.11) imply {X^n_· : n ∈ N} is a tight sequence in C([0, ∞), M_{νβ} (S)). If νβ(i) ≡ 1, this is standard, as then M_{νβ} (S) = M_F (S) (see, e.g., Theorem II.4.1 in [Pe02]). In general, define Φ : M_{νβ} (S) → M_F (S) by

Φ(x)(i) = x(i)ν_iβ_i.

Then Φ is an isometry and the above result for M_F (S) gives the required implication.

By Skorokhod’s theorem we may first extract a weakly convergent subsequence {X^{nm} } and then assume X^{nm} → X a.s. in C([0, ∞), M_{νβ} (S)). It is easy to use the continuity of b_i, γ_i on M_{νβ} (S) to let n = n_m → ∞ in (3.2) and conclude

X^i_t = x^i_0 +

�_t 0 b_i(X_s)ds +

�_t 0 � γ_i(X_s)X^i_sdB^i_s (3.14)

for all t ≥ 0 and all i ∈ S, a.s. Fatou’s lemma implies for any t > 0

|X_t|_ν = � i∈S lim inf m→∞ X^{nm,i}_t ν_i ≤ lim inf_{m→∞} |X^{nm}_t |_ν , and so an elementary argument implies P(sup_{t≤T} |X_t|_ν > k) ≤ P(lim inf_{m→∞} sup_{t≤T} |X^{nm}_t |_ν > k) ≤ lim inf m→∞ P(sup_{t≤T} |X^{nm}_t |_ν > k) ≤ k^{−1} [|x_0|_ν + κ_{2.3a}T ]e^{c1T} , the last by (3.6). This proves sup_{t≤T} |X_t|_ν < ∞, T > 0, a.s., (3.15)

and so X_· has M_ν (S) valued paths a.s.

To show that X_· has continuous M_ν (S)-valued paths a.s. we use the following lemma, whose elementary proof is left to the reader.

Lemma 3.3. Suppose x : [0, ∞) → M_ν (S) is such that x_t(i), i ∈ S, and |x_t|_ν are all continuous. Then x is continuous.

Clearly X_t(i) is continuous for all i ∈ S a.s. since it is continuous in M_{νβ} (S). From (3.14) we see that if M_n(t) = � i∈S_n νi

�_t 0 � γ_i(X_s)X^i_sdB^i_s, then � i∈S_n

X_t(i)ν_i = � i∈S_n

x_0(i)ν_i +

�_t 0 � i∈S_n

ν_ib_i(X_s)ds + M_n(t). (3.16)

(3.15) and (2.5) show that � i∈S_n

ν_i|b_i(X_s)| → � i∈S ν_i|b_i(X_s)|,

which is bounded uniformly on compact time intervals a.s. as n → ∞, and so

sup_{t≤T} � � �_t 0 � i∈S_n

ν_ib_i(X_s)ds −

�_t 0 � i∈S ν_ib_i(X_s)ds � �

≤ �_T 0 � i∈S−S_n

ν_i|b_i(X_s)|ds → 0 (3.17) as n → ∞ by dominated convergence. By (3.16) and (2.5),

sup_{t≤T} |M_n(t)| ≤ sup_{t≤T} |X_t|_ν + |x_0|_ν +

�_T 0 κ_{2.3a}(|X_s|_ν + 1)ds.

By (3.15) and the Dubins-Schwartz theorem, this means {⟨M^n⟩_T } remains bounded in probability as n → ∞. Therefore �_T 0 � i∈S ν^2_i γ_i(X_s)X_s(i)ds = lim_{n→∞} ⟨M^n⟩_T < ∞, a.s., T > 0.

A standard square function inequality now implies

sup_{t≤T} |M_n(t) − M_m(t)| → 0

in probability as m, n → 0 for all T > 0, and so we may take a subsequence such that M_{nk} converges uniformly on compact time intervals a.s. Let n = n_k → ∞ in (3.16). The above and (3.17) show that the right hand side of (3.16) converges uniformly on compact time intervals a.s. to a necessarily continuous process. As the left hand side converges to |X_t|_ν for all t ≥ 0, a.s., it follows that t → |X_t|_ν is continuous. Lemma 3.3 therefore shows t → X_t is a continuous M_ν (S)-valued process. By (3.14) and Remark 2.2(c), the law of X is a solution of the martingale problem for L starting at x_0.

4. Estimates.

We first obtain some key analytic estimates for the special case when γ_i = γ^0_i and b_i = b^0_i are constants. Assume

0 < γ^0_i ≤ sup_{i′} γ^0_i′ = κ_{4.1}(γ^0) < ∞, i ∈ S, (4.1)

0 ≤ b^0_i , i ∈ S, and |b^0|_ν = � i∈S b^0_i ν(i) < ∞. (4.2) Let L^0f(x) = � i∈S γ^0_i x_if_{ii}(x) + b^0_i f_i(x)

for functions f for which the partial derivatives exist and the sum is absolutely convergent. By Theorem 2.4 there is a solution P^0_{x0} to MP(L, δ_{x0} ) in M_ν (S) for each x_0 ∈ M_ν (S). In fact it is easy to see that under P^0_{x0} , the processes {X_i : i ∈ S} are independent diffusions and each X^i is a suitably scaled squared Bessel process whose law is that of the pathwise unique solution to X^i(t) = x_0(i) +

�_t 0 (X^i(s)γ^0_i )^{1/2}dB^i_s + b^i_0t, (4.3)

where the B^i_s are independent one dimensional Brownian motions. (Theorem 2.4 is only needed here to ensure X has paths in Ω_ν .) An explicit formula for the transition kernel of p^i_t(x_i, dy_i) of X_i is given in (2.2) and (2.4) of [BP03]. Let (P_t)_{t≥0} and (R_λ )_{λ≥0} be the semigroup and resolvent, respectively, of the M_ν (S)-valued diffusion X_t = (X^i_t )_{i∈S} .

Lemma 4.1. For any compact set K ∈ M_ν (S), T > 0, and ε > 0, there is a sequence η = {η_n} decreasing to zero such that sup_{x0∈K} P^0_{x0} (X_t ∈ K_η for t ≤ T ) ≥ 1 − ε.

Proof. By Lemma 3.1(b) we may assume K = K_δ for some sequence δ_n decreasing to zero. Set B(N) = � i /∈S_N ν(i)b 0 i . If Z_{n,N} (t) = � i∈S_n−S_N

ν(i)X_i(t) for n > N ≥ 0 and Z_N (t) = � i /∈S_N

ν(i)X_i(t), then for x_0 ∈ K_δ E^0_{x0} [Z_N (t)] = � i /∈S_N

x_0(i)ν(i) + b^0_i ν(i)t ≤ δ(N) + B(N)t,

where δ(N), B(N) ↓ 0 by (4.2). Since Z_{n,N} (t) is a submartingale, the weak L^1 inequality implies that for any x_0 ∈ K_δ P^0_{x0} (sup_{t≤T} Z_N (t) > A) = lim_{n→∞} P^0_{x0} (sup_{t≤T} Z_{n,N} (t) > A) ≤ lim_{n→∞} A^{−1} E^0_{x0} [Z_{n,N} (t)] ≤ A^{−1} (δ(N) + B(N)T ). (4.4) Choose N_k ↑ ∞ such that sup x_0∈K_δ

P^0_{x0} (sup_{t≤T} Z_{Nk} (t) > 2^{−k} ) ≤ 2^{−k−1} ε (4.5) and then η > 1 sufficiently large so that sup x_0∈K_δ

P^0_{x0} (sup_{t≤T} |X_t|_ν > η) ≤ ε/2. (4.6) The latter is possible by (4.4) with N = 0 since Z_0(t) = |X_t|_ν . Now define η_n = � η, n ≤ N 2^{−k} , N_k ≤ n < N_{k+1}.

Then for any x_0 ∈ K_δ

P^0_{x0} (X_t ∈ K^c_η for some t ≤ T ) ≤ P^0_{x0} (sup_{t≤T} |X_t|_ν > η) + ∞� k=1 P^0_{x0} (sup_{t≤T} Z_{Nk} (t) > 2^{−k} ) < ε

by (4.5) and (4.6).

Define e_i ∈ M_ν (S) by e_i(j) = 1_{(i=j)}. Let α ∈ (0, 1] and for f : M_ν (S) → R and i ∈ S define

|f|_{α,i} = sup{|f(x + he_i) − f(x)|x(i)^{α2} h^{−α} : x ∈ M_ν (S), h > 0}. (4.7) Set |f|_α = sup_i (γ^0_i )^{α2} |f|_{α,i} , ‖f‖_α = ‖f‖_∞ + |f|_α . (4.8) If C_α = {f : M_ν (S) → R : f continuous , ‖f‖_α < ∞},

then it is easy to check that (C_α , ‖ · ‖_α ) is a Banach space.

Remark 4.2. One difference between our infinite dimensional setting and the finite dimensional setting in [BP03] is that sup_i |f|_{α,i} < ∞ does not imply that f is uniformly continuous on I = {x ∈ M_ν (S) : x(i) > 0 for all i ∈ S} and hence has a continuous extension to M_ν (S). This is true on R^d_+ (see Lemma 2.2 of [BP03]). Suppose we define f(x) to be 1 if infinitely many of the x(i) ≠ 2^{−i} /ν(i) and 0 otherwise. Then |f|_{α,i} = 0 but f is discontinuous on I. This complicates things a bit when checking whether various operators preserve C_α .

Remark 4.3. A key fact in our argument is that the estimates on (R_λ f)_i and x_i(R_λ f)_{ii} from [BP03] are independent of the dimension of the space. Recall that the way we obtained the estimates in [BP03] was to first consider the one-dimensional case. If P^i_t denotes the semigroup corresponding to the operator xγ^0_i f^{′′}(x)+b^0_i f^′(x), then we obtained bounds on |(P^i_t f)^′(x)| and on |(P^i_t f)^′(x + Δ) − (P^i_t f)^′(x)| in terms of constants depending only on γ^0_i and b^0_i ; see Lemmas 4.3, 4.4, 4.6, and 4.7 of [BP03]. If P_t denotes the semigroup corresponding to L^0f(x) =

�_d i=1[x_iγ^0_i f_{ii}(x) + b^0_i f_i(x)], we then derived bounds on |(P_tf)_i(x)| and on |(P_tf)_i(x + Δe_j ) − (P_tf)_i(x)| with the same constants (Propositions 5.1 and 5.2 of [BP03]); hence the constants did not depend on the dimension d of the underlying space. We then deduced estimates on (R_λ f)_i. The same reasoning was applied for x_i(R_λ f)_{ii}.

Lemma 4.4. Let f ∈ C_α , λ > 0, and i ∈ S. There is a κ_{4.4} = κ_{4.4}(α) independent of f, i, λ such that the following hold:

(a) The partial derivative (R_λ f)_i(x) exists for every x ∈ M_ν (S) and satisfies

‖(R_λ f)_i‖_∞ ≤ κ_{4.4}(γ^0_i )^{α2 −1} λ^{− α2} |f|_{α,i} . (4.9)

(b) The second order derivative (R_λ f)_{ii}(x) exists on {x ∈ M_ν (S) : x_i > 0} and satisfies

|x_i(R_λ f)_{ii}(x)| ≤ κ_{4.4}(γ^0_i )^{−1} |f|_{α,i}

� γ0_i λ � α_2 ∧ x^{α2}_i � . (4.10)

In particular, lim_{xi→0} x_i(R_λ f)_{ii}(x) = 0 uniformly on M_ν (S) and if x_i(R_λ f)_{ii}(x) is set to be this limit on {x ∈ M_ν (S) : x_i = 0}, then

‖x_i(R_λ f)_{ii}(x)‖_∞ ≤ κ_{4.4}(γ^0_i )^{α2 −1} λ^{− α2} |f|_{α,i} . (4.11)

Proof. We only prove (b) as (a) is similar but easier. Let t > 0. Then argue as in the finite-dimensional argument (Proposition 5.1 of [BP03]), noting the constants there are independent of dimension, to see that (P_tf)_{ii} exists on M_ν (S) (in fact on R^S_+) and satisfies

|x_i(P_tf)_{ii}(x)| ≤ c_1|f|_{α,i} (γ^0_i t)^{α2 −1}

� x_i γ^0_i t ∧ 1 � . (4.12)

If x_i > 0, this allows one to differentiate through the time integral (by the dominated convergence and the mean value theorem) and conclude for x_i > 0 that (R_λ f)_{ii} exists and satisfies x_i(R_λ f)_{ii}(x) =

�_∞ 0 e^{−λt} x_i(P_tf)_{ii}(x)dt.

A simple calculation using (4.12) leads to (4.10) for x_i > 0. The fact that x_i(R_λ f)_{ii} approaches 0 uniformly as x_i ↓ 0 is then immediate, as is (4.11).

Lemma 4.5. If f ∈ C_b(M_ν (S)) and f_n = f ∘π_n, then for any compact subset K of M_ν (S)

lim_{n→∞} sup_{x∈K} |f(x) − f_n(x)| = 0.

Proof. By Lemma 3.1(b) we may assume K = K_η for some sequence η = {η_n} decreasing to 0. Then sup_{x∈Kη} |x − π_nx|_ν = sup_{x∈Kη} � i∈S^c_n

x_iν_i ≤ η_n → 0.

Since π_n(K_η ) ⊂ K_η (recall Remark 3.2) and f is uniformly continuous on K_η , the result follows.

Corollary 4.6. If f ∈ C_b(M_ν (S)) and f_n = f ∘ π_n, then for any λ > 0, R_λ f_n → R_λ f uniformly on compact subsets of M_ν (S).

Proof. Let K be a compact subset of M_ν (S) and ε > 0. Lemma 4.1 shows there is a compact K_η such that sup_{x∈K}(R_λ 1_Kc_η )(x) < ε.

Lemma 4.5 implies that ‖R_λ f1_{Kη} − R_λ f_n1_{Kη} ‖_∞ → 0 as n → ∞ and so

lim sup n→∞ sup_{x∈K} |R_λ f_n(x) − R_λ f(x)| ≤ lim sup_{n→∞} sup_{x∈K} |R_λ f_n1_Kc_η (x) − R_λ f1_Kc_η (x)|

≤ 2ε‖f‖_∞.

Let R^n_λ denote the resolvent of the finite-dimensional diffusion (X_i)_{i∈Sn} under {P_{x0} }. Then R^n_λ is a Feller resolvent (i.e., it maps C_b(R^{Sn}_+ ) to itself) and so if ~f_n((x_i)_{i∈Sn} ) = f(Π_n(x)) for f ∈ C_b(M_ν (S)), then ~f_n ∈ C_b(R^{Sn}_+ ) and R_λ f_n(x) = R^n_λ ~f_n((x_i)_{i∈Sn} ) is continuous on M_ν (S). (Π_n is defined in (2.2).) The convergence in Corollary 4.6 therefore shows R_λ : C_b(M_ν (S)) → C_b(M_ν (S)). (4.13)

Our immediate goal is to extend the continuity on M_ν (S) to (R_λ f)_i and x_i(R_λ f)_{ii} for f ∈ C_α . As explained earlier, this is more delicate in our infinite-dimensional setting.

Lemma 4.7. There is a κ_{4.7} ≥ 1 such that (a) if 0 < r ≤ R/2, then �_∞ R e^{−z} z^{r−1} Γ(r)

|z − r| r dz ≤ κ_{4.7} R + 1 ; (b) for any r > 0 �_∞ 0 e^{−z} z^{r−1} Γ(r)

|z − r| r dz ≤ κ_{4.7}(r + 1)^{−1/2} .

Proof. (a) In view of (b) we may assume R ≥ 1. The integral in (a) is bounded by �_∞ R e^{−z} z^{r−1} Γ(r)

(z − r)^2 rR/2 dz, which is bounded by cR^{−1} r^{−1} (r + 1); see, e.g., Lemma 3.2(a) of [BP03]. This gives the required bound if r ≥ 1 (recall R ≥ 1). Assume now that 0 < r < 1. The integral in (a) is at most

�_∞ R e^{−z} z^r Γ(r + 1) dz ≤

�_∞ 0 e^{−z} z^{r+1} Γ(r + 1)R dz = R^{−1}

�Γ(r + 2) Γ(r + 1) � = R^{−1} (r + 1) ≤ 2R^{−1} ≤ 4(R + 1)^{−1} .

(b) If r ≥ 1 this is immediate from Lemma 3.2(a) of [BP03]. If 0 < r < 1, then the required integral is at most �_∞ 0 e^{−z} z^r Γ(r + 1) dz +

�_∞ 0 e^{−z} z^{r−1} Γ(r) dz = 2.

Proposition 4.8. Let f ∈ C_α and f_n = f ∘ π_n. If i ∈ S and λ > 0, then for any compact set K ⊂ M_ν (S) lim_{n→∞} sup_{x∈K} � |R_λ f_n(x) − R_λ f(x)| + |(R_λ f_n)_i(x) − (R_λ f)_i(x)|

+ |x_i(R_λ f_n)_{ii}(x) − x_i(R_λ f)_{ii}(x)| � = 0.

Proof. Note first that f ∈ C_α implies f_n ∈ C_α and so the existence of the above partial derivatives follows from Lemma 4.4. We focus on the convergence of the second order derivatives as the first order derivatives are handled in a similar and slightly simpler way, while the resolvents themselves were handled in Corollary 4.6. Fix f ∈ C_α .

If y ∈ M_ν (S), write ^y_i = y|_{S−{i}} and define Y (v, i) ∈ M_ν (S) by setting Y (v, i)(j) = y(j) if j ≠ i and Y (v, i)(i) = v; in other words, Y (v, i) is the point which has the same coordinates as y except that the i^{th} coordinate is equal to v instead of y_i. We may then define d_n(v; ^y_i) = f(π_nY (v, i)) − f(Y (v, i)) and

h_n(^y_i; t, x_i) = x_i

∂^2 ∂x^2_i � d_n(y_i; ^y_i)p^i_t(x_i, dy_i).

If |d_n(·; ^y_i)|_α denotes the | · |_{α,i} norm of d_n(·; ^y_i) with S = {i}, then |d_n(·; ^y_i)|_α ≤ 2|f|_{α,i} , and so the above derivative exists and satisfies (see Lemmas 4.1, 4.3, 4.5, and 4.6 of [BP03])

‖h_n(·; t, x_i)‖_∞ ≤ c_α |f|_{α,i} (γ^0_i t)^{α2 −1}

� x_i

γ^0_i t ∧ 1 � . (4.14)

Note that x_i(P_tf_n)_{ii}(x) − x_i(P_tf)_{ii}(x) = � h_n(^y_i; t, x_i) � j≠i

p^j_t (x_j , dy_j ), (4.15)

where differentiation through the integrals is justified by the above bound and dominated convergence.

If g : R_+ → R, let ‖g‖_R = sup{|g(y)| : y ≤ R}. Assume first b^0_i > 0 and use (4.14) in [BP03] to conclude that if w = x_i/γ^0_i t and r_i = b^0_i /γ^0_i , then

|h_n(^y_i; t, x_i)| ≤ ∞� k=0 e^{−w} w^k k! |w−k|

�_∞ 0 |d_n(zγ^0_i t; ^y_i)|e^{−z} z^{k+ri−1} Γ(k + r_i)

|z − (k + r_i)| k + r_i dz γ^0_i t

. (4.16)

By Lemma 4.7, if R > 0, �_∞

R/γ^0_i t

e^{−z} z^{k+ri−1} Γ(k + r_i)

|z − (k + r_i)| k + r_i dz ≤ 1_{(k+ri≤R/2γ} 0_{i t)} κ_{4.7} (R/γ^0_i t) + 1

+ 1_{(k+ri>R/2γ} 0_{i t)} κ_{4.7} √ r_i + k + 1 ≤ κ_{4.7} √ r_i + k + 1 � 1_{(k+ri≤R/2γ} 0_{i t)} � γ^0_i t √ R + 1_{(k+ri>R/2γ} 0_{i t)} � .

Use this and Lemma 4.7(b) in (4.16) to see that

|h_n(^y_i; t, x_i)|

≤ (γ^0_i t)^{−1} ∞� k=0 e^{−w} w^k k! |w − k| � ‖d_n(·; ^y_i)‖_R

�_{R/γ} 0_{i t} 0 e^{−z} z^{k+ri−1} Γ(k + r_i)

|z − (k + r_i)| k + r_i dz

+ 2‖f‖_∞κ_{4.7}(r_i + k + 1)^{−1/2} � 1_{(k+ri≤R/2γ} 0_{i t)} � γ^0_i t √ R + 1_{(k+r1>R/2γ} 0_{i t)} �

≤ (γ^0_i t)^{−1} κ_{4.7} ∞� k=0 e^{−w} w^k k! |w − k| (r_i + k + 1)^{1/2} � ‖d_n(·; ^y_i)‖_R +

� γ0_i t R �_{1/2} 2‖f‖_∞ �

+ 2‖f‖_∞(γ^0_i t)^{−1} κ_{4.7} ∞� k=0 1_{(k+ri>R/2γ} 0_{i t)}e^{−w} w^k k! |w − k| (r_i + k + 1)^{1/2} = I_1 + I_2. (4.17)

A simple calculation (see Lemma 3.3(b) of [BP03]) shows that

I ≤ c_1(γ^0_i t)^{−1}

� x_i

γ^0_i t ∧ 1 � ‖d_n(·; ^y_i)‖_R +

� γ0_i t R �_{1/2}

‖f‖_∞ � (4.18)

≤ c_2((γ^0_i t)^{−1} + 1) � ‖d_n(·; ^y_i)‖_R + R^{−1/2} ‖f‖_∞ � . If N is a Poisson random variable with mean w, the series in I_2 is E � |N − w|(r_i + N + 1)^{−1/2} 1_{(N+ri>R/2γ} 0_{i t)} � . (4.19)

Assume now R 8 > max(1, x^2_i , γ^0_i t). (4.20)

If r_i < R/(4γ^0_i t), recalling x_i < R/8 by (4.20), the expectation in (4.19) is at most E � |N − w|(r_i + N + 1)^{−1/2} 1_{(N−w>} R−4x_{i4γ 0} i t ) �

≤ E � |N − w|(N + 1)^{−1/2} 1_{(N−w>R/8γ} 0_{i t)} �

≤ E (N − w)^2 (R/8γ^0_i t)^{3/2} = c_3 x_i R^{3/2}

(γ^0_i t)^{1/2} ≤ c_4 R (γ^0_i t)^{1/2} ≤ c_4R^{−1/2} .

If r_i ≥ R/(4γ^0_i t), then (4.19) is bounded by

E |N − w| √ r_i ≤ c_5 √ w � R/γ^0_i t ≤ c_6 √ x_i √ R ≤ c_7R^{−1/4} , the last by (4.20). Therefore under (4.20)

I_2 ≤ ‖f‖_∞c_8((γ^0_i t)^{−1} + 1)R^{−1/4} .

Now use the above bounds in (4.17) to see that for R ≥ 8 max(1, γ^0_i t), sup x_i≤ √ R/4 |h(^y_i; t, x_i)| ≤ c_9((γ^0_i t)^{−1} + 1)[‖d_n(·; ^y_i)‖_R + ‖f‖_∞R^{−1/4} ]. (4.21)

If b^0_i = 0, a slightly simpler argument starting with (4.6) in [BP03] will lead to the same bound.

Now choose a compact set K in M_ν (S), T > 1 and ε > 0. Assume R is large enough so that R ≥ 8 max(1, γ^0_i t), if x ∈ K, then x_i ≤ √ R/4, (4.22) and ‖f‖_∞R^{−1/4} < ε. Let η_n be such that K_η is a compact set satisfying the conclusion of Lemma 4.1. Let ^π_i(y) = (y(j), j ∈ S − {i}) be the projection of y ∈ M_ν (S) onto M_{νi} (S − {i}), ν_i = ν|_{S−{i}} , and let ^K_η = {y ∈ M_ν (S) : ^π_i(y) ∈ ^π_i(K_η ), y(i) ≤ R}.

Then it is easy to use Lemma 3.1 to check that ^K_η is compact, and so by Lemma 4.5

lim_{n→∞} sup

y∈ ^K_η

|f_n(y) − f(y)| = 0.

This implies lim_{n→∞} sup

^yi∈^π i(Kη )

‖d_n(·; ^y_i)‖_R = 0.

Choose N such that n ≥ N implies sup ^yi∈^π i(Kη )

‖d_n(·; ^y_i)‖_R < ε.

Use this with (4.14), (4.21), and (4.22) in (4.15) and conclude that for n ≥ N and t ∈ [0, T ]

sup_{x∈K} |x_i(P_tf_n)_{ii}(x) − x_i(P_tf)_{ii}(x)| (4.23) ≤ c_α |f|_{α,i} (γ^0_i t)^{α2 −1} sup_{x∈K} P^0_x(^π_i(X_t) /∈ ^π_i(K_η ))

+ c_9((γ^0_i t)^{−1} + 1)[ε + ‖f‖_∞R^{−1/4} ] ≤ c_α |f|_{α,i} (γ^0_i t)^{α2 −1} ε + c_9((γ^0_i t)^{−1} + 1)2ε ≤ c_{10}(|f|_{α,i} + 1)((γ^0_i t)^{−1} + 1)ε.

Use the above for t ∈ [T^{−1} , T ] and (4.14) for t ∈ [T^{−1} , T ]^c to see that for x ∈ K and n ∈ N

|x_i(R_λ f_n)_{ii}(x)−x_i(R_λ f)_{ii}(x)| (4.24)

≤ c_α |f|_{α,i} (γ^0_i t)^{α2 −1}

� � 1/T 0 t^{α2 −1} dt +

�_∞ T e^{−λt} dt �

+ c_{11}(|f|_{α,i} + 1)((γ^0_i )^{−1} T + 1)ε

�_T 1/T e^{−λt} dt

≤ c_α |f|_{α,i} (γ^0_i t)^{α2 −1} [T^{−α/2} + e^{−λT} λ^{−1} ] + c_{12}(|f|_{α,i} + 1)((γ^0_i )^{−1} T + 1)ελ^{−1} .

As T > 1 and ε > 0 are arbitrary, this gives

lim_{n→∞} sup_{x∈K} |x_i(R_λ f_n)_{ii}(x) − x_i(R_λ f)_{ii}(x)| = 0.

The differentiation through the time integral in (4.24) does require x_i > 0 as in the proof of Lemma 4.4, but that result shows the left-hand side is 0 if x_i = 0.

Corollary 4.9. If f ∈ C_α , then for any i ∈ S and λ > 0, R_λ f, (R_λ f)_i, and x_i(R_λ f)_{ii} are all continuous bounded functions on M_ν (S).

Proof. Fix i and consider n large enough so that i ∈ S_n. Recall R^n_λ is the resolvent of (X_i)_{i∈Sn} and ~f_n(x) = f ∘Π_n(x) on R^{Sn}_+ . Then R_λ f_n(x) = R^n_λ ~f_n(π_nx) and so by Proposition 5.3 of [BP03] (R_λ f_n)_i(x) = (R^n_λ )_i ~f_n(π_nx) and x_i(R_λ f_n)_{ii}(x) = x_i(R^n_λ ~f_n)_{ii}(π_n(x)) are bounded continuous functions on M_ν (S). The uniform convergence in Proposition 4.8 and the bound in Lemma 4.4 show that (R_λ f)_i and x_i(R_λ f)_{ii} are in C_b(M_ν (S)). (4.13) already gave the result for R_λ f.

Corollary 4.10. There is a κ_{4.10} > 0 depending only on α such that for all f ∈ C_α , λ > 0, and i, j ∈ S,

|(R_λ f)_i|_{α,j} + |x_i(R_λ f)_{ii}|_{α,j} ≤ κ_{4.10}|f|^{1−α}_{α,i} |f|^α_{,j} (γ^0_i )^{−1} (γ^0_i /γ^0_j )^{(1−α)α/2} .

Proof. The proof is almost the same as that of Proposition 5.3 of [BP03] for the finitedimensional case – again the constants given there are independent of dimension; cf. Remark 4.3. The only change is that once the bounds on the increments of x_i(R_λ f)_{ii} are established for x_i > 0, they follow for x_i = 0 by the continuity established in Corollary 4.9; this is in place of the use of Lemma 2.2 in [BP03].

5. Local uniqueness.

We make the following assumption.

Assumption 5.1. Assume γ_i : M_ν (S) → (0, ∞), b_i : M_ν (S) → R are continuous and (γ^0_i )_{i∈S} , (b^0_i )_{i∈S} satisfy (4.1) and (4.2). Assume also (a) sup x∈M_ν (S) � i∈S � |γ_i(x) − γ^0_i | γ^0_i + |b_i(x) − b^0_i | γ^0_i � ≡ ρ < ∞. (5.1)

(b) For all x ∈ M_ν (S)

lim_{x′→x} � i∈S � |γ_i(x^′) − γ^0_i |

γ^0_i + |b_i(x^′) − b^0_i | γ^0_i � = � i∈S � |γ_i(x) − γ^0_i | γ^0_i + |b_i(x) − b^0_i | γ^0_i � . (5.2)

(c) For all j ∈ S, 0 < h, x ∈ M_ν (S) � i∈S � |γ_i(x + he_j ) − γ_i(x)| γ^0_i + |b_i(x + he_j ) − b_i(x)| γ^0_i � ≤ κ_{5.1}h^α x^{−α/2}_j (γ^0_j )^{−α/2} . (5.3)

The following result uses only Assumption 5.1(a)-(b).

Lemma 5.2. For any λ > 0, (L − L^0)R_λ : C_α → C_b(M_ν (S)), and there is a κ_{5.2} = κ_{5.2}(α) such that ‖(L − L^0)R_λ f‖_∞ ≤ κ_{5.2}ρ|f|_α λ^{−α/2} , f ∈ C_α , λ > 0.

Note that L − L^0 can be well-defined for a larger class of functions than the domain of L and L^0 thanks to Assumption 5.1 and the results of Section 4. In particular, this lemma shows that (L − L^0)R_λ f is well-defined for f ∈ C_α .

Proof. Lemma 4.4 shows that for f ∈ C_α � i∈S |γ_i(x) − γ^0_i | |x_i(R_λ f)_{ii}(x)| + |b_i(x) − b^0_i | |(R_λ f)_i(x)|

≤ � i∈S � |γ_i(x) − γ 0_i | γ^0_i + |b_i(x) − b^0_i | γ^0_i � c_α (γ^0_i )^{α/2} |f|_{α,i} λ^{−α/2}

≤ c_α ρ|f|_α λ^{−α/2} ,

by Assumption 5.1(a). This gives the required bound on ‖(L − L^0)R_λ f‖_∞.

Note that Lemma 4.4 implies

|γ_i(x) − γ^0_i | |x(i)(R_λ f)_{ii}(x)| + |b_i(x) − b^0_i | |(R_λ f)_i(x)| (5.4)

≤ c_α

�|γ_i(x) − γ 0_i | γ^0_i + |b_i(x) − b^0_i | γ^0_i � |f|_α λ^{−α/2} .

Let x_n → x in M_ν (S). Assumptions 5.1(a),(b) imply that if

f_n(i) =

|γ_i(x_n) − γ^0_i | γ^0_i + |b_i(x_n) − b^0_i | γ^0_i , then {f_n} is uniformly integrable with respect to counting measure on S and hence by (5.4) so is

g_n(i) = |γ_i(x_n) − γ^0_i | |x_n(i)(R_λ f)_{ii}(x_n)| + |b_i(x_n) − b^0_i | |(R_λ f)_i(x_n)|. This allows us to take the limit as n → ∞ through the summation and conclude by the continuity of (γ_i(x) − γ^0_i ) (x(i)(R_λ f)_{ii}(x)) + (b_i(x) − b^0_i ) ((R_λ f)_i(x)) (see Corollary 4.9) that lim_{n→∞}(L − L^0)R_λ f(x_n) = (L − L^0)R_λ f(x).

This proves (L − L^0)R_λ f is continuous.

We let B_λ denote the operator B_λ = (L − L^0)R_λ = � i � (γ_i − γ^0_i )x(i)(R_λ )_{ii} + (b_i − b^0_i )(R_λ )_i � .

Proposition 5.3. Assume Assumption 5.1(a)-(c). For any λ > 0, B_λ : C_α → C_α is a bounded operator. Moreover there exist λ_0 = λ_0(α) and ρ_0 = ρ_0(α) > 0 such that if λ ≥ λ_0 and ρ ≤ ρ_0, then ‖B_λ ‖_{Cα} < 1/2.

Proof. Use Lemma 4.4 and Corollary 4.10 to see that for f ∈ C_α , j ∈ S, and h > 0, |B_λ f(x + he_j ) − B_λ f(x)| ≤ � i |γ_i(x + he_j ) − γ_i(x)| |(x + he_j )(i)(R_λ f)_{ii}(x + he_j )|

+ |b_i(x + he_j ) − b_i(x)| |(R_λ f)_i(x + he_j )| + � i |γ_i(x) − γ^0_i | |(x + he_j )(i)(R_λ f)_{ii}(x + he_j ) − x(i)(R_λ f)_{ii}(x)|

+ |b_i(x) − b^0_i | |(R_λ f)_i(x + he_j ) − (R_λ f)_i(x)| ≤ � i [|γ_i(x + he_j ) − γ_i(x)| + |b_i(x + he_j ) − b_i(x)|](γ^0_i )^{−1} λ^{−α/2} κ_{4.4} sup_{i′} |f|_{α,i} ′ (γ^0_i′ )^{α/2} + � i [|γ_i(x) − γ^0_i | + |b_i(x) − b^0_i |](γ^0_i )^{−1} κ_{4.10}|f|^{1−α}_{α,i} |f|^α_{,j} (γ^0_i /γ^0_j )^{(1−α)α/2} h^α x^{−α/2}_j .

The first summation is bounded by (use Assumption 5.1(c)) κ_{4.4}λ^{−α/2} |f|_α (γ^0_j )^{−α/2} κ_{5.1}h^α x^{−α/2}_j .

The second summation is bounded by (use Assumption 5.1(a))

κ_{4.10}ρ sup_i (|f|_{α,i} (γ^0_i )^{α/2} )^{1−α} sup_{j′} (|f|_{α,j} ′ (γ^0_j′ )^{α/2} )^α (γ^0_j )^{−α/2} h^α x(j)^{−α/2}

≤ κ_{4.10}ρ|f|_α (γ^0_j )^{−α/2} h^α x^{−α/2}_j .

We may therefore conclude

|B_λ f|_{α,j} (γ^0_j )^{α/2} ≤ [κ_{4.4}κ_{5.1}λ^{−α/2} + κ_{4.10}ρ] |f|_α

and so |B_λ f|_α ≤ [κ_{4.4}κ_{5.1}λ^{−α/2} + κ_{4.10}ρ]|f|_α .

Combine this with Lemma 5.2 to see that

‖B_λ f‖_α ≤ [κ_{4.4}κ_{5.1}λ^{−α/2} + (κ_{4.10} + κ_{5.2}λ^{−α/2} )ρ] |f|_α .

This, together with Lemma 5.2, shows B_λ : C_α → C_α is a bounded operator with ‖B_λ ‖ ≤ 1/2 for ρ ≤ ρ_0(α), λ ≥ λ_0(α).

Let P_μ be a solution of MP(L, μ) for some law μ on M_ν (S) and for λ > 0, let S_λ f = E_μ (

�_∞ 0 e^{−λt} f(X_t)dt).

The following result uses only (2.5), (2.7), and Assumption 5.1(a) (it only requires the bound in Lemma 5.2 and so does not require Assumption 5.2(b)). Recall the constant κ_{2.3a} in (2.5). We use^{bp}−→ to denote bounded pointwise convergence. Proposition 5.4. Assume (2.5), (2.7). If f ∈ C_α , then

S_λ f = � R_λ f(x)μ(dx) + S_λ B_λ f, λ > κ_{2.3a}.

Proof. Assume first that � |x|_ν μ(dx) < ∞. (5.5)

Let f(x) = f_0(π_nx) for some f_0 : R^{Sn}_+ → R, f ∈ C_α . Write x^n = π_n(x) for x ∈ M_ν (S) and define g_δ (y) =

�_∞ δ e^{−λt} P_tf(y)dt =

�_∞ δ e^{−λt} P^n_t f_0(y^n)dt ≡ ~g_δ (y^n).

Here P^n_t is the semigroup of {X_i : i ∈ S_n} under P^0_x. The finite dimensional analysis in the proof of Lemma 6.1 of [BP03] shows that ~g_δ ∈ C^2_b (R^{Sn}_+ ).

Use (2.4), (5.5), (2.5), a stopping time argument, and a Gronwall argument (cf. the proof of Theorem 2.4) to see that

E_μ (|X_t|_ν ) ≤ � � |x|_ν dμ(x) + κ_{2.3a}t � e^{κ 2.3at}, t ≥ 0. (5.6)

This and (2.7) shows that the stochastic integrals in (2.4) are square integrable martingales and by Itô’s formula, the same is true of M^{gδ}_t , the martingale entering in MP(L, μ). Take expectations in MP(L, μ) to see that

E_μ (g_δ (X_t)) = � g_δ dμ +

�_t 0 E_μ (Lg_δ (X_s))ds.

Let λ > κ_{2.3a}, multiply the above by λe^{−λt} , and integrate over t ∈ [0, ∞) to conclude

λS_λ g_δ = � g_δ dμ + S_λ ((L − L_0)g_δ ) + S_λ (L_0g_δ ). (5.7)

Note here that (5.6) and λ > κ_{2.3a} are needed to apply Fubini’s theorem, since

E_μ � � i∈S_n

X_s(i)γ_i(X_s)|(g_δ )_{ii}(X_s)| � ≤ c_δ E � � i∈S_n

X_s(i) �

≤ c_{n,δ} E (|X_s|_ν )

≤ c_{n,δ} e^{κ 2.3as} � � |x|_ν dμ + κ_{2.3a}s � . Now let δ ↓ 0 in (5.7). As δ → 0, g_δ^{bp}−→R_λ f, and so λS_λ g_δ → λS_λ R_λ f and � g_δ dμ → � R_λ f dμ by dominated convergence. The finite-dimensional arguments in Lemma 6.1 of [BP03] show that as δ ↓ 0,

L^0g_δ = λg_δ − e^{−λδ} P_δ f^{bp}−→λR_λ f − f and (L − L^0)g_δ^{bp}−→(L − L^0)R_λ f. (5.8)

The latter implies that S_λ ((L−L^0)g_δ )^{bp}−→S_λ B_λ f and the former gives S_λ (L^0g_δ )^{bp}−→λS_λ R_λ f − S_λ f. Therefore we may let δ → 0 in (5.7) to derive the required equality.

Now derive the result for a general f ∈ C_α by approximation. Recall f_n(x) = f ∘ π_n(x), and so |f_n|_{α.i} ≤ |f|_{α,i} implies f_n ∈ C_α . By the above

S_λ f_n = � R_λ f_ndμ + S_λ B_λ f_n. (5.9) Now |B_λ f_n(x) − B_λ f(x)| ≤ � i∈S |γ_i(x) − γ^0_i | |x(i)(R_λ f_n)_{ii}(x) − x(i)(R_λ f)_{ii}(x)|

+ |b_i(x) − b^0_i | |(R_λ f_n)_i(x) − (R_λ f)_i(x)|. (5.10)

Proposition 4.8 shows that each of the summands approaches 0 as n → ∞, while Lemma 4.4 and |f_n|_{α,i} ≤ |f|_{α,i} show that the i^{th} summand is at most

[|γ_i(x) − γ^0_i | + |b_i(x) − b^0_i |](γ^0_i )^{−1} c_α |f|_α λ^{−α/2} .

This is summable by Assumption 5.1(a) and we may use dominated convergence in (5.10) to see that |B_λ f_n(x) − B_λ f(x)| → 0 as n → ∞. The bound in Lemma 5.2 shows that the convergence is also bounded and so S_λ B_λ f_n → S_λ B_λ f. Since f_n^{bp}−→f (Lemma 4.5), we also have S_λ f_n → S_λ f and � R_λ f_ndμ → � R_λ f dμ. Therefore we may let n → ∞ in (5.9) to complete the proof under (5.5).

To remove (5.5), let P_N be the restriction of P_μ to {ω ∈ Ω_ν : |X_0(ω)|_ν ≤ N}. Note that P_N solves MP(L, μ_N ), where μ_N = μ(· | |x|_ν ≤ N). Here N is large enough so that μ(|x|_ν ≤ N) > 0. Let H_{f,λ} =

�_∞ 0 e^{−λt} f(X_t)dt. If f ∈ C_α , the previous case shows � H_{f,λ} dP_N = � R_λ fdμ_N + � H_{Bλ f,λ} dP_N .

Note B_λ f and hence H_{Bλ f,λ} are bounded by the upper bound in Lemma 5.2. Now let N → ∞ in the above to finish the proof.

Theorem 5.5. Assume (2.5), (2.7) and Assumption 5.1 holds with ρ ≤ ρ_0 and ρ_0 is as in Proposition 5.3. For any probability μ on M_ν (S), there is at most one solution to MP(L, μ).

Proof. Let λ_0 be as in Proposition 5.3 and assume λ > λ_1 ≡ max(λ_0, κ_{2.3a}). Let P_μ satisfy MP(L, μ). If f ∈ C_α , then B_λ f ∈ C_α by Proposition 5.3, and so iterating Proposition 5.4 gives

S_λ f =

� n� k=0 R_λ B^k_λ f dμ + S_λ (B^{n+1}_λ f). (5.11)

By Proposition 5.3 ‖B^{n+1}_λ f‖_∞ ≤ 2^{−(n+1)} ‖f‖_α . This shows the last term in (5.11) converges to 0 as n → ∞ and

�_∞ k=0 R_λ B^k_λ f converges uniformly on M_ν (S) to a bounded continuous function (recall (4.13)). Therefore letting n → ∞ in (5.11) we arrive at

S_λ f =

� ∞� k=0 R_λ B^k_λ f dμ, λ > λ_1.

Inverting the Laplace transform (t → E_μ (f(X_t)) is continuous) one sees that for any t ≥ 0, E_μ (f(X_t)) is uniquely defined for all f ∈ C_α . This shows P_μ (X_t ∈ ·) is unique (C_α contains C^1 functions of finitely many coordinates with compact support). A standard result (see, e.g., Theorem 4.4.2 of Ethier-Kurtz [EK86]) now implies P_μ is unique. Strictly speaking, the latter requires that Lf be bounded for our test functions f and M^f_t should be a martingale. However the only test functions we actually used were the functions g_δ =

�_∞ δ e^{−λt} P_tf dt with f a function in C_α depending on finitely many coordinates. In the proof of Lemma 5.4, the boundedness of Lg_δ was made clear (see (5.8)), as was the fact that M^{gδ}_t is then a martingale (which is also then immediate as it is bounded on bounded time intervals).

6. Uniqueness.

Proof of Theorem 2.7. A standard argument shows that it suffices to show that for each z ∈ M_ν (S) there is a unique solution to MP(L, δ_z) (see p. 136 of [Ba97].) Indeed, once this is established, Ex. 6.7.4 in [SV79] shows the laws of P_z are Borel measurable in z and then it is easy to see P_μ (·) = � P_z(·) μ(dz) is the unique solution to MP(L, μ).

Assumption 2.6 implies the continuity of b_i and γ_i on M_{βν} (S). It is therefore easy to check that all the hypotheses of Theorem 2.4 are in force and hence existence holds.

Turning to uniqueness in MP(L, δ_z), let C be a compact set in M_ν (S) containing z. Assume the following:

For each x_0 ∈ C there is a δ = δ(x_0) > 0 and coefficients ~γ_i,~b_i, i ∈ S, agreeing with γ_i, b_i, respectively, on B(x, δ) ∩ C = {x ∈ C : |x − x_0|_ν < δ} and such that if ~L^{x0} = � i x(i)~γ_if_{ii} + ~b_if_i, then MP( ~L^{x0} , δ_y) is well-posed (i.e., has a unique solution) for all y ∈ M_ν (S). (6.1)

We first show that the theorem would then follow by a minor modification of the localization argument in [SV79] (Theorem 6.6.1). Let P be a solution of MP(L, δ_z) and let T_C = inf{t : X_t /∈ C}.

The tightness of P on Ω_ν shows there are compact sets C_n in M_ν (S) increasing in n such that T_{Cn} ↑ ∞ P-a.s. It therefore suffices to show

P(X(· ∧ T_C ) ∈ ·) is unique. (6.2)

If δ(x_0) is as in (6.1) we may choose a finite subcover {B(x_i, δ(x_i))}^N_{i=1} ≡ {B_i}^N_{i=1} of C. Let λ > 0 be a Lebesgue number for this cover, that is, a number λ such that for each x ∈ C there is an i with B(x, λ) ⊂ B_i. Set T_0 = 0 and

T_{i+1} = inf{t > T_i : |X_t − X_{Ti} |_ν > λ or X_t ∈ C^c}.

Note T_i ↑ T_C a.s. as i → ∞ by the continuity of X in M_ν (S). Let {~P^{x0}_x : x ∈ M_ν (S)} be the unique solutions to MP( ~L^{x0} , δ_x) in (6.1). As noted above, x → ~P^{x0}_x is Borel measurable. If B(X_{Ti} , λ) ⊂ B_j (where we choose the minimal such j = j(X_{Ti} )) and τ = inf{t : |X_t − X_0| > λ or X_t ∈ C^c}, then the uniqueness of ~P^{xj(XTi )}_{X(Ti)} shows that conditional on F_{Ti} , X((· + T_i) ∧ T_{i+1}) has law ~P^{xj(XTi )}_{X(Ti)} (X(· ∧ τ) ∈ ·). As in the proof of Theorem 6.6.1 of [SV79], this easily gives (6.2).

It remains to establish (6.1), so fix x_0 ∈ C. Assume first b_i ≥ 0 for all i ∈ S. For r > 0 let φ_r : [0, ∞) → [0, 1] be the map which is 1 on [0, r], 0 on [2r, ∞), and linear on [r, 2r]. Let ρ_0 be as in Proposition 5.3 and choose δ_0 = δ_0(x_0) > 0 as in Assumption 2.6 but with η = ρ_0. By Lemma 3.1 we may assume C = K_ε for some ε = {ε_n} decreasing to 0. If θ, x ∈ R^S_+, define θ ∧ x ∈ R^S_+ by (θ ∧ x)(i) = θ(i) ∧ x(i). Define ε : S → [0, ∞) by ε(i) = ε_n if i ∈ S_{n+1} − S_n, n ≥ 0, and set θ(i) = ε(i)/ν(i). Let β be as in Assumption 2.6, where we may assume β ≤ 1 without loss of generality, and set δ = δ_0/3, γ^0_i = γ_i(x_0), b^0_i = b_i(x_0). We define functions ~γ_i, ~b_i in (6.1) as follows:

~γ_i(x) = φ_δ (|(x ∧ θ) − x_0|_{βν} )γ_i(x ∧ θ) + (1 − φ_δ (|(x ∧ θ) − x_0|_{βν} ))γ^0_i , ~b_i(x) = φ_δ (|(x ∧ θ) − x_0|_{βν} )b_i(x ∧ θ) + (1 − φ_δ (|(x ∧ θ) − x_0|_{βν} ))b^0_i .

If x ∈ C and i ∈ S_{n+1} − S_n, then x(i)ν(i) ≤ ε_n and so x(i) ≤ θ(i), and hence x ∧ θ = x. It follows easily that ~γ_i = γ_i and ~b_i = b_i on B(x_0, δ)∩C (in fact we only need |x−x_0|_{βν} ≤ δ). We claim (~γ_i,~b_i) satisfies the hypotheses of Theorems 2.4 and 5.5 and so (6.1) will follow from those results. (2.5) implies � i b^0_i ν(i) = � i b_i(x_0)ν(i) ≤ κ_{2.3a}(|x_0|_ν + 1) < ∞, (6.3)

and so (4.2) holds for b^0. (4.1) is immediate from γ_i > 0 and (2.7). Clearly ‖~γ_i‖_∞ ≤ ‖γ_i‖_∞ and so (2.7) for γ implies (2.7) for ~γ. Use (2.5) and (6.3) to see that � i |~b_i(x)|ν(i)

≤ φ_δ (|(x ∧ θ) − x_0|_{βν} ) � i |b_i(x ∧ θ)|ν(i) + (1 − φ_δ (|(x ∧ θ) − x_0|_{βν} )) � i b^0_i ν(i)

≤ κ_{2.3a}(|x ∧ θ|_ν + 1) + κ_{2.3a}(|x_0|_ν + 1) ≤ c_1(|x|_ν + 1),

and hence derive (2.5) for ~b. Note that

φ_δ (|(x ∧ θ) − x_0|_{βν} ) = 0 if |(x ∧ θ) − x_0|_{βν} ≥ 2δ = 2δ_0/3

and therefore � i |~γ_i(x) − γ^0_i | γ^0_i + |~b_i(x) − b^0_i | γ^0_i

≤ φ_δ (|x ∧ θ − x_0|_{βν} ) � i � |γ_i(x ∧ θ) − γ_i(x_0)| γ_i(x_0) + |b_i(x ∧ θ) − b_i(x_0)| γ_i(x_0) �

< ρ_0 (6.4) by our choice of δ_0. Therefore (~γ_i,~b_i) satisfies Assumption 5.1(a) with ρ = ρ_0.

To check Assumption 5.1(c) note that ~γ_i(x + he_j ) − ~γ_i(x) = (~γ_i(x + he_j ) − γ^0_i ) − (~γ_i(x) − γ^0_i ) = φ_δ (|((x + he_j ) ∧ θ) − x_0|_{βν} )(γ_i((x + he_j ) ∧ θ) − γ^0_i ) − φ_δ (|(x ∧ θ) − x_0|_{βν} )(γ_i(x ∧ θ) − γ^0_i ), and similarly for ~b_i. Therefore, if h > 0, j ∈ S, and x ∈ M_ν (S), � i |~γ_i(x + he_j ) − ~γ_i(x)|(γ^0_i )^{−1} + |~b_i(x + he_j ) − ~b_i(x)|(γ^0_i )^{−1} ≤ � i |φ_δ (|((x + he_j ) ∧ θ) − x_0)|_{βν} ) − φ_δ (|(x ∧ θ) − x_0|_{βν} )| × [γ_i((x + he_j ) ∧ θ) − γ^0_i |(γ^0_i )^{−1} + |b_i((x + he_j ) ∧ θ) − b^0_i |(γ^0_i )^{−1} ] + � i φ_δ (|(x ∧ θ) − x_0|_{βν} )[|γ_i((x + he_j ) ∧ θ) − γ_i(x ∧ θ)|(γ^0_i )^{−1} + |b_i((x + he_j ) ∧ θ) − b_i(x ∧ θ)|(γ^0_i )^{−1} ] ≡ R_1 + R_2.

Note that (x + he_j ) ∧ θ = (x ∧ θ) + h_j e_j , where h_j = h ∧ (θ_j − x_j )^+. Therefore |φ_δ (|((x + he_j ) ∧ θ) − x_0|_{βν} ) − φ_δ (|(x ∧ θ) − x_0|_{βν} )| (6.5) ≤ c_δ ((h ∧ θ_j )β(j)ν(j)) ∧ 1)1_{(x(j)<θ(j))} ≡ c_δ δ_j (x).

If |((x + he_j ) ∧ θ) − x_0|_{βν} ≤ δ_0, this and Assumption 2.6(a) imply R_1 ≤ c_δ δ_j (x)ρ_0. (6.6) If |(x ∧ θ) − x_0|_{βν} ≤ δ_0, then use Assumption 2.6(b) and Assumption 2.6(a) to see that � i |γ_i((x + he_j ) ∧ θ) − γ^0_i |(γ^0_i )^{−1} + |b_i((x + he_j ) ∧ θ) − b^0_i |(γ^0_i )^{−1} ≤ � i |γ_i((x ∧ θ) + h_j e_j ) − γ_i(x ∧ θ)|(γ^0_i )^{−1} + |b_i((x ∧ θ) + h_j e_j ) − b_i(x ∧ θ)|(γ^0_i )^{−1} + � i |γ_i(x ∧ θ) − γ^0_i |(γ^0_i )^{−1} + |b_i(x ∧ θ) − b^0_i |(γ^0_i )^{−1} ≤ κ_{2.6b}(γ_j (x_0))^{−α/2} (θ_j ∧ x_j )^{−α/2} h^α_j ) + ρ_0. (6.7) This gives (recall x_j < θ_j or else R_1 = δ_j (x) = 0) R_1 ≤ c_2δ_j (x) � (γ^0_j )^{−α/2} x^{−α/2}_j (h ∧ θ_j )^α + ρ_0 � . (6.8)

If Assumption 2.6(c) holds, note first that θ_j → 0 as |j| → ∞, since ν(j) → ∞ as |j| → ∞. Hence sup_j h_j < ∞ and at the cost of increasing κ_{2.6b} we may apply Assumption 2.6(c) with h = h_j to get

R_1 ≤ c_3δ_j (x)(γ^0_j )^{−α/2} (h ∧ θ_j )^α (1 + (x_j ∧ θ_j )^{−α/2} ) + ρ_0)

and so R_1 ≤ c_3δ_j (x) � (γ^0_j )^{−α/2} (h ∧ θ_j )^α x^{−α/2}_j + ρ_0 � , the last because sup_j θ_j < ∞ and x_j < θ_j (or else R_1 = 0). Hence we get (6.8) in either case.

Next we claim δ_j (x) ≤ c_4h^α x^{−α/2}_j (γ^0_j )^{−α/2} . (6.9)

Assume this for the moment. Then we may use this and the trivial bound δ_j ≤ 1 in (6.8) to derive R_1 ≤ c_4h^α x^{−α/2}_j (γ^0_j )^{−α/2} . (6.10)

To prove (6.9) use the bound on β in Assumption 2.6 and x_j < θ(j) ≤ c_5ν(j)^{−1} to see h^{−α} x^{α/2}_j δ_j (x) ≤ c_6(h ∧ (ν(j))^{−1} )h^{−α} θ(j)^{α/2} ν(j)^{1−α/2} ≤ c_6(h ∧ (ν(j))^{−1} )h^{−α} ν(j)^{1−α} = c_6((hν(j))^{1−α} ∧ (hν(j))^{−α} ) ≤ c_6.

As sup_j γ^0_j < ∞, (6.9) follows and hence so does (6.10).

Next we show R_2 ≤ c_7h^α x^{−α/2}_j (γ^0_j )^{−α/2} . (6.11)

If Assumption 2.6(b) holds this is immediate because h_j ≤ h and R_2 = 0 if x_j ≥ θ_j . Assume Assumption 2.6(c). Then as h_j ≤ θ_j ≤ ‖θ‖_∞ < ∞, we may apply Assumption 2.6(c) with h = h_j and assume x_j ≤ θ_j ≤ ‖θ‖_∞ to conclude

R_2 ≤ κ_{2.6b}(γ^0_j )^{−α/2} (h ∧ θ_j )^α (1 + (x_j ∧ θ(j))^{−α/2} ) ≤ c_8(γ^0_j )^{−α/2} h^α x^{−α/2}_j .

Finally (6.10) and (6.11) show Assumption 5.1(c) holds for (γ̃_j , b̃_j ).

Next consider Assumption 5.1(b). Let x ∈ M_ν (S) and η > 0. If |(x ∧ θ) − x_0|_{βν} > 2 3 δ_0, assume |x^′ − x|_{βν} < |(x ∧ θ) − x_0|_{βν} −^2_3 δ_0, so that

|(x^′ ∧ θ) − x_0|_{βν} ≥ |(x ∧ θ) − x_0|_{βν} − |(x ∧ θ) − (x^′ ∧ θ)|_{βν} ≥ |(x ∧ θ) − x_0|_{βν} − |x − x^′|_{βν} >^2_3 δ_0 as well. Then ~γ_i(x) = ~γ_i(x^′) = γ^0_i and ~b_i(x) = ~b_i(x^′) = b^0_i and so Assumption 5.1(b) holds as both sides are zero. (Here we are taking limits in the weaker norm | · |_{βν} , as will be the case below.) Assume therefore that |(x ∧ θ) − x_0|_{βν} ≤^2_3 δ_0 = 2δ. By Assumption 2.6(a) we may choose δ_1 < η so that

if |x^′ −x|_{βν} < δ_1, then � i � |γ_i(x^′) − γ_i(x)|

γ_i(x) + |b_i(x^′) − b_i(x)|

γ_i(x) � < η. (6.12)

Suppose |x^′ − x|_{βν} < δ_1. This implies |(x^′ ∧ θ) − (x ∧ θ)|_{βν} < δ_1. Note that as |(x ∧ θ) − x_0|_{βν} ≤^2_3 δ_0 < δ_0, � � γ_i(x ∧ θ) γ_i(x_0) − 1 � �< ρ0,

and so γ_i(x ∧ θ) γ_i(x_0)

< 1 + ρ_0. (6.13)

Therefore � � � i |~γ_i(x^′) − γ^0_i |

γ^0_i + |~b_i(x^′) − b_i(0)| γ^0_i − � i |~γ_i(x) − γ^0_i |

γ^0_i + |~b_i(x) − b^0_i | γ^0_i � � ≤ φ_δ (|(x^′ ∧ θ) − x_0|_{βν} ) � � i |γ_i(x^′ ∧ θ) − γ_i(x ∧ θ)| γ^0_i + |b_i(x^′ ∧ θ) − b_i(x ∧ θ)| γ^0_i �

+ |φ_δ (|(x^′ ∧ θ) − x_0|_{βν} ) − φ_δ (|(x ∧ θ) − x_0|_{βν} )| × � i |γ_i(x ∧ θ) − γ^0_i | γ^0_i + |b_i(x ∧ θ) − b^0_i |

γ^0_i �

≡ S_1 + S_2.

Use (6.12) and (6.13) to see that

S_1 < η(1 + ρ_0).

Use Assumption 2.6(a) and our choice of δ_0 to see that (recall |(x ∧ θ) − x_0|_{βν} < δ_0)

S_2 ≤ c_δ |(x^′ ∧ θ) − (x ∧ θ)|_{βν} ρ_0 ≤ c_δ |x^′ − x|_{βν} ρ_0 ≤ c_δ ηρ_0.

These bounds verify Assumption 5.1(b) for (~γ_i,~b_i) and complete the verification of the hypotheses of Theorem 5.5.

Now consider the conditions in Theorem 2.4. The continuity of ~γ_i and ~b_i on M_{βν} (S) is clear. (2.6) for ~b is clear as ~b_i ≥ 0, and the other conditions have already been checked. This completes the proof of (6.1) and hence the theorem if b_i ≥ 0.

Next assume (2.10), i.e., lim_{|i|→∞} ν(i) = ∞ and b_i(x) ≥ −κ_{2.7}x_iγ_i(x). Let ν = inf_i ν(i) > 0. As increasing β only weakens the hypotheses and multiplying β by a constant will not change the conditions, we may assume β(i) = ν(i)^{−α/2} . Let ^b_i(x) = b_i(x) + κ_{2.7}x_iγ_i(x) ≥ 0. We claim ( ^b_i, γ_i) satisfy the hypotheses of the previous case. As Assumption 2.6(c) is now a weaker condition than 2.6(b), we assume (b_i, γ_i) satisfies Assumption 2.6(a),(c). By (2.7) and (2.5) � i |^b_i(x)|ν(i) ≤ � i |b_i(x)|ν(i) + κ_{2.7}κ_{2.4} � i x(i)ν(i) ≤ c_9(|x|_ν + 1),

and so (2.5) holds for ^b. The continuity of ^b_i on M_{βν} (S) = M_ν 1−^α_2 (S) is clear. To check Assumption 2.6(a), let x_0 ∈ M_ν (S) and η > 0. Then � i |^b_i(x) − ^b_i(x_0)| γ^0_i ≤ � i |b_i(x) − b_i(x_0)| γ^0_i

+ κ_{2.7} � i γ_i(x) γ^0_i

|x(i) − x_0(i)|

+ κ_{2.7} � i |γ_i(x) − γ_i(x_0)| γ_i(x_0) x_0(i)

≡ T_1 + T_2 + T_3.

By Assumption 2.6(a) we may choose δ_0 such that |x − x_0|_{βν} < δ_0 implies T_1 < η and

T_3 < η‖x_0‖_∞ ≤ η|x_0|_ν /ν.

For |x − x_0|_{βν} < δ_0 we may bound T_2 by

κ_{2.7} � i |γ_i(x) − γ_i(x_0)|

γ_i(x_0)

‖x − x_0‖_∞ + κ_{2.7} � i |x(i) − x_0(i)|

≤ c_{10}[η|x − x_0|_{βν} + |x − x_0|_{βν} ].

In the last line we used β(i)ν(i) = ν(i)^{1−α/2} → ∞, and so βν is bounded below. This shows (^b_i, γ_i) satisfies Assumption 2.6(a).

By Assumption 2.6(c) (for (b_i, γ_i)), if h ∈ (0, 1], j ∈ S, and |x − x_0|_{βν} < δ_0, � i |^b_i(x + he_j ) − ^b_i(x)| γ_i(x_0) ≤ � i |b_i(x + he_j ) − b_i(x)|

γ_i(x_0) + � i γ_i(x + he_j )hδ_{ij} γ_i(x_0) + � i |γ_i(x + he_j ) − γ_i(x)| γ_i(x_0) x_i (6.14)

≤ κ_{2.6b}γ_j (x_0)^{−α/2} h^α (1 + x^{−α/2}_j )(1 + ‖x‖_∞) + γ_j (x + he_j ) γ_j (x_0) h.

The last term is bounded by �|γ_j (x + he_j ) − γ_j (x)| γ_j (x_0) + |γ_j (x) − γ_j (x_0)| γ_j (x_0) + 1 � h ≤ [κ_{2.6b}γ_j (x_0)^{−α/2} h^α (1 + x^{−α/2}_j ) + η + 1]h ≤ c_{11}(γ_j (x_0))^{−α/2} h^α (1 + x^{−α/2}_j ), where in the last line we use sup_j γ_j (x_0) < ∞ and h ≤ 1. In addition, ‖x‖_∞ ≤ c_{12}|x|_{βν} ≤ c_{13}[|x_0|_{βν} +δ_0]. Put these bounds into (6.14) to see that (^b_i, γ_i) satisfies Assumption 2.6(c) and hence all the hypotheses of the previous case.

We now check (6.1) for (b_i, γ_i) by a Girsanov argument. Let (β_i, ~γ_i) denote the coefficients constructed above for which (6.1) holds; that is β_i = �(^b_i). Let {^P^{x0}_x : x ∈ M_ν (S)} be the corresponding measurable (recall this is a consequence of uniqueness) unique solutions of MP( ^L, δ_x) ( ^L has coefficients (β_i, ~γ_i)). Let ~b_i(x) = β_i − κ_{2.7}x_i~γ_i(x). Let ~L be the generator with coefficients ( ~b_i, ~γ_i). Note that if |x − x_0|_ν < δ,

~γ_i(x) = γ_i(x) and ~b_i(x) = ^b_i(x) − κ_{2.7}x_iγ_i(x) = b_i(x).

Let P be a solution to MP( ~L, δ_z), z ∈ M_ν (S). Define M^i_t = X_t(i) − x_0(i) −

�_t 0 ~b_i(X_s)ds and R_t = exp � � i κ_{2.7} 2 M^i_t − κ^2_{.7} 4 �_t 0 X_s(i)~γ_i(X_s)ds � . Under P, N^i_t = κ_{2.7}M^i_t /2 is a collection of orthogonal continuous local martingales such that � i ⟨N^i⟩_t = κ^2_{.7} 2 �_t 0 � i X_s(i)~γ_i(X_s)ds

≤ κ^2_{.7} 2 sup_i ‖~γ_i‖_∞

�_t 0 |X_s|_ν ν ds < ∞, t > 0, a.s.

This shows that R_t is a well defined positive local martingale. Define T_n = inf{t : |X_t|_ν > n} ↑ ∞ P-a.s. It follows from the above that (R_{t∧Tn} : t ≥ 0) is a uniformly integrable positive martingale starting at 1 and so dQ_n = R_{Tn} dP defines a probability on (Ω_ν , F). Under P, � M^i_{t∧Tn} −

�_{t∧Tn} 0 κ_{2.7}X_s(i)~γ_i(X_s)ds � R_{t∧Tn}

differs by a continuous local martingale from

−κ_{2.7}

�_{t∧Tn} 0 X_s(i)~γ_i(X_s)R_sds + ⟨M^i, R⟩_{t∧Tn}

= −κ_{2.7}

�_{t∧Tn} 0 X_s(i)~γ_i(X_s)R_sds + κ_{2.7} 2 �_{t∧Tn} 0 R_s2~γ_i(X_s)X_s(i)ds

= 0.

Therefore

X^i_t − x_0(i) −

�_t 0 ~b_i(X_s) + κ_{2.7}X_s(i)~γ_i(X_s)ds = X^i_t − x_0(i) −

�_t 0 β_i(X_s)ds

is a local martingale under Q_n. Let ^Q_n be the unique law on (Ω_ν , F) such that ^Q_n|_{FTn} = Q_n|_{FTn} and ^Q_n(X(T_n + ·) ∈ ·) | F_{Tn} ) = P^{x0}_{X(Tn)}(·). Then it is easy to see from the above and Itô’s formula that ^Q_n solves MP( ^L, δ_z) and so ^Q_n = ^P^{x0}_z . This implies

Q_n(T_n < t) = ^P^{x0}_z (T_n < t) → 0

as n → ∞. Therefore P(R_t) ≥ P(R_{t∧Tn} 1_{(Tn≥t)} ) = P(R_{t∧Tn} ) − Q_n(T_n < t) → 1 as n → ∞. This proves (R_t : t > 0) is a martingale under P and so dQ|_{Ft} = R_tdP|_{Ft} defines a probability on (Ω_ν , F). Now we repeat the above without the T_n’s to see that Q = ^P^{x0}_z . Therefore if ^M^i_t = M^i_t − κ_{2.7}

�_t 0 X_s(i)~γ_i(X_s)ds, then

dP|_{Ft} = R^{−1}_t d^P^{x0}_z |_{Ft}

= exp � − � i∈S κ_{2.7} 2 M^i_t + κ^2_{.7} 4 �_t 0 X_s(i)~γ_i(X_s)ds � d^P^{x0}_z |_{Ft}

= exp � − � i∈S κ_{2.7} 2 ^M^i_t − κ^{2.7} 4 �_t 0 X_s(i)~γ_i(X_s)ds � d^P^{x0}_z |_{Ft} .

This shows P is unique. Existence of solutions to MP( ~L, δ_z) can be shown by either using the above formula or directly applying Theorem 2.4. For the latter note by (2.7) for ~γ, that ~b_i ≥ −κ_{2.7}κ_{2.4}x_i. This verifies (6.1) for (b_i, γ_i) and so the proof is complete.

7. Proofs of corollaries.

Proof of Corollary 2.8. Fix x, y ∈ M_ν (S) and define z_n ∈ M_ν (S) by

z_n(i) = � x(i), i ∈ S_n y(i), i /∈ S_n . (7.1) Then |z_n − x|_ν → 0 as n → ∞ by dominated convergence. The continuity of γ_i implies |γ_i(x) − γ_i(y)| = lim_{n→∞} |γ_i(z_n) − γ_i(z_0)| ≤ ∞� n=0 |γ_i(z_{n+1}) − γ_i(z_n)|

= ∞� n=0 � �γi � z_n + � j∈S_{n+1}−S_n

(x_j − y_j )e_j � − γ_i(z_n) � �.

A similar bound on |b_i(x) − b_i(y)| and an application of (2.12) leads to � i∈S |γ_i(x) − γ_i(y)| + |b_i(x) − b_i(y)| ≤ � i∈S ∞� n=0 � j∈S_{n+1}−S_n

C(i, j)|x_j − y_j |^α = � j∈S C(j)|x_j − y_j |^α (7.2)

If α = 1, thanks to (2.13), this leads to � i∈S |γ_i(x) − γ_i(y)| + |b_i(x) − b_i(y)| ≤ c_1|x − y|_1. (7.3)

If α < 1, set τ = τ(α) = α(1 −^α_2 ). Then Hölder’s inequality and (2.13) bound (7.2) by � j C(j)ν(j)^{−τ} ν(j)^τ |x_j − y_j |^α ≤ � � j C(j)^{1/(1−α)} ν(j)^{−τ/(1−α)}

�_{1−α} � � j ν(j)^{τ/α} |x(j) − y(j)|

�_α

= c_2|x − y|^α_{ν 1−} α_2 . (7.4)

Assumption 2.6(a) with β = ν^{−α/2} follows from (2.11), and (7.3) if α = 1 or (7.4) if α < 1. If α = 1, note that | · |_{βν} is a stronger norm that | · |_1. (7.3) and (7.4) also show that b_i and γ_i are uniformly continuous on M_ν (S) with respect to | · |_ν 1−α/2 and so have unique continuous extensions to M_ν 1−α/2 (S). Assumption 2.6(c) is a simple consequence of (7.2), sup_j C(j) < ∞ (by (2.13)), (2.11), and (2.7). (2.10) follows from (2.11) and Assumption 2.3(b), and so Theorem 2.7 applies.

Proof of Corollary 2.9. We verify the hypotheses of Theorem 2.7. Let

~b_i(x) = � j x_j q_{ji}.

Then � i |~b_i(x)|ν(i) = � i � � � j x_j q_{ji} � �ν(i) ≤ � j x_j [κ_{2.9}ν(j) + qν(j)] ≤ c_1|x|_ν .

Hence (2.5) holds with b replaced by ~b; it follows that Assumption 2.3(a) holds for b. By (2.14), (2.10) with b replaced by ~b, and (2.11),

b_i(x) ≥ ^b_i(x) + x_iq_{ii} ≥ (−c_2γ_i(x) − q_{ii})x_i ≥ −c_3γ_i(x)x_i.

Hence (2.10) holds with b. Next consider Assumption 2.6 with β = ν^{−α/2} . We may assume without loss of generality that ^b_i satisfies Assumption 2.6(a) and (c) with β = ν^{−α/2} . Note that if x, x_0 ∈ M_ν (S), then � i |~b_i(x) − ~b_i(x_0)| ≤ � i � j |x(j) − x_0(j)| |q_{ji}| ≤ 2q � j |x(j) − x_0(j)|

≤ c_4|x − x_0|_ν 1−α/2 .

Assumption 2.6(a) follows for (b_i)_{i∈S} as does the fact that ~b_i, and hence b_i, has a continuous extension to M_ν 1−α/2 (S). If h ∈ (0, 1] and j ∈ S, then � i |~b_i(x + he_j ) − ~b_i(x)| = � i � � � ℓ (x_ℓ + hδ_{ij} )q_{ℓi} − � ℓ x_ℓq_{ℓi} � � ≤ � i h|q_{ji}| ≤ 2qh^α .

In view of (2.7) and (2.11) this shows ~b_i, and hence b_i, satisfies Assumption 2.6(c). This establishes the hypotheses of Theorem 2.7.

Proof of Corollary 2.10. Our choice of p implies sup_j C(j) < ∞. The choice of q then easily gives (2.13). The required result now follows from Corollary 2.8.

Proof of Corollary 2.11. By Corollary 2.10 (and its proof) (^b_i, γ_i)_{i∈S} satisfies the hypotheses of Corollary 2.9, and hence Theorem 2.7. Also (2.11) holds by hypothesis. The required result will therefore follow from Corollary 2.9 if we can show (2.14) and (2.15) hold. The former is trivial. For (2.15) note that � i 1(i ≠ j)q_{ji}(|i| + 1)^q = λ � k p(k)(|j + k| + 1)^q

≤ c_1λ � k p(k)(|k|^q + (|j| + 1)^q)

≤ c_1λ[m_q + (|j| + 1)^q] ≤ c_3λ(|j| + 1)^q.

This gives (2.15) and completes the proof.

Proof of Corollary 2.12. We apply Corollary 2.11 with ^b_i ≡ 0. We only need to check that (γ_i) satisfies (2.12). Assume |γ(x) − γ(y)| ≤ c_1|x − y|^α , where | · | is the usual distance on R^N . Then for any fixed p > d,

|γ_i(x + he_j ) − γ_i(x)| ≤ 1_{(|i−j|≤R)} c_1h^α ≤ c_2(|i − j| + 1)^{−p} h^α .

and so (2.12) is valid.

References.

[ABBP02] S.R. Athreya, M.T. Barlow, R.F. Bass, and E.A. Perkins, Degenerate stochastic differential equations and super-Markov chains. Probab. Th. Rel. Fields, 123 (2002) 484–520.

[ABP04] S.R. Athreya R.F. Bass, and E.A. Perkins, Hölder norm estimates for elliptic operators on finite and infinite dimensional spaces, Trans. Amer. Math. Soc., to appear.

[Ba97] R.F. Bass, Diffusions and Elliptic Operators. New York, Springer-Verlag, 1997.

[BP03] R.F. Bass and E.A. Perkins, Degenerate stochastic differential equations with Hölder continuous coefficients and super-Markov chains. Trans. Amer. Math. Soc. 355 (2003) 373–405.

[CD96] P. Cannarsa and G. Da Prato, Infinite-dimensional elliptic equations with Höldercontinuous coefficients. Adv. Differential Equations 1 (1996) 425–452.

[D96] G. Da Prato, Some results on elliptic and parabolic equations in Hilbert spaces. Rend. Mat. Acc. Lincei 7 (1996) 181–199.

[DZ02] G. Da Prato and J. Zabczyk, Second order partial differential equations in Hilbert spaces. Cambridge University Press, Cambridge, 2002.

[DM95] D. A. Dawson and P. March, Resolvent estimates for Fleming-Viot operators, and uniqueness of solutions to related martingale problems. J. Funct. Anal. 132 (1995) 417–472.

[EK86] S.N. Ethier and T.G. Kurtz, Markov Processes. Characterization and Convergence. Wiley, New York, 1986.

[L96] A. Lunardi, An interpolation method to characterize domains of generators of semigroups. Semigroup Forum 53 (1996) 321–329.

[MR92] S. Méléard and S. Roelly, Interacting branching measure processes. Stochastic Partial Differential Equations and Applications, 246–256, Longman, Harlow, 1992.

[Pe02] E. Perkins, Dawson-Watanabe superprocesses and measure-valued diffusions. Lectures on probability theory and statistics (Saint-Flour, 1999), 125–324, Lecture Notes in Math., 1781, Springer, Berlin, 2002.

[SS80] T. Shiga and A. Shimizu, Infinite-dimensional stochastic differential equations and their applications. J. Math. Kyoto Univ. 20 (1980) 395–416.

[SV79] D.W. Stroock and S.R.S.Varadhan, Multidimensional Diffusion Processes. New York, Springer-Verlag, 1979.

[Z00] L. Zambotti, An analytic approach to existence and uniqueness for martingale problems in infinite dimensions. Probab. Theory Related Fields 118 (2000) 147–168.

Addresses:

R.F. Bass: Department of Mathematics, University of Connecticut,

Storrs, CT 06269, USA.

E.A. Perkins: Department of Mathematics, University of British Columbia, Vancouver, B.C., Canada V6T 1Z2.