E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y Vol. 14 (2009), Paper no. 65, pages 1900–1935.

Journal URL

http://www.math.washington.edu/~ejpecp/

Moderate deviations and laws of the iterated logarithm for the volume of the intersections of Wiener sausages^∗

Fuqing Gao and Yanqing Wang

School of Mathematics and Statistics Wuhan University, Wuhan 430072, P.R.China

Email: fqgao@whu.edu.cn, yanqingwang@mail.whu.edu.cn

Abstract

Using the high moment method and the Feynman-Kac semigroup technique, we obtain moderate deviations and laws of the iterated logarithm for the volume of the intersections of two and three dimensional Wiener sausages.

Key words: Wiener sausage, moderate deviations, large deviations, laws of the iterated logarithm.

AMS 2000 Subject Classification: Primary 60F10, 60J65.

Submitted to EJP on May 19, 2008, final version accepted August 17, 2009.

∗Research supported by the National Natural Science Foundation of China (Grant No. 10871153)

1 Introduction

Let {β(t), t ≥ 0} be a standard Brownian motion. The Wiener sausage with radius r > 0 is the random process defined by W_r (t) = [ 0≤s≤t

B_r (β(s))

where B_r (x) is the open ball with radius r around x ∈ R^d . It is known that ([21],[27]) as t → ∞,

E|W_r (t)| ∼ 8 < : Æ_{8t}

π i f d = 1 2πt/ log t i f d = 2 κ_r t i f d ≥ 3

where κ_r = 2π^{d/2} r^{d−2}Γ((d − 2)/2).

Let p ≥ 2 be an integer and let {β_j (s), 1 ≤ j ≤ p} be p independent standard Brownian motions. Write W^j_r (t) = S 0≤s≤t Br (β j(s)) and define the volume of the intersections of p Wiener sausages as

follows:

V_r (t) = |W^1_r (t) ∩ W^2_r (t) ∩ · · · ∩ W^p_r (t)|.

In the classical paper [17], Donsker and Varadhan studied asymptotic behavior of the Laplacetransform E(exp{−λ|W_r (t)|}) of the Wiener sausage |W_r (t)| and solved a conjecture of Mark Kac concerning Wiener sausage. The fluctuation theorem of the Wiener sausage was obtained by Le Gall ([22]). The large deviation below the scale of the mean in the downward direction for the volume of the Wiener sausage: P(|W_r (t)| ≤ f (t)) where f (t) = o(E|W_r (t)|), was studied in [10],[17] and [28]. The large deviation on the scale of the mean in the downward direction: P(|W_r (t)| ≤ cE|W_r (t)|), was studied in [7]. The large deviation on the scale of the mean in the upward direction : P(|W_r (t)| ≥ cE|W_r (t)|), was considered in [6],[9] and [25]. Strong approximations of threedimensional Wiener sausages were studies in [15].

The asymptotic behavior of the volume of the intersections of Wiener sausages was obtained by Le Gall ([23], d = 2) and van den Berg ([5], d ≥ 3). Van den Berg, Bolthausen and den Hollander [8] first considered the large deviations for the volume of the intersections of Wiener sausages. They obtained the following deep results: for any c > 0, lim t→+∞ 1 log t log P „ V_r (ct) ≥ t log t « = −I^{2π}_2 (c) < 0 (1.1)

as d = 2 and p = 2; and lim t→+∞ 1 t^{(d−2)/d} log P ` V_r (ct) ≥ t ´ = −I^{κr}_d (c) < 0 (1.2)

as d ≥ 3 and p = 2. The intersection grows logarithmically with t in d = 2 and stays bounded in d = 3.

Noting that^t_{log t} ∼ E(|W_r (t)|)/(2π) and t ∼ E(|W_r (t)|)/κ_r , a natural problem is to consider P ` V_r (ct) ≥ f (t) ´ (1.3) where f (t) = o(E(|W_r (t)|). This is a motivation of our paper. In fact, the problem for the intersection of the ranges of independent random walks was studied by Chen ([12][13]). In this paper, we prove that the volume of the intersection of Wiener sausages has the same large deviations as the intersection of the ranges of independent random walks. As an application, the corresponding laws of the iterated logarithm are obtained. The main results are as follows:

Theorem 1.1. (1). Let d = 2 and p ≥ 2 and let b(t) be a positive function satisfying

b(t) −→ +∞, b(t) = o(log t) t → +∞. (1.4)

Then for any λ > 0, lim t→+∞ 1 b(t) log P „ V_r (t) ≥ λt (log t)^p b(t)^{p−1} « = − p 2 (2π)^{− pp−1} κ(2, p)^{− 2pp−1} λ^{1p−1} (1.5)

where κ(d, p) is the best constant of the Gagliardo-Nirenberg inequality

‖ f ‖_{2p} ≤ C‖∇ f ‖

d(p−1) 2p 2 ‖ f ‖^{1−}

d(p−1) 2p 2 , f ∈ W^{1,2}(R^d ) (1.6) and W^{1,2}(R^d ) = ę f ∈ L^2(R^d ); ∇ f ∈ L^2(R^d ) ľ . (2). Let d = 3 and p = 2 and let b(t) be a positive function satisfying

b(t) −→ +∞, b(t) = o(t^{1/3}/(log t)^2) t → +∞. (1.7)

Then for any λ > 0, lim t→+∞ 1 b(t) log P “ V_r (t) ≥ λ p t b(t)^3 ” = −(2πr)^{−4/3}κ(3, 2)^{−8/3}λ^{2/3}. (1.8)

Theorem 1.2. Let d = 2 and p ≥ 2. Then

lim sup

t→+∞

(log t)^p t(log log t)^{p−1}

V_r (t) = (2π)^p „ 2 p «_{p−1} κ(2, p)^{2p} a.s. (1.9)

Let d = 3 and p = 2. Then

lim sup

t→+∞ 1 p t(log log t)^3

V_r (t) = (2πr)^2κ(3, 2)^4 a.s. (1.10)

Remark 1.1. (1). Let us compare Theorem 1.1 with the results of van den Berg et al. in [8]. Theorem 4 in [8] gives us the following estimates:

lim_{c→∞} cI^{2π}_2 (c) = (2π)^{−2}κ(2, 2)^{−4}, lim_{c→∞} c^{13} I^{κr}_3 (c) = (2πr)^{−4/3}κ(3, 2)^{−8/3}.

On the other hand, (1.1) and (1.2) can be written as: for d = 2 and p = 2, lim t→+∞ 1 log t log P „ V_r (t) ≥ t c log t « = −I^{2π}_2 (c) (1.11) and for d = 3 and p = 2, lim t→+∞

c^{1/3} t^{1/3} log P Ą V_r (t) ≥ t c Ń = −I^{κr}_3 (c). (1.12)

Therefore, for any λ > 0,

lim_{c→∞} lim_{t→∞} c log t log P „ V_r (t) ≥ λt c log t « = −(2π)^{−2}κ(2, 2)^{−4}λ

as d = 2 and p = 2; and

lim_{c→∞} lim_{t→∞} c^{2/3} t^{1/3} log P „ V_r (t) ≥ λt c « = −(2πr)^{−4/3}κ(3, 2)^{−8/3}λ^{2/3}

as d = 3 and p = 2. The large deviation results in [8] give us some hints for the moderate deviations results and also suggest that the optimal conditions on b(t) are b(t) = o(log t) for d = 2 and b(t) = o(t^{1/3}) for d = 3. Similarly, we can also guess the moderate deviations for the intersection of Wiener sausages in d = 4 case from results in [8] (also see [13]).

(2). Theorem 1.1 is a complement of van den Berg, Bolthausen and den Hollander’s results ([8]). In the case of d = 2, (1) in Theorem 1.1 answers the problem (1.3). In the case of d = 3, there exists a gap for answer of the problem (1.3) since we require a slightly stronger condition b(t) = o(t^{1/3}/(log t)^2) than b(t) = o(t^{1/3}). In [13], the author has obtained a complete result for the intersection of the range of the random walk in which the fact that the range R_n ≤ n is used. In the case of Wiener sausage, we can not find a proper upper bound for |W_r (t)|.

(3). The intersection local time of Brownian motions plays an important role in our proof. By classical results of Dvoretzky, Erdös, Kakutani and Taylor ([29]), we know

S = p\ i=1 {x ∈ R^d : x = β_i(t) for some t ∈ (0, ∞)},

contains points different from the starting point if and only if p(d − 2) < d. So, the intersection local time of Brownian motions does not exist in the case of p(d − 2) ≥ d. The corresponding moderate deviations need a further study.

The proof of Theorem 1.1 is based on the weak and L^p-convergence results for the Wiener sausage in [20] and the high moment method that were developed in [2], [12],[14] and [26]. The key component is the moment estimates and Feynman-Kac semigroup approach. The proofs of the main results are given respectively in Section 2 and Section 3. The proofs of some technical lemmas are delayed to Sections 4, 5 and 6. Our proofs draw on some ideas and techniques in [12].

2 Moderate deviations

In this section, we give the proof of Theorem 1.1. Since V_r (t) is a non-negative random variable, by a version of Gärtner-Ellis theorem advised by Chen ([12]), in order to prove Theorem 1.1, we need only to prove the following result.

Theorem 2.1. (1). Let d = 2 and p ≥ 2 and let b(t) be a positive function satisfying (1.4). Then for any θ > 0,

lim_{t→∞} 1 b(t) log ∞X m=0 θ^m m! „ b(t)(log t)^p t «^m_p (EV^m_r (t))^{1p}

= 1 p „ 2(p − 1) p «_{p−1}

(2π θ)^pκ(2, p)^{2p}.

(2.1)

(2). Let d = 3 and p = 2 and let b(t) be a positive function satisfying (1.7). Then for any θ > 0,

lim_{t→∞} 1 b(t) log ∞X m=0 θ^m m! „ b(t) t «^m_4 p

EV^m_r (t) = 2 „ 3 4 «_3 (2π θ r)^4κ(3, 2)^8. (2.2)

We only prove the case of d = 2. The proof of the case of d = 3 is analogous. For simplicity, we denote by l_t =^t_{b(t)} .

2.1 Upper bound

We apply the high moment method to prove the upper bound (cf. [12]). The proof is based on L^pconvergence results for the Wiener sausage in [20] and the high moment estimates of the volume of intersections of Wiener sausages.

By the scaling property of Brownian motion, we can easily get the following L^p-convergence results from Corollary 3.2 in [20].

Lemma 2.1. As d = 2, p ≥ 2, m = 1, 2, · · · ,

lim_{t→∞}

(log t)^{pm} t^m

EV^m_r (t) = (2π)^{pm}E(α([0, 1]^p))^m (2.3)

and as d = 3, p = 2, m = 1, 2, · · · ,

lim_{t→∞} 1 t^{m/2}

EV^m_r (t) = (2πr)^{2m}E(α([0, 1]^p))^m (2.4)

where α([0, 1])^p is the p-multiple intersection local time for Brownian motions, the quantity formally written as

α([0, 1]^p) = Z R^d

0 B @ pY j=1 Z_1 0 δ_x (β_j(s))ds 1 C A d x.

The key estimates in the upper bound are the following moment estimates. Their proofs will be given in Section 4.

Lemma 2.2. For any integer a ≥ 1, let t_1, t_2, · · · , t_a be positive real numbers satisfying t_1 +· · ·+t_a = t. Then for any integer m ≥ 1,

(EV^m_r (t))^{1p} ≤ X k1+k2+···+ka=m, k1,k2,··· ,ka ≥0 m! k_1!k_2! · · · k_a! aY i=1 (E(V^{ki}_r (t_i)))^{1p} . (2.5)

Consequently, for any θ > 0, ∞X m=0 θ^m m! (EV^m_r (t))^{1p} ≤ aY i=1 ∞X m=0 θ^m m! (E(V^m_r (t_i )))^{1p} . (2.6)

Lemma 2.3. There is a constant C depending only on d and p such that: (1). When d = 2 and p ≥ 2,

sup_{t≥3} sup

y_1, y_2,··· , y_p

E^{( y1, y2,··· , yp)} exp ( C „ (log t)^p t «_{1/(p−1)} (V_r (t))^{1/(p−1)} ) < ∞. (2.7)

(2). When d = 3 and p = 2,

sup_{t≥3} sup_{y1, y2} E^{y1, y2} exp ȷ C t^{1/3}

V_r (t)^{2/3} ff < ∞. (2.8)

The proof of the upper bound

Let s > 0 be fixed. By Lemma 2.2, we get ∞X m=0 θ^m m! „ b(t)(log t)^p t «^m_p

(EV^m_r (t))^{1p}

≤ 0 @ ∞X m=0 θ^m m! „ b(t)(log t)^p t )^{mp} (E(V^m_r (sl_t ))

«^1_p 1 A [^t_{slt} ]+1 . By (2.3), Lemma 2.3, and dominated convergence theorem, we have

lim_{t→∞} ∞X m=0 θ^m m! „ b(t)(log t)^p t «^m_p

(E(V^m_r (sl_t )))^{1p}

= ∞X m=0 (2πθ)^m m! s^{mp} (E(α([0, 1]^p)^m))^{1p} .

(2.9)

So, lim sup t→∞ 1 b(t) log ∞X m=0 θ^m m! „ b(t)(log t)^p t «^m_p

(EV^m_r (t))^{1p}

≤ 1 s log ∞X m=0 (2πθ)^m m! s^{mp} (Eα([0, 1]^p)^m)^{1p} .

Now applying the large deviation result for Brownian intersection local time given by Chen (Theorem 2.1, [11]), we obtain the upper bound:

lim_{s→∞} 1 s log ∞X m=0 (2πθ)^m m! s^{mp} (Eα([0, 1]^p)^m)^{1p}

= sup_{λ>0} ȷ 2πθλ^{1p} − 1 2 κ(2, p)^{− 2pp−1} λ^{1p−1} ff

= 1 p „ 2(p − 1) p «_{p−1}

(2πθ)^pκ(2, p)^{2p}.

2.2 Lower bound

We will use the Feynman-Kac semigroup method (cf. [12]) to prove the lower bound. The key is to find a proper Feynman-Kac type operator and obtain a good lower bound.

Notice that for any non-negative, bounded and uniformly continuous function f on R^2 with || f ||_q = 1, for any integer m ≥ 1,

E Z R^2 f r b(t) t x ! I_{{x∈Wr (t)}}d x

!_m

= „ t b(t)

«_m Z

R^{2m} mY k=1 f (x_k)E m Y k=1 I_{^Æ t_{b(t) xk∈Wr (t)}} ! d x_1 · · · d x_m

≤‖ f ‖^m_q „ t b(t)

«_m Z

R^{2m} E mY k=1 I_{^Æ t_{b(t) xk∈Wr (t)}}

!_p

d x_1 · · · d x_m

!_{1/p}

= „ t b(t)

«^{p−1}_{p m} 0 B @ Z R^{2m} E pY j=1 mY k=1 I_{{xk ∈W} j_{r (t)}}d x_1 · · · d x_m 1 C A 1/p

= „ t b(t)

«^{p−1}_{p m} (EV^m_r (t))^{1/p}.

(2.10)

Therefore,_∞ X m=0 θ^m m! „ b(t)(log t)^p t «_{m/p} (EV^m_r (t))^{1/p}

≥ ∞X m=0 θ^m m! „ b(t) log t t «_m E Z R^2 f r b(t) t x ! I_{{x∈Wr (t)}}d x

!_m

=E exp ( θ b(t) log t t Z R^2 f r b(t) t x ! I_{{x∈Wr (t)}}d x )! .

(2.11)

Therefore, the lower bound transfer to estimate the following linear operator T on L^2(R^d ) defined by (T ξ)(x) = E_x exp (Z R^d f r b(t) t y ! I_{{ y∈Wr (t)}}d y ) ξ(β(t)) ! , ξ ∈ L^2(R^d ).

Lemma 2.4. T is a self-adjoint operator on L^2(R^d ).

Proof. For any ξ, η ∈ L^2(R^d ),

〈η, T ξ〉 = Z R^d

η(x)E_x Ć exp ĺZ R^d f “Æ l^{−1}_t y ” I_{{ y∈Wr (t)}}d y ń ξ(β(t)) Ň d x

= Z R^d

η(x)E Ć exp ĺZ R^d f “Æ l^{−1}_t (x + y) ” I_{{ y∈Wr (t)}}d y ń ξ(x + β(t)) Ň d x

=E ĆZ R^d

η(x) exp ĺZ R^d f “Æ l^{−1}_t (x + y) ” I_{{ y∈Wr (t)}}d y ń ξ(x + β(t))d x Ň

=E ĆZ R^d

η(x − β(t)) exp ĺZ R^d f “Æ l^{−1}_t (x + y − β(t)) ” I_{{ y∈Wr (t)}}d y ń ξ(x)d x Ň

=E ĆZ R^d

η(x + β^′(t)) exp ĺZ R^d f “Æ l^{−1}_t (x + y) ” I_{{ y∈W} ′_{r (t)}}d y ń ξ(x)d x Ň

=E ĆZ R^d

η(x + β(t)) exp ĺZ R^d f “Æ l^{−1}_t (x + y) ” I_{{ y∈Wr (t)}}d y ń ξ(x)d x Ň

=〈T η, ξ〉

where {β^′(s) = −β(t) + β(t − s), 0 ≤ s ≤ t}^d= {β(s), 0 ≤ s ≤ t}, and W^′_r (t) is the Wiener sausage associated with β^′(s).

The following lemma plays an important role in the lower bound. Its proof is given in section 6.

Lemma 2.5. Let f be bounded and continuous on R^d . (1). If d = 2 and b(t) satisfies (1.4), then

lim inf t→∞ 1 b(t) log E exp ( b(t) log t 2πt Z R^2 f r b(t) t x ! I_{{x∈Wr (t)}}d x )!

≥ sup_{g∈�} 2 ĺZ R^2

f (x)g^2(x)d x − 1 2 Z R^2

〈∇g(x), ∇g(x)〉d x ń . (2.12)

(2). If d = 3 and b(t) satisfies (1.7), then

lim inf t→∞ 1 b(t) log E exp ( b(t) 2πr t Z R^3 f r b(t) t x ! I_{{x∈Wr (t)}}d x )!

≥ sup_{g∈�} 3 ĺZ R^3

f (x)g^2(x)d x − 1 2 Z R^3

〈∇g(x), ∇g(x)〉d x ń . (2.13)

The proof of the lower bound

We now complete the proof of the lower bound. By (2.11) and Lemma 2.5, we have

lim inf t→∞ 1 b(t) log ∞X m=0 θ^m m! „ b(t)(log t)^p t «_{m/p}

(EV^m_r (t))^{1/p}

≥ sup_{g∈�} 2 ĺ 2πθ Z R^2

f (x)g^2(x)d x − 1 2 Z R^2

〈∇g(x), ∇g(x)〉d x ń . Taking supremum over all non-negative, bounded and uniformly continuous function f on R^2 with || f ||_q = 1, the right hand side becomes

sup_{g∈�} 2

8 < :2πθ ĆZ R^2

|g(x)|^{2p}d x

Ň_{1/p} − 1 2 Z R^2

〈∇g(x), ∇g(x)〉d x 9 = ;

= 1 p „ 2(p − 1) p «_{p−1}

(2πθ)^pκ(2, p)^{2p}

(2.14)

where the last step follows from Lemma A.2 in [11].

3 Laws of the iterated logarithm

We prove Theorem 1.2 in this section. The upper bound of the law of the iterated logarithm is a direct application of Theorem 1.1 and Borel-Cantelli lemma. So we only give proof of the lower bound. Because the proof of the case of d = 3 is analogous, we only prove the case of d = 2. That is

lim sup t→∞ (log t)^p t(log log t)^{p−1}

V_r (t) ≥ (2π)^p „ 2 p «_{p−1}

κ(2, p)^{2p}, a.s. (3.1)

We first give some notations and a basic lemma which is the main tool to prove (3.1). For each x̄ = (x_1, x_2, · · · , x_p) ∈ (R^2)^p, write ‖x̄‖ = max_{1≤ j≤p} |x_j|, and let P^{x̄} denote the probability induced by the p independent Brownian motions β_1(s), β_2(s), · · · β_p(s) starting at x_1, x_2, · · · , x_p, respectively. E^{x̄} denotes the expectation correspondent to P^{x̄} . To be consistent with the notation we used before, we have P^{0,0,··· ,0} = P, E^{0,0,··· ,0} = E.

Lemma 3.1. (1). Let d = 2 and p ≥ 2 and let (1.4) hold. Then

lim inf t→∞ 1 b(t) log inf

‖x̄‖≤

Æ_t

b(t)

P^{x̄} „ V_r (t) ≥ λ t (log t)^p b(t)^{p−1} «

≥ − p 2 (2π)^{− pp−1} κ(2, p)^{− 2pp−1} λ^{pp−1} .

(3.2)

2). Let d = 3 and p = 2 and let (1.7) hold. Then

lim inf t→∞ 1 b(t) log inf

||x̄||≤

Æ_t

b(t)

P^{x̄} “ V_r (t) ≥ λ p t b(t)^3 ”

≥ −(2πr)^{− 43} κ(2, p)^{− 83} λ^{23} .

(3.3)

Proof. The proof is analogous to Lemma 7 in [12]. We only prove (3.2). For given ȳ = ( y_1, y_2, · · · , y_p) ∈ (R^2)^p and m ≥ 1,

E^ȳ V^m_r (t) = E 0 B @ Z R^2 pY j=1 I_{{x+ y j ∈W} j_{r (t)}}d x 1 C A m

= Z (R^2)^m pY j=1 E m Y k=1 I_{{xk + y j ∈W} j_{r (t)}} ! d x_1 · · · d x_m

≤ pY j=1 Z (R^2)^m E m Y k=1 I_{{xk + y j ∈W} j_{r (t)}}

!!_p d x_1 · · · d x_m

!_{1/p}

= Z (R^2)^m E m Y k=1 I_{{xk ∈Wr (t)}}

!!_p

d x_1 · · · d x_m

= E(V^m_r (t))

.

Therefore, by (2.1), we have

lim sup t→∞ 1 b(t) log ∞X m=0 θ^m m! „ b(t)(log t)^p t «_{m/p} (sup_ȳ E^ȳ V^m_r (t))^{1/p}

≤ 1 p „ 2(p − 1) p «_{p−1} (2πθ)^pκ(2, p)^{2p}

(3.4)

It is easy to see from Theorem 4 in [12] that (3.2) is a consequence of (3.4) and the following

lim inf t→∞ 1 b(t) log ∞X m=0 θ^m m! „ b(t)(log t)^p t «_{m/p} inf ||ȳ||≤

�_{lt} E^ȳ V^mr (t)

!_{1/p}

≥ 1 p „ 2(p − 1) p «_{p−1} (2πθ)^pκ(2, p)^{2p}.

(3.5)

For ε > 0, set B_t (x) = n y; |x − y| ≤ ε p l_t o , B_t = B_t (0) and

V_{r,ε}(t) = Z R^2 pY j=1 Z z∈B_t 1 |B_t |

I_{{x−z∈W} j_{r (t)}}dz ! d x

where |B_t | denotes the Lebesgue measure of the set B_t . For any function f on R^2, define

f_ε(x) = 1 πε^2 Z | y|≤ε

f (x + y)d y.

Let f be a non-negative, bounded and uniformly continuous function on R^2 with || f ||_q = 1. Similar to (2.10), for any integer m ≥ 1 we have E Z R^2 f “Æ l^{−1}_t x ” Z z∈B_t 1 |B_t |

I_{{x−z∈Wr (t)}}dz ! d x !_m ≤ ` l_t

´^{p−1}_{p m} (EV^m_{r,ε}(t))^{1/p} (3.6) and Z

R^2 f “Æ l^{−1}_t x ” Z z∈B_t 1 |B_t |

I_{{x−z∈Wr (t)}}dz ! d x

= Z R^2 f “Æ l^{−1}_t (x + z) ” Z z∈B_t 1 |B_t |

I_{{x∈Wr (t)}}dz ! d x

=l_t Z R^2 1 |B_t |

I_{{x∈Wr (t)}} Z |z|≤ε f “Æ l^{−1}_t x + z ” dz ! d x

= Z R^2

I_{{x∈Wr (t)}} f_ε “Æ l^{−1}_t x ” d x.

Hence, we have E ĆZ R^2

I_{{x∈Wr (t)}} f_ε “Æ l^{−1}_t x ” d x Ň_m

≤ (l_t )^{p−1p m} “ EV^m_{r,ε}(t)

”_{1/p}

and_∞ X m=0 θ^m m! „ b(t)(log t)^p t «_{m/p} “

EV^m_{r,ε}(t)

”_{1/p}

≥ ∞X m=0 θ^m m! „ b(t) log t t «_m E ĆZ R^2

I_{{x∈Wr (t)}} f_ε “Æ l^{−1}_t x ” d x Ň_m

=E exp ĺ θ b(t) log t t Z R^2

I_{{x∈Wr (t)}} f_ε “Æ l^{−1}_t x ” d x ń . By lemma 2.5, we have

lim inf t→∞ 1 b(t) log ∞X m=0 θ^m m! „ b(t)(log t)^p t «_{m/p}

(EV^m_{r,ε}(t))^{1/p}

≥ sup_{g∈�} 2 {2πθ Z R^2

f_ε(x)g^2(x) − 1 2 Z R^2

〈∇g(x), ∇g(x)〉d x}

= sup_{g∈�} 2 ĺ 2πθ Z R^2

f (x)(g^2)_ε(x) − 1 2 Z R^2

〈∇g(x), ∇g(x)〉d x ń . Taking supremum over all non-negative, bounded and uniformly continuous function f on R^2 with || f ||_q = 1 in the last inequality, we get

lim inf t→∞ 1 b(t) log ∞X m=0 θ^m m! „ b(t)(log t)^p t «_{m/p} “

EV^m_{r,ε}(t)

”_{1/p}

≥ sup_{g∈�} 2

8 < :2πθ ĆZ R^2

|(g^2)_ε(x)|^pd x

Ň_{1/p} − 1 2 Z R^2

〈∇g(x), ∇g(x)〉d x 9 = ;. (3.7)

Take l_t =^t_{b(t)} . Then

E^ȳ V^m_r (t) = E 0 B @ Z R^2 pY j=1 I_{{x+ y j ∈W} j_{r (t)}}d x 1 C A m

= Z (R^2)^m pY j=1 E m Y k=1 I_{{xk + y j ∈W} j_{r (t)}} ! d x_1 · · · d x_m

≥ Z (R^2)^m pY j=1 E m Y k=1 I_{{xk + y j ∈W} j_{r ([lt ,t])}} ! d x_1 · · · d x_m

≥ Z (R^2)^m pY j=1 E m Y k=1 I_{{β j (lt )∈Bt ( y j )}} I_{{xk + y j −β j (lt )∈W̃} j_{r (t−lt )}} ! d x_1 · · · d x_m

where β̃_j(t) = β_j(t + l_t ) − β_j(l_t ). Notice that

E m Y k=1 I_{{β j (lt )∈Bt ( y j )}} I_{{xk + y j −β j (lt )∈W̃} j_{r (t−lt )}} !

=E I_{{β j (lt )∈Bt ( y j )}} mY k=1 I_{{xk + y j −β j (lt )∈W̃} j_{r (t−lt )}} !

= Z z∈B_t ( y_j )

p_{lt} (z)E m Y k=1 I_{{xk + y j −z∈W̃} j_{r ([0,t−lt ])}} ! dz

≥ min_{1≤ j≤p} inf_{z∈Bt ( y j )} p_{lt} (z) Z z∈B_t E m Y k=1 I_{{xk −z∈W} j_{r (t−lt )}} ! dz

=γ(t) Z z∈B_t E m Y k=1 I_{{xk −z∈W} j_{r (t−lt )}} ! dz

where γ(t) = min_{1≤ j≤p} inf_{z∈Bt ( y j )} p_{lt} (z) = min_{1≤ j≤p} inf_{z∈Bt ( y j )}^1_{2πlt} e^{−z2/2lt} and p_{lt} (z) is the probability density of β(l_t )). We have

E^ȳ V^m_r (t) ≥ (γ(t))^p Z (R^2)^m pY j=1 Z z∈B_t E m Y k=1 I_{{xk −z∈W} j_{r (t−lt )}} ! dz ! d x_1 · · · d x_m

=(γ(t))^pE 0 B @ Z (R^2)^m pY j=1 Z z∈B_t mY k=1 I_{{xk −z∈W} j_{r (t−lt )}}dz ! d x_1 · · · d x_m 1 C A

=(γ(t))^pE 0 B @ Z (R^2)^m Z z_1∈B_t

· · · Z z_p ∈B_t pY j=1 mY k=1 I_{{xk −z j ∈W} j_{r (t−lt )}}dz_1 · · · dz_p d x_1 · · · d x_m 1 C A

=(γ(t))^pE 0 B @ Z z_1∈B_t

· · · Z z_p∈B_t

0 B @ Z R^2 pY j=1 I_{{x−z j ∈W} j_{r (t−lt )}}d x 1 C A m dz_1 · · · dz_p 1 C A

≥(γ(t))^p|B_t |^pE 0 B @ Z z_1∈B_t

· · · Z z_p ∈B_t 1 |B_t |^p 0 B @ Z R^2 pY j=1 I_{{x−z j ∈W} j_{r (t−lt )}}d x 1 C A dz_1 · · · dz_p 1 C A m

=(γ(t))^p|B_t |^pE 0 B @ Z R^2 1 |B_t | pY j=1 Z z∈B_t

I_{{x−z∈W} j_{r (t−lt )}}dz ! d x 1 C A m

where the fifth step follows from Jensen’s inequality. It follows from inf_{t>0} γ(t)|B_t | > 0 that for some constant δ > 0 and for any t > 0,

inf ||ȳ||≤

�_{lt} E^ȳ V^mr (t) ≥ δE 0 B @ Z R^2 1 |B_t | pY j=1 ( Z z∈B_t

I_{{x−z∈W} j_{r (t−lt )}}dz)d x 1 C A m .

By (3.7) with t replaced by t − l_t , we obtain

lim inf t→∞ 1 b(t) log ∞X m=0 θ^m m! „ b(t)(log t)^p t «_{m/p} inf ||ȳ||≤

�_{lt} E^ȳ V^mr (t)

!_{1/p}

≥ sup_{g∈�} 2 ĺ 2πθ( Z R^2

|(g^2)_ε(x)|^pd x)^{1/p} − 1 2 Z R^2

〈∇g(x), ∇g(x)〉d x ń . Finally, we let ε → 0^+ on the right hand. Then (3.5) follows from (2.14).

We now complete the proof of (3.1). Let n_k = k^k, k ≥ 1. Since V_r (n_{k+1}) ≥ V_r ([n_k, n_{k+1}]), we only need to prove that for any λ < (2π)^p ` 2/p ´_{p−1} κ(2, p)^{2p},

lim sup k→∞ (log n_{k+1})^p n_{k+1}(log log n_{k+1})^{p−1}

V_r ([n_k, n_{k+1}]) ≥ λ a.s. (3.8)

First, applying (3.2) with b(t) = log log max{t, 27}, we get X k inf ||x̄||≤

�_{nk+1/ log log nk+1} P^{x̄} ĺ V_r (n_{k+1} − n_k) ≥ n_{k+1}(log log n_{k+1})^{p−1} (log n_{k+1})^p λ ń = ∞. (3.9)

Let us consider the 2p-dimensional Brownian motion β̄(s) = (β_1(s), · · · , β_p(s)). Then by the law of the iterated logarithm of the Brownian motion and p n_k log log n_k = o( p n_{k+1}/ log log n_{k+1}) as k → ∞, we have that with probability 1, the events n ‖β̄(n_k)‖ ≤ p n_{k+1}/ log log n_{k+1} o , k = 1, 2, · · ·

eventually hold. Therefore, (3.9) implies X k P^{β̄(nk )} ĺ V_r (n_{k+1} − n_k) ≥ n_{k+1}(log log n_{k+1})^{p−1} (log n_{k+1})^p λ ń = ∞, a.s (3.10)

and so by the Markov property and the conditional Borel-Cantelli lemma, (3.8) holds.

4 High Moment estimates

In this section we prove Lemmas 2.2 and 2.3. Our proofs are analogous to the case of the range of random walk ([24][12]). There also exist some technical difficulties. For examples, the range R_n of the random walk has a natural upper bound n, but |W_r (t)| ≤ t is not true. In the case of Wiener sausage, the behavior of the Wiener sausage within a short time should be concerned.

We first prove Lemma 2.2, which is a conclusion of the following lemma. For △ ⊂ R, denote by

W_r (△) = [ s∈△ B_r (β(s)), V_r (△) = |W^1_r (△) ∩ W^2_r (△) ∩ · · · ∩ W^p_r (△)|.

Let us make a decomposition of the domain [0, t] which is come from Chen ([12]). Let a ≥ 2 be an integer and let t_0 = 0 and t_1, t_2, · · · , t_a be positive real numbers satisfying t_0 + t_1 + · · · + t_a = t. Write △_i = [t_0 + t_1 + · · · + t_{i−1}, t_0 + t_1 + · · · + t_i ], i = 1, · · · , a and A = Z R^d pY j=1 aX i=1 I_{{ y∈W} j_{r (△i )}}d y.

Then it is obvious from I_{{ y∈W} j_{r (t)}} ≤

P_a

i=1 I_{{ y∈W} j_{r (△i )}} that

V_r (t) = Z R^d pY j=1 I_{{ y∈W} j_{r (t)}}d y ≤ A. (4.1)

Lemma 4.1. For any integer m ≥ 1,

(EA^m)^{1p} ≤ X k1+k2+···+ka=m k1,k2,··· ,ka ≥0 m! k_1!k_2! · · · k_a! aY i=1 Ă E(V^{ki}_r (t_i))

Ł 1_p

. (4.2)

Consequently, for any θ > 0, ∞X m=0 θ^m m! (EA^m)^{1p} ≤ aY i=1 ∞X m=0 θ^m m! Ă E(V^m_r (t_i ))

Ł 1_p . (4.3)

Proof.

(EA^m)^{1p} = 0 B @ Z (R^d )^m E 0 B @ mY k=1 pY j=1 aX i=1 I_{{ yk∈W} j_{r (△i )}} 1 C A d y_1d y_2 · · · d y_m 1 C A 1 p

= Z (R^d )^m E m Y k=1 aX i=1 I_{{ yk∈Wr (△i )}}

!!_p

d y_1d y_2 · · · d y_m

!^1_p

= 0 B @ Z (R^d )^m

0 B @ aX i_1,··· ,i_m=1

E(I_{{ y1∈Wr (△i1 )}} · · · I_{{ ym∈Wr (△im )}}) 1 C A p d y_1 · · · d y_m 1 C A 1 p

≤ aX i_1,··· ,i_m=1 Z (R^d )^m “ E(I_{{ y1∈Wr (△i1 )}} · · · I_{{ ym∈Wr (△im )}})

”_p d y_1 · · · d y_m

! 1_p

Given integers i_1, i_2, · · · , i_m between 1 and a, let k_1, k_2 · · · , k_a be the number of occurrences of i = 1, i = 2, · · · i = a, respectively. Then k_1 + k_2 + · · · + k_a = m. In order to get (4.2), we need only to prove Z

(R^d )^m

(E(I_{{ y1∈Wr (△i1 )}} · · · I_{{ ym∈Wr (△im )}}))^p d y_1 · · · d y_m ≤ aY i=1 E(V^{ki}_r (t_i)). (4.4)

Let {�_s, s ≥ 0} denote the σ-algebra filter generated by {β(s), s ≥ 0}. Then Z (R^d )^m “ E(I_{{ y1∈Wr (△i1 )}} · · · I_{{ ym∈Wr (△im )}})

”_p

d y_1 · · · d y_m

= Z (R^d )^{m−ka} Z (R^d )^{ka} E a Y i=1 I_{{ y} i_{1∈Wr (△i )}} · · · I_{{ y} i_{ki ∈Wr (△i )}}

!!_p

d y^a_1 · · · d y^a_{ka} !

d y^1_1 · · · d y^1_{k1} · · · d y^{a−1}_1 · · · d y^{a−1}_{ka−1} and Z (R^d )^{ka} ( E a Y i=1 I_{{ y} i_{1∈Wr (△i )}} · · · I_{{ y} i_{ki ∈Wr (△i )}}

!)_p d y^a_1 · · · d y^a_{ka}

= Z (R^d )^{ka} ( E ( E a Y i=1 I_{{ y} i_{1∈Wr (△i )}} · · · I_{{ y} i_{ki ∈Wr (△i )}}|�_{t−ta}

!))_p d y^a_1 · · · d y^a_{ka}

= Z (R^d )^{ka} ( E a_{−1} Y i=1 I_{{ y} i_{1∈Wr (△i )}} · · · I_{{ y} i_{ki ∈Wr (△i )}}E_{β(t−ta )}(I_{{ y} a_{1 ∈Wr (ta )}} · · · I_{{ y} a_{ka ∈Wr (ta )}})

!)_p

d y^a_1 · · · d y^a_{ka}

= E 8 < : pY j=1 a−1Y i=1 I_{{ y} i_{1∈W} j_{r (△i )}} · · · I_{{ y} i_{ki ∈W} j_{r (△i )}}×

Z (R^d )^{ka} pY j=1 E_{β j (t−ta )}(I_{{ y} a_{1 ∈W} j_{r (ta )}} · · · I_{{ y} a_{ka ∈W} j_{r (ta )}})d y^a_1 · · · d y^a_{ka} 9 = ;

≤ E 8 < : pY j=1 a−1Y i=1 I_{{ y} i_{1∈W} j_{r (△i )}} · · · I_{{ y} i_{ki ∈W} j_{r (△i )}}×

pY j=1 Z (R^d )^{ka} Ą E_{β j (t−ta )}(I_{{ y} a_{1 ∈W} j_{r (ta )}} · · · I_{{ y} a_{ka ∈W} j_{r (ta )}})

Ń_p

d y^a_1 · · · d y^a_{ka}

! 1_p 9 = ;

≤ E 8 < : pY j=1 a−1Y i=1 I_{{ y} i_{1∈W} j_{r (△i )}} · · · I_{{ y} i_{ki ∈W} j_{r (△i )}}× Z (R^d )^{ka} “ E(I_{{ y} a_{1 ∈W} 1_{r (ta )}} · · · I_{{ y} a_{ka ∈W} 1_{r (ta )}})

”_p d y^a_1 · · · d y^a_{ka} !)

= E 8 < : pY j=1 a−1Y i=1 I_{{ y} i_{1∈W} j_{r (△i )}} · · · I_{{ y} i_{ki ∈W} j_{r (△i )}} 9 = ; E(V

k_a

r (t_a)).

Repeating this process gives (4.4). (4.3) is easy to get from (4.2).

We now prove Lemma 2.3. We first give the following useful lemma. Lemma 4.2. For any integer m ≥ 1, E(V^m_r (t)) ≤ (m!)^p(E(V_r (t)))^m.

Proof. Set T ( y) = inf{s ≥ 0; |β(s) − y| ≤ r} and T_j ( y) = inf{s ≥ 0; |β_j(s) − y| ≤ r}. P m denotes the set of all permutations on {1, 2, · · · , m}. Then

E(V^m_r (t)) = E 0 B @ Z (R^d )^m mY i=1 pY j=1 I_{{ yi ∈W} j_{r (t)}}d y_1 · · · d y_m 1 C A

= Z (R^d )^m E m Y i=1 I_{{ yi ∈Wr (t)}}

!_p

d y_1 · · · d y_m.

(4.5)

It is easy to see that P{ y ∈ W_r (t)} = P{T ( y) ≤ t}, and P{ y ∈ W^j_r (t)} = P{T_j ( y) ≤ t}. Hence, by the

strong Markov property, we have

E(V^m_r (t)) ≤ Z (R^d )^m ( X σ∈ P m P Ă T ( y_{σ(1)}) ≤ T ( y_{σ(2)}) ≤ · · · ≤ T ( y_{σ(m)}) ≤ t)

Ł_p d y_1 · · · d y_m

≤ Z (R^d )^m

(m!)^p ` P ` T ( y_1) ≤ T ( y_2) ≤ · · · ≤ T ( y_m) ≤ t

´´_p d y_1 · · · d y_m

= Z (R^d )^m

(m!)^p ę E ę E(I_{T( y1 )≤T( y2 )≤···≤T( ym )≤t} |�_{T( ym−1)}) ľľ_p

d y_1 · · · d y_m

≤ (m!)^p Z (R^d )^m ę E ę I_{{T( y1 )≤T( y2 )≤···≤T( ym−1)≤t}}E_{β(T( ym−1))}(I_{{T( ym )≤t}}) ľľ_p d y_1 · · · d y_m

= (m!)^p Z (R^d )^m E 8 < : pY j=1 I_{{Tj ( y1)≤Tj ( y2)≤···≤Tj ( ym−1)≤t}}E_{β j (T( ym−1 ))}(I_{{Tj ( ym)≤t}}) 9 = ; d y^1 · · · d y^m and by Hölder’s inequality, Z R^d E 8 < : pY j=1 I_{{Tj ( y1)≤Tj ( y2)≤···≤Tj ( ym−1)≤t}}E_{β j (T( ym−1))}(I_{{Tj ( ym)≤t}}) 9 = ; d y^m

= E 8 < : pY j=1 I_{{Tj ( y1)≤Tj ( y2)≤···≤Tj ( ym−1)≤t}} Z R^d pY j=1 E_{β j (T( ym−1 ))}(I_{{Tj ( ym)≤t}})d y_m 9 = ;

≤ E 8 < : pY j=1 I_{{Tj ( y1)≤Tj ( y2)≤···≤Tj ( ym−1)≤t}} pY j=1 ĆZ R^d

(E_{β j (T( ym−1))}(I_{{Tj ( ym)≤t}}))^p d y_m

Ň 1_p 9 = ;

= E 8 < : pY j=1 I_{{Tj ( y1)≤Tj ( y2)≤···≤Tj ( ym−1)≤t}} Z R^d Ă E_{β(T( ym−1 ))}(I_{{T( ym )≤t}})

Ł_p d y_m 9 = ;

= E 0 B @ pY j=1 I_{{Tj ( y1)≤Tj ( y2)≤···≤Tj ( ym−1)≤t}} 1 C A × EV_r (t).

Repeating this procedure yields the conclusion of Lemma 4.2.

Remark 4.1. We borrow the method from ([24]) in which the analogous result for intersections of the ranges of random walks is given by LeGall and Rosen. But we need a different analysis when applying the Markov property at time T ( y_k) due to V_r (t) is a continuous version of the intersections of the range of random walks.

Using Lemma 4.2, we get the following high moment estimates. Lemma 4.3. There is a constant C depending only on d and p such that: (1). When d = 2 and p ≥ 2,

E(V^m_r (t)) ≤ (m!)^{p−1}C^m „ t (log t)^p

«_m

, m = 1, 2, · · · , t ≥ 3. (4.6)

(2). When d = 3 and p = 2,

E(V^m_r (t)) ≤ (m!)^32 C^m t^m2 , m = 1, 2, · · · , t ≥ 3. (4.7)

Proof. We only prove (4.6) because the proof of (4.7) is analogous. We first consider m ≤ (log t)^{p−1p−2} . Let l(m, t) =^t_m + 1, write l for l(m, t) for simplicity. Then, by Corollary 2.2 and Lemma 4.2 and

Lemma 2.1,

(EV^m_r (t))^{1p} ≤ X k1+k2+···+km=m

k1,k2,··· ,km≥0 m! k_1!k_2! · · · k_m!

(E(V^{k1}_r (l)))^{1p} (E(V^{k2}_r (l)))^{1p} · · · (E(V^{km}_r (l)))^{1p}

≤ X k1+k2+···+km=m

k1,k2,··· ,km≥0 m! k_1!k_2! · · · k_m!

k_1!k_2! · · · k_m!(E(V_r (l))) k1 p (EV_r (l)) k2 p · · · (EV_r (l))^{kmp}

= Ć 2m − 1 m Ň m!(EV_r (l))^{m/p}

≤ Ć 2m − 1 m Ň m!C^m „ t/m (log t)^p

«_{m/p}

≤(m!)^{p−1p} C^m „ t (log t)^p

«_{m/p} .

By the help of Lemma 4.2 with p = 1, we have EW^m_r (t) ≤ m!(EW_r (t))^m. For the case m ≥ (log t)^{p−1p−2} ,

EV^m_r (t) ≤ EW^m_r (t) ≤ m!(EW_r (t))^m

≤ m!C^m „ t log t

«_m

≤ (m!)^{p−1}C^m „ t (log t)^p

«_m Ć

(log t)^{p−1} m^{p−2}

Ň_m

≤ m!^{p−1}C^m „ t (log t)^p

«_m . Therefore, (4.6) is valid.

Remark 4.2. The proof is based on a decomposition of the time interval [0, t] which comes from Lemma 1 in [12]. When m is large enough, the behavior of the Wiener sausage within a short time must be concerned.

The proof of Lemma 2.3. (1). For given ( y_1, y_2, · · · , y_p) ∈ (R^2)^p and m ≥ 1,

E^{( y1, y2,··· , yp )}V^m_r (t) = E 0 B @ Z R^2 pY j=1 I_{{x+ y j ∈W} j_{r (t)}}d x 1 C A m

= Z (R^2)^m pY j=1 E m Y k=1 I_{{xk + y j ∈W} j_{r (t)}} ! d x_1 · · · d x_m

≤ pY j=1 Z (R^2)^m E m Y k=1 I_{{xk + y j ∈W} j_{r (t)}}

!!_p d x_1 · · · d x_m

!_{1/p}

= Z (R^2)^m E m Y k=1 I_{{xk ∈Wr (t)}}

!!_p d x_1 · · · d x_m

= E(V^m_r (t)).

.

Therefore, by Hölder’s inequality, we have „ (log t)^p t «_{m/(p−1)} sup y_1, y_2,··· , y_p

E^{( y1, y2,··· , yp)}(V_r (t))^{m/(p−1)}

≤ „ (log t)^p t «_{m/(p−1)} sup y_1, y_2,··· , y_p ę E^{( y1, y2,··· , yp)}V^m_r (t) ľ_{1/(p−1)}

≤ „ (log t)^p t «_{m/(p−1)} ę EV^m_r (t) ľ_{1/(p−1)}

≤ C̃^mm!

where the last step follows from (4.6) and C̃ is a positive constant. Lemma 2.3 follows from a Taylor expansion.

(2). By Lemma 4.3 and Jensen’s inequality, we have

EV^{2m/3}_r (t) ≤ (EV^m_r (t))^{23} ≤ m!C^m t^{m/3}, m ≥ 1.

For given ( y_1, y_2) ∈ (R^3)^2 and m ≥ 1,

E^{( y1, y2)}V^m_r (t) = E 0 B @ Z R^2 2Y j=1 I_{{x+ y j ∈W} j_{r (t)}}d x 1 C A m

= Z (R^2)^m 2Y j=1 E m Y k=1 I_{{xk + y j ∈W} j_{r (t)}} ! d x_1 · · · d x_m

≤ 2Y j=1 Z (R^2)^m

E^2 m Y k=1 I_{{xk + y j ∈W} j_{r (t)}})d x_1 · · · d x_m

!!_{1/2}

= Z (R^2)^m

E^2 m Y k=1 I_{{xk ∈Wr (t)}} ! d x_1 · · · d x_m

= E(V^m_r (t)).

Therefore, one can get (2.8) by Taylor expansion.

5 Exponential moment estimates of the Wiener sausage

In this section, we give some exponential moment estimates of single Wiener sausage which will be used in the proof of Lemma 2.5.

From ([27]), we have the following asymptotic behavior of the expectation of the Wiener sausage:

E|W_r (t)| = 8 < : 2πt log t + 2πt (log t)^2 (1 + γ − log 2 + 2 log r) + o( t (log t)^2 ) d = 2

2πr t + 4 � 2πr^2 t^{1/2} + o(t^{1/2}) d = 3

. (5.1)

Lemma 5.1. (1). As d = 2, for any θ > 0,

sup_{t≥3} E exp ȷ θ log t t |W_r (t)| ff < ∞. (5.2)

(2). As d ≥ 3, for any θ > 0, sup_{t≥3} E exp ȷ θ t |W_r (t)| ff < ∞. (5.3)

Proof. We only prove (5.2). By Lemma 4.2 with p = 1, we have

E|W_r (t)|^m ≤ m!(E|W_r (t)|)^m.

By (5.1) and the Taylor’s expansion, we can easily get (5.2) holds for some θ_0 > 0. For any θ > 0, we choose δ > 0 such that θ < θ_0[δ^{−1}] and denote k_t = [δt], Then

E exp ȷ θ log t t |W_r (t)| ff ≤ E exp ȷ θ log t t |W_r (k_t )| ff_{[δ}−1_{]+1}

≤ E exp ȷ θ_0 log k_t k_t

|W_r (k_t )| ff_{[δ}−1_{]+1}

where the first inequality is due to the subadditivity of the Wiener sausage and the Markov property of Brownian motion.

Next, we will give an exponential estimate for |W_r (t)|−E|W_r (t)|. The proof is analogous to Theorem 5.4 in [2]. The following lemma plays an important role in the proof of Lemma 5.3, which was given by Bass, Chen and Rosen ([1]).

Lemma 5.2. Let 0 < p ≤ 1 and {Y_k(ζ)}_{k≥1} be a family (indexed by ζ) of sequences of i.i.d real valued random functions such that EY_k(ζ) = 0 and

lim_{θ →0} sup_ζ Ee^{θ |Y1(ζ)|p} = 1.

Then for some λ > 0,

sup_{n,ζ} E exp ( λ| nX k=1 Y_k(ζ)/ � n|^p ) < ∞.

Lemma 5.3. Set W̄_r (t) = |W_r (t)| − E|W_r (t)|. Then there is a constant C such that: (1). When d = 2, sup_{t≥27} E exp ĺ C(log t)^2 t |W̄_r (t)| ń < ∞. (5.4)

(2). When d = 3, sup_{t≥27} E exp ĺ C t^{1/3}(log t)^2

|W̄_r (t)|^{23} ń < ∞. (5.5)

Proof. (1). For t ≥ 27, set N = [2(log 2)^{−1} log log t], so that 2^N ∼ (log t)^2. Write

|W_r (t)| =

2^NX

k=1 |W_r ([(k − 1)t2^{−N} , kt2^{−N} ])|

− NX j=1

2^{j−1}X

k=1 |W_r ([(2k − 2)t2^{− j}, (2k − 1)t2^{− j}]) ∩ W_r ([(2k − 1)t2^{− j} , (2k)t2^{− j} ])|

and set

β_k = |W_r ([(k − 1)t2^{−N} , kt2^{−N} ])| and α_{j,k} = |W_r ([(2k − 2)t2^{− j} , (2k − 1)t2^{− j} ]) ∩ W_r ([(2k − 1)t2^{− j}, (2k)t2^{− j} ])|.

Then

W̄_r (t) =

2^NX

k=1 β̄_k − NX j=1

2^{j−1}X

k=1 ᾱ_{j,k}

where β̄_k = β_k − Eβ_k and ᾱ_{j,k} = α_{j,k} − Eα_{j,k}. By Lemma 5.1, we have that

sup_{t≥27} E exp ĺ λ Ć log t2^{−N}

t2^{−N} Ň |β̄_1| ń < ∞.

Therefore, by Lemma 5.2, there is a θ > 0 such that

sup_{t≥27} E exp 8 < :θ2 −N/2 Ć log t2^{−N}

t2^{−N} Ň˛ ˛ ˛ ˛ ˛ 2^NX

k=1 β̄_k ˛ ˛ ˛ ˛ ˛ ˛

9 = ; < ∞.

By choice of N it is easy to see that there is a C > 0 independent of t such that

2^{−N/2} log t2^{−N}

t2^{−N} ≥ C ` log t

´_2 t . So there is some C > 0 such that

sup_{t≥27} E exp 8 < :C Ć (log t)^2 t Ň˛ ˛ ˛ ˛ ˛ 2^NX

k=1 β̄_k ˛ ˛ ˛ ˛ ˛ ˛

9 = ; < ∞.

Next, We need only to show that for some C > 0,

sup_{t≥27} E exp 8 < :C Ć (log t)^2 t Ň˛ ˛ ˛ ˛ ˛ NX j=1

2^{j−1}X

k=1 ᾱ_{j,k} ˛ ˛ ˛ ˛ ˛ ˛

9 = ; < ∞. (5.6)

Set eV_r (t) = |W_r (t) ∩ W^′_r (t)|, where W^′_r (t) is an independent copy of W_r (t). Then, for each 1 ≤

j ≤ N, {ᾱ_{j,1}, ᾱ_{j,2}, · · · , ᾱ_{j,2} j−1 } is a sequence of i.i.d random variables with the same distribution as

eV_r (t2^{− j} ). By Lemma 2.3 (with p = 2), there is a δ > 0 such that

sup_{t≥27} sup_{j≤N} E exp ĺ δ(log t2^{− j} )^2

t2^{− j}

|ᾱ_{j,1}| ń < +∞.

By Lemma 5.2 again, there is a θ̄ > 0 such that

sup_{t≥27} sup_{j≤N} E exp 8 < : θ̄ 2^{− j/2}(log t)^2

t2^{− j} | 2^{j−1}X

k=1 ᾱ_{j,k}| 9 = ; < +∞.

Hence for some c > 0,

M(c) ≡ sup_{t≥27} sup_{j≤N} E exp 8 < : c2^{j/2}(log t)^2 t | 2^{j−1}X

k=1 ᾱ_{j,k}| 9 = ; < +∞.

Set λ_N =

Q_N j=1(1−2^{− j/2}) and λ =

Q_∞

j=1(1−2^{− j/2}). Using Hölder’s inequality with 1/p = 1−2^{−N/2}

and 1/q = 2^{−N/2} we have

E exp 8 < : λ_N c(log t)^2 t ˛ ˛ ˛ ˛ ˛ ˛ NX j=1

2^{j−1}X

k=1 ᾱ_{j,k} ˛ ˛ ˛ ˛ ˛ ˛

9 = ;

≤ 0 B B B @ E exp 8 < : λ_{N−1}c(log t)^2 t ˛ ˛ ˛ ˛ ˛ ˛ N−1X j=1

2^{j−1}X

k=1 ᾱ_{j,k} ˛ ˛ ˛ ˛ ˛ ˛

9 = ;

1 C C C A

1−2^{−N /2}

× 0 B B B @ E exp 8 < : λ_N c2^{N/2}(log t)^2 t ˛ ˛ ˛ ˛ ˛ ˛ 2^{N −1}X

k=1 ᾱ_{N,k} ˛ ˛ ˛ ˛ ˛ ˛

9 = ;

1 C C C A

2^{−N /2}

≤ E exp 8 < : λ_{N−1}c(log t)^2 t ˛ ˛ ˛ ˛ ˛ ˛ N−1X j=1

2^{j−1}X

k=1 ᾱ_{j,k} ˛ ˛ ˛ ˛ ˛ ˛

9 = ; × M(c)

2^{−N /2}

where the second inequality follows from the fact that λ_N < 1. Repeating this procedure,

E exp 8 < : λ_N c(log t)^2 t ˛ ˛ ˛ ˛ ˛ ˛ NX j=1

2^{j−1}X

k=1 ᾱ_{j,k} ˛ ˛ ˛ ˛ ˛ ˛

9 = ; ≤ M(c)

2^{−1/2}+···+2^{−N /2} ≤ M(c).

So we have

E exp 8 < : λc(log t)^2 t | NX j=1

2^{j−1}X

k=1 ᾱ_{j,k}| 9 = ; ≤ M(c) < +∞.

So (5.6) holds.

(2). For t ≥ 27, set N = [(log 2)^{−1} log t], so that 2^N ∼ t. From the proof of (5.4), we have

W̄_r (t) =

2^NX

k=1 β̄_k − NX j=1

2^{j−1}X

k=1 ᾱ_{j,k},

where β_k = |W_r ([(k − 1) t 2^N , k t 2^N ])| and α_{j,k} = |W_r ([(2k − 2) t 2^j

, (2k − 1) t 2^j

]) ∩ W_r ([(2k − 1) t 2^j

, (2k) t 2^j

])|.

Then

|W̄_r (t)|^{2/3} ≤ |

2^NX

k=1 β̄_k|^{2/3} + NX j=1 | 2^{j−1}X

k=1 ᾱ_{j,k}|^{2/3}.

By Lemma 5.1 and 2^N ∼ t, for some λ > 0 sup_{t≥27} E exp ę λ|β̄_1| ľ < ∞.

So there exists λ > 0 such that sup_{t≥27} E exp ę λ|β̄_1|^{2/3} ľ < ∞.

Notice that β_1, · · · , β_2N is an i.i.d sequence with Eβ̄_1 = 0. By lemma 5.2, there exists θ > 0 such that

sup_{t≥27} E exp 8 < :θ2 −N/3|

2^NX

k=1 β̄_k|^{2/3} 9 = ; < ∞.

So there exists C > 0 such that

sup_{t≥27} E exp 8 < : C t^{1/3} | 2^NX

k=1 β̄_k|^{2/3} 9 = ; < ∞.

Next, we need only to show that for some C > 0 ,

sup_{t≥27} E exp 8 < : C t^{1/3}(log t)^2 NX j=1 | 2^{j−1}X

k=1 ᾱ_{j,k}|^{2/3} 9 = ; < ∞. (5.7)

Set eV_r (t) = |W_r (t) ∩ W^′_r (t)|, where W^′_r (t) is an independent copy of W_r (t). Then, for each 1 ≤ j ≤ N, {ᾱ_{j,1}, ᾱ_{j,2}, · · · , ᾱ_{j,2} j−1 } is an i.i.d sequence with the same distribution as eV_r (^t_{2 j} ). By Lemma 5.1, for some θ > 0, sup_{t≥27} sup_{j≤N} E exp ( θ (^t_{2 j} )^{1/3}

|ᾱ_{j,1}|^{2/3} ) < +∞.

By Lemma 5.2 again, for some θ̄ > 0,

M̄(θ̄) := sup

t≥27

sup_{j≤N} E exp 8 < : θ̄ t^{1/3} | 2^{j−1}X

k=1 ᾱ_{j,k}|^{2/3} 9 = ; < +∞.

Write λ_N =

Q_N j=1(1 − j^{−2}) and λ_∞ =

Q_∞

j=1(1 − j^{−2}). Then using Hölder’s inequality with 1/p = 1 − N^{−2} and 1/q = N^{−2} we have

E exp 8 < : λ_N θ̄(log 2)^2 t^{1/3}(log t)^2 NX j=1 | 2^{j−1}X

k=1 ᾱ_{j,k}|^{2/3} 9 = ;

≤ 0 B B B @ E exp 8 < : λ_{N−1}θ̄(log 2)^2 t^{1/3}(log t)^2 | N−1X j=1 | 2^{j−1}X

k=1 ᾱ_{j,k}|^{2/3} 9 = ;

1 C C C A

1−N^{−2}

× 0 B B B @ E exp 8 < : λ_Nθ̄ (log 2)^2N^2 t^{1/3}(log t)^2 | 2^{N −1}X

k=1 ᾱ_{N,k}|^{2/3} 9 = ;

1 C C C A

N^{−2}

≤ E exp 8 < : λ_{N−1}c(log 2)^2 t^{1/3}(log t)^2 | N−1X j=1

2^{j−1}X

k=1 ᾱ_{j,k}|^{2/3} 9 = ; × M̄(θ̄)^{N −2}

where the second inequality follows from the fact that λ_N < 1. Repeating this procedure,

E exp 8 < : λ_Nθ̄(log 2)^2 t^{1/3}(log t)^2 NX j=1 | 2^{j−1}X

k=1 ᾱ_{j,k}|^{2/3} 9 = ; ≤ M̄(θ̄)^{1+2−2+···+N −2} .

So (5.7) holds.

Remark 5.1. The analogous results for the range of the random walk R_n are proved in [2] and [13]. When d = 3, the author of [13] shows that there is a θ > 0 such that

sup_{n≥1} E exp ȷ θ |R_n − ER_n| n^{2/3} ff < ∞, where the fact that R_n ≤ n is used. In the case of Wiener sausage, we can not find a proper upper bound for |W_r (t)|. That is why we can not improve the restriction on b(t) for d = 3.

6 Some estimates of the Feynman-Kac semigroup

In this section we show Lemma 2.5. The proof is also based on a decomposition of the domain [0, t] and the exponential moment estimates of the Wiener sausage similar to [12]. We first give a weak convergence theorem of the Wiener sausage due to LeGall ([20]).

Lemma 6.1. Let f (x) be a bounded, continuous function on R^d . (1). When d = 2,

log t 2πt Z R^2 f „ x � t « I_{{x∈Wr (t)}}d x^d−→

Z_1 0 f (β(s))ds, t → +∞. (6.1)

(2). When d ≥ 3, 1 2π tr Z R^d f „ x � t « I_{{x∈Wr (t)}}d x^d−→

Z_1 0 f (β(s))ds, t → +∞. (6.2)

Proof. We only prove (6.1). By scaling, W_r (t)^d= � tW r_{�t} (1). Set ε =^r�_t . Then

log t 2π t Z R^2 f „ x � t « I_{{x∈Wr (t)}}d x = log t 2π t Z R^2 f „ x � t « I_{{x∈}^�_{tWr/}�_{t (1)}}d x = 1 π log r ϵ Z R^2

f (x)I_{{x∈Wε(1)}}d x d −→ Z_1 0 f (β(s))ds as t → ∞,

where the last step is a direct consequence of Theorem 3.1 in [20].

Denote by �_d = {g ∈ L^2(R^d ); ||g||_2 = 1, ||∇g||_2 < ∞} and △_i = [(i − 1)l_t , il_t ], i = 1, 2, · · · . (6.3)

We now use the exponential moment estimates of the Wiener sausage and the Feynman-Kac semigroup approach to prove the following lemma.

Lemma 6.2. Let f be bounded and continuous on R^d . (1). When d = 2,

lim inf t→∞ 1 b(t) log E 8 < :exp

8 < : b(t) log(l_t ) 2πt [b(t)]X

i=1 Z R^2 f r b(t) t x ! I_{{x∈Wr (△i )}}d x 9 = ;

9 = ;

≥ sup_{g∈�} 2 ĺZ R^2

f (x)g^2(x)d x − 1 2 Z R^2

〈∇g(x), ∇g(x)〉d x ń . (6.4)

(2). When d = 3,

lim inf t→∞ 1 b(t) log E 8 < :exp

8 < : b(t) 2πr t

[b(t)]X

i=1 Z R^3 f r b(t) t x ! I_{{x∈Wr (△i )}}d x 9 = ;

9 = ;

≥ sup_{g∈�} 3 ĺZ R^3

f (x)g^2(x)d x − 1 2 Z R^3

〈∇g(x), ∇g(x)〉d x ń . (6.5)

Proof. The proof is analogous to Lemma 5 in [12]. We only prove (6.4). Define the linear operator T_t on L^2(R^2) as follows: for any ξ ∈ L^2(R^2),

(T_t ξ)(x) = E_x Ć exp ĺ log l_t 2πl_t Z R^2 f “Æ l^{−1}_t y ” I_{{ y∈Wr (lt )}}d y ń ξ(β(l_t )) Ň . By Lemma 2.4, T_t is self-adjoint. Let g be an infinitely differentiable function on R^2 satisfying g(x) = 0 for all x ∉ [−M, M]^2 and R R^2 |g(x)|

2d x = 1. Set

ξ_t (x) = g “p l^{−1}_t x ” qR R^2 g 2 “p l^{−1}_t y ” d y = l^{−1/2}_t g “Æ l^{−1}_t x ” , x ∈ R^2.

Let p_t (x) be the probability density of β(t). Let {�_s, s ≥ 0} denote the σ-algebra filter generated by {β(s), s ≥ 0}. Then by the Markov property, we have

E exp 8 < : log l_t 2πl_t

[b(t)]X

i=2 Z R^2 f “Æ l^{−1}_t x ” I_{{x∈Wr (△i )}}d x 9 = ;

= Z R^2

p_{lt} ( y)E_y exp 8 < : log l_t 2πl_t

[b(t)]−1 X i=1 Z R^2 f “Æ l^{−1}_t x ” I_{{x∈Wr (△i )}}d x 9 = ; d y

≥ 1 sup_y |g( y)|^2 ĺZ R^2

g^2 “Æ l^{−1}_t y ” d y ń Z R^2

p_{lt} ( y)ξ_t ( y)×

E_y 0 B B B @ exp 8 < : log l_t 2πl_t

[b(t)]−1 X i=1 Z R^2 f “Æ l^{−1}_t x ” I_{{x∈Wr (△i )}}d x 9 = ; ξ^t (β(([b(t)] − 1)l^t ))

1 C C C A d y and

E_y 0 B B B @ exp 8 < : log l_t 2πl_t

[b(t)]−1 X i=1 Z R^2 f “Æ l^{−1}_t x ” I_{{x∈Wr (△i )}}d x 9 = ; ξ^t (β(([b(t)] − 1)l^t ))

1 C C C A d y

=E_y Ć E_y Ć exp ĺ log l_t 2πl_t

[b(t)]−1 X i=1 Z R^2 f ĆÆ l^{−1}_t x Ň I_{{x∈Wr (△i )}}d x ń

ξ_t (β(([b(t)] − 1)l_t )) ˛ ˛ ˛�_{([b(t)]−2)lt} ŇŇ

=E_y Ć exp ĺ log l_t 2πl_t

[b(t)]−2 X i=1 Z R^2 f “Æ l^{−1}_t x ” I_{{x∈Wr (△i )}}d x ń ×

E_{β(([b(t)]−2)lt )} Ć exp ĺ log l_t 2πl_t Z R^2 f “Æ l^{−1}_t x ” I_{{x∈Wr (lt )}}d x ń ξ_t (β(l_t ))) ŇŇ

=E_y 0 B B B @ exp 8 < : log l_t 2πl_t

[b(t)]−2 X i=1 Z R^2 f “Æ l^{−1}_t x ” I_{{x∈Wr (△i )}}d x 9 = ; T^t ξ^t (β(([b(t)] − 2)l^t ))

1 C C C A =T^{[b(t)]−1} t ξ_t ( y).

Therefore

E 0 B B B @ exp 8 < : log l_t 2πl_t

[b(t)]X

i=2 Z R^2 f “Æ l^{−1}_t x ” I_{{x∈Wr (△i )}}d x 9 = ;

1 C C C A ≥ δ Z R^2

ξ_t ( y)T^{[b(t)]−1} t ξ_t ( y)d y

where δ = inf_{t>0} l_t inf_{y∈[−M,M]}2^1_{2πlt} exp n −^{| y|2}_{2lt} o sup_y |g( y)|^2 .

In order to estimate R R^2 ξt ( y)T

[b(t)]−1

t ξ_t ( y)d y, let us consider the spectral representation of T_t :

T_t =

Z_∞ 0 λd P^t_λ

where {P^t_λ, λ ≥ 0} is the spectral measure of T_t . Then by R |g|^2d x = 1, we see that 〈P^t_λξ_t , ξ_t 〉 is a probability measure on R^2, and by Jensen’s inequality we have that

〈ξ_t (x), T^{[b(t)]−1} t ξ_t (x)〉 =

Z_∞ 0 λ^{[b(t)]−1}d〈P^t_λξ_t , ξ_t 〉

≥ ĆZ_∞ 0 λd〈P^t_λξ_t , ξ_t 〉

Ň_{[b(t)]−1}

= 〈ξ_t , T_t ξ_t 〉^{[b(t)]−1}.

Therefore,

lim inf t→∞ 1 b(t) log E 0 B B B @ exp 8 < : log l_t 2πl_t

[b(t)]X

i=2 Z R^2 f “Æ l^{−1}_t x ” I_{{x∈Wr (△i )}}d x 9 = ;

1 C C C A ≥ lim inf t→∞ log〈ξ_t , T_t ξ_t 〉.

Next we calculate 〈ξ_t , T_t ξ_t 〉. Since

〈ξ_t , T_t ξ_t 〉 = ĺZ R^2

g^2 “Æ l^{−1}_t y ” d y ń_{−1} Z

R^2 g “Æ l^{−1}_t x ”

× E_x Ć exp ĺ log l_t 2πl_t Z R^2 f “Æ l^{−1}_t y ” I_{{ y∈Wr (lt )}}d y ń g “Æ l^{−1}_t β(l_t ) ”Ň d x =l^{−1}_t Z R^2 g “Æ l^{−1}_t x ”

× E Ć exp ĺ log l_t 2πl_t Z R^2 f “Æ l^{−1}_t (x + y) ” I_{{ y∈Wr (lt )}}d y ń g “Æ l^{−1}_t (x + β(l_t )) ”Ň d x

= Z R^2

g(x)E Ć exp ĺ log l_t 2πl_t Z R^2 f “ x + Æ l^{−1}_t y ” I_{{ y∈Wr (lt )}}d y ń g “ x + Æ l^{−1}_t β(l_t ) ”Ň d x,

it follows from (6.1), Lemma 6.1 and dominated convergence theorem that

lim_{t→∞} log〈ξ_t , T_t ξ_t 〉 = log Z R^2

g(x)E_x exp (Z_1 0 f (β(s))ds ) g(β(1)) ! d x.

Let us consider the following the semigroup of linear operators on L^2(R^2) defined by

T^f_t g(x) = E_x Ć exp ĺZ_t 0 f (β(s))ds ń g(β(t)) Ň .

Then by Feymman-Kac formula, we see that the generator �^f of T^f_t is self-adjoint and satisfies

�^f g = 1 2 △g + f g, g ∈ C^∞(R^2).

Let {P^f_λ , λ ≥ 0} is the spectral measure of �^f . Then by R |g|^2d x = 1, we see that 〈P^f_λ g, g〉 is a probability on R^2, and by Jensen’s inequality we have Z R^2

g(x)E_x exp (Z_1 0 f (β(s))ds ) g(β(1)) ! d x

=〈g, T^f_1 g〉 =

Z_∞ 0 e^λd〈P^f_λ g, g〉

≥ exp ĺZ_∞ 0 λd〈P^f_λ g, g〉 ń = exp{〈g, �^f g〉}

= exp ĺZ R^2

f (x)g^2(x)d x − 1 2 Z R^2

〈∇g(x), ∇g(x)〉d x ń . Therefore,

lim inf t→∞ 1 b(t) log E 8 < :exp

8 < : log l_t 2πl_t

[b(t)]X

i=1 Z R^2 f ( Æ l^{−1}_t x)I_{{x∈Wr (△i )}}d x 9 = ;

9 = ;

≥ sup_{g∈�} 2 ĺZ R^2

f (x)g^2(x)d x − 1 2 Z R^2

〈∇g(x), ∇g(x)〉d x ń .

Next, we will use Lemma 5.3 to prove that |W_r (t)| is exponentially equivalent to

P_{[b(t)]} i=1 |W_r (△_i)|.

So we can transfer Lemma 6.2 to Lemma 2.5. Lemma 6.3. Let ε > 0 be fixed but arbitrary. (1). If d = 2 and b(t) satisfies (1.4), then

lim sup t→∞ 1 b(t) log P 0 @ ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 |W_r (△_i )| − |W_r (t)| ˛ ˛ ˛ ˛ ˛ ≥ ε t log t 1 A = −∞. (6.6)

(2). If d = 3 and b(t) satisfies (1.7), then

lim sup t→∞ 1 b(t) log P 0 @ ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 |W_r (△_i )| − |W_r (t)| ˛ ˛ ˛ ˛ ˛ ≥ εt 1 A = −∞. (6.7)

Proof. (1). By Chebyshev’s inequality, we need only to prove there exits a constant θ > 0 such that

lim_{t→∞} 1 b(t) log E exp 8 < : θ(log t)^2 t ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 |W_r (△_i)| − |W_r (t)| ˛ ˛ ˛ ˛ ˛

9 = ; < ∞. (6.8)

By triangle inequality, we need only to prove there exits a constant θ > 0 such that

lim_{t→∞} 1 b(t) log E exp 8 < : θ(log t)^2 t ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 E|W_r (△_i)| − E|W_r (t)| ˛ ˛ ˛ ˛ ˛

9 = ; < ∞ (6.9) lim_{t→∞} 1 b(t) log E exp ĺ θ(log t)^2 t ˛ ˛W̄_r (t) ˛ ˛ ń < ∞ (6.10) and lim_{t→∞} 1 b(t) log E exp 8 < : (θ log t)^2 t ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 (|W_r (△_i )| − E|W_r (△_i )|) ˛ ˛ ˛ ˛ ˛

9 = ; < ∞. (6.11)

By (5.1), one can easily get

[b(t)]X

i=1 E|W_r (△_i)| − E|W_r (t)| = O „ t log b(t)

(log t)^2 «

and so (6.9) holds.

By Lemma 5.3, (6.10) holds.

It remains to show (6.11). In fact, by the Markov property, we have

E exp 8 < : θ(log t)^2 t ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 (|W_r (△_i)| − E|W_r (△_i)|) ˛ ˛ ˛ ˛ ˛

9 = ;

≤ Ć E exp ĺ θ(log t)^2 t ˛ ˛|W_r (△_1)| − E|W_r (△_1)|) ˛ ˛ ńŇ_{[b(t)]}

which implies (6.11).

(2). Set α > 0. Notice that

lim sup t→∞ 1 b(t) log P 0 @ ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 |W_r (△_i)| − |W_r (t)| ˛ ˛ ˛ ˛ ˛ ≥ εt 1 A

= lim sup t→∞ 1 b(t) log P 0 B @ ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 |W_r (△_i)| − |W_r (t)| ˛ ˛ ˛ ˛ ˛ 2/3 ≥ εt^{2/3} 1 C A

≤ lim sup t→∞ 1 b(t) log 0 B B B @ e^{−εαt1/3/(log t)2} × E exp 8 < : α t^{1/3}(log t)^2 ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 |W_r (△_i )| − |W_r (t)| ˛ ˛ ˛ ˛ ˛ 2/3 9 = ;

1 C C C A

= − ∞ + lim sup_{t→∞} 1 b(t) log E exp 8 < : α t^{1/3}(log t)^2 ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 |W_r (△_i )| − |W_r (t)| ˛ ˛ ˛ ˛ ˛ 2/3 9 = ; . By triangle inequality, in order to get (6.7), we need only to prove there exists a constant α > 0 such

that

lim sup t→∞ 1 b(t) log E exp 8 < : α t^{1/3}(log t)^2 ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 E|W_r (△_i )| − E|W_r (t)| ˛ ˛ ˛ ˛ ˛ 2/3 9 = ; < ∞ (6.12) lim sup t→∞ 1 b(t) log E exp ĺ α t^{1/3}(log t)^2 ˛ ˛|W_r (t)| − E|W_r (t)| ˛ ˛^{2/3} ń < ∞ (6.13) and lim sup t→∞ 1 b(t) log E exp 8 < : α t^{1/3}(log t)^2 ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 |W_r (△_i)| − E|W_r (△_i)| ˛ ˛ ˛ ˛ ˛ 2/3 9 = ; < ∞. (6.14)

By (5.1), it is easy to get_{[b(t)]} X i=1 E|W_r (△_i )| − E|W_r (t)| = O( p t b(t))

and so (6.12) holds.

By Lemma 5.3, there exists a constant c > 0 such that

K := sup_{t≥3} E exp ĺ c t^{1/3}(log t)^2 ˛ ˛W̄_r (t) ˛ ˛^{2/3} ń < ∞.

Therefore, (6.13) holds.

It remains to show (6.14). In fact, by the Markov property,

E exp 8 < : α t^{1/3}(log t)^2 ˛ ˛ ˛ ˛ ˛ [b(t)]X

i=1 (|W_r (△_i )| − E|W_r (△_i )|) ˛ ˛ ˛ ˛ ˛ 2/3 9 = ;

≤ Ć E exp ĺ α t^{1/3}(log t)^2 ˛ ˛|W_r (△_1)| − E|W_r (△_1)| ˛ ˛^{2/3} ńŇ_{[b(t)]}

which implies (6.14).

The proof of Lemma 2.5. We only prove (2.12). Noticed that Z R^2 f r b(t) t x ! I_{{x∈Wr (t)}}d x ≥

[b(t)]X

i=1 Z R^2 f ( r b(t) t x)I_{{x∈Wr (△i )}}d x

− ˛ ˛ ˛ ˛ ˛ Z R^2 f r b(t) t x ! 0 @ [b(t)]X

i=1 I_{{x∈Wr (△i )}} − I_{{x∈Wr (t)}} 1 A d x ˛ ˛ ˛ ˛ ˛ . For any ε > 0, set

A_ε := 8 < : ˛ ˛ ˛ ˛ ˛ Z R^2 f r b(t) t x ! 0 @ [b(t)]X

i=1 I_{{x∈Wr (△i )}} − I_{{x∈Wr (t)}} 1 A d x ˛ ˛ ˛ ˛ ˛ ≥ ε t log t

9 = ; .

So, J : = E exp ( b(t) log t t Z R^2 f r b(t) t x ! I_{{x∈Wr (t)}}d x )

≥ E 2 6 6 6 4 exp 8 < : b(t) log t t [b(t)]X

i=1 Z R^2 f r b(t) t x ! I_{{x∈Wr (△i )}}d x

− ˛ ˛ ˛ ˛ ˛ Z R^2 f r b(t) t x ! 0 @ [b(t)]X

i=1 I_{{x∈Wr (△i )}} − I_{{x∈Wr (t)}} 1 A d x ˛ ˛ ˛ ˛ ˛

9 = ; I^{Acε}

3 7 7 7 5

≥ e^{−εb(t)}E exp 8 < : b(t) log t t [b(t)]X

i=1 Z R^2 f r b(t) t x ! I_{{x∈Wr (△i )}}d x 9 = ;

− E 2 6 6 6 4 exp 8 < : b(t) log t t [b(t)]X

i=1 Z R^2 f r b(t) t x ! I_{{x∈Wr (△i )}}d x 9 = ; I^{Aε}

3 7 7 7 5 =: J_1 − J_2.

Therefore, max ȷ lim inf t→∞ 1 b(t) log J, lim sup_{t→∞} 1 b(t) log J_2 ff ≥ lim inf t→∞ 1 b(t) log J_1.

By lemma 6.2, we get

lim inf t→∞ 1 b(t) log J_1 ≥ −ε + sup_{g∈�} 2 ĺZ R^2

f (x)g^2(x)d x − 1 2 Z R^2

〈∇g(x), ∇g(x)〉d x ń . (6.15)

By Cauchy-Schwartz inequality,

J_2 ≤ 2 6 6 6 4 E exp 8 < : 2b(t) log t t [b(t)]X

i=1 Z R^2 f r b(t) t x ! I_{{x∈Wr (△i )}}d x 9 = ;

3 7 7 7 5

1/2 × 2 4P 0 @ ˛ ˛ ˛ ˛ ˛ Z R^2 f r b(t) t x ! 0 @ [b(t)]X

i=1 I_{{x∈Wr (△i )}} − I_{{x∈Wr (t)}} 1 A d x ˛ ˛ ˛ ˛ ˛ ≥ ε t log t 1 A 3 5 1/2 .

Because f is bounded, we can assume inf_x f (x) = m. Write || f ||_∞ = sup_x f (x). Noticed that ˛ ˛ ˛ ˛ ˛ Z R^2 f r b(t) t x ! 0 @ [b(t)]X

i=1 I_{{x∈Wr (△i )}} − I_{{x∈Wr (t)}} 1 A d x ˛ ˛ ˛ ˛ ˛ ≤ 0 @ Z R^2 f r b(t) t x ! − m ! 0 @ [b(t)]X

i=1 I_{{x∈Wr (△i )}} − I_{{x∈Wr (t)}} 1 A d x

+ |m| Z R^2 0 @ [b(t)]X

i=1 I_{{x∈Wr (△i )}} − I_{{x∈Wr (t)}} 1 A d x

≤ (|| f − m||_∞ + |m|) 0 @ [b(t)]X

i=1 |W_r (△_i )| − |W_r (t)| 1 A . Applying Lemma 6.3, we obtain

lim sup t→∞ 1 b(t) log P 0 @ ˛ ˛ ˛ ˛ ˛ Z R^2 f r b(t) t x ! 0 @ [b(t)]X

i=1 I_{{x∈Wr (△i )}} − I_{{x∈Wr (t)}} 1 A d x ˛ ˛ ˛ ˛ ˛ ≥ ε t log t 1 A = −∞.

(6.16) By (6.15) and (6.16), we need only to prove

lim sup t→∞ 1 b(t) log E exp 8 < : 2b(t) log t t [b(t)]X

i=1 Z R^2 f r b(t) t x ! I_{{x∈Wr (△i )}}d x 9 = ; < ∞. (6.17)

Using the Markov property,

lim sup t→∞ 1 b(t) log E exp 8 < : 2b(t) log t t [b(t)]X

i=1 Z R^2 f r b(t) t x ! I_{{x∈Wr (△i )}}d x 9 = ;

≤ lim sup t→∞ 1 b(t) log E exp 8 < :|| f ||^∞

2b(t) log t t [b(t)]X

i=1 |W_r (△_i )| 9 = ;

= lim sup t→∞ 1 b(t) log E exp ȷ || f ||_∞

2b(t) log t t |W_r (△_1)| ff_{[b(t)]}

≤ log sup_{t≥27} E exp ȷ || f ||_∞

2b(t) log t t |W_r (△_1)| ff . By Lemma 5.1, (6.17) holds.

Acknowledgments

The authors would also like to thank Professor Xia Chen who told the first author how to apply the exponential moment estimates of the range of the random walk to improving the condition on b_n in [12]. The method has been used in this paper (see the proof of Lemma 6.3). The authors are grateful to the referees for their comments that help improve the manuscript.

References

[1] R. F. Bass, X. Chen and J. Rosen, Moderate deviations and laws of the iterated logarithm for the renormalized self-intersection local times of planar random walks. Electron. J. Probab., 11(2006), 993-1030. Math. Review 2007m:60064 MR2261059

[2] R. F. Bass, X. Chen and J. Rosen, Moderate deviations for the range of planar random walks.

Memoirs of AMS., 198(2009),no. 929. Math. Review 2493313 MR2493313

[3] R. F. Bass and T. Kumagai, Laws of iterated logarithm for the range of random walks in two and three dimensions. Ann. Probab., 30(2002), 1369-1396. Math. Review 2003d:60086 MR1920111

[4] R.F. Bass and J. Rosen, An almost sure invariance principle for the range of planar random walks. Ann. Probab., 33 (2005) 1856-1885. Math. Review 2006h:60076 MR2165582

[5] M. van den Berg, On the expected volume of intersection of independent Wiener sausages and the asymptotics behaviour of same related integrals. J. Funct. Anal., 222(2005), 114-128. Math. Review 2006e:60117 MR2129767

[6] M. van den Berg and E. Bolthausen, Asymptotics of the generating function for the volume of the Wiener sausage. Probab. Theory Relat. Fields, 99(1994), 389-397. Math. Review 95h:60121 MR1283118

[7] M. van den Berg, E. Bolthausen and F. Den Hollander, Moderate deviations for the volume of the Wiener sausage. Ann. Math., 153(2001), 355-406. Math. Review 2002f:60041 MR1829754

[8] M. van den Berg, E. Bolthausen and F. Den Hollander, On the volume of the intersection of two Wiener sausages. Ann. Math., 159(2004), 741-782. Math. Review 2005j:60050 MR2081439

[9] M. van den Berg and B. Tóth, Exponential estimates for the Wiener sausage. Probab. Theory Relat. Fields, 88 (1991), 249-259. Math. Review 92b:60075 MR1096482

[10] E. Bolthausen, On the volume of the Wiener sausage. Ann. Probab., 18 (1990), 1576-1582.

Math. Review 92e:60151 MR1071810

[11] X. Chen, Exponential asymptotics and law of the iterated logarithm for intersection local times of random walks. Ann. Probab., 32(2004), 3248-3300. Math. Review 2005m:60174 MR2094445

[12] X. Chen, Moderate deviations and law of the iterated logarithm for intersections of the ranges of random walks. Ann. Probab., 33(2005), 1014-1059. Math. Review 2006d:60050 MR2135311

[13] X. Chen, Random walk intersections: large deviations and some related topics. Preprint, 2008.

Math. Review number not available.

[14] X. Chen and Wenbo V. Li, Large and moderate deviations for intersection local times. Probab.

Theory. Relat. Fields, 128(2004), 213-254. Math. Review 2005m:60175 MR2031226

[15] E. Csáki and Y. Hu, Strong approximations of three-dimensional Wiener sausages. Acta Mathematica Hungarica, 114 (2007), 205-226. Math. Review 2007k:60085 MR2296543

[16] A. Dembo and O. Zeitouni, Large Deviations Techniques and Applications. second edition, Springer, 1998. Math. Review 99d:60030 MR1619036

[17] M. D. Donsker and S. R. S. Varadhan, Asymptotics for the Wiener sausage. Comm. Pure Appl.

Math., 28(1975), 525-565. Math. Review 53#1757a MR0397901

[18] J.-F. Le Gall, Propriétés d’intersection des marches aléatoires. I. Convergence vers le temps local d’intersection. Comm. Math. Phys., 104(1986), 471-507. Math. Review 88d:60182

[19] J.-F. Le Gall, Propriétés d’intersection des marches aléatoires. II. étude des cas critiques. Comm.

Math. Phys., 104(1986), 509-528. Math. Review 88d:60183

[20] J.-F. Le Gall, Sur la saucisse de Wiener et les points multiples du mouvement brownien. Ann.

Probab., 14(1986), 1219-1244. Math. Review 88e:60097 MR0866344

[21] J.F. Le Gall, Fluctuation results for the Wiener sausage. Ann. Probab., 16(1988), 991-1018.

Math. Review 90a:60080 MR0942751

[22] J.-F. Le Gall, Sur une conjecture de M.Kac. Probab. Theory Relat. Fields, 78(1988), 389-402.

Math. Review 89m:60195 MR0949180

[23] J.-F. Le Gall, Some properties of planar Brownian motion, École d’Été de Probabilités de Saint- Flour XX, 1990, Lecture Notes in Mathematics, 1527(1992), 111-235, Springer, Berlin. Math. Review 94g:60156 MR1229519

[24] J.-F. Le Gall and J. Rosen, The range of stable random walks. Ann. Probab., 19(1991), 650-705.

Math. Review 92j:60083 MR1106281

[25] Y. Hamana and H. Kesten, A large deviation result for the range of random walk and the Wiener sausage. Probab. Theory Relat. Fields, 120(2001), 183-208. Math. Review 2002e:60161 MR1841327

[26] W. König and P. Mörters, Brownian intersection local times: Upper tail asymptotics and thick points. Ann. Probab., 30(2002), 1605-1656. Math. Review 2003m:60230 MR1944002

[27] F. Spitzer, Electrostatic capacity, heat flow and Brownian motion. Z. Wahr. Verw. Geb., 3(1964), 110-121. Math. Review 30#2562 MR0172343

[28] A.S. Sznitman, Long time asymptotics for the shrinking Wiener sausage. Comm. Pure Appl.

Math., 43 (1990), 809-820. Math. Review 92e:60152 MR1059329

[29] S. J. Taylor, Multiple points for the sample paths of the symmetric stable processes. Z. Wahrsch.

Verw. Gebiete. 5(1966), 247-264. Math. Review 34#2066 MR0202193