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Abstract
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near a equilibrium point of the drift over long periods of time.
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1 Introduction

The Freidlin-Wentzell theorem and its generalisations are well-known large deviation results. This

theorem provides a large deviation principle (LDP) on the path space for solutions of the SDE dX =

b(X)dt + /e dB when ¢ converges to 0. The related, but different, problem of the large deviation

behaviour of a diffusion process under the influence of a strong drift is less studied. In this article

we derive an LDP for the behaviour of the endpoint X? of solutions of the R-valued stochastic
differential equation

dX? =9b(X?)ds +dB, foralls [0, t] D

XP=zeR '

when the parameter ¥ converges to infinity.

For comparison with the Freidlin-Wentzell result one can convert the case of strong drift into the case
of weak noise with the help of the following scaling argument: Define XS‘? = X;’} o and B, = VOB /9

for all s € [0, ®t]. Then the process X? is a solution of the SDE
1
oV _ 1o
dX; = b(X)ds + ﬁ dB, forallse[0,0t]
X0 =
and we have
PX?eA)=P(X? € {w| wg €A}).

The rescaled problem looks more similar to the situation from the Freidlin-Wentzell theory, but now
the event in question depends on the parameter . Thus the Freidlin-Wentzell theorem still does not
apply easily. Therefore a more sophisticated proof will be required.

The text is structured as follows: In section 2 we state our main result and two corollaries. Since
the proof of the theorem is quite long we give an overview of the proof of our theorem in section 3.
The proof itself is spread over sections 4, 5 and 6.

The result presented in this text was originally derived as part of my PhD-thesis [Vos04].

2 Results

Recall that a family (X?)-, of random variables with values in some topological space & satisfies
the LDP with rate function I: & — [0, oo], if it satisfies the estimates

1
s oot 9 > _
l%?rriglfﬁlogp(X €0)> ;rel(fjl(x)
for every open set O € & and
1
. = 9 < _
hqr?ris;p 5 logP(X" €A) < J1(r€1/f41(x)

for every closed set AC & . The family (X?)g- satisfies the weak LDP if the upper bound holds for
every compact (instead of closed) set A € Z'. For details about the theory of large deviations we
refer to [DZ98].

Our main result is the following theorem together with the corollaries 2 and (4.

1480



Theorem 1. Let b: R — R be a globally Lipschitz C?-function with lim infjy| oo |b(x)| > 0. Assume
that there is an m € R with b(x) = 0 if and only if x = m and with b’(m) # 0. Furthermore let z € R,
t > 0 and for every 0 > 0 let X be the solution of the SDE

dX? = ﬂb(XS’?)ds +dB, forse[0,t], and

Xg =3. (2.1)

Then the family (X ?)ﬁ>0 satisfies the weak LDP on R with rate function
Jo(x) =V (@) — @(2) + t(®"(m))” + V(@) + &(x) (2.2)
for all x € R, where ® satisfies b = —&, Vab(d>) is the total variation of ® between a and b, and

(®”(m))~ denotes the negative part of ®'(m), i.e. (®”’(m))” = 0 if ®’(m) > 0 and (®”(m))” =
| (m)] if " (m) < 0.

Note that the condition b = —®’ defines ® only up to a constant, but the rate function J, does not
depend on the choice of this constant.

In the theorem Vab(<I>) can be interpreted as the “cost” for the process of going from a to b. Using
b = —®’ we find

b
vi(e)= (f |b(x)| dx|

for any a, b € R. The term (&”(m))~ can be interpreted as the “cost” of staying near m for a unit of
time. This term only occurs, if the equilibrium point m is unstable.

Given the sign of b’(m) the rate function from the theorem can be simplified because the drift b
has only one zero. The following corollary describes the case of b’(m) < 0, which corresponds to
attracting drift. In this case the weak LDP from the theorem can be strengthend to the full LDP
Corollary 2. Under the conditions of theorem |1 with b’(m) < 0 the following claims hold.

a) For every t > 0 the family (X ?)1‘}>0 satisfies the weak LDP on R with rate function

J(x)=2(®(x)—®(m)) foralxeR 2.3)
b) If b is monotonically decreasing, then the family (X f)qbo satisfies the full LDP with rate function J,.

In the situation of corollary 2/ the rate function is independent of the interval length t and of the
initial point z. This makes sense, because for strong drift we would expect the process to reach the
equilibrium very quickly. Because we have liminf|,_,, |b(x)| > 0 the potential & converges to +0c0
for |x| — oo and J, is a good rate function. In fact the rate function coincides with the rate function
of the LDP for the stationary distribution as given in theorem 3| (This is an easy application of the
Laplace principle, see e.g. [Vos04] for details).

Theorem 3. Let ®: R? — R be differentiable and such that exp(—2®(x)) is a probability density on
RY. Let ® be bounded from below with ®, = inf{ ®(x) | x € R} > —oo0. Finally let b = — grad ® be
Lipschitz continuous.

Then for every 4 > 1 the stochastic differential equation

dx? =9b(x")de +dw
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has a stationary distribution ug and for every measurable set A C R? we have

1
lim — logug(A) = —essinfc, 2(2(x) — @,).
d—o00 O

Proof. (of corollary|2) a) Since we assume that m is the only zero of the drift b, for b’(m) < 0 the
point m is the minimum of ¢. In this case we have V"(®) = &(z) — ®(m), V() = &(x) — ®(m)
and ®”(m) > 0, so the rate function simplifies to the expression given in formula (2.3).

b) To strengthen the weak LDP to the full LDP we have to check exponential tightness, i.e. we have
to show that for every ¢ > 0 there is an a > 0 with

. 1 o
limsup —logP(|X] —m|>a) < —c
B0 U

(for reference see lemma 1.2.18 from [DZ98]). We use a comparison argument to obtain this
estimate.

Using the assumption liminf, |, |b(x)| > 0 we find that exp(—2{®) is integrable and SDE
has a stationary distribution with density proportional to exp(—2%®). Let X? be a solution of
with start in z and Y7 be a stationary solution, both with respect to the same Brownian motion.
Then we get the deterministic differential equation

%(Xg —¥?) =0 (b(x") - b(¥?))

for the difference between the processes. First assume Xg — Y(;ﬁ > 0. Because for X f — Yt’? =0 the

right hand side vanishes, the process X ? - Yt’? can never change its sign and stays positive. Since b

is decreasing we have b(X ;7) — b(Ytﬁ) < 0 and we can conclude
Y _ ¥ _
0<x?-v?<x?-vJ.
For the case Xg — Yoﬁ < 0 we can interchange the roles of X and Y to obtain the estimate
¥ _ ¥ _
0<v?-x"<v?-x?.
Combining these two cases gives
y?-x? <|yf -x3 =1y -zl
Using
9 ¥ _ 0 9
X7 —m| < X =Y +[Y —m|
<lz=Y7 |+ 1Y —m|
< |z—m|+|Y37—m|+|Ytﬂ—m|
we can conclude
P(|X?—m| >a) SP(lY(}?—m| + |Yt’?—m| >a—|z—ml|)

a—|z—m|)

sp(|Yg"‘—m|> .
o a—|z—m)|
+P(|Yt —m|> T)
" a—|z—m)|
=2P(|YO —m| > T)
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Now let ¢ > 0. Then using theorem |3 we can find an a > 0 with

lim llogP(lYﬂ —m|> m) <-—c
f—00 T 0 2
and using the above estimate we get
.1 o
17151;0 ElogP(lXt —m|>a) < —c.
Since this is the required exponential tightness condition, the proof is complete. O

The case of repelling drift, i.e. of b’(m) > 0, is described in the following corollary.

Corollary 4. Under the conditions of theorem |1 with b’(m) > 0, for every t > 0 the family (X?),,bo
satisfies the weak LDP on R with constant rate function

Ji(x) =2(2(m) — &(2)) — t®"(m). (2.4)

Proof. (of corollary [4) In the case b’(m) > 0 the point m is the maximum of & and because of
V(@) = @(m) — ®(2), VX(®) = ®(m) — ®(x) and " (m) < 0 we get
Ji(x) = (2(m) — @(2)) — ®(2) — t®”(m) + (®(m) — &(x)) + &(x)
=2(®(m) — &(z)) — t®"(m)

for all x e R. O

The corollary shows that in the case of repelling drift the rate function does not depend on x. In
particular it is not a good rate function. Here it is impossible to strengthen the weak LDP to the full
LDP because we have

1

5 logP(X?eR)=0 # 2(&(m)— &(z))—td"(m).

lim
P—00

3 Overall Structure of the Proof

The remaining part of this text contains the proof of theorem (1l Since the proof is quite long, we
use this section to give an overview of the proof. All the technical details are contained in sections
4,5, and 6.

Let X? be a solution of the SDE (1.1). From the Girsanov formula we know the density of the
distribution of X ? w.r.t. the Wiener measure W: assuming X g =0and b =—-V® we get

P(X?EA)zj1A(wt)exp(17F(a))—1?2G(w)) dW(w) 3.1)

where
t

F(w)=®(wqy) — ®(w,)+ %f ®"(w,)ds and
0

Glw) = %f b%(w,)ds.
0
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For large values of ¢ the #?G term dominates over the 9F term and we show that the only paths
which contribute for the large deviations behaviour of X ? are those, which correspond to very small
values of G. These paths run quickly to the equilibrium point m of the drift b, stay close to this
point for most of the time, and shortly before time t move quickly into the set A. Assuming for the
moment A= B(a, 6) with a small 6 > 0, we get

t
P(X? ~ @) ~ exp (9(®(0) — ®(a) + 5<1>“(m))) J 1 ~ap €XP (—92G(w)) dW(w)

and thus

.1 &
1711_110f(—}logP(Xt A a)
2 (3.2)

t 1 92 (",
~ ®(0) — ®(a) + 5(1) (m) —i—ﬁhm 3 log | 1jw,~a} exp(—; b*(w,)ds) dW(w).

Lemma 26 in section 6 resolves the technical details which are hidden in the ~-signs here and also
gives the required upper and lower limits for (3.2).

To evaluate the integral on the right hand side of (3.2) we use the following result about upper and
lower limits in Tauberian theorems of exponential type. The theorem is proved in [Vos04]. It is a
generalisation of de Bruijn’s theorem (see theorem 4.12.9 in [BGT87]).

Theorem 5. Let X > 0 be a random variable and A an event with P(A) > 0. Define the upper and
lower limits

r=1i —1 log E( —AXq ) d = limi f—1 log E( X1 )
r 1msu o e an r 1min o e
Y p 7. g A L 2 7 g A
as well as

s= thUpSlOgP(X < E,A) and S= liminfs IOgP(X < E,A).

e—0 €—0

Then —2/4 = § and for the lower limits we have the sharp estimates —r* < s < —r?/4.

Using theorem 5 we can reduce the original problem to the calculation of exponential rates like

t
. 2 < ~
ls%wlogp(jo b*(B,)ds < ¢,B, a).

In section 4 we examine the situation that during a short time interval the process runs from 0 to m
or from m to a respectively while still keeping f b2(w;)ds small. This will be used for the initial and
the final section of the path. As indicated in section 1 we can rescale the problem in these domains
and apply the known results for weak noise. The problem here is to identify the infimum of the rate
function.

In section |5/ we examine the situation that f b%(w,)ds is small over a long interval of time. This
will be used to study the middle section of the path. We will use theorem [5] again to deduce the
probability for this case from the known Laplace transform of fot BS2 ds.

Finally, in section |6, we fit these two results together to complete the proof of theorem |1, This
part of the proof is modelled after the proof of proposition 6 which we give below. We want to
use X1,X9,X3 = f b2(B,) ds where the integral is taken over the initial, middle, and final section of
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the path respectively. Since these random variables are not independent, we cannot directly apply
proposition|6 but have to use an enhanced version of the proof. This is provided in lemmal[27.

We give the full prove of proposition 6/ here, because we will need the proposition itself in the proof
of lemma|23, and also because we hope that reading the proof of proposition|6/might make it easier
to follow the proof of lemma/27 below.

Proposition 6. Let X1, ...,X, be independent, positive random variables with

liml(i)nfglogP(X,< <g¢)=-b; and limsupelogP (X <¢)=—c}
£ €l0

where by, c, = 0 for k=1,...,n. Then we have

lirnlénfslogP(Xl +o X, <g)>—(by+---+b,)?

and
limsupelogP (X; +-+-+X, <&) < —(c1+-- +c,)%
€l0
Proof. Let 6 > 0. Since the simplex
Si = {(81,...,8,1)6]1%;0 | g1+ +e, Sg}

is compact and covered by the open sets {(ey,...,£,) € R" { g < aje forj=1,...,n} for
ay,...,a, >0witha; +---+a, =146, we can find a finite set

Dgg{aeRgo|al+...+an=1+5} (3.3)

with
St C U {(e1,...,8,) €RY, | gj<ajeforj=1,...,n}

5
a€Dy

for all € > 0. This gives

P(Xi++X, <€) < > P(Xy S age,..., X < age).

1
aeDn
and for the individual terms in the sum we can use the relation

limsupelogP (X, < aie,..., X < age)

el0
n n CZ
= limsupelogl—[P(Xk <o) = —Z—k.
€l0 k=1 k=1 %k

Leta = 2221 i, Px = ai/a, and di = ¢ /py for k = 1,...,n. Applying Jensen’s inequality to the
random variable which takes value d; with probability p; gives

2 2 2

c c ¢+ +c

_L.+...+._£.Z g_l__ﬁ____ﬂz_ (3.4)
! n Dkt Ok



where equality holds if and only if there is a A € R with Aa; = ¢, for k =1,...,n. Thus we get

¢+t e)?
limsupelogP (X; < ay¢,...,X, < aye) < _u
€l0 1+6

for every a € Dfl. Using lemma 1.2.15 of [DZ98] we can conclude
limsupelogP (X, +---+X, <¢)
el0

< maxlimsupelogP (X; < aj¢,...,X, < a,¢)
aeD?  ¢lo

o (at+e)
1+06
for every 6 > 0 and thus

limsupelogP (X, + - +X, <¢&) < —(c; + -+ )%
el0

From (3.4) we know that we should choose a; proportional to b; in order to get the optimal lower
bound. This leads to the estimate

liml(i)nfslogP(Xl 4+ +X,<e¢)
€

> liminfe log P (X, < i
_1r§1l%)n£og €S

k=1,...
p L ,n)

)

n bk
= liminfel PX, <—
iminfelog] [P(0< gy e

b, +---+b,
> 1b—limlionfelogP(Xk <¢)

k=1 k
k=1 bi
=—(by+---+by)’
which completes the proof. O

4 Reaching the Final Point

The results of this section help to estimate the probability that the path travels quickly between
the equilibrium point of the drift and the final resp. initial point. Here Schilder’s theorem (see
theorem 5.2.1 in [DZ98]) can be applied and we will reduce the evaluation of the rate function to a
variational problem.

The main result of this section is the following proposition which describes the large deviation
behaviour of the event

1 te
: 2

b°(B,)ds < ¢
2 Jo
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when ¢ | 0, where the final point B,, stays in a fixed, compact set. Evaluating the rate for fixed
t > 0 is difficult, but it transpires that there is an explicit representation for the limit of the rate as t
tends to infinity.

Proposition 7. Let P, be the distribution of a Brownian motion with start in z and B be the canonical
process. Let b: R — R be a C?-function with liminf), |, |[b(x)| > 0. Assume that there is an m € R
with b(x) = 0 if and only if x = m and with b’(m) # 0. Then for every pair of compact sets K;,K, € R
we have

1 te
lim sup lim sup ¢ log sup PZ(EJ b%(B,)ds < ¢,B,, GKz)
0

t—00 el0 z€Ky

5—— inf 1nf |f |b(x)|dx|+|J |b(x)|dx(

4 zeK; a€k,

and for every z € R and every open set O € R we have

1 te
11m1nf11mllnfslogP (2 J b*(B,)ds < ¢,B,, € O)
0

1 a
> _Z;Iel(f)OJ; |b(x)|dx{ + |Jm |b(X)|dx|)2-

The modulus of the integrals is taken to properly handle the cases m < z and a < m. The proof of
proposition |7 is based on the following two lemmas. Lemma 8] evaluates the infimum of the rate
function from Schilder’s theorem. Since the proof of lemma 8 is quite long, we defer the proof until
the end of the section. We will write Cy([0, t],R) = {w € C([0, ], R) | wo = 0} as an abbreviation.

Lemma 8. Let v: R — [0,00) be a positive C2-function with liminf}, | v(x) > 0 and m € R with
v(x) =0 ifand only if x = m and v''(m) > 0. For a,z € R and 3 > 0 define

t

az[a’ 1
—{wECOt wo=0,w; = a=z3 v(ws+z)ds:[5}
0

and
J(a,z)= ;}OJ \/V(x)dx| + |J VV(X)dXDZ

Consider the rate function

1 t, .9 . . .
I(w) = {2 fo || ds, if w is absolutely continuous, and
else.

Let K1,K, € R be compact sets with m ¢ K; N K, and B C R, be bounded with 0 € B. Then we have

1
1nf I(a))’a)e UMazﬁ} ——J(a,z) fort— oo, (4.1)
peB supB

uniformly over all a € K, and z € Kj.
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Lemma 9. Let M, “F be as in lemma'8. Then for every pair K1,K5 € R of compact sets the set

w=U U Y we

z€K; a€K, 0<B<1

is closed in Cy([0, t],R).

Proof. By definition of the sets M, “F we have
t
1
M = U {wEC[O,t] ‘ Wy :O’wt+Z€K2’EJ v(w, +2)dr < 1}.
z€K, 0

Assume that w € Cy([0,t],R) \ M. Then either w, +z ¢ K, for all z € K;, i.e. w, lies outside the
compact set K, —K;, or

1 t
EJ v(w, +2)dr>1
0
for every z € K,, i.e.

1 t
inf —f v(w, +2)dr>1
0

2€K,

because K, is compact and v and the integral are continuous. In both cases we can find an € > 0,
such that the ball B(w, €) also lies in Cy([0, t],R)\ M. Thus M is the complement of an open set. []

With these preparations in place we can now give the proof for proposition|7|
Proof. (of proposition [7) We want to apply Schilder’s theorem [DZ98, theorem 5.2.1] and to eval-

uate the rate function using lemma (8| Let K;,K, C R be compact. Define the process B by setting
B, = (B,, —2)/ /€ for every r > 0. Then B is a Brownian motion with start in 0 and we get

1 te
P, (— b2(B,)ds < ¢, B,, €K,)
2 0

- 1(f
s Pz(ﬁf b*(B,.)dr <1,B,, €K,,)
0

1 (" ) .
P(EJ b*(VeB, +2)dr <1,VeB, +z €K,)
0

p(veBe |J [Jm)

aGKZ ﬁfl

and thus
1 te
sup P, (Btg €K, EJ b2(B,)ds < ¢)
0

zeK;
<p(vebe |J |J Um*’).

z€K; a€k, B<1

4.2)
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Since from lemma (9] we know that the set UzeK1 UaeKz U[o’§1 M, =P is closed in the path space
(Col0, t1,1 - llso)> We can apply Schilder’s theorem to get

11rnsupelogsupP(\/_Be U U UMaZﬁ)

z€ky z€K, aek, f<1

<-inf{1(w) | we U U Um’}

z€K; a€k, f<1

= — inf inf 1nf{It(co) | we U M&*PY,

z€K; a€K:;
B<1

First assume m € K; N K,. Define the path w by w; = 0 for all s € [0, t]. Then clearly we have
w € M™™° for every t and since we find I,(w) = 0 we have

1nf I (co)’coe UM“ﬁ} 0
BeB

for all t > 0. On the other hand we have J(m,m) =0

Otherwise the evaluation of the infimum is done in lemma (8] Using v(x) = b?(x) we get v"/(m) =
2(b’(m))? > 0 and for every n) > 0 we can find a t, > 0, such that

/;Efl inf{I,(w) | we Mta’z’ﬁ} >J(a,z)—n

forall z € Ky, a €K, and t > t. This gives

hmsupslogsupp(w/_Be U U UMaZﬁ)

2€K; z€K; aek, f<1

< —inf inf inf J(a,2)+7

2€K; a€Ky meN

L inf(|f |b(x)|dx|+|J |b(x)|dx|)2+n

4 z€K; ack,

for every n > 0. Together with the relation (4.2) this proves the upper bound.

For the lower bound we follow the same procedure. Without loss of generality we can assume that
O is bounded. Here we get

1 te
P, (Bte €o, Ef b2(B,)ds < ¢)
0

1 te
> P, (Bw o, Ef b2(B,)ds < ¢)
0

=p(veBe|J M)

a€0 <1

where the set

t
U meP = Lo,
weC[0,t] | wyg=0,w0, €0 — %5 b(w,+2)dr<1
ago B<1 0
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is open in (Cy[0,t],]| - [l)- So we can use the lower bound from Schilder’s theorem and lemma (8|
to complete the proof. O

Corollary 10. Under the assumptions of proposition|7 we have

1 te
limliminfliminfe log inf P, (EJ b*(B,)ds < ¢,B,, € O)
0

nl0 t—00  ¢|0 m—n<z<m+n

> 1y ‘ :
=2 inf( | Ibldx)

for every open set O C R.

Proof. For z € R define

1 t
M; = {weC[O,t] ‘ wozo,wt+zeo,§f b%(w, +2)ds < 1}.
0

Let 5 > 0. Choose an & € M;" with I,(&) < inf{I(w) | @ € M"} + 6. Because O is open
and b and the integral are continuous we can find an E > 0, such that for every n < E the ball
B, (@) S Co([0, t],R) is contained in all of the sets M} for m —n <z < m+ 7. This gives

1 te
.. ) 1 , <
llrill%)nfelog m—né2£m+n P, (2 L b%*(B,)ds < ¢,B,, € O)

=liminfelog inf P, (\/EB € Mtz)

€l0 m—n<g<m+n

> lir?l(i)nfs log  inf - P, («/EB € Bn(w)) .

m—n<z<m

and using Schilder’s theorem and the relation

—inf{I,(w) | w € B, (&)} = ~I,(&) > —inf{I,(w) | 0w € M["} - &

we find

1 te
.. . - 2 <
llrg(l)nfelog inf P, (2 JO b=(B,)ds < ¢,B;, € O)

m—n<z<m+n
> —inf{l,(w) | © € B, (&)}
> —inf{l,(w) | 0 € M} - 5.

Now we can evaluate the infimum on the right hand side as we did in proposition 7. We get

1 te
liminfliminfelog inf P, (EJ b%(B,)ds < &,B,, € O)
0

t—o0 el0 m—n<z<m+n
1 “ 2
>——inf(| [b(x)ldx) -5
4 acO m
for every 1) < E. Taking the limit 6 | O completes the proof. O

1490



The only thing which remains to be done in this section is to give a proof for lemma 8| Before we
do so we need some preparations. For the remaining part of this section we assume throughout that
v is non-negative and two times continuously differentiable and that a,z € R are fixed.

Notation: For x,y € R we will write [x, y] for the closed interval between x and y; in the case
x < y this is to be read as [y, x] instead.

As a first step towards the proof of lemma |8 we get rid of the parameter /3.

Lemma 11. Let {0} C B € R, be bounded. Assume that
lim inf{,() | 0 € M1} = J(a,2)
—00

locally uniform in a,z € R. Then the relation (4.1) holds.

Proof. Let B> 0. For w € Mta’z’ﬁ define & by
&, =w,p forallr €[0,t/B].
Then we have &y =0, &/ = w,, and

t

1Jt/ﬁ (@, +2)dr "2 22| v, +2)d
— VW Z r = —_— = Viw Z S.
2 0 r ﬁz 0 S

a,z,1

Thus w — ¢ is a one-to-one mapping from M, b onto M B

Because of

1 t/f ) ﬁZ t/B s=1p /5 t
~y 22 5 ) il 2 g0
It/ﬁ(w)—if o) dr—?JO wgdr = EL w; ds = BI(w)

0
we find 1
inf{I, () | 0 € M&*P} = 5 inf{lLp(e) |weM

Now let z € K; and a € K,. Since m ¢ K; N K, every continuous path w with wy =0 and w, =a—2
has

1 t
Ef v(ws+2)ds >0,
0
the set M>*° is empty and we find

. az,pB| _ . . a,z,8
1nf{1t(w) ’ wE Ith } = ﬁean\f{o}lnf{It(w) { weM,”"}

1
= inf —inf{I e M%)
sl p M Uerp () | e M5

Now let K, K, € R be compact. Let > 0 and choose a ty > 0 with

inf{I,(w) { wE Mta’z’l} —J(a,2)

<nsupB
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forall t > ty, 2 € Ky, and a € K,. Then for every t > t,supB and every 8 > 0 we have

inf{lt(w) ’ wE U Mf’z’ﬁ/} — %J(a,z)

B’eB
1. az1 1 1 supB
— ‘Emf{lt(w) |weME'} - 5/(@n)| <
Choosing 8 = sup B gives
1
inf{I, () . we M - — @) <n
peB supB
for all t > tysupB, z € K;, and a € K,. Because 1) was arbitrary, this completes the proof. O

Because of I,(w + 2) = I,(w) we can shift every path from Mf’z’l by z and get

1 t
inf{I,(w) | we Mf’z’l} = inf{It(co) ‘ Wy =2,w, =a, EJ v(w,)ds = 1}.
0

For the moment assume that there is a path & with I,(&) = inf{I,(w) | w € M ’1}. Later we will
show that such an ¢ in fact does exist. In order to evaluate the rate function I, for this path &, we
solve the Euler-Lagrange equations (see section 12 of [GF63]) for extremal values of I, under the
constraint

1 t
K(w) = —f v(w)ds |
2 Jo
and with the boundary conditions
wp=2 and w;=a.

Because of v € C?(R) we can use theorem 1 from section 12.1 of [GF63] to find that for every
extremal point w of I, under the given constraints, there is a constant A, such that w solves the
equations

&y =AMV (w;) foralls€(0,t],and wy=2 (4.3a)
1 t

EJ v(wg)ds =1 (4.3b)
0

W, =da. (4.3¢)

Existence of solutions: the autonomous second order equation (4.3a) describes the motion of a
classical particle on the real line in the potential —Av. The differential equation can be reduced to
an autonomous first order equation in the plane with the usual trick: defining x(s) = (wy, w,) and
F(x1,x5) = (x4, 2v'(x1)) the equation becomes

x(s)=F(x(s)) forallse][0,t].

See e.g. section 5.3 of [BR89] for details. Because v’ and thus F is locally Lipschitz continuous, for
every pair wy = 2, &y = V, of initial conditions and every bounded region we find a unique solution
of the ODE at least up to the boundary of that region (see theorem 8 in section 6.9 of [BR89]).
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There are two degrees of freedom in (4.3a) because we can choose )y and A. In the following we
will show, that the two additional conditions (4.3b) and (4.3c) guarantee the existence of a unique
solution to the system (4.3).

For A = 0 the only solution of (4.3a) and (4.3c) is given by w, = 2+ (a —z)s/t for 0 <s < t and
consequently in this case we have

1 J v(w,)ds = th(z,a)
2 Jo

with

1 a .
h(z,a) = { 2(a—2) fz v(x)dx, ifa#sz,and
g 1
V() else.

Since m # K; NK,, z € K;, and a € K, we have h(z,a) > 0 for every z € K;,a € K, and because
K; X K, is compact we find ¢ = inf(, 4yek, xk, h(2,a) > 0. In the following assume t > 1/c. Then we
know from (4.3b) that every solution of (4.3) has A # 0.

The interpretation as the motion of a classical particle helps us to determine the behaviour of the
solutions. We can use conservation of energy: Because of

1
8,(507 = () = 6,5, — W ()b, = b, (&, — () 2 0

we have . .
507 = 2v(@,) = Jaf — Av(w) = E foralls €[0,t]. (4.4)

This conservation law describes the speed for any point of the path: the speed of the path at point w,

is
|| = v/ 2(E + Av(wy)). (4.5)

Thus the rate function I, can be expressed as a function of E and A as follows.

1 t t
[[(w) = EJ cosz ds = J E+ Av(w)ds
0 0

=tE+ 22, (4.6)

where A and E are determined by equations (4.3b) and (4.3c).

Because of relation (4.4) we find that whenever w is a solution of (4.3a) we have E > —Av(w,) for
all s € [0, t] and the path can only stop and turn at points x with —Av(x) = E. Let x € R be such
a point and assume v'(x) = 0. Then n with n, = x for all s > 0 is the unique solution of
with ny = x and 1y = 0. Now assume that w; = x for some s > 0. Then (w;_,),<[o] is also a
solution of with start in x and initial speed 0, so we have w,_, =1, = x for all r € [0,s].
This shows that a point x # z with E = —Av(x) and v'(x) = 0 cannot be reached by a solution w
of (4.3a). Thus whenever a non-constant path reaches an x € R with E = —Av(x) then we have
s = Av'(w,) # 0 and the path always changes direction there. Figure [1]illustrates two different
kinds of solution, one where «w, moves monotonically and one where the path reaches a point b
with —Av(b) = E and turns there.
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a—o(z) a—v(x)

Figure 1: This figure illustrates two types of solution for equation (4.3a). Here we only consider the case
A > 0. The curved line is the graph of the function x — —Av(x). The bold part of the lines corresponds
to the points visited by the path w. The thick dots are (wgy, —Av(wg)) and (w,, —Av(w,)). Both
solutions start at z € Ky, head towards a neighbourhood of the zero m, and finally reach a point a € K,.
The left hand image shows a free solution, i.e. one with E > 0, the right hand image shows a bound
solution, i.e. one with E < 0 where the path w turns at the point b with —Av(b) = E.

Since the differential equation (4.3a) is autonomous and since a solution w changes direction every
time is reaches a point x with —Av(x) = E, the path can reach at most two distinct points of these
nature. In this case the solution oscillates between these points periodically. Thus every solution
of (4.3a) changes direction only a finite number of times before time t.

In order to find the path which minimises the rate function I, we need to keep track of the different
possible traces of the path. For the remaining part of this section we use the following notation.
The path (w;)g<s<, is said to have trace T = (xg, x1,...,X,) when wq = Xy, w, = Xx,,, and the path
w moves monotonically in either direction from x;_; to x; for i = 1,...,n in order and changes
direction only at the points x;,...,x,_;. We use the abbreviation

n
|T| = lei = X1l
i—1

for the length of the trace and sometimes identify T with the set U?:l [x;_1,X;] of covered points to
write min T, max T, v|, or inf,.cr v(x). For positive functions f : R — R we use the notation

Jf(x)dx ::Z)J l f(x)dx\.
T i=1 Jxiq

The absolute values are taken to make the integral positive even when x; < x;_;. If a solution w

of (4.3a) has trace T = (xg,Xq,...,X,), this then implies that v(x;) = -+ = v(x,—;) = —E/A
and each of the x,,...,x,_; is either min T or maxT. Between the points x; the path is strictly

monotonic, i.e. after the start in gz it oscillates zero or more times between min T and max T before
it reaches a at time t. Using this notation we can formulate the following Lemma.

Lemma 12. Let A,E € R and a trace T = (x,...,X,) be given. Then the following two conditions are
equivalent.
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() The unique solution w: [0,t] — R of
&y = AV (wg) foralls € [0,t]

with initial conditions wy = z and wg = sgn(x; — x¢)4/ 2(E + Av(0)) has trace T and solves (4.3D)
and (4.3c).

(ij)) We have xy = 2, X, = a, E = —Av(x;) for i = 1,...,n—1, as well as E > —Av(x) for all
minT < x <max T, and the pair (A, E) solves

v(x)

—— _dx=+8 (4.7a)
7/ E+ Av(x)
and
f ! dx = V2t (4.7b)
—dx = . .
7 A/ E+ Av(x)

Proof. Assume the conditions from (j). Then w is a solution of (4.3a), there are times tg, tq,...,t,
with w, = x; fori =0,...,n, and between the times t; the process moves monotonically. For any
integrable, positive function g: R — R substitution using (4.5) yields

J g(ws)ds=ZJl g(,)ds
0 i=1Jti4

L dx
= (x)
iZl: fxi_l o sgn(x; — x;_1)4/ 2(E + Av(x))

g(x)
= | ——————dx.
7 4/ 2(E + Av(x)) *

Applying (4.8) to the function g = v gives

w1
1 @2 —f v(w,)ds
2 Jo

(4.8)

1 v(x) q
— | —=dx.
V8 )1 JE+ 2v(x)

This is equation (4.7a). Applying (4.8) to the constant function g = 1 gives

t
[ 10 @
0

A 1
— | ——dx,
‘/EJO VE+Av(x) *

g

which is equation (4.7b).
Now assume condition (ij). For i = 1,...,n define the function F; by

dx|

1, (" 1
Fi(x)= — —_—
e ‘/§|J;ci_1 VE+Av(x)
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for all x between x;_; and x;. Then F; is finite because of (4.7b), strictly monotonic (increasing if
x; > x;_; and decreasing else), and has F;(x;_;) = 0. Further define

k
te = ZFi(xi)-
i=1

Equation (4.7b) gives t, = t. Because the functions F; are monotonic they have inverse functions
Fl._1 and we can define w: [0,t] — R by

w(s)= Fl._l(s —ti_y) forallse[t;_,t;].

We will prove that w satisfies all the conditions from (j).

Because we have t; — t;_; = F;(x;) and thus Fl._l(ti —ti_1) =x; = Fl.jrll(ti —t;) the function w is
well-defined on the connection points at times t; and is continuous. This also shows w, = x; for
i=0,1,...,n and especially wy = xy =2 and w,; = x,, = a.

Because the F; are differentiable at all points x strictly between x;_; and x;, the function w is
differentiable on the intervals (t;_;, t;) with derivative

. 1

by = = = sgn(x; — x;_1)y/2(E + Av(w,).
Fi (ws)

Because w is continuous and the limits lim,_,, w; exist, we see that w is even differentiable on [0, t]

with o = sgn(x; — x¢)y/2(E + Av(0)) and &, =0 fori=1,...,n—1.

Using the same kind of argument again, we find

©:= Z\S/g;((}ji—_kti(_;zn 20" (w,) sgn(x; — x;-1)v/ 2(E — Av(w,)) = L' (w),

first between the t; and then on the whole interval [0,t]. Thus w really solves the differential
equation from (j).

Using the substitution

1 Jt (0)d 1 v(x) p
— | vw)ds=—| ————=dx
2 J)o ’ V8 J; vV E + Av(x)
as in the first part, we also get back (4.3b) from (4.7a). O

Now we have reduced the problem of minimising I,(w) over the solutions w of the system (4.3) to
the problem of minimising
I,(E,A)=tE+2A

over the solutions (E, A) of the system (4.7).

For a trace T define
Hy ={(E,2) | E>— 1r€1£ Av(x)} € R?

and furthermore define the functions f, g: H; — [0, 00] by

1
E,AN)=| ———d
&R J; VE+ Av(x) *
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Figure 2: This figure illustrates the domain Hy of the functions f and g. The domain is unbounded in
directions A — oo and E — oo. It is bounded from below by A — —inf, oy Av(x), which is equal to
—Asup,cr v(x) for A <0 and to —Ainf,.cr v(x) for A > 0.

and

v(x) q
——dx.
7/ E+ Av(x)

Figure 2 illustrates the domain H;. Both functions are finite in the interior of the domain, but can
be infinite at the boundary. The equations (4.7) are equivalent to f (E,, 1) = v/2t and g(E, 1) = /8.
For paths which change direction at some point we will find solutions (E, 1) of (4.7), which lay on
the boundary of Hy. For paths which go straight from z to a we will find solutions (E, ) in the
interior of Hy.

g(E,A)=

Lemma 13. Let t > 0 and T be a trace from z € R to a € R such that v|; is not constant. Then there
is at most one solution (E,A) of (4.7).

Proof. For E > —inf,cy Av(x) we can choose an E, between — inf, .y Av(x) and E. Then v(x)/(E,+
Av(x))*/? is an integrable upper bound of v(x)/(e+ Av(x))%/? for all e in a (E — E,)-Neighbourhood
of E. So we can use the theorem about interchanging the Lebesgue-integral with derivatives to get

ig(E,x)=—3J S CO Y
O 2 T(E—l-}w(x))?’/2

So for every A the map E — g(E,A) is strictly decreasing and there can be at most one E; with
g (EA: A) = \/g

With the help of the implicit function theorem we can calculate the derivative of E,. Interchanging
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the integral with the derivative as above we get
AT 2B,
(=) [ v () (Ex + av(x)) ™ dx
- (=) [ v (B + Av(x)) " dx
v () du(x)

3
B R A

where u is the probability measure, with density

du 1 ~3/2
ix_ Z (Ex + Av(x))

and the normalisation constant is

= f (Ep+ 2v(y)) —3/2 dy.
T

Furthermore for (E,A) € (Hy)® we have
—f(E A)= ——f (E+Av(x) 7 dx =

and thus

2 of 2 of
_A(f(Ex,l)) = a—E(E)uA)ﬁEA + ﬁ(EA:A)

2(x)d
_2)r Wiz [ veoauce
2 [Lv()dulx) 2 Jp
2 [V dp() = (v dpx)’
2 [y dut)

> 0.

Equality would only hold for the case of constant v|. So the map A — f(E;, A) is strictly increasing
and there can be at most one A with f (E;,A) = v/2t. This completes the proof. O

Lemma 14. Let T a trace with m € T and t > 2|T|/fT v(x)dx. Then equation (4.7) has a solu-
tion (E, A) with with E, A > 0.

Proof. Define A* = (fT \/v(x)dx)?/8 and assume 0 < A < A*. Then we have

v(x) J
0,1) = Vv(x)dx > V8.
g(0,1) Av(x v(x)dx
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and the dominated convergence theorem gives

lim g(E,A)=0.
E—o0

Thus for all 0 < A < A* there exists an E, > 0 with g(E;, 1) = /8.
Because of g(0,1*) = +/8 we have E,+ = 0. Fatou’s lemma then gives

1
liminf f (E;,A) > f —dx.
e T v/ A*v(x)
Because v is positive and v(m) = 0, we have v/(m) = 0 and v/(m) > 0. Then by Taylor’s theorem
there exists a ¢ > 0 and a closed interval I € R with m € I C T, such that v(x) < ¢?(x — m)? for all
x € I. Therefore we find

dx > X =400
(x)

1 1 1
— —dx = J —d
JT Vv JI v c2(x —m)? p clx—m|
and thus A — f(E,, A) is a continuous function with

li E,A)= .
Al'[gl*f( As ) +00

On the other hand because of g(E,y,0) = v/8 we have E, = (fT v(x)dx)?/8. So for A = 0 we get

1 V8
f(Eo,0) =J —dx=+—"——IT|.
T 1/ Eo fT v(x)dx
Together this shows that for all
2|T|
t> ——
fT v(x)dx
there exists a solution (E;, A) with f(E,, ) = v/2t. O

Lemma 15. There are numbers €,cq,cy > 0 such that the following holds: For every trace T starting
in K,, ending in K,, and visiting the ball B,(m) there is a non-empty, closed interval A C R, such that
ACT, |Al = € and we have ¢; < v(x) < c, for every x € A.

Proof. Because m ¢ K; N K, either K; or K, has a positive distance from m. Let ¢ be one third
of this distance. Define A’ = {x € R | ¢ < |[x —m| < 2¢} and let ¢; = inf{v(x) | x € A’} and
co =sup{v(x) | x €A’}

Each trace starting in K;, ending in K,, and visiting the ball B,(m) either crosses [m — 2¢,m — €] or
[m + &, m + 2¢]. Let A be the crossed interval. Then clearly |A| = ¢ and and because of A C A’ the
estimates for v hold on A. O

Lemma 16. For every 1) > O there is a t; > 0, such that whenever t > t,, T is a trace from z € K; to
a € K, with m € [z,a] and (E, 1) solves (4.7), then we have

I,(E,A) — ;‘(J‘ \/de)zt <.
T
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Proof. This case is illustrated in the left hand image of figure[1. Because of m € [z,a], any path
from 2z to a must visit m and thus we find E > —Av(m) = 0. Thus the only possible trace in this case
is T = (z,a), because the process could only turn at points x where —Av(x)=E

Now let ) > 0. Define L = sup{|a — z| | z €Ky,a €Ky}. Then we get

V2 _f f—d <—
2 \/E—I—Av(x *

and thus
12
E<—.
~2t?
So we can find a t; > 0 with
Et<n (4.9)

whenever t > t;.

Choosing A, ¢;, and ¢, as in lemma15/we get

. J V) o0 . __cl
\/E+AV(X VE"‘).Cz VE‘+‘A,C2

Z|A*—E - cZ|A]> — L2/2¢2

and thus
A>

8C2 8C2

So we can choose a small ¢; > 0 and increase t; to achieve A > c; whenever t > t;.

Because of

v(x)

lim v(x)dx
EL0 \/E+v(x

we can find a ¢4 > 0 with

v(x)
7 v E+v(x)

for all E < ¢,4. Increase t; until

dx > \/1 —n/J(z,a)J \/v(x)dx
T

- <
2
2t C3

v
Vi— f ”
TE+ Av(x
J v(x)
dx
VI2/2622 + v(x)
2 v(x)

B \/_ c4+v(x
—\/ —0/J(z, a)f V() dx

and thus

A%

ﬂl

S
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for all t > t;. Solving this for A we get
21> (1 —-n/J(z,a))J(z,a) =J(z,a) — . (4.10)

Because E is positive we also find

(x) 1
«/§=Jv—d g_f S
7V E+ Av(x) * Vg Vox)dx

and thus
22 < J(z,q). (4.11)

For the rate function I, equation (4.10) gives
I(E,\)=Et+21>J(z,a) — 7
and equations and (4.11) give
L(E,A)=Et+2A<J(z,a)+n
forall t > t;. .

Lemma 17. For every 1) > O there is a ty > 0, such that whenever t > t,, T is a trace from z € K; to
a € K, with m ¢ [z,a], and (E, 1) solves (4.7), then we have

I(E,2) — %(f

T

V(x)dx)z. <n.

Proof. This case is illustrated in the right hand image of figure 1. Because the path has to change
direction we will have E < 0 in this case. Without loss of generality we can assume that m < a,z. We
call a value b € R admissible if it lies in the interval (m, min(a, z)) and if additionally v(x) > v(b)
for all x > b holds. For admissible values b consider the trace T = (g, b, a) and define

f 1 dyx

(z,b,a) /v(x)—v(b)

f — ) gy
(z,b,a) /v(x)—v(b)

Using Taylor approximation as in lemma |14, one sees that for b — m the numerator converges
to 400 and by dominated convergence the denominator converges to f (Om.a) v(x)dx. Sohisa

hz,a(b) =2

continuous function with h, ,(b) — oo for b — m.

Let ¢, ¢, and c, and A be as in lemma|15| We would like to find a b € B,(m) with h, ,(b) = t, so we
need an upper bound on

inf  h,,(b) (4.12)
be(m,m+e)

which is uniform in a and z. We find

1
SupzeKl,aeKz f(z,b,a) /—v(x)fv(b) dx

hea(b) <2 ;
’ L
fAmdx

(4.13)
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Because v”(m) > 0 and liminf|,|_,, v(x) > 0, we can decrease ¢ to ensure that v/(x) > v"(m)(x —
m)/2 for all x € [m,m+ €] and v(x) > v(m + ¢) for all x > m+ ¢. Using Taylor’s theorem again we
get

v(x) = v(b) =v'(&)(x — b) =

for some & € [b, x] for all x € [m,m + ¢]. Thus we can conclude

f Y 4
(z,b,a) V(X) - V(b)

<2

v”(m)(zb —m) (x— b)

X

m—+e 1
d
b v(m)(b—m) ..
e )
£ 1

a

1
n dx + dx (4.14)

m+e \/v(m—l—e)—v(b) mte \/v(m+€)—v(b)

/ 2
<2 m\/m"‘.ﬁ'—b

sup{|x — m| \ x €K, UKy}

+2
\/v(m+8) —v(b)

The right hand side of (4.14) is independent of a and z. So we can take the infimum over all
b € (m,m+ ¢) and use (4.13) to get the uniform upper bound on (4.12). Call this bound t,.

Now let t > t,. Then for every z € K; and a € K, we can find a b € (m,m + ¢) with h, ,(b) = t.
Further define A > 0 by
1 v(x)
Ve[ 29 g,

V8 (z,b,0) v/ v(x) —v(b)

and E by
E =—Av(b).

Then for the trace T = (2, b, a) these values E and A solve

E+2v(b)=0,
1
J v(x) dx = v(x) dx = /8
(z,b,a) E+ AV(X) ‘/7 (2z,b,a) V(X) - V(b)
and
1 1 1
f 1 = - va
(2,b,a) E+ lv(x) ‘/I (z,b,a) V(X) - V(b)

For t — oo we have b — m uniformly in a and z,

1 (x) 2 1 2
A— g(f(z’m)a) Y ) dx) =3 (ﬁz)m’a) \/de) )

v(x)—v(m
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and again E — 0 (this time from below). This gives

1 1 2
1,(E, ) = Ef 2(E + v(x))dx — Z(J v(x)dx)
T

(z,m,a)

which proves the lemma. O

With all these preparations in place we are now ready to calculate the asymptotic lower bound from
lemma

Proof. (of lemma |8) Because of lemma 11 we can restrict ourselves to the case 8 = 1, i.e. we have
to prove

lim inf{I, () | @ € M} = J(a,2)

—00

locally uniformly in a,z € R.
Let K1,K, € R be compact with 0 ¢ K; NK, and 1 > 0. Furthermore let z € K; and a € K5.

Assume first the case m € [z,a]. From lemma 16 we get a t, > 0, such that for every t > t, there
exists a solution (E,A) of (4.7) for the trace T = (z,a) with |It(E, A)— J(a,z)| < 1. This t, only
depends on K; and K, but not on z and a.

Now assume the case m ¢ [z,a]. From lemma|17 we again get a t, > 0, such that for every t > t
there exists a solution (E, A) of (4.7) for a trace T = (2, x;,a) with \It(E, A)— J(a,z)\ <1 and t,
only depends on K; and K,, but not on z and a.

In either case we can use lemmal12 to conclude, that there exists an «w, which solves (4.3a), (4.3b),
and (4.3¢). Because of (4.6) this path has

|It(w) —J(a,z)| <n.

Let ¢ = inf{I,(w) | w € M®*'}. Because the path w constructed just now is both, in M**! and

absolutely continuous, we have ¢ < co. Let M, = M**' N {w | I,(w) < ¢+ 1/n}. Because M is
closed and I, is a good rate function, the sets M,, are compact, non-empty, and satisfy M, 2 M,
for every n € N. So the intersection M = ﬂneN M, is again non-empty. Because every & € M has
I,(&) = c, we see that there in fact exists a path & for which the infimum is attained. From the Euler-
Lagrange method we know that & also solves equations (4.3a), (4.3b), and (4.3c). From lemmas/12]
and[13|we know that the solution is unique, so & must coincide with our path w constructed above

and we get

inf{I,(w) | wE Mf’z’l} —J(a,2)|<n
forallz € K}, a € Ky and t > t,. Since 1) > 0 was arbitrary this completes the proof of lemma/8. [
5 Staying Near the Equilibrium

. . . . . t .

In this section we study the event that for some drift function b the integral % fo b%(B,)ds is small. In
contrast to the previous section, here we are considering long time intervals but have no conditions
on the final point. The main result of this section are the following two propositions.
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Proposition 18. Let b: R — R be a differentiable function with b(0) = 0, b’(0) # 0 and
liminf|,|_,o |[b(x)| > 0. Then for every n > 0 we have

limelogP(1 tbz(B)ds<s sup |B|<7I)
el0 2 o s — © sl =

0<s<t
b'(0)]*¢?

1 t
=1i - 2 <g)=
lgﬂgelogp(zj b (Bs)ds_e) 16

0

Proposition 19. Let b: R — R be a differentiable function with b(0) = 0, b’(0) # 0 and
liminf|,|_, |[b(x)| > 0. Then for every n > 0 we have

1 t
limliminfelog inf P, (— b%(B,)ds <&, sup |B,| < )
¢10 £lo & " ZJO (B;) 0552t| sh=m

BREORS
N 16
and

1 t
limsup ¢ log sup P,, (—f b%(B,)ds < ¢, sup |B| < n)
€10 yeR 2 J, 0<s<t

_po))Pe?
B 16
The rest of this section is devoted to the proof of these two propositions. The main idea of the proof

is to use Taylor approximation around the zero of b to reduce the problem to the case of linear b.
We start by proving a result for the case b(x) = x.

Lemma 20. Let B be a one-dimensional Brownian Motion. Then

t 2 . o2

t+ x“+essinf, .,z
limelog P, Bszds <g,B €A :_( seaZ”)
el0 0 8

for every x € R and every set Awith P(B, € A) > 0 and in particular

t tz
limelogP desSs =——.
€l0 0 8

Proof. Formula (1-1.9.7) from [BS96] gives

9 (",
1A(wt)exp(—? w?ds) dW, (w)
0

(x? +22)0 cosh(t9) — 2xz1?)

J, omami

= | —————exp _

A 4/ 27 sinh(t}) 2sinh(t)
By definition of cosh and sinh there are constants 0 < ¢; < ¢, with

1

v/ 27 sinh(t})
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(The value 1 is arbitrary, any positive number would do.) Also we can use the relation |2xy| <
x%+ y2 to get
(x2 +22) cosh(yt) — 1 < (x2 +22) cosh(yt) — 2xz < (x2 +22) cosh(yt) +1
2 sinh(yt) — 2sinh(yt) - 2 sinh(yt)

for all x,z € R. Now let 1 > 0. Because of

cosh(ft)+1 et et 4
sinh(#t) @t — gt

— 1 for¥ — 0.

we can then find a ¥, > 0, such that whenever ¢ > ¥, the estimate

x2 + 22 (x? 4 22) cosh(t) — 2xz - x2 +22

1-m)<

1
2 2sinh(dt) <— +m

holds for all x,z € R. Thus we can conclude

1
0

lim
F—00

9 (!
logE, (exp(—? L B2ds) 1A(Bt))
(x? +2z%) cosh(t) — 2xz )

1 1
= lim —logﬁf—exp 9 :
=0 A 4/ 27 sinh(t) ( 2sinh(t9)

1 x2 + 22
= lim —logf e t0/2 exp(—ﬁ )dz
A

H—o0 U 2
=-3 essinf,e, (¢ + x4+ 2%).

The exponential Tauber theorem [BGT87, theorem 4.12.9] now gives the first equality of the claim.
The second claim follows by taking x = 0 and A=R. O

We will also need a version of lemma [20/ which holds uniformly in the initial condition x. This is
given in the following lemma.

Lemma 21. Let B be a one-dimensional Brownian Motion and A C R closed. Then

t
(t +x2)?
. 2 < — wrr )
lslﬂ)lslog ilélsz (L B ds < s) )1{25\ g

Proof. Let x,y € Awith 0 < |x| < |y|. Then the symmetry of Brownian motion and Anderson’s
inequality [And55, corollary 5] applied to the processes X =B + |x| and Y = B + |y| gives

P, (Lt B2ds<e) 2P, (Lt B2ds<e). (5.2)

Now choose x € A with |x| =inf{|y|| y € A}. Then the estimate (5.2) becomes

P, (Lth ds<e)= supP, (foth ds <¢)

and the claim follows with lemma O
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The following lemma gives a set of conditions under which dominated terms can be neglected when
calculating large deviation rate functions. The proof is elementary and we omit it here.

Lemma 22. Let f,g: R, — R, be two functions and assume that either one of the two conditions
limsup, |y elogg(e) < liminf,yelogf(e) or limsup, ,elogg(e) < liminf, oelog(f () + g(e))
holds. Then we have

lirnlg)nfs log(f(e)+g(e)) = lirnl(i)nfs log f (&)
and

limsup elog(f(e) + g(e)) = limsupelog f (&).
£l0 €l0

In order to make the Taylor approximation work we need upper bounds on the probability that the
process leaves a neighbourhood of the zero of b. This is given by the following lemma.

Lemma 23. Let B be a Brownian motion, a,t > 0, and v: R — R be a function with v(x) > x? A a?
for every x € R. Then we have

t

1 1 2

limsup € log sup P, (J v(B,)ds < ¢, sup |B,| > a) < ——(t + —az) .
£l0 xeR 0 0<s<t 8 2

Proof. We need to find an upper bound on the exponential rate for the probability of the event
t
A% = {J v(B,)ds < ¢, sup |B,| > a},
0 0<s<t

which is uniform in the initial point B, = x. First define two interlaced sequences of stopping times
(Sj)jen and (T;)jen, by letting Tp = 0 and

S] = inf{s > Tj—l ) |BS| Z a}

T; =inf{s > §; | |B,| = a/2}
for all j € N. If the initial point By = x has x| > a we have S, = 0 and |Bg | > a. Except for this we

have |st| = a. For s € [S;, T;] we have |Bs| > a/2 and thus v(B,) > a?/4. Outside these intervals
we have |B| < a and thus v(B,) > BSZ. Therefore we can conclude

{ij v(B,)ds < 8} C {ij a?/4ds < 6} = {Tj -5; < 48/a2}
s s

J J

and for d > 0 also

S; S;
{f V(Bs)dSSS,Sj—Tj_lzd}E{f desSe,sj—Tj_lzd}
T T
T, +d
c {f B2ds < e}.
Tj
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As an abbreviation define J = [2t/a?] + 1 where [x] = min{n € N | n > x }. We want to split the
set A® into the two parts
A* = (A°n{T; < t}) U (AN {T; > t}).

The first part corresponds to the case that there are at least J excursions up to the level |B,| = a and
then back to |B,| = a/2 before time t. For this case we will get an upper bound on the probability
from the fact that the process has to move very fast during the intervals [S;, T;]. The second part
corresponds to the case that there are at most J — 1 such excursions. This case is more difficult,
because we have to take the intervals between the excursions into account.

First consider the case T; < t. Here we have

T;
AT, <t} C {if v(B,)ds < s} c {i(Tj ~8) < 4e/a2}.
j=1Y5; =1

Using the strong Markov property for Brownian motion and the reflection principle we find

P.(T;—S;<e) <P(sup B;>a/2)

0<s<e
=2P (B, > a/2)
=2P(VeB, > a/2)
for all x € R. The basic large deviation result for the standard normal distribution on R now gives
limel P.(T;—S;<¢) < 1(/2)2— @
Elfgsog)sclégx j=Sjse)=—5la =-3"

In this situation we can apply proposition|6/to get

limsup elogsup P, (A° N {T; < t})
el0 X€R

J
<limsupelogP (T; = S:) < 4¢/a?
snebar, (317,59 1)

j=1
a2 J (5.3)
=—1 logP T.—S:)<
2 urgllsoups og X(;( i J)_e)
a® & a N2 1 1
<-— — ) <-Z Za?)?
=7 (]2:1: \/§) < 8(t+2a )”.

Now consider the case T; > t. Choose n € N with n > 2J and ¢ > 0 with 4e/a? < t/n. Define
At = t/n, the intervals I; = [0, At] and I; = ((k — 1)At,kAt] for k=2,...,n, the index set

Q:{(kl,...,kg)eNe EE{l,...,J},lSklS---Skeﬁn},

and the event

A&‘

k) =A°N {s; €l forj=1,...,0 and ¢4 > t}.
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Then we have
€ — €
AN{T, >t} = UAq.
qeQ
Choose (ki,...,k;) € Q. As we have seen above the condition f ST." v(By)ds < ¢ implies T; — §; <
J

4g/a® < At. Thus on Afl we have
S] — Tj—l > maX((k] — kj—l — 2)At, 0) =: dj—l (54)

for j =1,...,£ — 1, where we use the convention ky = 0. If k, < n then we use|5.4 also for j = ¢
and we have
t— T[ > max((n — ke — Z)At,O) = d(.

For k, = n it will turn out that we need to treat the right endpoint of the interval specially, here we
define d;,_; = max((n —k,_; — 3)At,0).

Let 6§ > 0 and define D‘ZSEJr1 asin (3.3). For a € Dg13+1 further define

S1 Ty
A‘("]fl )= {J v(By)ds < ale,J v(B,)ds < ay¢,5; € I,
Ty S1

S T,
J v(B;)ds < aze_ls,J v(B,)ds < aye, Sy € Iy,

Ty Se
t

J Vv(Bs)ds < 118,041 > t}
T,

if k, <n and

$1 T
A‘g‘k‘“:1 k)= {f v(B,)ds < als,f v(By)ds < ay¢,S1 € Iy,
To S

S
J v(By)ds < agy_1€,S; €1,,S;41 > t}
Ty

an{r>=Jacl) |J ax

qeQ qeQ OLED‘;H1

else. Then we have
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Assume first the case k, < n. Then we get

Pe(Af k) = Px(f BZds < a6, T) —S; < 4aye/a®,S; €Iy,
To

Tp—1+dg—
2 2
J Bs dSSazg_ls,T[—Se S4a2gs/a :Sfelkg:
Ty

2
f BS ds < a2e+18,86+1 > t)
T,

Now we use the strong Markov property of Brownian motion for the stopping times S; and T;.
Because |BTj| =a/2 and |B5j| = a are deterministic and the Brownian motion is symmetric we get

P (A% k) <P (f Blds < a6, Ty —S; < 4aye/a®,S; € Iy,
To

[ Te—1tdg

| B2ds < ay_18, Ty — S; < 4atpe/a2, 8y € Ikl)
Ty

[

Pq (J B2ds < a2¢+18)

0

r‘To+d0

= Px(J BszdSSaﬁ,Tl—Sl S4a23/a2,5161k1,

To

Tp—1+dp—1
f desiaze_ls,SgeIke)
T

Py sup B, > a/2)

0<s<4aye/a>

dy
Pq (J B2ds < azgﬂs).
0

Repeating these two steps for j ={ —1,...,0 finally gives

do
2
P (A%, k) < Px (J BZds < als)
0

d
l_[P% (f Bs2 ds < aszS)
0

j=1

il Po( sup B, >a/2).

j 0<s<4a,je/a>
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In order to use inequality (3.4) we have to calculate the individual rates for the factors on the
right-hand side. Using lemma (21 we get

d
1
limel P B2ds<e)=—=d% 5.5
lim ¢ log sup X(L : s_s) S (5.5)

Using the reflection principle and the basic scaling property of Brownian motion we find

PO( sup B, > a/2) = 2P (Bypj2 > a/2)

0<s<4e/a?
=2P(\/4¢e/a’B; > a/2) = 2P(v/eB, > a?/4).

The large deviation principle for the standard normal distribution on R now gives

2

1 5 1,a"\2
limelogPy( sup B;>a/2)=—-=(a?/4)"=—=—]) . (5.6)
o "% O(O<s<4€/a2 ) 2( ) 8( 2)

Now we can apply inequality (3.4) to get the combined rate. The result is

1 1,¢ a®  a®\2
lim ¢ log sup P, (A% )<___(§ d:+n _+£_)
8~LO ek X (kl ..... k[) - 1+58 j:0 ] 1 4 2 >

where n; = |{] =1,...,¢ \ dj > O}| Because each of the intervals [S;, T;] can have a non-empty

intersection with at most two of the n intervals I; we have Zﬁ:o dj 2 n—2J and thus n; > 1. So we
find
1 1,n-2J a* a*y2
( t+—+{ —)
4 2

lim ¢ log sup P, (A‘("If (5.7)
el x€R 1

for all « € D?

2041 and all 6 > 0.

Now assume k, = n. This case is similar, but needs an additional argument to take care of the case
t € [Sy, T;). Here we can no longer use (5.6) for the interval [S,, T;). To work around this we define
a stopping time R by

R =inf{s > max(T;_1,(n — 2)At) | |B| = a/2}.
Given the event A‘("lfl ..... k) the process cannot have |B,| > a/2 for a period of time of length At and
using the special definition of d,_; for this case we get Ty —1+4+d,_; <R<S,.

Similar to the other case we get then

To+dy
Po(A% )< PX(J B2ds < aje, Ty — Sy < 4aye/a>,S; € I,
To

Tpp+di—s
2
J Bids < ay_s¢,

Ty
2
Ty1—Si—1 S4ay_se/a®,Sy_1 €Iy, ,

Ty_1+de—
2 2
J B ds < ay_1£,S, —R < 4aye/a ,Sgeln).
Ty
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Using the strong Markov property for the stopping time R first gives

To+dg
P(A% )< PX(J B2ds < aje, Ty — §; < 4aye/d>,S; € I,
Ty

Ty—z+dg—
2
J Bids < ay_se,

Ty
2
Ty_1 —Si—1 S4ay_pe/a®,Sy_1 €Iy, ,

Tp—1+de—1
2
J Bids < azg_lé')

Ty

Py sup B, > a/Z).

0<s<4aye/a>

Now we can continue splitting of terms as in the first case to get

dO
2
Py, ) <h( | Basza)
0

ﬁpo( sup Bs>a/2).

j=1 0<s<4ayje/a?

Using equations (5.5), (5.6) and inequality (3.4) as in the first case we get

(-1 2 2
1 a as\2

lim £ log sup P, (A7} <—— E di+n— 40—
ifg £108 SR P (A, ko) = 1+5(j:0 P 2) 5.8

- 1 1(n—2J—1t+£a2)2
-~ 1468 2

foralla e Dgg 4, and all & > 0. Note that in this case n; = 0 is possible, this occurs in the case £{ =1

and S; € I,,, because I,, was the interval we treated specially.

To estimate the upper exponential rate of A° N {T; > t} we need to compare all the rates from (5.7)
and (5.8). We get

limsup e logsup P, (A° N {T; > t})
€l0 x€R

=max max limsupelogP, (A7")

5
a<Q a€Dy,  €l0

1 1(n—2J—1 az)Z

=- = t+—
1468 n 2
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for all & > 0 and large enough n, where the largest bound came from the case £ = 1, k; = n. Letting
first 6 | 0 and then n — oo shows

1 a?
limsupelogP, (A°N{T; > t}) < —(t+—)2. 5.9
el0 8 2
This gives the upper bound for P(A®). Using the estimates (5.3) and (5.9) we find
1 a?
limsup e logsup P, (A°) < = (t + —)2.
el0 x€R 8 2
This completes the proof of the lemma/23. O

Lemma 24. For every a > 0 and every x € (—a/+/2,+a/+/2) we have

t

i 2ds < <
lglrgelogpx (J Bids <g, sup |Bg| < a)

0 0<s<t
(t+ xz)z

t
=1 2ds<¢ge) =
lelf(r)lslogpx (L Bids < s) 3

Proof. The second equality is proved in lemma Applying lemma (23 to the function v(x) = x?
we see that

t
limsup € log P, (J BS2 ds < e, sup |Bg| > a)
0

€l0 0<s<t
< 3o o)
——|t+ —-a
- 8 2
t

. 2 <
< 11r§1lénfslong (L Bids < s).

Thus we can use lemma 22/to prove the first equality. O
Now we can combine the results of the previous lemmas to give the proofs of proposition|18|

Proof. (of proposition[18) Choose some 0 < 6 < |b’(0)|. Using the Taylor formula b(x) = b’(0)x +
o(x) we find an a > 0 with

(1b'(0)] + 6)*x% > b*(x) > (|b'(0)| — 5)*x? for all x € [—a,a]. (5.10)

Without loss of generality we may assume that a is smaller than 7 and also small enough to permit
|b(x)| = a(]b’(0)| — &) for all x € R with |x| > a.

We have to calculate the exponential rates of

1 (f 1 ("
- 2 = — 2
P(ZL b (Bs)dsse) P(zfo b (Bs)dsSs,ossligtlBSISa)

(5.11)

0<s<t

1 t
2 2
+P(2JO b=(B,)ds < ¢, sup |B;| >a).
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Whenever sup,<, |B;| < a we can approximate b(x) by b’(0)x as in (5.10). This gives

1(f ,
P(EJO (16'(0)| + 86)“B2ds < ¢, sup |B| Sa)

0<s<t

1 t
2 2
SP(ZJ; b=(B,)ds < ¢, sup |Bs|§a)

0<s<t
1 t
sp(— (Ib'(0)] — 5)%B2ds < e, sup |B| ga).
2 0 0<s<t
Both bounds of this estimate can be handled using
t tz
limslogP( chzdsfe, sup |BS|§a) =—c—,
el0 0 0<s<t 8

which is a consequence of lemma|24|

For the lower bound this gives
1 t
lir?l(i)nfs log P (5 JO b%(B,)ds < 8)

1 t
> limi = 2 < <
_hr&pl%)nfslogp(zj b*(B,)ds < &, sup |B| _a)

0 0<s<t
/ 2
. (I6'(0)] +6) 2
16

whenever 6 > 0. For the upper bound we find

1 (" b'(0)] — 5)*
limsupslogP(Ef b%(B,)ds <&, sup |B,| < a) < —wtz. (5.12)
0

€10 0<s<t 16
Define v(x) = b2(x)/(|b'(0)| — 6)2. Then by our choice of a we have v(x) > x? A a? and lemma 23|

gives

1 t
limsupelogP(EJ b%(B,)ds <€, sup |B| > n)
0

elo 0<s<t

1 t
SlimsupslogP(af b%(B,)ds < ¢, sup |B| >a)
0

€lo ) 0<s<t (5.13)
1 1 (16'(0)] — &)
<_Z A RS i el B
< 8(t—|— 54 ) 5
/ 2
__@i-8)? ,
16

Using only the last three lines of equation (5.13) we see that the upper bound for (5.11) is domi-
nated by (5.12) and from lemma 22|/we get

1 (" (1p'(0)| — &)
li logP(= | b*(B)ds<e)< -2 t2
1nglsoupe og (ZL (By)ds _8) < 16
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for all & > 0. Letting 6 | O completes the proof of

HOIES

1 t
. 2 2 _
lglﬂ)lslogp(zf b (Bs)dsﬁs) = 16

0

Utilising lemma 22 again, but this time with the full equation (5.13) also proves the first equality of
the proposition’s claim. O

In order to prove proposition |19 we need an additional coupling argument.

Lemma 25. Given x,y € R with |x| > |y| we can choose two Brownian motions B* and B on a
common probability space with B = x, Bé’ =Y, and |Bf| = |BY| for all t > 0.

Proof. Let B* be any Brownian motion with start in x and B be another one on the same probability
space, but with start in y. Define the stopping time T by

T =inf{t > 0| |BY| =|B,|}

and the random variable o by o = 1 if Bf = By and o = —1 else. Then the process B” defined by

B — B, ift<T,and
‘" \Br+o(BX-BY) ift>T
is a Brownian motion with |B | < |Bf| for t < T and either B = BY or B = —By for t > T. This
proves the claim. O

Proof. (of proposition[19) We start by proving the claim about the liminf. Using proposition|18 we
find

sup |Bg| < n)

0<s<t

1 t
liminfelog inf P, (— f b*(B,)ds <&,
€l0 —{<z<( 2 0

1 t
<li - 2 < <
_le%lslogpo(zf b*(B,)ds < ¢, sup |B;| _n)

0 0<s<t
|b(0)[?¢?
16

for every ¢ > 0.
Now let k¥ > 0 and choose a 6 > 0 with
o (t+68%)? |b’(0)¢>
> — —-K

(b1 +5) 16 16

As in the proof of proposition |18 we can use Taylor approximation to find an a > 0 with
b2(x) < (Ib'(0)] + &) *x?

for all x € [—a, a]. Without loss of generality we may assume a < min(26,7).
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Let { < a/2 and z € [—{,+{]. Then we can use lemma 25/to choose two Brownian motions B¢ and
B? with Bg ={,B; =z, and |Bf| > |B| for all t > 0. We find

1 t
P(— bz(Bf)ds <e, sup |Bf| < n)
2 0 0<s<t
>P(1 (" b%(B*)ds < ¢, sup |B*| < a)
T o\2 ), s T oss<t S

1 ("
>p(5 | (') +8) ) ds <e, sup |B| <a)

2 JO 0<s<t
1 ("

> P(— (I'(0)] + 8)%(BS)?ds < e, sup |BS| < a)
2Jo 0<s<t

for every z € [, +{], and thus

1 t
e . - 2 < <
11r§1lénfelog _glng«PZ( J;) b=(B,)ds < ¢, sup |By| < n)

2 0<s<t

1 t
> liminfelogP, (= | (|b/(0)|+6)*B2ds < B <
= liminfe log g(ZL (16°(0)| + &) °B; s_e,ossljgtl sl_a)
1 t
:—(|b/(0)|+5)21iminfslogpc(f Bszdsﬁs, sup |By] Sa).
2 €l0 0 0<s<t

Because { < a/2 < § we can use lemma [24/to get

1 t
.. . - 2 <
hr;ll(l)nfelog_ inf PZ(Z fo b*(B,)ds <€, sup |B;| < fr))

{<z<C

0<s<t
232
> —%(|b’(0)|+5)2w
1, 5 (t+82)?
> —g(lb (0)+6) —8
|b’(0)[%¢>
Z T 16

for all sufficiently small x > 0. Letting { | 0 completes the proof of the first claim.
For the second claim first note that

1 t
limsup ¢ logsup P, (—f b?(B;)ds <&, sup |B;| < 77)
el0 yer ~ N2 ), 0<s<t

el0 0<s<t
|b’(0)|¢?
N 16

1 t
> limsupelogPO(Ef b%(B,)ds <€, sup |B,| < n)
0

again by proposition
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Let k¥ > 0 and choose 6 > 0 with

t2 b’(0)[*t?
—(1'(0)] = 8)" ¢ < —%H

Using Taylor approximation we can find an a > 0 with
b2(x) = (1b'(0)] — 5)x?

for all x € [—a, a] and by choosing a small enough we can find a smooth, antisymmetric, monotone
function ¢ : R — R with |b(x)| > |¢(x)| for all x € R and ¢’(0) = |b’(0)| — &

Using the coupling argument and proposition |18|again, we get

1
hmsupslogsupP (ZJ b%(B,)ds < ¢, sup |B| <n)

€l0 0<s<t

1 t
<11msupelogsupP (ZJ ©2(By)ds < e, sup |B|<n)

€l0 0<s<t

1 t
< limsupelogPo(EJ ©2(By)ds < ¢, sup |By| < n)
0

€l0 0<s<t

(') —5) 2

16
b'(0)2¢?
P
16
for all k > 0. Taking the limit x | O completes the proof of proposition O

6 The LDP for the Endpoint

In this section we use the results of the previous section to complete the proof of theorem 1.

Notation. To avoid complicated and hard to read expressions in small print we sometimes write (A)
for the indicator function of the event A during this section.

Lemma 26. Let ®: R — R be a C2-function with bounded ®” and let b = —&’. Assume that there is
an m € R with b(x) = 0 if and only if x = m and liminf|,|_,, |b(x)| > 0. Further assume that there is
a rate function I: R — [0, 00] with

1 9 [,
o1 v o
lﬂgfﬁlogE(exp( 5 L b*(w,)ds)1p(B,)) > ;251(3‘)

for every open set O C R and
92 ("
lim sup 3 logE(exp(——f b?(w;)ds)1g(B,)) < — ir€11f<1(x)
0 X

J—00
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for every compact set K € R. For ® > 0 let X7 be a solution of the SDE (1.1) with start in Xg =0. Then
for % — oo the family (X ?)ﬁ satisfies the weak LDP with rate function J, where J is defined by

J(x) = ®(x) — ®(0) — %t@”(m) +1I(x).

Proof. First let O be open, x € O and § > 0. Then we can find an n with 0 <n < §, B,(x) € O, and
|®(y) — @(x)| < 6 for all y € B, (x). Define

1
F¥(x)=®(0) — &(x) + §t<1>”(m).
Let F and G be as in (3.1). Then we find
limi f11 Px?e0)
iy g X
1
.. 9
> llq?rglcgfq—?logP(Xt € B, (x))

= lim inf% logf 1g, (x(w)exp (9F (w) — 9%G(w)) dW(w)

J—00
1
> liminf — logf 15, (y(w) exp (F(F*(x) — 26) — 9*G(w))
F—o0 U n
(IF(w) — F*(x)] < 25) dW(w)
1
=F*(x)—26 +liﬁr2£1.}f5 logf 1Bn(x)(wt)exp(—r02G(a)))

(IF(w) = F*(x)| < 25) dW(w).

By definition of F*(x) we have

t

[F(@) ~ F'()] = [0(0) ~ #(e0) + fo ¥ (0,)ds
— ®(0) + (x) — %t@"(m)|
<|®(x) — ®(w,)|+ % Lt|¢”(ws) — ®”(m)| ds.
Thus whenever w, € B, (x) and |F(w) — F*(x)| > 25 we find

1 ‘ Vi V2 _
5 8" (w,) — @"(m)|ds > 25 — 5 = 5.
0

Because " is bounded the above estimate implies that we can find an £ > 0 with

{se[0,¢]] |ws—m|25/t}‘ >¢
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for all paths w with w, € B,(x) and }F(a)) — F*(x){ > 26. Because m is the only zero of b and
because liminf|,|_, |b(x)[ > 0 we have

inf{b?(x) | lx —m|>6&/t} >0,

i.e. we can find a g > 0 with G(w) > g for all paths w with w, € B,(x) and {F(a)) — F*(x){ > 26.
Together this gives

lim sup % logf 1Bn(x)(cot)exp(_ﬁZG(w))(lF(w) —F*(x)| > 26)dW(w)

PJ—00

F—00

: 1 2
< limsup 3 log | exp(—9“g) dW(w)
= —0o0.

So we can use lemma[22]to conclude

F—00

1
liminf5 logJ 1Bn(x)(wt)exp(—ﬁ2G(a))) dW(w)
1
= liéninfglogf an(x)(a)t)exp(—ﬁzG(a)))ﬂF(a)) —F*(x)| <£26)dW(w)
—00
and get
liminf~ log P(X? € 0
5 log PX{ <0
1
>F*(x)—26+ liﬁrr_l)g‘}fg logf an(X)(wt)exp(_ﬁZG(w)) dW(w)
>F*(x)—26— inf I(y)
YEB,(x)
> F*(x)—26 —1(x)
for all & > 0. Letting 6 | O gives
1
liminf — logP(Xf\ €0)>F*(x)—1I(x)
F—o0 U

and taking the supremum over all x € O on the right hand side proves the lower bound.

Now let K € R be compact and & > 0. For each x € K we can find an n > 0 with |®(y) — ®(x)| <6
whenever y € B,,(x). Because I is lower semi-continuous we can assume I(y) > I(x) — & for every

y € E_Zn(x) by choosing 1 small enough. Using the compactness of K we can cover K with a finite
number of such balls: there are xq,...,x, €K and 0 < 14,...,n, < § with

K< | B, ()

k=1
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and the above assumption on ® and I hold for each k. For k = 1,...,n consider F*(x;) as defined

above. This time we find

1
limsup r logP(X? €K)

J—00

1 n
<limsup — log Px?eB, (x)
P ; t N \k

1
= max lim sup 3 logf 1Bnk(xk)(cot)exp(1?F(w) —92G(w)) dW(w).

Because F is bounded on {w, € B, (x;)} we can use lemma 22 as above to conclude

1
lim sup — log
P—00 U

J 1, o) exp(FF(w) ~ 1°G(e)) dW(e)

1
=limsup510gf 1Bnk(xk)(wt)exp(ﬁF(w) —ff}ZG(w))

J—00
(IF(w) = F*(x;) £ 26) dW(w)

for k=1,...,n. This gives

1
lim sup 3 logP(X? €K)

PJ—00

< max limsupllogf 1, (@) exp(FF(w) — 9*G(w))
k=1,...,n $-00 0 N Tk
(I1F(w) = F*(x)| < 26) dW(w)
J 1Bnk(xk)(wt)exp(ﬁ(F*(xk) +26) — 9 G(w))

(IF() — F*(x;)| < 26) dW(<w)

1
< max limsup —lo
" k=1,...,n 13_,00131? &

.....

1
+ li?—?olip 3 logJ 1§nk(xk)(wt) exp(—q‘}ZG(a))) dW(w).

Now we can use the upper bound on the rate of the integral and our choice of 7, to get

1
limsup 5 logP(X? €K)
J—00
< max F*(x;)+26— inf I(y)
k=1,...,n y€Bg(x))

.....

and letting & | O completes the proof.
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The following lemma is a generalisation of lemma [20. It helps to determine the rate function I
which is needed to apply lemma 26|

Lemma 27. Let b: R — R be a C2-function with liminfj, |, [b(x)| > 0. Assume that there is an
m € R with b(x) = 0 if and only if x = m and with b’(m) # 0. Then for any compact set K C R we
have

e—0

. 1",
hrnsupslogP(E b (Bs)dsfe,BtEK)
0

<1 inf (| mlb(x)ldx| bmle + | a bl dx|)’
~  4aeK 0 2 m

and for any open set O C R we have

liminfe log P ( - tb23d< B, €0
iminfe log (Eo (By)ds <, te)

> 1 infO " |b()|dx]| + Lpamle + | ) |b(x)|dx|)2
~  4ae0 0 2 m )

Proof. As an abbreviation define v(x) = b?(x)/2 for all x € R. For the proof of the upper bound
choose a compact set K, let 5,7 > 0 and choose Dg as in (3.3). Then for € < t/27 we have

{L v(B,)ds < ¢,B; € K}

ET t—eT
- U {JO v(B,)ds < als,J v(B,)ds < aye,
€

aeDg T
t
J v(B,)ds < as¢,B; EK}.
t—eT

Writing (A) for the indicator function of A and using the strong Markov property of Brownian motion
this gives

P(L v(B,)ds < ¢,B, eK)
< Z E((f;T v(B;)ds < ale)(f;” v(B;)ds < ay€)

aeDg
E((ftf_gT v(B;)ds < aze, B, €K) | gt_”))
= Z E((fom v(B,)ds < als)(f:;” v(B,)ds < a,€)

aeDg
eT
EBt_m. ((fO V(Bs)ds < a3E’B€T (S K)))

=: Z p(a,g)

5
a€Dg
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Now let a € Dg be fixed and a > 0. We split the corresponding event further by distinguishing
the two cases {sup,,<,<;_,. |B; — m| > a} and {sup,,<,<,_,. |B; — m| < a}. Since omitting some
conditions makes the probability only larger, we get

pla,e) < py(a,e)+py(a,e)
with

t—2e7T
pi(a,e) =supP, (f v(By)ds < ase, sup |B,—m|> a)
0

YER 0<s<t—2¢7T

and

ET

pa(a, €)= P(J v(B,)ds < ay¢,|Bgr —m| < a)
0

t—2e7T
sup P, (J v(B;)ds < aze, sup |B;—m|< a)
0

YER 0<s<t—2e7T

ET
sup P, (f V(B,)ds < ase, B, € K).
0

|z—m|<a

To calculate the rate for the sum p;(a, €) + p5(a, €) we have to calculate the rates of the individual
terms. Let > 0. For p; we can use lemma|23 to get

limsupelogp;(a,¢)
e—0

t=n
<limsupelog sup P, (J v(B,)ds < ase, sup |B,—m|> a),
0

e—0 ly—m|<a/2 0<s<t—n
(e ko)

—— |t — —a .
- 8(12 N 2

Since for fixed 1) this rate become arbitrarily negative when a becomes large, we can choose a large
enough that the rate of p;(a, €) + p,(a, €) is dominated by p,.

To treat the p,-term we apply inequality (3.4) as we did in the proof of proposition|6. From propo-
sition|7 we know the individual rates

ET
limsupslogP(J v(B,)ds < €,|B,r —m| < a)
0

e—0
1™ 2
S_Z(JO [b(x)ldx ) r3(z)

and

ET
limsupelog sup P, (J v(B;)ds < ¢€,B,; € K)
0

£—0 |z—m|<a

1 a
< ‘zégﬁ(Jm |b(x)|dx)2r§(r)
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where lim,_,, r1(7) =lim,_,, ro(7) = 1, and proposition|19 gives

t—2e7T
limsup € logsup P, (J v(B,)ds <e, sup |B;—m|< a)
0

e—0 YER 0<s<t—2¢7

t—=m
<limsupelog sup P, (J v(By)ds <e, sup |B,—m|< a)
0

e—0 ly—m|<a/2 0<s<t—n

_ _ImP(e—n)?
- 16

Using inequality (3.4) we get the combined rate
limsupelogps(a,€)

e—0

1

1 m
s—H—5(5|f0 |b(x)|dx|ry(7)

1., 1. ] ¢ 2
+ i —m -+ 3 inf] | 1bC0ld]ra(o)

forall a Dg.

The rate for the sum over all a € Dg is the maximum of the individual rates. The result is

e—0

t
limsupslogP(J v(B;)ds < &,B; EK)
0

< _L(H m|b(x)|dx|r (v)
= 2 o 1

146
! b’ L f ’ b d ’
+ e =)+ 5 inf] | 1) x|ra())
forallm > 0,6 >0, and 7 > 0. Letting finally T — 00, § | 0, and 1 | 0 gives

e—0

. 1,
hmsupelogP(E b (BS)dSSE,BtEK)
0

m a
<—2(5|| 1btdx|+ Sl + in| | beorax])’
=4\ o 2 acek m '

This proves the upper bound.

For the lower bound: Let {,n,T > 0 and a;,a,, a3 € R with a; + a5 + a3 = 1. Then for ¢ < t/27
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we have

{JO v(B,)ds < ¢,B, € o}

o) {J” v(B,)ds < a;¢€,|B.r —m| < C}
0
n{

t
ﬂ{f v(Bs)dsfaSE,BtEO}
t—eT

t—eT
J v(B,)ds < aze, B_pe —ml <}
£

T

and thus we get
t
P(J v(B)ds < ¢,B, € o)
0 ET
> E((f v(B,)ds < aye,|B,. —m| < })
0t—€T
(f V(By)ds < aze, |Bi_oc —m| <)
=
E((J v(B,)ds < ase,B, €0) ‘ 9}_”))
o t—eT
> E((f V(B,)ds < aye, B,z —m| <)
0 t—eT
E((J V(B ds < cze, B, —ml <) | 7. )
r ET
L inf P, (L v(B,)ds < ase, B, € o)
> Po(f V(B,)ds < aje,B,. € (m—,m+ (:))
° t—2eT
it P, (fo V(B))ds < az¢, |B, 30z —m| <7)

inf p,
m—n<y<m+n

ET
(J v(B,)ds < as¢,B,; € O).
0

First take lower exponential rates for ¢ | 0. The lower exponential rate of the left-hand side is
greater or equal to the sum of the lower rates of the right-hand side. This inequality holds for all
1,7 >0and ay,as, a3 € R with a; + a5+ a3 =1.

Then let T — co. We treat the three terms on the right hand side individually. First term: from
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Lemma 5.1 we know

ET
lim hrnmfelogPO (J v(B,)ds < a;¢,B,, €(m—¢,m+ §))
0

T—00 ¢|0

>——_  inf (|J |b(x)|dx}+|J |b(x)|dx|)2
O m

a 4 m—{<a<m+{
11, (™
==ara(l], evas]) o
0

where lim; o1 ({) = 1.

Second term: we can make the probability smaller by replacing t — 2et with t. Then the term is no
longer t-dependent and using proposition |19 we get

t—2€eT
liml(i)nfslog inf P, (J v(Bs)ds < ayg, |Bi_ger —m| < n))
€
0

m—{<z<m+{
1 [b'(m)? .

2
a, 16 r2(8)

where limy o5 (8) = 1.
Third term: using corollary[10 we get

ET
o i 3
hr?l(l)nfe logm_ng}gmm p, (L v(By)ds < ase,B,, € O)

>———1nf J |b(x)|dX) r3(n)

4 ac0

where lim, |, r3(n) = 1.
Combining the three rates we get

t
. <
hrgrll(l)nfelogP(Bt € O,L v(B,)ds < 8)

—(|J bl dx]) r(0)
0
1 Jb/(m)P?

a2 16

———mf |f |b(x)|dx|) r3(n).

2r2(§)
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and letting first { | 0 and then n | O yields

t
lirgll(i)nfelogP(Bt € O,L v(B,)ds < s)

> ‘%(%Lm b(0)ldx)’
1|6 (m)
_a_z( 4m t)z

1,1 ¢ 2
o (ging | peoar)

for all a;, ay, a3 € R with a; + a, + a3 = 1.

Choosing optimal a4, a,, and a4 as in (3.4) we get

1",
hmlnfslogP(B eO b (B, )ds<8)

_ _U 1b(x)| dx |+ t+—1 f|f Ib(x)lde
=— {f |b(x)| dx |+ t+ f}J Ib(x)IdXD

This completes the proof. O

Proof. (of theorem|1) Since the rate function J, is invariant under space shifts we can without loss
of generality assume z = O by replacing ¢ with the shifted function ®(- + ) and starting the SDE
in 0. Since most of the work was already done, the proof consists only of three steps.

First define

1 m 1 2
H(x)=z(|f b dy|+ 516/ (m)le +| |b(y)|dy|)
0

[m,x]

Lo oo L X))
=< (V@) + b mle + (@)

and v(x) = b?(x)/2 for all y € R. From lemma 27 we know that for every compact set K C R we
have

t
limsupslogP(f v(B;)ds < ¢,B; GK) <- ir€11f<H(a)
0 a

e—0
and for every open set O € R we have

t
liminfslogP(J v(B)ds < ¢,B, € o) > _ inf H(a).
e—0 0 ac0

Second, let

I(x)=24/H(x) = VJ"(®) + %|b/(m)|t + V(@)
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for all x € R. Then for every set A C R we find

—21/{—%14(;() =-2 /)icrelgH(x = —infI(x)

and the Tauberian theorem/5]allows us to conclude

t

logE(exp(—q_‘}ZJ v(w,)ds)1g(By)) < — inIf<I(x)
0 xXe

1
limsup —
J—00 v

for every compact set K € R and

t

1
s ot 92 > _
h;gggfﬁlogE(exp( U} L v(w,)ds)1p(B,)) = ;rel(f)I(x)

for every open set O C R.

Finally we can use lemma/26/to conclude that the family (X ?)ﬁ>0 satisfies the weak LDP with rate
function

J.(x) = ®(x)— @(0) — %t@”(m) +1I(x)
= @(x) — ®(0) + V" (®) + t(®"(m))™ + VX (®).

This completes the proof of theorem 1! O
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