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Abstract

We prove the existence and uniqueness of a strong solution of a stochastic differential equation
with normal reflection representing the random motion of finitely many globules. Each glob-
ule is a sphere with time-dependent random radius and a center moving according to a diffusion
process. The spheres are hard, hence non-intersecting, which induces in the equation a reflection
term with a local (collision-)time. A smooth interaction is considered too and, in the particular
case of a gradient system, the reversible measure of the dynamics is given. In the proofs, we
analyze geometrical properties of the boundary of the set in which the process takes its values,
in particular the so-called Uniform Exterior Sphere and Uniform Normal Cone properties. These
techniques extend to other hard core models of objects with a time-dependent random charac-
teristic: we present here an application to the random motion of a chain-like molecule.
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1 Introduction

Since the pioneering work of Skorokhod [13]], many authors have investigated the question of the
existence and uniqueness of a solution for reflected stochastic differential equations in a domain. It
has first been solved for half-spaces, then for convex domains (see [[14]). Lions and Sznitman [8]]
proved the existence of a solution in so-called admissible sets. Saisho [[11]] extended these results to
domains satisfying only the Uniform Exterior Sphere and the Uniform Normal Cone conditions (see
definitions in Section , and Dupuis and Ishii (see [[1], [2]]) obtained similar results on some
non-smooth domains with oblique reflection directions. Saisho’s results were applied to prove the
existence and uniqueness of Brownian dynamics for hard spheres in [9]], [[4], [5], or for systems of
mutually reflecting molecules (see [[12]]).

We are interested here in dynamics of finitely many objects having not only a random position but
also another random time-dependent geometrical characteristic like the radius for spheres or the
length of the bonds in a molecule. We will prove the existence and uniqueness of random dynamics
for two elaborated models, using methods which are refinements of Saisho’s techniques, analyzing
fine geometrical properties of the boundary of the domain on which the motion is reflected.

More precisely :

We first introduce a globules model representing a finite system of non-intersecting spheres whose
centers undergo diffusions and whose radii vary according to other diffusions constrained to stay
between a maximum and a minimum value. The spheres might be cells, or particles, or soap bubbles
floating on the surface of a liquid (2-dimensional motion) or in the air (3-dimensional motion). The
behavior of the globules is quite intuitive : two globules collide when the distance between their
random centers is equal to the sum of their random radii, and the collision has as effect that their
centers move away from one another and their sizes decrease. The associated stochastic differential
equation (&,) (see Section includes several reflection terms, each of them corresponding to
a constraint in the definition of the set of allowed globules configurations : constraints of non-
intersection between each pair of spheres, constraints on the radii to stay between fixed minimum
and maximum values. We prove that this equation has a unique strong solution and give in some
special case a time-reversible initial distribution (theorems[2.2]and [2.4). Similar results hold for an
infinite system of globules, see [|6].

We also consider a model for linear molecules, such as alkanes (carbon chains) or polymers : each
atom moves like a diffusion, the lengths of the bonds between neighbour atoms vary between a
minimum and a maximum value which evolve according to a reflected diffusion. This corresponds
to a SDE (&,) reflected on the boundary of the set of all allowed chains. Here also, we prove the
existence and uniqueness of the solution of (&,.) (see theorem with similar methods as in the
globule case.

The rest of the paper is organized as follows : In Section (3, we present a new general criterion
for a multiple constraint domain to satisfy the Uniform Exterior Sphere and Uniform Normal Cone
conditions (see proposition [3.4). These geometrical assumptions on the boundary entail existence
and uniqueness of the reflected diffusion on this domain. We also obtain a disintegration of the local
time along the different constraint directions. Section 4] is devoted to the proofs of the theorems
announced in Section

For the sake of shortness, we restricted ourselves to these two examples, though dynamics for Brow-
nian systems evolving under multiple constraints may be found in other situations (the results in
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section [3are given in a general frame for easier adaptation to other examples).

2 Two hard core models

2.1 Globules model

We want to construct a model for interacting globules. Each globule is spherical with random radius
oscillating between a minimum and a maximum value. Its center is a point in RY, d > 2. The
number n of globules is fixed. Globules configurations will be denoted by

x=(x,%1,...,Xp, %) with xp,...,x,€R! and X,...,%, €R

where x; is the center of the i globule and ¥; is its radius. An allowed globules configuration is a
configuration x satisfying

Vi re<x;<rp and Vi#j |x;—x;|=%+X;

So, in an allowed configuration, spheres do not intersect and their radii are bounded from below
by the minimum value r_ > 0 and bounded from above by the maximum value r, > r_. In this
paper, the symbol | - | denotes the Euclidean norm on R? or R(4*D" (or some other Euclidean space,
depending on the context).

Let .o/, be the set of allowed globules configurations :
Ay ={xeRE Vi r_ < <riandVi#j |x—x;|>%+%}

The random motion of reflecting spheres with fluctuating radii is represented by the following
stochastic differential equation :

‘ Xi(s) = X;(s)

%)+ %,6) )

Xi(t):Xi(O)'i'f

0

o (X(s))dW;(s) + f bi(X(s))ds+Zf
0 j=1J0

(gg) t t n
5 {(X(s))dWi(s) + f bi(X(s))ds — D Lyj(£) — LF(6) + L (1)
0 j=

j=1

X,;(1) =X;(0) +J

0
In this equation, X(s) is the vector (X;(s),X i(s))1<i<n- The initial configuration X(0) is an .¢/,-valued
random vector. The W;’s are independent R?-valued Brownian motions and the W;’s are independent
one-dimensional Brownian motions, also independent from the W;’s. The diffusion coefficients o;
and J;, and the drift coefficients b; and b; are functions defined on .«/,, with values in the d x d
matrices for o;, values in R? for b;, and values in R for &; and b;. To make things simpler with the
summation indices, we let L;; = 0.
A solution of equation (&, ) is a continuous .</,-valued process {X(t), t > 0} satisfying equation (&)
for some family of local times L; 7 Ll.+, L. such that for each i, j :

t
Lij=Lj, Ly(t)= J Tix, (), )=X, ()45, (5) ALi5 () 5
&) : 0 \
Li(t) = J It (=r, dL(s) and L7 (t)= f T ()= dL(s)
0 0
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Remark 2.1 : Condition (é”’ ) means that the processes L LiJr and L; only increase when X is on

ij>
the boundary of the sets {x Ix; —x;j| > %; + %; } {x, ¥; <r,}and {x, ¥; > r_} respectively. These
processes are assumed to be non- decreasmg adapted continuous processes which start from 0 and
have bounded variations on each finite interval. So are all processes we call local times in the

sequel. The support of each of them will be specified by a condition similar to (é”é).

Equation (&,) has an intuitive meaning :
o the positions and radii of the spheres are Brownian;
e when a globule becomes too big, it’s deflated : X; decreases by —dLl.Jr when X; = r,;
e when a globule becomes too small, it’s inflated : X; increases by +d L; when Xi=r_;

e when two globules bump into each other (i.e. |X; —X;| = X;+X ;), they are deflated and move

away from each other : X; decreases by —dL; ; and X; is given an impulsion in the direction
X;—X
Xi+X;

In the case of an hard core interaction between spheres with a fixed radius, the existence of solutions
for the corresponding SDE has been proved in [9]. However, the condition |x; — x;| = X; + X; is
not equivalent to |(x;, X;) — (x;,%;)| = ¢ for some real number c. Hence the above model is not a
classical hard sphere model in RY or RI*1,

Theorem 2.2. Assume that the diffusion coefficients o; and &; and the drift coefficients b; and b; are
bounded and Lipschitz continuous on ./, (for 1 <i < n). Then equation (&;) has a unique strong
solution.

Remark 2.3 : "Strong uniqueness of the solution" here stands for strong uniqueness (in the sense
of [[7]] chap.IV def.1.6) of the process X, and, as a consequence of the reflection term. This does
not imply strong uniqueness for the local times L;j, L , L unless several collisions at the same
time with linearly dependant collision directions do not occur a.s. (see the proof of corollary [3.6|for
details). Intuitively, the set of allowed configurations with multiple collisions is nonattainable. But
this is not proven here (nor elsewhere, to our knowledge). So we a priori obtain strong uniqueness
for the path X and the reflection term only.

The first part of the next theorem is a corollary of the previous one. The second part describes the
equilibrium states of systems of interacting globules. Here, and through this paper, dx denotes the
Lebesgue measure.

Theorem 2.4. The diffusion representing the motion of n globules submitted to a smooth interaction ¢
exists as soon as the interaction potential ¢ is an even 62 function on R? with bounded derivatives. It
is the unique strong solution of the equation :

Xi(s) = X;(s)

X,(t) = X,(0) + Wi(t) - f ZVgo(X (s)—X; (s))ds+2f (s)+X )

dL;j(s)
(N1 o y _
£7) Xi(0) = X,(0) + Wi(e) - ZLUm — L)+ L (e)
j=1
with X .o/,-valued continuous process and (L;j, L], Li_)osl', i<n Satisfying conditions (6";)
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Moreover, if Z = f » e Lasicj=n i) dx < 400 then the Probability measure u defined by du(x) =
&

%Iﬂ (x)e_ZKKJS" $iXi)qx is time-reversible for this diffusion, i.e. (X(T — t))cefo,r] has the same
distribution as (X(t)),e[o,17 for each positive T when X(0) ~ u.

These theorems are proved in section The proofs rely on previous results from Y. Saisho and
H. Tanaka (see section(3.1)) and on an inheritance criterion for geometrical properties which is given
in section

2.2 Linear molecule model

Another example of hard core interaction between particles with another spatial characteristic be-
side position is the following simple model for a linear molecule. In this model, we study chains of
particles having a fixed number of links with variable length. More precisely, a configuration is a
vector

X=(Xx1,...,X, X_,X;) with xq,...,x, eR? and X_,Xx, €R

x; and X, are the ends of the i link and ¥_ > 0 (resp. ¥, > X_) is the minimum (resp. maximum)
allowed length of the links for the chain. The number n of particles in the chain is at least equal to
2, they are moving in R%, d > 2. So the set of allowed configurations is :

_ dn+2 v o . v :
szc—{xel[{{ e r_.<x_<x,<ryandVie{l,...,n—1} x_Slxi—xiHISer}

We want to construct a model for the random motion of such chains, as the ./, -valued solution of
the following stochastic differential equation :

t ‘ "X —Xin _
Xi(t):Xi(0)+J Ui(X(S))dWi(S)+J bi(X(S))dS-Ff 5 (s)dL; (s)
0 0 0 -
"X —X;_ ~ "X, - X, "X - X
+L Tl(s)dLi_l(s)_L TH(S)dL;L(S)_L Tl(s)dL;L_l(s)

(€)1

t n—1

X_()=X_(0)+ J o_(X(s))dW_(s) + J b_(X(s))ds — ZL;(t) +L_(t)—L_(t)
0 i=1

0
t

t n—1
X+(t)=X_(0)+J 0+(X(5))dW+(S)+J b+(X(S))ds+ZLi+(t)—L+(t)+L:(t)
0 i=1

0

As in the previous model, the W;’s are independents R¢-valued Brownian motions and the W_ and
W, are independents one-dimensional Brownian motions, also independent from the W;’s. The
initial configuration X(0) is an .«/.-valued random vector. A solution of equation (&,) is an ./.-
valued continuous process {X(t),t > 0} satisfying the equation for some family of local times L,
Ll.+, L_, L, L_ such that for each t € R* and each i :

t t
Li_(t)zf Ix () -xm@i=x_ndL; ), L) = J Ly (), (9)1=%, ()4 L7 (5)
0 0

t

t t
L_(t) = J‘ IX,(S):I‘,dL—(S)’ L+(t) = J IX+(S):r+dL+(S) and L:(t) = J< IX,(S):XJr(S)dL:(S)
0 0 0
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Equation (&,) looks more complicated than (&,) because it contains a larger number of local times,
but it is very simple on an intuitive level : both ends of each link are Brownian, links that are too
short (|X; — X;,1| = X_) tend to become longer (reflection term in direction X; — X;, for X; and in
the opposite direction for X;, ;) and also tend to diminish the lower bound X_ (negative reflection
term in the equation of X_). Symmetrically, links that are too large (|X; — X;1| = X,) are both
becoming shorter (reflection term in direction X;,; — X; for X;) and enlarging the lower bound X,
(positive reflection term in its equation). Moreover, X_ increases (by L_) if it reaches its lower limit
r_ and X, decreases (by L) if it reaches its upper limit r,. And the lower bound decreases and the
upper bound increases (by L_) when they are equal, so as to fulfill the condition x_ < x,.

Theorem 2.5. If the 0;’s, o_ and o and the b;’s, b_ and b, are bounded and Lipschitz continuous
on ., then equation (&.) has a unique strong solution.

Moreover, assume that the o;’s, c_ and o, are equal to the identity matrix, b_ and b, van-
ish, and b;(x) = —%Z?Zl Vo(x; — x;) for some even 62 function ¢ on RY with bounded deriva-

tives, satisfying Z = f o e~ 2si<iz ¥ 0% dx < 4oo. Then the solution with initial distribution

du(x) = %I&{C (x)e_21fi<ffn $(3i=%)) 4 is time-reversible.

See section [4.2] for the proof of this theorem.

3 Geometrical criteria for the existence of reflected dynamics

3.1 Uniform Exterior Sphere and Uniform Normal Cone properties

In order to solve the previous stochastic differential equations, we will use theorems of Saisho and
Tanaka extending some previous results of Lions and Sznitman [8]].

To begin with, we need geometrical conditions on subset boundaries. The subsets we are interested
in are sets of allowed configurations. But for the time being, we just consider any subset 2 in
R™(m > 2) which is the closure of an open connected set with non-zero (possibly infinite) volume.
dx is the Lebesgue measure on R™, | - | denotes the Euclidean norm as before, and x.y denotes the
Euclidean scalar product of x and y. We set

S ={xeR™, [x|=1}
We define the set of all (inward) normal vectors at point x on the boundary 02 as :

JK(@:U%,% where %i:{néym, é(x—an,a)ﬂ@=ﬂ}

a>0

Here B(x, r) is the open ball with radius r and center x. Note that
. 1 2
B(x—an,a)N2 =10 = Vye g (y—x).n+2—|y—x| >0
a

Definition 3.1. If there exists a constant a > 0 such that JK(@ = JK(@a # () for each x € 09, we say
that 2 has the Uniform Exterior Sphere property (with constant &) and we write : 9 € UES(a).
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UES(a) means that a sphere of radius a rolling on the outside of 2 can touch each point of 2. This
property is weaker than the convexity property (which corresponds to UES(00)) but still ensures the
existence of a local projection function similar to the projection on convex sets.

Definition 3.2. We say that 9 has the Uniform Normal Cone property with constants f3, 6, and we
write 9 € UNC(3,6), if for some 3 € [0,1[ and & > 0, for each x € 09, there exists 1, € ™ such
that for everyy € 09

y—-x|<6 = Vne,/&g;@ nl, >+/1-p2

Let us consider the reflected stochastic differential equation :

t t t

b(X(s))ds + J n(s)dL(s) (D)

0

X(t) :x(0)+f

0

o (X(s))dW(s) + J

0
where (W(t)), is a m-dimensional Brownian motion. A solution of (1)) is a (X, n,L) with X a &-valued
adapted continuous process, n(s) € Jﬁgfé) when X(s) € 9% and L a local time such that

L(-) = f Ix(5)ca9dL(s)
0

The following result is a consequence of [[11]] and [[10] :

Theorem 3.3. Assume 9 € UES(a) and 9 € UNC(3, &) for some positive a, 6 and some 3 € [0,1].
2
Ifo:92 — R™ and b : 9 — R™ are bounded Lipschitz continuous functions, then ! has a unique

strong solution. Moreover, if o is the identity matrix and b = —§V<I> with ® a 62 function on R™

with bounded derivatives satisfying Z = f 2 e~ ®™dx < 400, then the solution with initial distribution
du(x) = %I@(x)e_‘b(x)dx is time-reversible.

Proof of theorem [3.3]
The existence of a unique strong solution of (1) is proved in [11]] theorem 5.1.

Let us consider the special case of the gradient system : b = —%V<I> and o identity matrix. For fixed
T > 0 and x € 2, let P, be the distibution of the solution (X, n, L) of starting from x. The process
(W(t))¢efo,r] defined as

t t

V&(X(s))ds — f n(s)dL(s)

0

W(t)zX(t)—x+%f

0
is a Brownian motion with respect to the probability measure P,. Since V& is bounded, thanks to
t

Girsanov theorem, the process W(t) = W(t) — > J V&(X(s))ds is a Brownian motion with respect
0

- dP
to the probability measure P, defined by d_Px = My where

X

M, = exp GJ Vo (X(s)).dW(s) — %J |V<I>(X(s))|2ds)
0 0
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From theorem 1 of [[10], it is known that Lebesgue measure on % is time-reversible for the solution
t
of X(t) = X(0) +W(t)+ | n(s)dL(s), that is, the measure P,;, = J P,dx is invariant under time
2

0
reversal on [0; T] for any positive T. Using It6’s formula to compute :

T T

|VO(X(s))]* — A®(X(s)) ds — f V&(X(s)).n(s)dL(s)
0

! 1
f Vo(X(s)).dW(s) = ®(X(T)) — ®(X(0)) + 3 f
0 0

we notice that the density of the probability measure P, = f P,u(dx) with respect to the measure
. 2
P isequal to:

T

PO ((X(0) - d(X(T)) (1 1 ,. 1
7 exp ( 2 +L ZA‘I’(X(S)) - glV@(X(S))l ds + 5 J:)

V@(X(s)).n(s)dL(s))

This expression does not change under time reversal, i.e. if (X,n, L) is replaced by (X(T —-),n(T —
-),L(T) — L(T —-). Thus the time reversibility of P;, implies the time reversibility of p,.n

3.2 The special case of multiple constraints

The sets we are interested in are sets of configurations satisfying multiple constraints. They are
intersections of several sets, each of them defined by a single constraint. So we need a sufficient
condition on the 2;’s for Uniform Exterior Sphere and Uniform Normal Cone properties to hold on
— AP
D =n_,9.
In [[12], Saisho gives a sufficient condition for the intersection 2 = ﬂle@i to inherit both properties
when each set Z; has these properties. However, in order to prove the existence of a solution in the
case of our globules model, we have to consider the intersection of the sets :
d o -
@ij = {XGR n+n, |Xl' —X]| > X +X]}
Uniform Exterior Sphere property does not hold for 2;;s, so Saisho’s inheritance criterion does not
work here. However, 2;; satisfies an Exterior Sphere condition restricted to .¢/, in some sense, and
we shall check that this is enough. Similarly, the Uniform Normal Cone property does not hold for
Dij» but a restricted version holds, and proves sufficient for our needs.

So we present here a UES and UNC criterion with weaker assumptions. We keep Saisho’s smoothness
assumption, which holds for many interesting models, and restrict the UES and UNC assumptions on
the 2,’s to the set 2. Instead of the conditions (By) and (C) in [[12]], we introduce the compatibility
assumption (iv) which is more convenient because it is easier to check a property at each point
x € 09 for finitely many vectors normal to the 9 %;’s, than on a neighborhood of each x for the
whole (infinite) set of vectors normal to 9 9.

The proof of this criterion is postponed to the end of this section.

Proposition 3.4. (Inheritance criterion for UES and UNC conditions)
p

For 9 c R™ equal to the intersection 9 = ﬂ 9;, assume that :
i=1
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(1) The sets 9; are closures of domains with non-zero volumes and boundaries at least € 2in 9 : this
implies the existence of a unique unit normal vector n;(x) at each point x € 2 N 9 ;.

(ii) Each set 9; has the Uniform Exterior Sphere property restricted to 9, i.e.
Ja; >0, Vx€9Nnd92; B(x—an(x),a0,)N%; =0

(iii) Each set 9; has the Uniform Normal Cone property restricted to 9, i.e.
for some f3; € [0,1[ and 6; > 0 and for each x € 2 N 3 9; there is a unit vector L. s.t.  Vy €

2N39;NB(x,6;) ni(y).lf( >4/1— [512

(iv) (compatibility assumption) There exists §y > /2 max,<;<p, 5; satisfying
vx€d9, I es™, Vist.x€d2; Lnx)>f,

Under the above assumptions, 92 € UES(a) and 9 € UNC(f,8) hold with a = Bymin;<;<, a;,

6 = miny<;<, 6;/2 and § = \/1 — (Bo — 2max; <<, Bi/Bo)?. Moreover, the vectors normal to the
boundary 9 9 are convex combinations of the vectors normal to the boundaries 0 9; :

Vxe€dg JK:@: nes™", n= Zcini(x)witheachcizo
a@iax

Remark 3.5 : Thanks to the compatibility assumption (iv), n= ), 9.5x Ci;(X) with non-negatives
¢;’s and |n| = 1 implies that

so that the last equality in proposition can be rewritten as

N ={nes™, n= Z ¢;n;(x) with Vi ¢; > 0 and Z clsﬁ—
09;5x 09;5x 0

Corollary 3.6. of theorem
P

If9 = ﬂ 9; satisfies assumptions (i)---(iv) and if o and b are bounded Lipschitz continuous func-
i=1
tions, then

t

X(t) =X(0) +J

0

t p t
o (X(s))dW(s) + f b(X(s))ds + ) | f 0;(X(s))dL;(s) )

has a unique strong solution with local times L; satisfying L;(-) = f 154,(X(s)) dLi(s)
0
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Proof of corollary [3.6]
Thanks to proposition [3.4] 2 satisfies the assumptions of theorem [3.3] Thus equation (2)) has a
unique strong solution X with local time L and reﬂectlon direction n. Using proposition [3.4| again,
there are (non-unique) coefficients ¢;(w,s) € [0, L B ] for each normal vector in the reﬂectlon term to

be written as a convex combination :

n(w,s)= Y, clw)nXw,s) (3)

%) @iBX(a),s)

Let us prove that there exists a measurable choice of the c;’s

The map n (resp. n;(X)) is only defined for (w,s) such that X(w,s) € 82 (resp. X(w,s) € d9;). We
extend these maps by zero to obtain measurable maps on Q x [0, T] (for an arbitary positive T).
Note that equality (3] holds for the extended maps too.

For each (w,s), we define the map fwS on RP by f,(c) = IZ c;n;(X(ew, s)) —n(w,s)|. For
) k,.. , k ﬁOJ}p denote the —-lattlce on [O —1P endowed with
lexicographic order. The smaller point in Ry for which f, reaches its minimum value is

Bw,)= e |] (Ifw,s(c'»fw,s(c) + Ifw,s(c’)=fw,s(c)1c’>c)

CERy  ('€Ry,c'#c

a positive integer k, let Ry = {0, X

¢®) is a measurable map on Q x [0,T] and implies that | fw’s(c(k)(w,s))I < % Taking (coordi-
nate after coordinate) the limsup of the sequence of (c()),, we obtain a measurable process c(*

satisfying (3).

Finally, let L; = f 154,(X(s))c;(s) dL(s). L; has bounded variations on each [0, T] since the ¢;’s are
0

bounded, and it is a local time in the sense of remark[2.1]

Here, strong uniqueness holds for process X and for the reflection term ZJ n;(X(s))dL;(s). The

uniqueness of this term does not imply uniqueness of the L;’s, because the c;’s are not unique. B

Proof of proposition [3.4]
Letx € 09. Since 9 = ﬂle 92;, the set {i s.t. x € d9;} is not empty. Since %; satisfies UES(a;)

restricted to 9, foreachy€ 2; (y—x).n;(x) + ﬁly —x|2 > 0, and consequently :

Vist. 09;,2x Vye? (y—x)n(x)+ ly—x/2>0
2m1n5@,jBX a;

1

Summing over i for non-negative c;’s such that )| 095xCi = 5, we obtain :
i 0
1 2
Vyea ( Z ni(O)Y =X+ 5e———ly —x* 2 0
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which implies that )| 29.ox Cii(X) belongs to the set A5 , of normal vectors on the boundary of 2,
j :
for a = fByming 7;5x 4 Thanks to remark , this proves the inclusion

M =4nes™, n= > n@withg >0 < Sy,

X
3@1~3X

Let us prove the converse inclusion. For i such that 9; > x, the boundary 3 %; is at least 62 in
9, hence there exist a closed ball B(x,n¥) with n¥ >0, and a ¢ 2 function f¥:B(x,m}) — R with
non-vanishing derivative, such that

B(x,n{)N2; =Bx,n;)N{y €R", f*(y) >0}

(there even exists an orthonormal coordinate system in which f*(y) is the difference between the
last coordinate of y and a 62 function of the other coordinates, but we do not need this precise form
here). The Taylor-Lagrange formula provides :

1
Vzs.t. |z| < nf ff&x+z)=f*&®)+ Vfi(x).z+ Ez.sziX(z*)z
for some z* € B(x, 1Y) depending on z. By definition of f*, x € 0%; implies f*(x) =0 and Vf*(x) =

|V £X(x)In;(x). Moreover, the second derivative D? fX is continuous hence bounded on the closed
ball by some constant ||D? F¥lloo :

D]
Vzs.t. |z| <nf ffx+2) > |V ®)n;(x).z - %Izl2

< 2V
VD% o

|z| < Si(x) and z.n;(x) > ¢lz] = f*x+z2)>20 = x+ze€y,

For any ¢ > 0 and for 5i(x) = min (n 8) we obtain :

Consequently, for N, = ﬂ {z, n;(x).z > €|z|} we have : {x+2z, z€ N, and |z| < min; 52} c9
09;5x

By definition, for each n € t/tg(@, there exist a, > 0 such that Vy € 2 (y—x).n+ jly —x/?2 >0,

hence for z € N, and A > 0 small enough :

7(,2
Azn+ —1Iz)> >0
2a,

For this to hold even with A going to zero, z.n has to be non-negative. So we obtain :
Vne#? Ve>0 —neN;

where N = {v, Vz € N, v.z < 0} is the dual cone of the convex cone N,. As proved in Fenchel
[3]] (see also [|9]), the dual of a finite intersection of convex cones is the set of all limits of linear
combinations of their dual cones, in particular :

N; = Z {z, n;(x).z > ¢lz|}* = Z fv, —n;(x).v=>V1-¢?v|}

09;3x 09;3x
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For k € N large enough, since —n € N7, there exist unit vectors n; ; and non-negative numbers c; j
k

1
n= Z Ci kM and for d2;2x n;(x)n; >4/1- %)
Bﬂiax

When k tends to infinity, n; ; tends to n;(x), and for k large enough ni,k.lg > % thus :

1> n.lg > Z ci,kni,k.lo > % Z Cik

a 9;3x a 9;3x

such that :

Thus the sequences (c; ;) are bounded, which implies the existence of convergent subsequences.
Their limits c; , > O satisfy :
n= Z Ci,ooni(x)

09;5x

This completes the proof of JK(@ C ;. We already proved that A} C JK(% with a = Sy min, 7;5x &>
so we obtain A7 = A = A, for each x € 9. As a consequence, I € UES(fymin; <<, a;).
Let us now prove that 2 € UNC(f3, 5). The Uniform Normal Cone property restricted to 2 holds for

2 .
9;, with constant f; < /370 < % That is, for x € 2 N 9 9; there exist a unit vector I, which satisfies
l;.pi(y) > \/1— 2 for eachy € 2 N 99; such that [x —y| < §,.
If I = n;(x), this implies that |n;(x) — n; y? < 2[3i2.
If I # n;(x), we use the Gram-Schmidt orthogonalization process for a sequence of vectors
with I, and n;(x) as first vectors, then compute n;(x).n;(y) in the resulting orthonormal basis

(1;, €),€s3,...,€,):
n;(x).0;(y) = (.0 (y))(11;(x)) + (n;(y)-€) 4/ 1 — (1L.1;(x))?

Note that |n;(y).e,| < f5; because lf(.ni(y) >4/1- lo’iz and |n;(y)| =1, thus :

n(On(y) 2 (1-F2) ~p2=1-26?

This implies that |n;(x) — n;(y)|? < 4[9’i2.

So in both cases : |n;(x) — n;(y)| < 26; as soon as [x —y| < §; for x,y € 2N 39%;.

Let us now fix x € 9 and § = min;<;<,5;/2. We then choose x' € 32 N B(x,6) such that
fist.x' € 09;} D {ist.y € 99} for eachy € 02 NB(x,6) and we let 1 = lg,. To complete
the proof of 2 € UNC(f3, 6), we only have to prove that n.l is uniformly bounded from below for
ne%@ withy € 92 N B(x, 5).

. 9.

We already know that each n € JK,@ is a convex sum of elements of the A" : n = > 29,5y c;m;(y).
1

The coefficients ¢; are non-negative, their sum is not smaller than 1 because n is a unit vector, and

is not larger than ﬁio thanks to (iv). So the vectorn’ =)’ 99,5y ¢;n;(x') satisfies :

n'l= Z c¢n;(x)1>pB, and |n’—n|< Z ¢iln;(x) —m;(y)| < 2 Z ¢;fB; < 2 max il

1<i<
39,5% 39,5y 39,5y <i<p fBo

Consequently : n.1>n".1—|n’ —n| > 8, — 2max;<;<, /%‘) >0. 1
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4 Existence of dynamics for globules and linear molecule models

4.1 Globules model

Let us prove that the globules model satisfies the assumptions in proposition The set of allowed
configurations is :

dy=C () 20 () 200 () 2:2)

1<i<j<n 1<i<n 1<i<n
where 9;; = {x e RIMN|x; — Xj| = X; + >“cj}

P ={xeR™" %, <r} 9 ={xeRrRI"™, %, >r_}

The 9;; have smooth boundaries on .</, and the characterization of normal vectors is easy : at point
x satisfying [x; — x;| = X; + X; > 0, the unique unit inward normal vector n;;(x) = n is given by :

X; — Xj . 1 Xj — X . 1 ( h <h )
ng=———-= fNj=—= n;=—-———- M;=—= (every other component vanishes

! Z(Xi+xj') ' 2 J 2(Xi+Xj) J 2 vy P
On the boundary of the half-space Z;,, at point x such that X; = r, the unique unit normal vector
n has only one non-zero component : #; = —1. Similarly, 2;_ is a half-space, x belongs to its
boundary if ¥; = r_, and the unique unit normal vector n at this point has 7i; = 1 as its only non-

zero component. These vectors do not depend on x and will be denoted by n;,, n;_ instead of
0, (), ().

r2
2ryny/n

Moreover; the vectors normal to the boundary 0.¢/, are convex combinations of the vectors normal to
the boundaries 0 9;j, 0 9;,, 0 9;_, that s, for every X in 0.d, :

2 T‘S

6,.2,.3° 5l4.4_ 6
2r+n 2r+n

r

Proposition 4.1. .</, satisfies properties UES ( ) and UNC 1-—

ijs

NE={negi™ n= Z cijn;;(x) + Z CiyNiy + Z c;—n;_ with ¢;j,¢i4,ci— >0
3@1»]-9)( a@i+9X 6%,9){

Proof of proposition
We have to check that the assumptions of proposition are satisfied for the set .</,.

Since the 9;, and 9;_ are half-spaces, the Uniform Exterior Sphere property holds for them with
any positive constant (formally a;, = a;_ = 4+00). For the same reason, the Uniform Normal Cone
property holds for ;, with any constants f8;,. and &;,, and with 1." equal to the normal vector n,, .
This also holds for the sets 2;_ with any ;_ and 6;_, and with L =n,,.
Let us consider x € ./, such that x € %;;, i.e. |x; — x;| = X; + X;. By definition of n;;(x), for
y =x— (¥; + X;)n;;(x), one has :

Xi = X; Xj—X;
2% +%) 2 2(%; + X;)
ity =X —(% +5€j)(—%) +x; — (X; ‘HVCJ')(—%) =2(X; + X;)

Xi+Xj

yi=x;— (X +X;) = x; — (¥; + X)) =Yj
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For z € B(0, %; +X;):
(i +2) = +2)1 = (i + 5+ +5)) < Izl + 1251 = 2(%; + X)) + 2] + 12| < 2|z - 2(%; + X;) <0

thus y 4z € 9;;. This proves that B(y,x; + X;) C 2;;» hence ,/%(@” = %9; ey

Exterior Sphere property does not hold, but the property restricted to .</, holds for 9;; with constant
a;; = 2r_ because X; + X; > 2r_ for X € .o/,.

The general Uniform

For x € .o/, such that x € 9 2;;, let us define 12 = n;;(x). For another configuration y € 0%;; :

1]7

l” (5) = Xi=X;  Yi—Yj X;j=Xi  Yj— = _)2 (__)2 (x; = x;).(yi — )—I-l
i 203+ %)) 207 + 7)) 2% +%5) 2(yl+y1) 2(%; + %) +¥;) 2
Since (x; — x;).(y; = ¥;) = lx; = ;% = le; = x;lly; = x; = ¥+ x50 = g = ;1> = v/2]; — x;][x =y
and y; +y; < (X; + %) + V2|x —y], this leads to :
|Xi—Xj|—\/§|X—y| 1 . )?l+)?1

1V n;(y) > +==
Xy 2()21+)?]+\/§|X—Y|) 2 )?l+)?]+\/§|X—Y|

fES

ij _R2 _ i 1 _ ; .
Consequently 1, .n;;(y) = /1 — 3; ; as soon as x—yl < 7 ( W 1). This proves that ;;
has the Uniform Normal Cone property restricted to .¢/, with any constant f3;; €]0,1[ and with

_ 1
511—\/51”_ (m

For x € 0.¢/,, let us construct a unit vector 12 satisfying assumption (iv) in proposition We first
have to define clusters of colliding globules :

- 1) > 0. In particular, the property holds for any f3;; with §;; =r_ [3’12] /V2.

C,(i)= {j st lx; — x| =%+ %5, [xj, —x;,[ =X, +Xj,,...,[x;, —x;| =X, +X; for some jl,...,jk}
1
and their centers of gravity x; = G Z x;. Let 10 ﬂ with for each i :
O
r_ ry+r_
vi=x;—x, and V;= (= - X;)
A 2

We need an upper bound on the norm of v. Since x € .¢/,, each ¥; is larger than r_ and smaller than

ry, thus I% — x| < ”;r‘. Moreover, if j belongs to the cluster C,(i) around the i™ globule, the

distance between x; and x; is at most 2(n — 1)ry, thus |v;| <2(n—1)r, :

vi? = Zw P+

We also need lower bounds on the scalar products of v with normal vectors on the boundaries of

the 2;y, 9;_, 9;;- If X; = ry, then V; = JT% thus v.n;, = %’ Similarly, if X; = r_, then

r_ o o
v =S If |x; — xj| = X; + X; then x| = x’. thus :

)ZZ(r++r —%)? <4n(n— )2r2+n—2<4n
4

_ / Xi—X; Xi 1 - rytr_ _ ro+r_ -
veng;(x) = (x; — xp). 2(x; +;)+(X' ) 2(x +%;) 5r+—r,( y l)__ﬁ(%_xj)
i 1
x)2(x+x) 2r (I”_,_-I—T‘ _x —X)
_ r_ (r++r ) L.
- 2(r+—r_)(xl +X]) 2(ry—r_) Z 2

:(x
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bece;ﬁuse X; + X; rz 2r_. This proves that assumption (iv) in proposition is satisfied with 3, =
24/4n3r2 4rinyn’
Bij < /J’g /2. As seen above, the Uniform Normal Cone property restricted to .¢/, holds for 2;; with

4
constants f3;; = /302 /4 and o;; = ;gﬁ% So, thanks to proposition we obtain that .¢/, has the

The inequality 8, > \/ 2 max(max; fB;, max; f§;_, max; ; f;;) holds as soon as

Uniform Exterior Sphere property with constant a o, = 21 Bo = = and the Uniform Normal

2rynyn

4 5 2
Cone property with constants 5% = ;;ﬁﬁ = Zlg}z’rinﬁ and [3’% =/1-(o/2)*=4/1—- 64:? [ |

Proof of theorems and

As seen in the proof of proposition the set .o/, of allowed globules configurations satisfies the
assumptions of corollary[3.6] If the diffusion coefficients o; and &; and the drift coefficients b; and
b; are bounded and Lipschitz continuous on Ay (for 1 <1i < n), then the functions

—_ O'l(x) 0 0 7] - bl(x) -
0 6-1(X) . : Bl(x)
o(x)= : : and b(x) = :
: o,(x) 0 b, (x)
.0 0 F,(x) | | ba(x)

are bounded and Lipschitz continuous as well. Thus, for m = n(d + 1) and 2 = .¢/, equation

has a unique strong solution X, and there exists a decomposition of the reflection term fo n(s)dL(s)
so that it is equal to

Xn:f.ﬂ(s)db(s) —Xn:flldb‘(s)—J.dL‘ (s)+JﬁdL~ (s)
=1 0 2(X; +X;) R =Jo 2 ! o o

1<i<n
with L;; = J Ty, (5)-x, ()= )45, )i () dL(s), LT = J I =r Cit(s) dL(s) and L; =
0 0

J 1; (s)=r, ¢i—(s) dL(s) for some measurable choice of the ¢;j,¢;4,c;—. For convenience, the local
time %Li j has been used in equation (&), and denoted by L;; again.

For an even %2 function ¢ on R¢*! with bounded derivatives, the function ®(x) = > <i<j<n p(x; —

x;) is € 2 with bounded derivatives and the drift function in equation (é"g ) is equal to —%Vcb. Thus

(é”g’ ) has a unique strong solution. Moreover, if Z = f » e~ ®®dx < 400, theorem [3.3|implies the
&

time-reversibility of the solution with initial distribution du(x) = %I o (x)e®®dx. m
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4.2 Linear molecule model

The set of allowed chains configurations is the intersection of 2n + 1 sets :

n—1 n—1
A =(ﬂ 9i—)ﬂ (ﬂ @i+)ﬂ 9—ﬂ @+ﬂ 9-
i=1 i=1

Where @i— = {X (S Rdn+2, |xi — xi+1| 2 5&_} @H_ = {X (S Rdn+2, |Xl' — xi+1| S 3‘(1'_’_}

9_={xeR™? x_>r.} 9,={xeR™2 %, <r.} 2_={xer™? x_ <z}

The boundaries of these sets are smooth, and simple derivation computations give the unique unit
vector normal to each boundary at each point of J.«/, (we are not interested in other points).
Actually, 2_, 2, and 2_ are half-spaces, which makes the computations and checking of UES and
UNC properties very simple.

e The vector n_ =(0,...,0,1,0) is normal to the boundary d Z_ at each pointx€ d9_

Similarly, n, =(0,...,0,0,—1) is normal to the boundary d 2, at each pointx€ 92,

The vector normal to the boundary 0 %_ at each point x € d2_ is n_ = (0, ...,0, ;—%, \/LE)

o Ateveryx € ./, N3d9;_ (for 1 <i <n— 1), the vector normal to d%;_ is n = n;_(x) defined
by :
X; — X Xiy1 — X; 1
n = Niy1 = nn L (other components equal zero)

Y x_V/3 *_V3 - V3

At every x € ./, N 39, the vector normal to 9 Z;, is n = n;, (x) defined by :

g XX XiT X 1
[ i+1 = " o 5 + = 5
%,.V3 %,.V3 V3

The proof of theorem [2.5]is similar to the proof of theorems and and will be omitted. It
relies on the following proposition and uses theorem [3.3]and corollary [3.6] to obtain the existence,

uniqueness, and reversibility of the solution of (&,). As in the proof of theorem the local times
are multiplied by a suitable constant to provide a more convenient expression.

(other components equal zero)

So, in order to prove theorem we only have to check that ./, satisfies the assumptions of
proposition 3.4} i.e. that the following proposition holds :

r?
2rynv2n

Moreover; for each x in 0.4/, the set J%{Q{C of normal vectors is equal to :

r2 r°v3

2.3% 912,46
24r+n 2 rin

Proposition 4.2. .¢/, satisfies properties UES ( ) and UNC 1—-

ne 42 n= Z ci_n;_(x)+ Z it Nt (X) + Ty (X)e_n_ + Ty, (X)ciny + Ty4 (X)c_n_
09;_3x 09;,3x
with ¢;_,ci4,c_,c ,c— =0
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Proof of proposition
Let us check that the set .«f, satisfies the assumptions of proposition (3.4

The Uniform Exterior Sphere property and the Uniform Normal Cone property hold for 2_, 2, and
9_, with any positive a and & and any f in [0, 1[, because these sets are half-spaces.

Forxe o, Nd9;_, fora= r,2«/§, and fory=x—an;_(x) :
1 1 )?_\/g i+1 i+1 5&_\/§ b - \/§

so that each z € B(0, a) satisfies |(y; +2;) — (it + Zi41)| = |X; — Xij4q — r_xl;J +2; — ;41| and

that |x; — x; 1| = X_ implies

r_ A .
I(yi+2)—ipr 2= (V- +2) < X—(l_i_)+|zi_zi+1|_x—_?+z— = —aV3+|z -z [+
We know that |z; — ;41| + £_ < v/3|z| < v/3a, thus the above quantity is negative and y + z & 9;_.
Consequently, the Uniform Exterior Sphere property holds for ;_ with constant a;_ = r’f . It also

holds for 2;,, with any positive constant, because this set is convex (the midpoint of two points in
9, obviously belongs to 9;,). In order to prove that 2;_ has the Uniform Normal Cone property
restricted to .., we fix two chains x,y € ./, N d 9;_ and compute :

2
i~ Xip1 Vi~ Yirn 1 26 =Xial® 1 2% =X (Yi— Y Xi — Xin
) y_ X_

2x
n_(x)n _ = - . +4-==—+—+
-(0n- (V) = 3 =%~ RE 3x2 373 x_

21y —y; X; — X;
Since |x; — x;;1| = X_, we obtain : n;_(x).n;_(y) > 1 — 3 ‘yl HylH - g
y_ X_
Then [X_(y; — Yit1) — Y-(x; = x40l S X_|y; — ¥ig1 — X + X1 + X2 — Y_|Ix; — xi41] leads to :

_ZW—ﬂ21_2W—ﬂ
V3y_ V3r_

n;,_(x)n;_(y)>1- (lyi = xil + yig1 = x|+ X =y_]) > 1

3y_

Thus n;_(x).n;_(y) > 4/1— B2 as soon as |y — x| < r’f(l — y/1— %), which is implied by
V3

ly — x| < r‘T /S’iz_. As a consequence, the set 9;_ has the Uniform Normal Cone property restricted
to .¢/, with any constant [3;_ € [0, 1[ and the corresponding constant 6;_ = %g iz__

2xi = Xig1 Yi—Yis1 1

Note that forx,y€ ./, N9%;, : n; (x).n;,(y) = =-—— — + =
3 X Y+ 3
so that the same computation gives that 2;, has the Uniform Normal Cone property restricted to
r_v3 59

.o, with any constants ;. € [0,1[ and 6;, = ——f,.
In order to check the compatibility assumption, let us fix a point x € ./, and construct a suitable

vector v such that 12 = ﬁ We first define the "middle point" x” of the chain : x" = X(;,41)/> if the

. . . Xp/2+X,
chain contains an odd number of particles, and x’ = 22—

2
define X’ = % We then construct the v;’s in an incremental way, starting from the middle and
going up and down to both ends :

if n is an even number. We also
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e If n is odd, we choose v(,;1)/2 = 0.

e In the case of an even n, we choose (v, /2, Vn/241) = (Xpjo =", %241 =X ) if X 0 =X /041 < X
— / AN -/
and (Vn/Z’Vn/2+1) = (Xn/2+1 — X, Xpp2—X ) if |Xn/2 - xn/2+1| > X
In the critical case |x,/; — X,/2+1] = X', our choice depends on the value of ¥’ : we let
— / ATV _ / /
(Vn/Z:vn/2+1) = (xn/z — X, Xp/241 — X )if X <r; and (Vn/Z:Vn/Z-H) = (Xn/2+1 —X,Xpp—X )
lf J\E_j’_ - 5("_ - T+.

e The other v;’s are chosen incrementally so as to fulfill the same condition :

. o/ Y o/
X;— X1 if|x; = x4 <X, or|x;— x| =X and ¥’ <r,

Vi — Vi, = . y y y
R Xig1 —Xx;  if [x; — xi4q| > %', or|x; —xjq|=X"and ¥ =1,

Note that |v;| < (n — 1)r, for each i. For our choice of v to be complete, we also define :

~ r_ ~ _r_ -f ~
o V. =—, ¥V, =— ifx_<x
27 Tt 2 *
~ r_ ~ . ~ ~
o V=7 Ve=3omy ifx_=x,<r,
o -3 y I y
oV =0 Ve=—r ifx_=x,=r,

As in the proof of proposition 4.1} we need an upper bound on the norm of v :

n—1 r2  9r2  n%r?
2+ + +

r ) +—+—5
Yt

n
V2= 2+ 92 + 72 < n(
i=1

We also have to prove that the scalar products of v with normal vectors on the boundaries are
Vo=

uniformly bounded from below. Note thatv.n_ =7V_, v.n, = —V,, v.n_ = 7 v.n_(x) =
Xi = Xi1 v Xi = X1 Vi
——i—viy)—— and v (x)=——F(vip -+ —.
% V3 /3 %73 /3
In the case where X_ < X, the choices made on v lead to :
) r_
e ifX_=r_, vn_= 5
o ifX, = ==
ifxX,=r,, vn, ==
for i . _ h _E T
o foris.t. |x;—x;1|=%_, v;—Viy1 =x;—X;;1 hencev.n;_(x) = 5 2 A T
r—
. - _ _ Xty r-——> _ r_
o foris.t. |x; —x; 1| =X, V;—Viy1 =X;41 —X; hence v.n (%) = 5 2R T

We now proceed with the case X_ = X, <r,. Since |x; —x; 1| =X%_ =X, and v; — v; {1 = X; — X;11
for each i, we have :

o r_
o ifX_=r_, vn =
3 r_
e vn_=2 r 2 >+
V2 V2
o . r_ N . 3
X_—v_ Tr-—-= r_ —X_+V —ry+Sry r
o v.n,_(x)= > 2 * > 27> 7
V3 V3 V3

= and v.n,, (X) =
Ve i+(%)
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In the last case X_ = X, =r,, one has |x; — x;;1| =r, and v; = v;;; = x;;1 — X; foreach i :

Iy

evn, =
—t43r
_ _2 '"2'+ I+
*vn.=—7 > 7
3 ry
Tt "'+ +7 3% '+
e vn,_(x)= > and v.n;, (x) = = —
l V3 2V3 o V3 2V3
So all these scalar products are larger than ;7‘§ As a consequence, assumption (iv) in proposition
r_
3.4|is satisfied with f, = ————. Choosing ;- = ;; = B3/4 hence §;_ = 6, = r%‘fﬁg we
ronvoén

obtain, thanks to proposition that .«/. has the Uniform Exterior Sphere property with constant
r2 . . rs
U, = 3 ndm and the Uniform Normal Cone property with constants 6 , = W and B, =

r2

1=z ™
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