E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 8 (2003) Paper no. 12, pages 1–39.

Journal URL http://www.math.washington.edu/~ejpecp/

Large Deviation Principle for a Stochastic Heat Equation With Spatially Correlated Noise^1

David Márquez-Carreras and Mònica Sarrà Facultat de Matemàtiques, Universitat de Barcelona Gran Via 585, 08007-Barcelona, Spain E-mails: marquez@mat.ub.es and sarra@mat.ub.es

Abstract. In this paper we prove a large deviation principle (ldp) for a perturbed stochastic heat equation defined on [0, T ] × [0, 1]^d. This equation is driven by a Gaussian noise, white in time and correlated in space. Firstly, we show the Hölder continuity for the solution of the stochastic heat equation. Secondly, we check that our Gaussian process satisfies a ldp and some requirements on the skeleton of the solution. Finally, we prove the called Freidlin-Wentzell inequality. In order to obtain all these results we need precise estimates of the fundamental solution of this equation.

Keywords and phrases: Stochastic partial differential equation, stochastic heat equation, Gaussian noise, large deviation principle.

Mathematics Subject Classification (2000): 60H07, 60H15, 35R60.

Submitted to EJP on December 4, 2002. Final version accepted on June 20, 2003.

1Partially supported by the grant BFM2000-0607

1 Introduction

Consider the following perturbed d-dimensional spatial stochastic heat equation on the compact set [0, 1]^d

Lu^ε(t, x) = εα(u^ε(t, x))Ḟ (t, x) + β(u^ε(t, x)), t ≥ 0, x ∈ [0, 1]^d, u^ε(t, x) = 0, x ∈ ∂([0, 1]^d),

u^ε(0, x) = 0, x ∈ [0, 1]^d,

(1.1)

with ε > 0, L =^∂_{∂t} − Δ where Δ is the Laplacian on IR^d and ∂([0, 1]^d) is the boundary of [0, 1]^d. We consider null initial conditions and the compact set [0, 1]^d instead of [0, ζ]^d, ζ > 0, for the sake of simplicity. Assume that the coefficients satisfy the following assumptions:

(C) the functions α and β are Lipschitz.

The noise F = {F (φ), φ ∈ D(IR^{d+1})} is an L^2(Ω, F, P )-valued Gaussian process with mean zero and covariance functional given by J(φ, ψ) = ∫ IR_+ ds ∫ IR^d dx ∫ IR^d dy φ(s, x)f(x − y)ψ(s, y), (1.2) and f : IR^d → IR_+ is a continuous symmetric function on IR^d − {0} such that there exists a non-negative tempered measure λ on IR^d whose Fourier transform is f. The functional J in (1.2) is said to be a covariance functional if all these asumptions are satisfied. Then, in addition, J(φ, ψ) = ∫ IR_+ ds ∫ IR^d λ(dξ)Fφ(s, ·)(ξ)Fψ(s, ·)(ξ), where F is the Fourier transform and z is the conjugate complex of z. In (1.2) we could also work with a non-negative and non-negative definite tempered measure, therefore symmetric, instead of the function f but, in this case, all the notation over the sets appearing in the integrals is becoming tedious. In this paper, moreover, we assume the following hypothesis on the measure λ:

(H_η) ∫ IR^d λ(dξ) (1 + ‖ξ‖^2)^η < ∞, for some η ∈ (0, 1]. For instance, the function f(x) = ‖x‖^{−κ}, κ ∈ (0, d), satisfies (H_η ). As in Dalang [4] (see also Dalang and Frangos [5]) the Gaussian process F can be extended to a worthy martingale measure, in the sense given by Walsh [23],

M = {M_t(A), t ∈ IR_+, A ∈ B_b(IR^d)}.

Then, following the approach of Walsh [23], one can give a rigorous meaning to (1.1) by means of a weak formulation. Assumptions (C) and (H_1) will ensure the existence and uniqueness of a jointly measurable adapted process {u^ε(t, x), (t, x) ∈ IR_+ × [0, 1]^d} such that u^ε(t, x) = ε ∫_t 0 ∫ [0,1]^d G(t − s, x, y)α(u^ε(s, y))F (ds, dy) + ∫_t 0 ds ∫ [0,1]^d dy G(t − s, x, y)β(u^ε(s, y)), (1.3)

where ε > 0 and G(t, x, y) denotes the fundamental solution of the heat equation on [0, 1]^d: ∂ ∂t G(t, x, y) = Δ_xG(t, x, y), t ≥ 0, x, y ∈ [0, 1]^d, G(t, x, y) = 0, x ∈ ∂([0, 1]^d), G(0, x, y) = δ(x − y). The stochastic integral in (1.3) is defined with respect to the F_t-martingale measure M. Denote D^d_T = [0, T ] × [0, 1]^d. If d > 1, the evolution equation can not be driven by the Brownian sheet because G does not belong to L^2(D^d_T ) and we need to work with a smoother noise. The study of existence and uniqueness of solution to this sort of equation (1.3) on IR^d has been analyzed by Dalang in [4]. Many other authors have also studied existence and uniqueness of solution to d-dimensional spatial stochastic equations, in particular, wave and heat equations (see, for instance, Dalang and Frangos [5], Karszeswka and Zabszyk [12], Millet and Morien [15], Millet and Sanz- Solé [16], Peszat and Zabszyk [17], [18]).

Assuming the above-mentioned hypothesis, (C) and (H_η) for some η ∈ [0, 1], we will also check that the trajectories of the process are (γ_1, γ_2)-Hölder continuous with respect to the parameters t and x, satisfaying γ_1 ∈ (0,^{1−η}_2 ) and γ_2 ∈ (0, 1 − η). The Hölder continuity for the stochastic heat equation on IR^d has been studied by Sanz-Solé and Sarrà [20], [21]. On the other hand, the wave case has been dealt in [15], [16] and [20]. Under (C) and (H_η) for some η ∈ (0, 1), we will prove the most important result of this paper: the existence of a large deviation principle (ldp) for the law of the solution u^ε to (1.3) on C^{γ,γ} (D^d_T ), with γ ∈ (0,^{1−η}_4 ). This means that we check the existence of a lower semi-continuous function I : C^{γ,γ} (D^d_T ) → [0, ∞], called rate function, such that {I ≤ a} is compact for any a ∈ [0, ∞), and

ε^2 log P {u^ε ∈ O} ≥ −Λ(O), for each open set O, ε^2 log P {u^ε ∈ U} ≤ −Λ(U), for each closed set U,

where, for a given subset A ∈ C^{γ,γ} (D^d_T ),

Λ(A) = inf_{l∈A} I(l).

The proof of this goal is based on a classical result given by Azencott in [1] (see also Priouret [19]), that allow us to go beyond a ldp from εF to u^ε. Azencott’s method is the following:

Theorem 1.1 Let (E_i, d_i), i = 1, 2, be two Polish spaces and X_i : Ω → E_i, ε > 0, i = 1, 2, be two families of random variables. Suppose the following requirements:

1. {X^ε_1 , ε > 0} obeys a ldp with the rate function I_1 : E_1 → [0, ∞].

2. There exists a function K : {I_1 < ∞} → E_2 such that, for every a < ∞, the function K : {I_1 ≤ a} → E_2 is continuous.

3. For every R, ρ, a > 0, there exist θ > 0 and ε_0 > 0 such that, for h ∈ E_1 satisfying I_1(h) ≤ a and ε ≤ ε_0, we have P { d_2(X^ε_2 , K(h)) ≥ ρ, d_1(X^ε_1 , h) < θ } ≤ exp ( − R ε^2 ) . (1.4)

Then, the family {X^ε_2 , ε > 0} obeys a ldp with the rate function

I_2(ϕ) = inf{I_1(h) : K(h) = ϕ}.

Consequently, we will need to check that our initial Gaussian process satisfies a ldp, the existence of a function K and, finally, to prove (1.4). We will follow the approach of Freidlin and Wentzell [10] for diffusion process (see also Dembo and Zeitouni [6]). Another remarkable article is Chenal and Millet [3] where they prove the existence of a ldp for a one-dimensional stochastic heat equation. Sowers has also studied this last equation but using a different method. For more information about the study of onedimensional stochastic heat equations, we refer to Chenal and Millet [3]. Finally, Chenal [2] has checked a ldp for a stochastic wave equation on IR^2. The paper is organized as follows. In Section 2 we establish a ldp for our Gaussian process (first point of Theorem 1.1). In Section 3 we state some properties on u^ε(t, x), mainly the Hölder continuity. Section 4 contains the proofs of some requirements on the skeleton of u^ε (second point of Theorem 1.1). Section 5 is devoted to the proof of called Freidlin-Wentzell’s inequality (third point of Theorem 1.1). All the arguments of this paper need precise estimates of the fundamental solution G which will be enunciated and proved in an appendix. Moreover, this appendix also contains an exponential inequality used in Section 5.

In this paper we fix T > 0 and all constants will be denoted independently of its value. We finish this introduction by giving some basic notations. We write, for functions ϕ, ϕ^′ : D^d_T → IR, ‖ϕ‖_∞ = sup{|ϕ(t, x)|, (t, x) ∈ D^d_T }, ‖ϕ‖_{γ1 ,γ2} = sup { |ϕ(t, x) − ϕ(s, y)| |t − s|^{γ1} + ‖x − y‖^{γ2} , (t, x) ≠ (s, y) ∈ D^d_T } , d_{γ1,γ2} (ϕ, ϕ^′) = ‖ϕ − ϕ^′‖_∞ + ‖ϕ − ϕ^′‖_{γ1,γ2} . Then, we define the topology of (γ_1, γ_2)-Hölder convergence on D^d_T by means of d_{γ1 ,γ2} . Let C^{γ1,γ2} (D^d_T ) be the set of functions ϕ : D^d_T → IR such that ‖ϕ‖_∞ + ‖ϕ‖_{γ1 ,γ2} < ∞. Finally, for θ > 0, a set A ⊂ IR^n, n ≥ 1 and ϕ : A → IR, we introduce the following notation, ‖ϕ‖_{θ,A} = sup_{w∈A} |ϕ(w)| + sup {|ϕ(w) − ϕ(w′)| |w − w^′|^θ ; w ≠ w^′, w, w^′ ∈ A } . (1.5)

2 Large deviation principle for the Gaussian process

Let E be the space of measurable functions φ : IR^d → IR such that ∫ IR^d dy ∫ IR^d dz |φ(y)|f(y − z)|φ(z)| < ∞, endowed with the inner product ⟨φ, ψ⟩_E = ∫ IR^d dy ∫ IR^d dz φ(y)f(y − z)ψ(z). Let H be the completation of (E, ⟨, ⟩_E ). For T > 0, let H_T = L^2([0, T ]; H). This space is a real separable Hilbert space such that, if φ, ψ ∈ D([0, T ] × IR^d), E (F (φ)F (ψ)) = ∫_T 0 ⟨φ(s, ·), ψ(s, ·)⟩_H ds = ⟨φ, ψ⟩_{HT} , (2.1) where F is the noise introduced in Section 1. For (t, x), (t^′, x^′) ∈ D^d_T , set

Γ̃((t, x), (t^′, x^′)) = ∫_{t∧t}′ 0 ds ∫ R(x) dy ∫ R(x^′) dz f(y − z), where R(x) is the rectangle [0, x] (here [0, x] is a product of rectangles). We have Γ̃((t, x), (t^′, x^′)) = ⟨φ_{t,x}, φ_t′_{,x}′ ⟩_{HT} with φ_{t,x}(s, y) = l1_{([0,t]×R(x))}(s, y). One can easily check the following three conditions:

(i) Γ̃ is symmetric.

(ii) For any c_1, . . . , c_n ∈ IR, (t_1, x_1), . . . , (t_n, x_n) ∈ D^d_T , n∑ i=1 n∑ j=1 c_ic_jΓ̃((t_i, x_i), (t_j , x_j)) ≥ 0.

(iii) For any (t, x), (t^′, x^′) ∈ D^d_T , Γ̃((t, x), (t, x))+Γ̃((t^′, x^′), (t^′, x^′))−2Γ̃((t, x), (t^′, x^′)) ≤ C_T (|t−t^′|+‖x−x^′‖). Then, Example 1.2 in Watanabe [24] implies that, for any γ^′ ∈ [0,^1_2 ), there exists a Gaussian measure ν on C^{γ′,γ′} (D^d_T ; IR) such that ∫ C^{γ′,γ′} (D^d_T ;IR) w(t, x)w(t^′, x^′)dν(w) = Γ̃((t, x), (t^′, x^′)).

Moreover, if H denotes the autoreproducing space of ν, ( C^{γ′,γ′} (D^d_T ; IR), H, ν ) is an abstract Wiener space. For any (t, x) ∈ D^d_T , set W_F (t, x) = ∫_t 0 ∫ R(x) F (ds, dy). Then, W_F is a Gaussian process with covariance function Γ̃. The trajectories of W_F belong to C^{γ′,γ′} (D^d_T ; IR), this means that the law of the process W_F is ν. The space H is the set of functions h̃ such that, for h ∈ H_T and for any (t, x) ∈ D^d_T , h̃(t, x) = ⟨ l1_{([0,t]×R(x))}, h⟩_{HT} , with the following scalar product ⟨h̃, k̃⟩_H = ⟨h, k⟩_{HT} . H is a Hilbert space isomorphic to H_T .

Classical results on Gaussian processes (see, for instance, Theorem 3.4.12 in [7]) show that, for γ^′ ∈ [0,^1_2 ), the family {εW_F , ε > 0} satisfies a large deviation principle on C^{γ′,γ′} (D^d_T ; IR) with rate function

Ĩ(h̃) =

{_1 2 ‖h̃‖_H , if h̃ ∈ H, +∞, otherwise.

Remark that, if I(h) =^1_2 ‖h‖_{HT} for h ∈ H_T , then Ĩ(h̃) = I(h) for h̃ ∈ H.

3 Properties on the solution

In this section we analyze the existence and uniqueness of solution (1.3) and the Hölder continuity with respect to the parameters.

Proposition 3.1 Assume (C) and (H_1). Then (1.3) has a unique solution. Moreover, for any T > 0, p ∈ [1, ∞), sup 0<ε≤1 sup (t,x)∈D^d_T E(|u^ε(t, x)|^p) < ∞. (3.1) Proof: Define the following Picard’s approximations for n ≥ 1, u^ε_0(t, x) = 0, u^ε_{n+1}(t, x) = ε ∫_t 0 ∫ [0,1]^d G(t − s, x, y)α(u^ε_n(s, y))F (ds, dy) + ∫_t 0 ds ∫ [0,1]^d dy G(t − s, x, y)β(u^ε_n(s, y)), where G(t − s, x, y) is the fundamental solution to (1.1) described in the Appendix. The proof of this result is almost the same as Proposition 2.4 in [13] but adding the dependence on ε. □ Theorem 3.2 Assume (C) and (H_η ) for some η ∈ (0, 1). Then, for every T > 0, p ∈ [2, ∞), 0 < ε ≤ 1, t, t^′ ∈ [0, T ], x, x^′ ∈ [0, 1]^d, γ_1 ∈ (0,^{1−η}_2 ) and γ_2 ∈ (0, 1 − η), E ( |u^ε(t, x) − u^ε(t^′, x)|^p ) ≤ C|t − t^′|^{γ1p}, (3.2) E ( |u^ε(t, x) − u^ε(t, x^′)|^p ) ≤ C‖x − x^′‖^{γ2p}. (3.3) Moreover, the trajectories of u^ε are a.s. (γ_1, γ_2)-Hölder continuous in (t, x) ∈ D^d_T , for γ_1 ∈ (0,^{1−η}_2 ) and γ_2 ∈ (0, 1 − η).

Proof: We at first prove (3.2). For 0 ≤ t^′ ≤ t ≤ T , x ∈ [0, 1]^d, we have E ( |u^ε(t, x) − u^ε(t^′, x)|^p ) ≤ C 4∑ i=1 A_i, with

A_1 = E (| | | ∫_t′ 0 ∫ [0,1]^d ε [ G(t − s, x, y) − G(t^′ − s, x, y) ] α(u^ε(s, y))F (ds, dy) | | | p) ,

A_2 = E (| | | ∫_t t^′ ∫ [0,1]^d εG(t − s, x, y)α(u^ε(s, y))F (ds, dy) | | | p) ,

A_3 = E (| | | ∫_t′ 0 ds ∫ [0,1]^d dy [ G(t − s, x, y) − G(t^′ − s, x, y) ] β(u^ε(s, y)) | | | p) ,

A_4 = E (| | | | ∫_t t^′ ds ∫ [0,1]^d dy G(t − s, x, y)β(u^ε(s, y)) | | | | p) . Burkholder’s and Hölder’s inequalities, (3.1) and (6.1.7) imply

A_1 ≤ C [ 1 + sup_{0<ε≤1} sup_{(t,x)∈Dd} T E(|u^ε(t, x)|^p) ]

× [ ∫_t′ 0 ds ∫ [0,1]^d dy ∫ [0,1]^d dz|G(t − s, x, y) − G(t^′ − s, x, y)|f(x − y) ×|G(t − s, x, z) − G(t^′ − s, x, z)| ] p_2

≤ C|t − t^′|^{γ1p}.

Using similar arguments together (6.1.8), one can obtain A_2 ≤ C|t − t^′|^{γ1p}. In order to finish the proof of (3.2) we notice that A_3 and A_4 can be dealt in a similar but easier way by means of (6.1.9) and (6.1.10), respectively. We now examine (3.3). For 0 < t < T , x, x^′ ∈ [0, 1]^d, we write

E(|u^ε(t, x) − u^ε(t, x^′)|^p) ≤ C(B_1 + B_2),

with

B_1 = E (| | | ∫_t 0 ∫ [0,1]^d ε [ G(t − s, x, y) − G(t − s, x^′, y) ] α(u^ε(s, y))F (ds, dy) | | | p) ,

B_2 = E (| | | ∫_t 0 ds ∫ [0,1]^d dy [ G(t − s, x, y) − G(t − s, x^′, y) ] β(u^ε(s, y)) | | | p) . Then, the same steps as before but using (6.1.19) and (6.1.20) conclude the proof of this theorem. □ 4 Continuity of the skeleton

For any h̃ ∈ H, we consider the solution to the deterministic evolution equation S^{h̃}(t, x) = ⟨ G(t − ·, x, ∗)α(S^{h̃}(·, ∗)), h ⟩ H_T + ∫_t 0 ds ∫ [0,1]^d dy G(t − s, x, y)β(S^{h̃}(s, y)), (4.1)

for all (t, x) ∈ D^d_T , where ⟨·, ·⟩_{HT} is defined in (2.1).

Remark. We specify the formulation used in (4.1). Due to the kernel G, ⟨ G(t − ·, x, ∗)α(S^{h̃}(·, ∗)), h ⟩ H_T = ∫_t 0 ds ∫ [0,1]^d dy ∫ [0,1]^d dz G(t − s, x, y)α(S^{h̃}(s, y))f(y − z)h(s, z).

Then, in fact, (4.1) can rewrite as follows S^{h̃}(t, x) = ∫_t 0 ds ∫ [0,1]^d dy ∫ [0,1]^d dz G(t − s, x, y)α(S^{h̃}(s, y))f(y − z)h(s, z) + ∫_t 0 ds ∫ [0,1]^d dy G(t − s, x, y)β(S^{h̃}(s, y)). In this section, we show that the map h̃ → S^{h̃} is continuous on C^{γ1,γ2} (D^d_T ) for some (γ_1, γ_2) which will be given later. In order to obtain this goal we will need the next proposition, we omit the proof of this result because it is similar to Proposition 3.1 and Theorem 3.2. Theorem 4.1 Suppose (C).

i) Assuming (H_1), for any a ∈ [0, ∞), we have sup h̃:Ĩ(h̃)≤a sup (t,x)∈D^d_T |S^{h̃}(t, x)| ≤ C. (4.2)

ii) Assume (H_η ) for some η ∈ (0, 1). For any γ_1 <^{1−η}_2 and γ_2 < 1 − η, there exists a constant C such that, for any (t, x), (t^′, x^′) ∈ D^d_T , sup h̃:Ĩ(h̃)≤a |S^{h̃}(t, x) − S^{h̃}(t^′, x^′)| ≤ C(|t − t^′|^{γ1} + ‖x − x^′‖^{γ2} ). (4.3)

For s ∈ [0, T ], y ∈ [0, 1]^d, we will use the following discretization in time and space s_n = sup{^{k−1}_{2n} T ;^k_{2n} T ≤ s} ∨ 0, y^i_n = sup{^k_{2n} ;^k_{2n} ≤ y^i}, for any i = 1, . . . , d. Set ^ t − s_n = { t − s_n if t ≥ 2^{−n}T, 2^{−n}T if t < 2^{−n}T. We give some obvious properties:

s − s_n ≤ 2^{−(n−1)}, s ∈ [0, T ], (4.4) ^ t − s_n ≥ 2^{−n}T, 0 ≤ s ≤ t ≤ T, (4.5) | ^ t − u_n − ( ^s − u_n)| ≤ |t − s|, 0 ≤ u ≤ s ≤ t ≤ T, (4.6) ‖y − y_n‖ ≤ 2^{−n}, y ∈ [0, 1]^d. (4.7)

The kernel is discretized as follows G_n(t − s, x, y) = G( ^t − s_n, x, y_n), and we also use the following notation S^{h̃}_n(s, y) = S^{h̃}(s_n, y_n). The proof of the next theorem is the most important aim of this section.

Theorem 4.2 Assume (C) and (H_η) for some η ∈ (0, 1). Fix T > 0 and a > 0. The map h̃ → S^{h̃} is continuous from {Ĩ ≤ a} to C^{γ1,γ2} (D^d_T ), (γ_1, γ_2) ∈ (0,^{1−η}_4 ) × (0,^{1−η}_2 ), where {Ĩ ≤ a} is endowed with the topology of uniform convergence.

Proof: In order to prove the continuity of S^{h̃} we decompose d_{γ1,γ2} (S^{h̃}, S^{g̃}) into two parts: sup x∈[0,1]^d ‖S^{h̃}(·, x) − S^{g̃}(·, x)‖_{γ1 ,[0,T ]}, (4.8) and sup t∈[0,T ] ‖S^{h̃}(t, ·) − S^{g̃}(t, ·)‖_{γ2 ,[0,1]}d . (4.9) We first examine (4.8). According to (1.5), if we want to study (4.8), we need to deal with the following two functions, for t ∈ [0, T ],

ψ(t) = sup (s,x)∈[0,t]×[0,1]^d |S^{h̃}(s, x) − S^{g̃}(s, x)|, ψ_{γ1} (t) = sup_{x∈[0,1]d} sup s, r ∈ [0, t] s ≠ r |S^{h̃}(s, x) − S^{g̃}(s, x) − S^{h̃}(r, x) + S^{g̃}(r, x)| |s − r|^{γ1} .

We start the proof studying ψ(T ). For (s, x) ∈ D^d_T , we have S^{h̃}(s, x) − S^{g̃}(s, x) = ∫_s 0 dr ∫ [0,1]^d dy G(s − r, x, y) [ β(S^{h̃}(r, y)) − β(S^{g̃}(r, y)) ]

+ ⟨ G(s − ·, x, ∗) [ α(S^{h̃}(·, ∗)) − α(S^{g̃}(·, ∗)) ] , g ⟩ H_T + 3∑ i=1 A_i(s, x), with

A_1(s, x) = ⟨ (G − G_n)(s − ·, x, ∗)α(S^{h̃}_n (·, ∗)), h − g ⟩ H_T , A_2(s, x) = ⟨ G(s − ·, x, ∗) [ α(S^{h̃}(·, ∗)) − α(S^{h̃}_n (·, ∗)) ] , h − g ⟩ H_T , A_3(s, x) = ⟨ G_n(s − ·, x, ∗)α(S^{h̃}_n (·, ∗)), h − g ⟩ H_T . The usual argument based on Hölder’s inequality together with (C) and the estimates (6.1.5) and (6.1.6) imply that, for t ∈ [0, T ] and h̃, g̃ ∈ {Ĩ ≤ a},

ψ(t)^2 ≤ C(1 + ‖g‖^2_{HT} ) ∫_t 0 ψ(s)^2ds + C 3∑ i=1 sup_{s≤t} sup_{x∈[0,1]d} A^2_i (s, x).

Then, Gronwall’s lemma yields

ψ(T ) = sup (t,x)∈D^d_T |S^{h̃}(t, x) − S^{g̃}(t, x)| ≤ C 3∑ i=1 sup (t,x)∈D^d_T A_i(t, x). (4.10)

The rest of the study of ψ(T ) consists in dealing with A_i, for i = 1, 2, 3. For ξ_1 ∈ (0,^{1−η}_2 ), from hypothesis (C) and the estimates (4.2), (6.1.28) and (6.1.29) it follows that sup (t,x)∈D^d_T |A_1(t, x)| ≤ C‖h − g‖_{HT} sup_{(t,x)∈Dd} T ‖(G − G_n)(t − ·, x, ∗)‖_{HT} ≤ C2^{−ξ1(n−1)}. (4.11) For ξ_2 ∈ (0,^{1−η}_2 ) and ξ_3 ∈ (0, 1−η), using (C), (4.3), (4.4), (4.7) and (6.1.5), we have sup (t,x)∈D^d_T |A_2(t, x)| ≤ C‖h − g‖_{HT} sup_{(t,x)∈Dd} T |S^{h̃}(t, x) − S^{h̃}_n(t, x)| ≤ C(2^{−ξ2(n−1)} + 2^{−ξ3n}).

(4.12)

For i_1, . . . , i_d ∈ {0, . . . , 2^n − 1}, denote R_{i1,...,id} = { y = (y_1, . . . , y_d) ∈ [0, 1]^d, i_j 2^k ≤ y_j ≤ i_j + 1

2^n , j = 1, . . . , d } .

Then,

A_3(t, x) = 2^n−1∑

i_1,...,i_d=0 G(2^{−n}T, x, (i_1, . . . , i_d))α(S^{h̃}(0, (i_1, . . . , i_d))) × ⟨ l1_{[0,t]×Ri1,...,id} , h − g ⟩ H_T l1_{{t<2}−n_{T }}

+ [_{2n−1} ∑ i_1,...,i_d=0 G(t, x, (i_1, . . . , i_d))α(S^{h̃}(0, (i_1, . . . , i_d))) × ⟨ l1_{[0,} T_{2n ]×Ri1,...,id} , h − g ⟩ H_T + 2^n−2∑

i=0

2^n−1∑

i_1,...,i_d=0 G ( t − iT 2^n , x, (i_1, . . . , i_d) ) α ( S^{h̃} ( iT 2^n , (i_1, . . . , i_d) ))

× ⟨ l1_[ (i+1)T_{2n ∧t,} (i+2)T_{2n ∧t]×Ri1,...,id} , h − g ⟩ H_T ] l1_{{t≥2}−n_{T }}. (4.13) By (C), (4.2) and (6.1.27), sup (t,x)∈D^d_T |A_3(t, x)| ≤ C2^{nd2} 2^{(d+1)n}‖h̃ − g̃‖_∞. (4.14)

Then, (4.10) together with (4.11)-(4.14) ensure ψ(T ) ≤ C ( 2^{−nξ} + 2^{n( 3d2 +1)}‖h̃ − g̃‖_∞ ) , (4.15)

for some ξ > 0.

We now analyze ψ_{γ1} (T ). Fix x ∈ [0, 1]^d, assume t, t^′ ∈ [0, T ], t^′ < t. Then, from the Lipschitz property of β, it follows | |(S~_h − S_{g̃})(t, x) − (S~_h − S_{g̃})(t_′, x) | | ≤ C^7∑ i=1 B_i, (4.16)

with

B_1 = ∫_t t^′ ds ∫ [0,1]^d dy G(t − s, x, y)|S^{h̃}(s, y) − S^{g̃}(s, y)| + ∫_t′ 0 ds ∫ [0,1]^d dy |G(t − s, x, y) − G(t^′ − s, x, y)||S^{h̃}(s, y) − S^{g̃}(s, y)|, B_2 = | |⟨[G(t − ·, x, ∗) − G(t_′ − ·, x, ∗)][α(S~_h(·, ∗)) − α(S~_{hn}(·, ∗))], h⟩ H_T | |,

B_3 = | | ⟨[ G(t − ·, x, ∗) − G_n(t − ·, x, ∗) − G(t^′ − ·, x, ∗) + G_n(t^′ − ·, x, ∗) ]

×α(S^{h̃}(·, ∗)), h ⟩ H_T | |, B_4 = | | ⟨[ G_n(t − ·, x, ∗) − G_n(t^′ − ·, x, ∗) ] α(S^{h̃}_n(·, ∗)), h − g ⟩ H_T | |, B_5 = | | ⟨[ G_n(t − ·, x, ∗) − G_n(t^′ − ·, x, ∗) ][ α(S^{h̃}_n(·, ∗)) − α(S^{g̃}_n(·, ∗)) ] , g ⟩ H_T | |, B_6 and B_7 are the same terms as B_2 and B_3, changing h and h̃ for g and g̃, respectively.

Applying (4.15), (6.1.9) and (6.1.10), we have, for all γ̃_1 ∈ (0,^1_2 ),

B_1 ≤ C [ 2^{−nξ} + 2^{n( 3d2 +1)}‖h̃ − g̃‖_∞ ] |t − t^′|^{2γ̃1} , (4.17)

for some ξ > 0.

In the sequel, ξ, γ^′_1 ∈ (0,^{1−η}_2 ). Schwarz’s inequality, the Lipschitz property of α, and the estimates (6.1.7), (6.1.8), (4.3), (4.4) and (4.7), imply

B_2 + B_6 ≤ C2^{−nξ}|t − t^′|^{γ′1} , ξ > 0. (4.18)

From (4.2), (6.1.37) and (6.1.39),

B_3 + B_7 ≤ C2^{−ξ(n−1)}|t − t^′|^γ ′ 1 2 , ξ > 0. (4.19)

Using (4.15), (6.1.38) and (6.1.40), we obtain

B_5 ≤ C [ 2^{−nξ} + 2^{n( 3d2 +1)}‖h̃ − g̃‖_∞ ] |t − t^′|^{γ′1} , ξ > 0. (4.20) Finally, we bound B_4 as follows

B_4 ≤ C (B_{4,1} + B_{4,2}) ,

with

B_{4,1} = | | ∫_t t^′ ds ∫ [0,1]^d dy ∫ [0,1]^d dz G( ^ t − s_n, x, y_n)α(S^{h̃}_n (s, y))f(y − z) ×[h(s, z) − g(s, z)] | | |,

B_{4,2} = | | | ∫_t′ 0 ds ∫ [0,1]^d dy ∫ [0,1]^d dz [ G( ^ t − s_n, x, y_n) − G( ^t^′ − s_n, x, y_n) ]

×α(S^{h̃}_n (s, y))f(y − z)[h(s, z) − g(s, z)] | |.

Computing as in (4.14) we can get

B_{4,1} ≤ C2^{n( 3d2 +1)}‖h̃ − g̃‖_∞.

Then, Schwarz’s inequality and (6.1.27) imply

B_{4,1} = B^{12}_{4,1}B^{12}_{4,1}

≤ C2^n2^{( 3d}2^{+1)}‖h̃ − g̃‖^{12}_∞B^{12}_{4,1}

≤ C3^n2^{(2d+1)}‖h̃ − g̃‖^{12}_∞|t − t^′|^14 .

(4.21)

By (6.1.40), B_{4,2} can be easily bounded as follows B_{4,2} ≤ 2^{−nξ}|t − t^′|^{γ′1} , ξ > 0. (4.22) Then, for γ_1 ∈ (0,^{1−η}_4 ), (4.15)-(4.22) yield sup x∈[0,1]^d ‖S^{h̃}(·, x) − S^{g̃}(·, x)‖_{γ1 ×[0,T ]} ≤ C [ 2^{−nξ} + 2^{k1(d)n}‖h̃ − g̃‖^{12}_∞ ] , (4.23)

for some ξ > 0 and a positive constant k_1(d) depending on the spatial dimension.

We have just studied (4.8) and we now have to examine (4.9). From (6.1.19), (6.1.20), (6.1.53) and (6.1.54), we can study (4.9) by means of similar arguments as before and to prove that, for γ_2 ∈ (0,^{1−η}_2 ), sup t∈[0,T ] ‖S^{h̃}(t, ·) − S^{g̃}(t, ·)‖_{γ2 ,[0,1]}d ≤ C [ 2^{−nξ′} + 2^{k2(d)n}‖h − g‖_∞ ] , (4.24)

for some ξ^′ ∈ (0,^{1−η}_2 ) and k_2(d) > 0.

Finally, fixing ρ > 0 and choosing n_0 such that, for any n ≥ n_0, C(2^{−nξ} + 2^{−nξ′} ) <^ρ_2 , and δ ≤^ρ_4 (2^{−nk1(d)} ∧ 2^{−nk2(d)}), inequalities (4.23) and (4.24) imply sup ‖h̃−g̃‖_∞≤δ d_{γ1,γ2} (S^{h̃}, S^{g̃}) ≤ ρ. This conclude the proof of this theorem. □

5 The Freidlin-Wentzell inequality

In this section we will prove the inequality (1.4) of Theorem 1.1.

Proposition 5.1 Assume (C) and (H_η) for some η ∈ (0, 1). For all R, ρ, a > 0, γ^′ ∈ (0,^1_2 ) and γ ∈ (0,^{1−η}_4 ∧ γ^′), there exists δ > 0 and ε_0 > 0 such that, for any h̃ ∈ H satisfying Ĩ(h̃) ≤ a and ε < ε_0, we have P { d_{γ,γ} (u^ε, S^{h̃}) ≥ ρ, d_γ′_{,γ}′ (εW_F , h̃) < δ } ≤ exp ( − R ε^2 ) . Section 3, Theorem 4.2 and Proposition 5.1, by means of Theorem 1.1, allow us to deduce the next theorem.

Theorem 5.2 Assume (C) and (H_η ) for some η ∈ (0, 1). Then, the law of the solution u^ε satisfies on C^{γ,γ} (D^d_T ), γ ∈ (0,^{1−η}_4 ), a large deviation principle with the rate function

S(g) = inf{Ĩ(h̃); S^{h̃} = g}, if g ∈ Im(S^·), +∞, otherwise.

Proof of Proposition 5.1: We need to prove that,

∀R, ρ, a > 0, γ^′ ∈ (0,^1_2 ) and γ ∈ (0,^{1−η}_4 ∧ γ^′),

∃δ, ε_0 > 0, such that ∀h̃ ∈ H satisfying Ĩ(h̃) ≤ a and ∀ε < ε_0,

(5.1)

we have P { ‖u^ε − S^{h̃}‖_{γ,γ} ≥ ρ, ‖εW_F − h̃‖_γ′_{,γ}′ < δ } ≤ exp ( − R ε^2 ) . (5.2)

In all the following steps of this proof we will assume the above-mentioned conditions (5.1). We follow the classical proof of this kind of inequalities, which follows several different steps. Step 1. Using the stopping time

τ^ε = inf { t, sup_{s≤t} sup_{x∈[0,1]d} | |u_ε(s, x) − S~_h(s, x) | | ≥ ρ } ∧ T, and by applying a usual localization procedure (see, for instance, Proposition 3.9 in [14]) we can assume that the coefficients α and β are bounded.

Step 2. Given h̃ ∈ H such that Ĩ(h̃) ≤ a and ε ≤ ε_0, v^{ε,h̃}(t, x) = ε ∫_t 0 ∫ [0,1]^d G(t − s, x, y)α(v^{ε,h̃}(s, y))F (ds, dy) + ⟨ G(t − ·, x, ∗)α(v^{ε,h̃}(·, ∗)), h ⟩ H_T + ∫_t 0 ds ∫ [0,1]^d dy G(t − s, x, y)β(v^{ε,h̃}(s, y)). An extension of Girsanov’s Theorem (see, for instance, Section IV.5 in [2]) allows us to reduce the proof of (5.2) to establishing the following P { ‖v^{ε,h̃} − S^{h̃}‖_{γ,γ} ≥ ρ, ‖εW_F ‖_γ′_{,γ}′ < δ } ≤ exp ( − R ε^2 ) . (5.3)

Step 3. We will now observe that (5.3) is equivalent to P { ‖εK^{ε,h̃}‖_{γ,γ} ≥ ρ, ‖εW_F ‖_γ′_{,γ}′ < δ } ≤ exp ( − R ε^2 ) , (5.4)

where K^{ε,h̃}(t, x) = ∫_t 0 ∫ [0,1]^d G(t − s, x, y)α(v^{ε,h̃}(s, y))F (ds, dy), given (t, x) ∈ D^d_T . In order to check this equivalence we proceed as in Theorem 4.2. We will give the basic ideas of the proof. Schwarz’s inequality, the Lipschitz property on α and β, (6.1.5), (6.1.6) and Gronwall’s Lemma yield ‖v^{ε,h̃} − S^{h̃}‖_∞ ≤ C‖εK^{ε,h̃}‖_∞. (5.5) It only remains to study the Hölder property, that means to deal with | |v_{ε,}~_h(t, x) − S~_h(t, x) − v_{ε,}~_h(t_′, x_′) + S~_h(t_′, x_′) | | , for (t, x) ≠ (t^′, x^′) ∈ D^d_T . Then, Schwarz’s inequality, the Lipschitz property, (5.5), (6.1.7)-(6.1.10), (6.1.19) and (6.1.20) imply the equivalence between (5.3) and (5.4).

Step 4. Here the stochastic integral K^{ε,h̃} will be discretized as follows K^{ε,h̃}_n (t, x) = ∫_t 0 ∫ [0,1]^d G( ^ t − s_n, x, y_n)α(v^{ε,h̃}(s_n, y_n))F (ds, dy).

We will also consider the sets

A^ε_n = { ‖ε(K^{ε,h̃} − K^{ε,h̃}_n )‖_{γ,γ} >^ρ_2 } , B^ε_n = { ‖εK^{ε,h̃}_n ‖_{γ,γ} >^ρ_2 , ‖εW_F ‖_γ′_{,γ}′ < δ } . It is immediate to check that { ‖εK^{ε,h̃}‖_{γ,γ} ≥ ρ, ‖εW_F ‖_γ′_{,γ}′ < δ } ⊂ A^ε_n ∪ B^ε_n. In order to conclude the proof of this proposition we need to prove the next two facts:

1) There exists n_0 such that, for n ≥ n_0,

P (A^ε_n) ≤ exp ( − R ε^2 ) . (5.6)

2) For any n > 0, we can choose δ > 0 such that, considering

B^ε_n(δ) = { ‖εK^{ε,h̃}_n ‖_{γ,γ} > ρ 2 , ‖εW_F ‖_γ′_{,γ}′ < δ } , (5.7)

then B^ε_n(δ) = ∅.

We first show (5.6). Before we need to see that, for any μ > 0, there exists ñ_0 such that, for n ≥ ñ_0, P { sup (t,x)∈D^d_T | | |v^{ε,h̃}(t, x) − v^{ε,h̃}(tn, xn) | | | ≥ μ } ≤ exp ( − R ε^2 ) . (5.8) Set | |v_{ε,}~_h(t, x) − v_{ε,}~_h(t_n, x_n) | | ≤^3∑ i=1 L^{ε,h̃}_{i,n} (t, x), with L^{ε,h̃}_{1,n}(t, x) = ∫_t 0 ds ∫ [0,1]^d dy | |G(t − s, x, y) − G(t_n − s, x_n, y) | |β(v_{ε,}~_h(s, y)),

L^{ε,h̃}_{2,n}(t, x) = | | ⟨[ G(t − ·, x, ∗) − G(t_n − ·, x_n, ∗) ] α(v^{ε,h̃}(·, ∗)), h ⟩ H_T | |, L^{ε,h̃}_{3,n}(t, x) = | |ε(K_{ε,}~_h(t, x) − K_{ε,}~_h(t_n, x_n)) | |.

Since β is bounded, from (6.1.9), (6.1.10), (6.1.20), (4.4) and (4.7), we obtain sup (t,x)∈D^d_T L^{ε,h̃}_{1,n}(t, x) ≤ C2^{−θ1n}‖β‖_∞, for θ_1 ∈ (0, 1).

On the other hand, Schwarz’s inequality together with (6.1.7), (6.1.8), (6.1.19), (4.4) and (4.7) imply L^{ε,h̃}_{2,n}(t, x) ≤ C‖α‖_∞ ‖ ‖G(t − ·, x, ∗) − G(tn − ·, xn, ∗) ‖ ‖_{HT} ≤ C^{−θ2n}‖α‖_∞, for θ_2 ∈ (0,^{1−η}_2 ). Then, assuming C ( 2^{−θ1n}‖β‖_∞ + 2^{−θ2n}‖α‖_∞ ) ≤^μ_2 and using these two last bounds, we have { sup (t,x)∈D^d_T | |v_{ε,}~_h(t, x) − v_{ε,}~_h(t_n, x_n) | | ≥ μ } ⊂ { sup (t,x)∈D^d_T L^{ε,h̃}_{3,n}(t, x) ≥ μ 2 }

⊂ { ‖εK^{ε,h̃}‖_{θ3,θ3} ≥ μ 3 · 2^{1−nθ3} } , with θ_3 ∈ (0,^{1−η}_2 ).

So, (5.8) will follows from the bound of this last set { ‖εK^{ε,h̃}‖_{θ3,θ3} ≥^μ_{3·21−nθ3} } . For any (t, x), (t^′, x^′) ∈ D^d_T , (6.1.7), (6.1.8) and (6.1.19) yield ‖ ‖ ‖ [ G(t − ·, x, ∗) − G(t^′ − ·, x^′, ∗) ] α(v^{ε,h̃}(·, ∗)) ‖ ‖ ‖ 2 H_T ≤ C‖α‖^2_∞ [ |t − t^′|^{2θ3} + ‖x − x^′‖^{2θ3} ] , then, if^μ_{3·21−nθ3} ≥ 2C^12 ‖α‖_∞C(θ_3)C̃(θ_3) and 0 < ε < 1, Lemma 6.2.1 for τ = T ensures P { sup (t,x)∈D^d_T | |v_{ε,}~_h(t, x) − v_{ε,}~_h(t_n, x_n) | | ≥ μ }

≤ K exp ( − μ^2 3^2 · 2^4 · C‖α‖^2_∞C^2(θ_3)2^{−2nθ3} ε^2 ) . One can choose ñ_0 such that for any n ≥ ñ_0, (5.8) is satisfied.

Now, we will use (5.8) to prove (5.6). Let K^{ε,h̃}(t, x) − K^{ε,h̃}_n (t, x) = K^{ε,h̃}_{1,n}(t, x) + K^{ε,h̃}_{2,n}(t, x), with K^{ε,h̃}_{1,n}(t, x) = ∫_t 0 ds ∫ [0,1]^d G(t − s, x, y) [ α(v^{ε,h̃}(s, y)) − α(v^{ε,h̃}(s_n, y_n)) ] F (ds, dy), K^{ε,h̃}_{2,n}(t, x) = ∫_t 0 ds ∫ [0,1]^d [ G(t − s, x, y) − G( ^t − s_n, x, y_n) ]

× α(v^{ε,h̃}(s_n, y_n))F (ds, dy). Define A^ε_{n,1} = { ‖εK^{ε,h̃}_{1,n}‖_{γ,γ} ≥^ρ_4 } , A^ε_{n,2} = { ‖εK^{ε,h̃}_{2,n}‖_{γ,γ} ≥^ρ_4 } , D^ε_n = { sup (t,x)∈D^d_T | |v_{ε,}~_h(t, x) − v_{ε,}~_h(t_n, x_n) | | ≤ μ } . It is obvious that A^ε_n ⊂ A^ε_{n,1} ∪ A^ε_{n,2} ⊂ ( A^ε_{n,1} ∩ D^ε_n ) ∪ (D^ε_n)^c ∪ A^ε_{n,2}. The set (D^ε_n)^c has alredy bounded in (5.8). Proving that there exists n̂_0 such that, for any n ≥ n̂_0, P ( A^ε_{n,1} ∩ D^ε_n ) ≤ exp ( − R ε^2 ) , (5.9)

P ( A^ε_{n,2} ) ≤ exp ( − R ε^2 ) , (5.10)

we can conclude (5.6) for any n ≥ n_0 being n_0 = ñ_0 ∨ n̂_0. Set τ^ε_n = inf { t ≥ 0, ∃(s, x) ∈ D^d_T , s ≤ t, |v^{ε,h̃}(s, x) − v^{ε,h̃}(s_n, x_n)| ≥ μ } ∧ T.

For any (t, x), (t^′, x^′) ∈ D^d_τ ε_n , by (6.1.7), (6.1.8) and (6.1.19) we have ‖ ‖ ‖ [ G(t − ·, x, ∗) − G(t^′ − ·, x^′, ∗) ][ α(v^{ε,h̃}(·, ∗)) − α(v^{ε,h̃}_n (·, ∗)) ]‖ ‖ ‖ 2 H_T ≤ Cμ^2 [ |t − t^′|^{2γ} + ‖x − x^′‖^{2γ} ] , for γ ∈ (0,^{1−η}_2 ) and with v^{ε,h̃}_n (s, y) = v^{ε,h̃}(s_n, y_n). Then, if^ρ_4 ≥ 2C^12 μC(γ)C̃(γ) and 0 < ε < 1, Lemma 6.2.1 gives P ( A^ε_{n,1} ∩ D^ε_n ) ≤ K exp ( − ρ^2 2^8Cμ^2C^2(γ)ε^2 ) . For any R > 0 we can choose μ > 0 such that (5.9) is proved. For any (t, x), (t^′, x^′) ∈ D^d_T , (6.1.39) and (6.1.53) yield ‖ ‖ ‖ [ G(t − ·, x, ∗) − G_n(t − ·, x, ∗) − G(t^′ − ·, x^′, ∗) + G_n(t^′ − ·, x^′, ∗) ] α(v^{ε,h̃}_n (·, ∗)) ‖ ‖ ‖ 2 H_T ≤ C‖α‖^2_∞ [ |t − t^′|^{γ0} + ‖x − x^′‖^{γ0} ] 2^{−γ0(n−1)}, for γ_0 ∈ (0,^{1−η}_2 ). Then, if^ρ_4 ≥ 2C^12 ‖α‖_∞C(γ, γ_0)C̃(γ, γ_0)2^{− γ0}2^{(n−1)} and 0 < ε < 1, Lemma 6.2.1 implies P ( A^ε_{n,2} ) ≤ K exp ( − ρ^2 2^8C‖α‖^2_∞C(γ, γ_0)2^{−γ0(n−1)}ε^2 ) , for γ ∈ (0,^{γ0}_2 ) what means γ ∈ (0,^{1−η}_4 ). Choosing n^′_0 large enough, for any n ≥ n^′_0, we have (5.10).

Consequently, (5.6) is completely proved. In order to conclude the proof of Proposition 5.1 we have to check (5.7), that means that, for any n > 0, we can find δ > 0 such that

B^ε_n(δ) = { ‖εK^{ε,h̃}_n ‖_{γ,γ} > δ 2 , ‖εW_F ‖_γ′_{,γ}′ < δ } = ∅. (5.11)

The proof of (5.11) is similar in some aspects to the argument used in Theorem 4.2. We give a brief sketch of this proof. We have to work with the difference ε ( K^{ε,h̃}_n (t, x) − K^{ε,h̃}_n (t^′, x^′) ) , for x, x^′ ∈ [0, 1]^d, t, t^′ ∈ [0, T ]. We assume x = x^′ and t^′ < t for the sake of simplicity. Then, ε ( K^{ε,h̃}_n (t, x) − K^{ε,h̃}_n (t^′, x) ) = M^{ε,h̃}_{1,n} + M^{ε,h̃}_{2,n} , with M^{ε,h̃}_{1,n} = ε ∫_t t^′ ∫ [0,1]^d G( ^ t − s_n, x, y_n)α(v^{ε,h̃}(s_n, y_n))F (ds, dy), M^{ε,h̃}_{2,n} = ε ∫_t′ 0 ∫ [0,1]^d [ G( ^ t − s_n, x, y_n) − G( ^t^′ − s_n, x, y_n) ]

×α(v^{ε,h̃}(s_n, y_n))F (ds, dy). Decompositions similar to (4.13) for stochastic integrals allow us to study these two terms and to obtain | |ε ( K^{ε,h̃}_n (t, x) − K^{ε,h̃}_n (t^′, x^′) )| | ≤ C2^{k(d)n} [ |t − t^′|^{γ′} + ‖x − x^′‖^{γ′} ] ‖εW_F ‖_γ′_{,γ}′ , for a positive constant k(d) depending on the spatial dimension. In this last inequality we can not get an estimation in terms of ‖εW_F ‖_∞, that is the unique difference between the proof of (4.13) and the study of (5.11). This argument finishes the proof of Proposition 5.1. □ 6 Appendix

6.1 Study of the kernel

Here we will enunciate and prove all the results on the kernel G used in this paper. Recall that G denotes the fundamental solution of the heat equation ∂ ∂t G(t, x, y) = Δ_xG(t, x, y), t ≥ 0, x, y ∈ [0, 1]^d, G(t, x, y) = 0, x ∈ ∂([0, 1]^d), G(0, x, y) = δ(x − y). (6.1.1)

The details about the construction of the fundamental solution G can be found in Chapter 1 of [11], more specifically in Section 4. This fundamental solution G is non-negative and can be decomposed into different terms as follows: G(t − s, x, y) = H(t − s, x, y) + R(t − s, x, y) + ∑ i∈I_d H_i(t − s, x − y), (6.1.2) where H is the heat kernel on IR^d H(t, x) = ( 1 √ 4πt )_d exp ( − ‖x‖^2 4t ) ,

R is a Lipschitz function, I_d = { i = (i_1, . . . , i_d) ∈ {−1, 0, 1}^d − {(0, . . . , 0)} } and H_i(t − s, x − y) = (−1)^kH(t − s, x − y^i), with k = d∑ j=1 |i_j | and

y^i_j = y_j, if i_j = 0,

y^i_j = −y_j, if i_j = 1,

y^i_j = 2 − y_j, if i_j = −1.

This decomposition is given in [9]. Finally, it is well-known that FH(t, ·)(ξ) = ∫ R^d e^{−2πix·ξ}H(t, x)dx = exp ( −4π^2t‖ξ‖^2 ) , (6.1.3)

where F is the Fourier transform.

The proof of following bounds of G, D_tG and D_xG can be found in Theorem 1.1 of [8].

Lemma 6.1.1 There exists a positive constant C such that G(t − s, x, y) ≤ CH(t − s, x − y), (6.1.4)

|D_tG(t − s, x, y)| ≤ C(t − s)^{− d+22} exp ( − ‖x − y‖^2 4(t − s) ) , ‖ ‖D_xG(t − s, x, y) ‖ ‖ ≤ C(t − s)_−^{d+1}_2 exp ( − ‖x − y‖^2 4(t − s) ) . In the sequel we give new results on G.

Lemma 6.1.2 Assume (H_1). There exist positive constants C_1 and C_2 such that, for any 0 ≤ s ≤ t ≤ T , x ∈ [0, 1]^d, ‖ ‖G(t − ·, x, ∗) ‖ ‖^2 H_T ≤ C_1, (6.1.5) ∫ [0,1]^d dy G(t − s, x, y) ≤ C_2. (6.1.6)

Proof: The first bound (6.1.5) is a consequence of (6.1.4) and Example 8 in [4]. The estimate (6.1.6) becomes from (6.1.4). □ Lemma 6.1.3 Assume (H_η) for some η ∈ (0, 1). There exists a positive constant C such that, for any 0 ≤ t^′ ≤ t ≤ T , x ∈ [0, 1]^d, γ_1 ∈ (0,^{1−η}_2 ) and γ_2 ∈ (0,^1_2 ), ∫_t′ 0 ds ‖ ‖G(t − s, x, ∗) − G(t^′ − s, x, ∗) ‖ ‖^2_H ≤ C|t − t^′|^{2γ1} , (6.1.7) ∫_t t^′ ds ‖ ‖G(t − s, x, ∗) ‖ ‖^2_H ≤ C|t − t^′|^{2γ1} , (6.1.8) ∫_t′ 0 ds ∫ [0,1]^d dy | |G(t − s, x, y) − G(t_′ − s, x, y) | | ≤ C|t − t_′|_{2γ2} , (6.1.9) ∫_t t^′ ds ∫ [0,1]^d dy G(t − s, x, y) ≤ C|t − t^′|. (6.1.10) Remark. Recall that the fundamental solution G of (6.1.1) satisfies ‖ ‖G(t − ·, x, ∗) − G(t_′ − ·, x, ∗) ‖ ‖^2 H_T = ∫_t t^′ ds ‖G(t − s, x, ∗)‖^2_H

+ ∫_t′ 0 ds ‖ ‖G(t − s, x, ∗) − G(t^′ − s, x, ∗) ‖ ‖^2_H.

Proof of Lemma 6.1.3: Observe that (6.1.2) implies ‖ ‖G(t − ·, x, ∗) − G(t^′ − s, x, ∗) ‖ ‖^2_H

≤ (3^d + 1) [‖ ‖H(t − s, x − ∗) − H(t_′ − s, x − ∗) ‖ ‖^2 H + ‖ ‖R(t − s, x − ∗) − R(t_′ − s, x − ∗) ‖ ‖^2 H_T + ∑ i∈I_d ‖ ‖H_i(t − s, x − ∗) − H_i(t_′ − s, x − ∗) ‖ ‖^2 H ] .

(6.1.11)

In order to check (6.1.7) we only need to bound the right-hand side of (6.1.11). The terms H_i can be studied using the same arguments as H.

Let L be the Lipschitz constant of the function R. Clearly ∫_t′ 0 ds ‖ ‖R(t − s, x − ∗) − R(t_′ − s, x − ∗) ‖ ‖^2 H ≤ L^2 Θ T |t − t^′|^2, (6.1.12)

where Θ = ∫ [0,1]^d dy ∫ [0,1]^d dzf(y − z), and f is defined in Section 1.

Now we analyze the term with H. First of all, from ⟨·, ·⟩_H is a scalar product, we have ∫_t′ 0 ds ‖ ‖H(t − s, x − ∗) − H(t^′ − s, x − ∗) ‖ ‖^2_H ≤ 2(A1 + A2), (6.1.13)

with

A_1 = ∫_t′ 0 ds ∫ [0,1]^d dy ∫ [0,1]^d dzf(y − z) ( 1 4π(t − s) )_d

× [ exp ( − ‖x − y‖^2 4(t − s) ) − exp ( − ‖x − y‖^2 4(t^′ − s) )]

× [ exp ( − ‖x − z‖^2 4(t − s) ) − exp ( − ‖x − z‖^2 4(t^′ − s) )] ,

A_2 = ∫_t′ 0 ds ∫ [0,1]^d dy ∫ [0,1]^d dzf(y − z) [( 1 4π(t − s) ) d_2 − ( 1 4π(t^′ − s) ) d_2 ]^2

× exp ( − ‖x − y‖^2 4(t^′ − s) ) exp ( − ‖x − z‖^2 4(t^′ − s) ) . Since t^′ < t, using basic tools of mathematical calculus and (6.1.3), we obtain

A_1 ≤ 2 ∫_t′ 0 ds ∫ IR^d dy ∫ IR^d dzH(t − s, x − y)f(y − z)H(t − s, x − z) −2 ∫_t′ 0 ds ∫ IR^d dy ∫ IR^d dz ( t^′ − s t − s )_d H(t^′ − s, x − y) ×f(y − z)H(t^′ − s, x − z) ≤ 2 ∫_t′ 0 ds ∫ IR^d λ(dξ) exp ( −4π^2(t^′ − s)‖ξ‖^2 ) ( 1 − ( t^′ − s t − s )_d)

= 2 ∫_t′ 0 ds ∫ IR^d λ(dξ) exp ( −4π^2(t^′ − s)‖ξ‖^2 ) ( 1 − t^′ − s t − s )

× ( 1 + t^′ − s t − s + ( t^′ − s t − s )_2 + . . . + ( t^′ − s t − s )_{d−1}) . For γ_1 ∈ (0,^{1−η}_2 ) and s < t^′, we have ( t − t^′ t − s )_{2γ1} < t − t^′ t − s < 1, and then, A_1 ≤ 2 d |t − t^′|^{2γ1} ∫_t′ 0 ds ∫ IR^d λ(dξ) exp ( −4π^2(t^′ − s)‖ξ‖^2 ) (t^′ − s)^{−2γ1} ≤ C|t − t^′|^{2γ1} Γ(1 − 2γ_1) ∫ IR^d λ(dξ) 1 ‖ξ‖^{2(1−2γ1 )} ≤ C|t − t^′|^{2γ1} , (6.1.14) where Γ is the Gamma function. On the other hand, (6.1.3) again yields

A_2 ≤ ∫_t′ 0 ds ∫ IR^d λ(dξ)(t^′ − s)^d (( 1 t − s ) d_2 − ( 1 t^′ − s ) d_2 )^2

× exp ( −4π^2(t^′ − s)‖ξ‖^2 )

= ∫_t′ 0 ds ∫ IR^d λ(dξ) exp ( −4π^2(t^′ − s)‖ξ‖^2 ) ( √ t^′ − s √ t − s − 1 )_2

× ( 1 + √ t^′ − s √ t − s + (√ t^′ − s √ t − s )_2 + · · · + (√ t^′ − s √ t − s )_{d−1})2 . The next inequality √ t − s − √ t^′ − s ≤ √ t − t^′, and similar computations to the study of A_1 show that

A_2 ≤ C|t − t^′|^{2γ1} , (6.1.15)

for all γ_1 ∈ (0,^{1−η}_2 ).

Then, (6.1.7) follows from (6.1.12)-(6.1.15). Now we prove (6.1.8). Set ∫_t t^′ ds ‖ ‖G(t − s, x, ∗) ‖ ‖^2_H ≤ (3^d + 1)[B1 + B2 + B3], (6.1.16)

with B_1 = ∫_t t^′ ds ‖ ‖R(t − s, x − ∗) ‖ ‖^2_H,

B_2 = ∫_t t^′ ds ‖ ‖H(t − s, x − ∗) ‖ ‖^2_H,

B_3 = ∑ i∈I_d ∫_t t^′ ds ‖ ‖H_i(t − s, x − ∗) ‖ ‖^2 H . As before the study of B_1 is obvious and we can deal with B_3 by means of B_2. Then, we will only need to work with B_2. From (6.1.3), by integrating we obtain

B_2 ≤ ∫_t t^′ ds ∫ IR^d λ(dξ) exp ( −4π^2(t − s)‖ξ‖^2 )

= ∫ IR^d λ(dξ) ( 1 − exp ( −4π^2(t − t^′)‖ξ‖^2 )) 1 4π^2‖ξ‖^2 . Since 1 − e^{−x} ≤ x, ∀x > 0, (6.1.17) the hypothesis (H_η), implies, for γ_1 ∈ (0,^{1−η}_2 ),

B_2 ≤ 1 4π^2 ∫ IR^d λ(dξ) ( 1 − exp ( −4π^2(t − t^′)‖ξ‖^2 ))_{2γ1} 1 ‖ξ‖^2 ≤ 1 4π^2 ∫ IR^d λ(dξ) |t − t^′|^{2γ1} ‖ξ‖^{4γ1} (4π^2)^{2γ1} ‖ξ‖^2 ≤ C|t − t^′|^{2γ1} . (6.1.18)

Then, (6.1.8) follows from (6.1.16) and (6.1.18).

Finally, the proof of (6.1.9) is similar to (6.1.7) and the estimate (6.1.10) is an immediate consequence of (6.1.4). □

Lemma 6.1.4 Assume (H_η) for some η ∈ (0, 1). There exists a positive constant C such that, for any 0 ≤ t ≤ T , x, x^′ ∈ [0, 1]^d, γ_1 ∈ (0, 1 − η) and γ_2 ∈ (0,^1_2 ), ∫_t 0 ds ‖ ‖G(t − s, x, ∗) − G(t − s, x_′, ∗) ‖ ‖^2 H ≤ C‖x − x^′‖^{2γ1} , (6.1.19) ∫_t 0 ds ∫ [0,1]^d dy | |G(t − s, x, ∗) − G(t − s, x_′, ∗) | | H ≤ C‖x − x^′‖^{2γ2} . (6.1.20)

Proof: As in (6.1.11) we only need to check (6.1.19) replacing G by H. Let D = ∫_t 0 ds ‖ ‖H(t − s, x − ∗) − H(t − s, x_′ − ∗) ‖ ‖^2 H . If γ_1 ∈ (0, 1 − η), then D ≤ C(D_1 + D_2), (6.1.21)

with

D_1 = ∫_t 0 ds ‖ ‖ | |H(t − s, x − ∗) − H(t − s, x_′ − ∗) | |^{γ1} | |H(t − s, x − ∗) | |^{1−γ1} ‖ ‖^2 H ,

D_2 = ∫_t 0 ds ‖ ‖ ‖ | | |H(t − s, x − ∗) − H(t − s, x^′ − ∗) | | |^{γ1} | | |H(t − s, x^′ − ∗) | | |^{1−γ1} ‖ ‖ ‖ 2 H . (6.1.22) We first analyze D_1. We have

D_1 = ∫_t 0 ds ∫ [0,1]^d dy ∫ [0,1]^d dzf(y − z) ( 1 4π(t − s) )_d

× | | | exp ( − ‖x − y‖^2 4(t − s) ) − exp ( − ‖x^′ − y‖^2 4(t − s) ) | | | γ_1 exp ( − (1 − γ_1)‖x − y‖^2 4(t − s) )

× | | | exp ( − ‖x − z‖^2 4(t − s) ) − exp ( − ‖x^′ − z‖^2 4(t − s) ) | | | γ_1 exp ( − (1 − γ_1)‖x − z‖^2 4(t − s) ) . It is well-known that, for any x > 0,

x ≤ e^x, (6.1.23) e^{−x} ≤ 1. (6.1.24)

By the mean-value theorem, (6.1.23), (6.1.24) and (H_η), we get D_1 ≤ C‖x − x^′‖^{2γ1} ∫_t 0 ds ∫ [0,1]^d dy ∫ [0,1]^d dz(t − s)^{−γ1} f(y − z)

× ( 1 4π(t − s) )_d exp ( − (1 − γ_1)‖x − y‖^2 4(t − s) ) exp ( − (1 − γ_1)‖x − z‖^2 4(t − s) )

≤ C‖x − x^′‖^{2γ1} ∫_t 0 ds ∫ IR^d λ(dξ)(t − s)^{−γ1} exp ( −4π^2(t − s)‖ξ‖^2 )

≤ C‖x − x^′‖^{2γ1} Γ(1 − γ_1) ∫ IR^d λ(dξ) ‖ξ‖^{2(1−γ1 )} ≤ C‖x − x^′‖^{2γ1} . (6.1.25) Analogously, D_2 ≤ C‖x − x^′‖^{2γ1} . (6.1.26) Then, (6.1.19) follows from (6.1.21)-(6.1.26). The proof of (6.1.20) is very similar to (6.1.19). □ Consider the same discretization in time and space as in the Section 4. By (6.1.4) and (4.5) we have |G_n(t − s, x, y)| = |G( ^t − s_n, x, y_n)| ≤ C| ^t − s_n|^{− d2} ≤ C2^{n d2} , (6.1.27) for any 0 ≤ s < t ≤ T , x, y ∈ [0, 1]^d.

Lemma 6.1.5 Assume (H_η) for some η ∈ (0, 1). There exists a positive constant C such that, for any (t, x) ∈ D^d_T and γ ∈ (0,^{1−η}_2 ), ∫_t 0 ds ‖ ‖ ‖G( ^ t − s_n, x, ∗) − G(t − s, x, ∗) ‖ ‖ ‖^2_H ≤ C2^{−2γ(n−1)}, (6.1.28) ∫_t 0 ds ‖ ‖Gn(t − s, x, ∗) − G( ^t − sn, x, ∗) ‖ ‖^2_H ≤ C2^{−2γn}. (6.1.29)

Proof: As in (6.1.7) we can prove (6.1.28). In order to check (6.1.29) we will only need the next inequality, for all γ ∈ (0,^{1−η}_2 ), E = ∫_t 0 ds ‖ ‖Hn(t − s, x − ∗) − H( ^t − sn, x − ∗) ‖ ‖^2_H ≤ C2^{−2γn}, (6.1.30) where H_n(t − s, x − y) = H( ^t − s_n, x − y_n). If γ ∈ (0, 1), then E ≤ ∫_t 0 ds ‖ ‖ | |H_n(t − s, x − ∗) − H( ^t − s_n, x − ∗) | |^γ

× | |H_n(t − s, x − ∗) − H( ^t − s_n, x − ∗) | |^{1−γ} ‖ ‖ ‖ 2 H ≤ C(E_1 + E_2),

(6.1.31)

where

E_1 = ∫_t 0 ds ‖ ‖ | |H_n(t − s, x − ∗) − H( ^t − s_n, x − ∗) | |^γ | |H( ^ t − s_n, x − ∗) | |^{1−γ} ‖ ‖^2 H , E_2 = ∫_t 0 ds ‖ ‖ | |H_n(t − s, x − ∗) − H( ^t − s_n, x − ∗) | |^γ | |H_n(t − s, x − ∗) | |^{1−γ} ‖ ‖^2 H . Similar arguments to the computation of the estimate (6.1.25) together with (4.7) imply E_1 ≤ C2^{−2γn}, (6.1.32)

for all γ ∈ (0,^{1−η}_2 ).

Now we examine E_2. First of all, we can ensure the existence of a positive constant C such that ‖y_n − x‖^2 ≥ C‖y − x‖^2, ∀y ∈ B(x, 3 · 2^{−n})^c. (6.1.33) Then, the mean-value theorem and (6.1.23) ensure

E_2 ≤ C(E_{21} + E_{22}), (6.1.34)

where E_{21} ≤ C2^{−2γn} ∫_t 0 ds ∫ B(x,3·2^{−n})^c dy ∫ B(x,3·2^{−n})^c dz ( ^ t − s_n)^{−γ} f(y − z)

× ( 1 4π( ^ t − s_n) )_d exp ( − (1 − γ)‖x − y_n‖^2 4( ^ t − s_n) ) exp ( − (1 − γ)‖x − z_n‖^2 4( ^ t − s_n) ) , E_{22} ≤ C2^{−2γn} ∫_t 0 ds ∫ B(x,3·2^{−n}) dy ∫ B(x,3·2^{−n}) dz ( ^ t − s_n)^{−γ} f(y − z)

× ( 1 4π( ^ t − s_n) )_d exp ( − (1 − γ)‖x − y_n‖^2 4( ^ t − s_n) ) exp ( − (1 − γ)‖x − z_n‖^2 4( ^ t − s_n) ) .

By (6.1.33) we can easily study E_{21}. Indeed, (6.1.33) yields E_{21} ≤ C2^{−2γn} ∫_t 0 ds ∫ B(x,3·2^{−n})^c dy ∫ B(x,3·2^{−n})^c dz ( ^ t − s_n)^{−γ} f(y − z)

× ( 1 4π( ^ t − s_n) )_d exp ( − (1 − γ)‖x − y‖^2 4( ^ t − s_n) ) exp ( − (1 − γ)‖x − z‖^2 4( ^ t − s_n) ) , Now, same computations as in (6.1.25) give, for all γ ∈ (0,^{1−η}_2 ),

E_{21} ≤ C2^{−2γn}. (6.1.35)

Let γ ∈ (0,^{1−η}_2 ). From (6.1.24) and (4.5), we obtain by integrating with respect to s and changing to polar coordinates, E_{22} ≤ C2^{−2γn} ∫_t 0 ds ∫ B(x,3·2^{−n}) dy ∫ B(x,3·2^{−n}) dzf(y − z)( ^t − s_n)^{−d−γ}

≤ C2^{−2γn+dn} ∫_t 0 ds(t − s)^{−γ} ∫ B(x,3·2^{−n}) dy ∫ B(x,3·2^{−n}) dzf(y − z) ≤ C2^{−2γn+dn} ∫ B(x,3·2^{−n}) dy ∫ B(x,3·2^{−n}) dzf(y − z)

= C2^{−2γn+dn−dn} ∫_1 0 r^{−(d−1)}f(r)dr ≤ C2^{−2γn}. (6.1.36) Hence, the estimates (6.1.31)-(6.1.36) prove (6.1.30). □ Lemma 6.1.6 Assume (H_η) for some η ∈ (0, 1). There exists a positive constant C such that, for any 0 ≤ t^′ ≤ t ≤ T , x ∈ [0, 1]^d and γ ∈ (0,^{1−η}_2 ), ∫_t t^′ ds ‖ ‖G(t − s, x, ∗) − G_n(t − s, x, ∗) ‖ ‖^2 H ≤ C2^{−2γ(n−1)}|t − t^′|^γ , (6.1.37) ∫_t t^′ ds ‖ ‖G_n(t − s, x, ∗) ‖ ‖^2 H ≤ C|t − t^′|^{2γ} , (6.1.38) ∫_t′ 0 ds ‖ ‖G(t − s, x, ∗) − Gn(t − s, x, ∗) − G(t^′ − s, x, ∗) +G_n(t^′ − s, x, ∗) ‖ ‖^2 H ≤ C2^{−γ(n−1)}|t − t^′|^γ , (6.1.39)

∫_t′ 0 ds ‖ ‖Gn(t − s, x, ∗) − Gn(t^′ − s, x, ∗) ‖ ‖^2_H ≤ C|t − t^′|^{2γ} . (6.1.40)

Proof: As usual, we will only check the inequalities (6.1.37)-(6.1.40) changing G by H. We start proving (6.1.37). Clearly ∫_t t^′ ds ‖ ‖H(t − s, x − ∗) − Hn(t − s, x − ∗) ‖ ‖^2_H ≤ (F1 + F2), (6.1.41)

where

F_1 = ∫_t t^′ ds ‖ ‖H(t − s, x − ∗) − H( ^t − sn, x − ∗) ‖ ‖^2_H,

F_2 = ∫_t t^′ ds ‖ ‖H( ^ t − s_n, x − ∗) − H_n(t − s, x − ∗) ‖ ‖^2 H . (6.1.42)

Basic calculus as in Lemma 6.1.3 give

F_1 ≤ C(F_{11} + F_{12}), (6.1.43)

where

F_{11} = ∫_t t^′ ds ∫ [0,1]^d dy ∫ [0,1]^d dz ( 1 4π( ^ t − s_n) )_d f(y − z)

× [ exp ( − ‖x − y‖^2 4( ^ t − s_n) ) − exp ( − ‖x − y‖^2 4(t − s) )]

× [ exp ( − ‖x − z‖^2 4( ^ t − s_n) ) − exp ( − ‖x − z‖^2 4(t − s) )] ,

F_{12} = ∫_t t^′ ds ∫ [0,1]^d dy ∫ [0,1]^d dz ( 1 4π( ^ t − s_n) ) d_2 − ( 1 4π( ^ t − s_n) ) d_2 2

×f(y − z) exp ( − ‖x − y‖^2 4(t − s) ) exp ( − ‖x − z‖^2 4(t − s) ) . As in (6.1.7) we can obtain

F_{11} ≤ 2 ∫_t t^′ ds ∫ IR^d λ(dξ) exp ( −4π^2(t − s)‖ξ‖^2 ) |( ^ t − s_n) − (t − s)| ^ t − s_n . Notice that, for all x > 0

e^{−x} ≤ x^{−p}, p > 0. (6.1.44)

Since γ ∈ (0,^{1−η}_2 ), (6.1.44), by integrating with respect to the time and the assumption (H_η ) ensure F_{11} ≤ C2^{d−γ(n−1)} ∫_t t^′ ds ∫ IR^d λ(dξ) exp ( −4π^2(t − s)‖ξ‖^2 ) (t − s)^{−γ}

≤ C2^{d−γ(n−1)} ∫_t t^′ ds ∫ IR^d λ(dξ) (t − s)^{−γ} (4π^2(t − s)‖ξ‖^2)^{1−2γ} ≤ C2^{d−γ(n−1)} ∫ IR^d λ(dξ) ‖ξ‖^{2(1−2γ)} ∫_t t^′ ds(t − s)^{−1+γ} ≤ C2^{d−γ(n−1)}|t − t^′|^γ ∫ IR^d λ(dξ) ‖ξ‖^{2(1−2γ)} ≤ C2^{−γ(n−1)}|t − t^′|^γ . (6.1.45) Analogously, we can prove

F_{12} ≤ C2^{−γ(n−1)}|t − t^′|^γ (6.1.46)

and, moreover, F_2 ≤ C2^{−γ(n−1)}|t − t^′|^γ . (6.1.47) Then, the estimate (6.1.37) follows from (6.1.41)-(6.1.47). We now prove (6.1.38). Using the set B(x, 3 · 2^{−n}), we have ∫_t t^′ ds ‖ ‖Gn(t − s, x, ∗) ‖ ‖^2_H ≤ J1 + J2, (6.1.48)

where

J_1 = ∫_t t^′ ds ∫ B(x,3·2^{−n}) dy ∫ B(x,3·2^{−n}) dzf(y − z)G( ^t − s_n, x, y_n) ×G( ^ t − s_n, x, z_n),

J_2 = ∫_t t^′ ds ∫ B(x,3·2^{−n})^c dy ∫ B(x,3·2^{−n})^c dzf(y − z)G( ^t − s_n, x, y_n) ×G( ^ t − s_n, x, z_n).

Now, (6.1.4), (6.1.24) and (4.5) yield

J_1 ≤ C ∫_t t^′ ds ∫ B(x,3·2^{−n}) dy ∫ B(x,3·2^{−n}) dz( ^ t − s_n)^{−d}f(y − z) ≤ C2^{dn}|t − t^′| ∫ B(x,3·2^{−n}) dy ∫ B(x,3·2^{−n}) dzf(y − z) ≤ C|t − t^′|. (6.1.49)

On the other hand, since s_n < s, (6.1.4) again, (6.1.3), (6.1.44) and (H_η ) ensure, for all γ ∈ (0,^{1−η}_2 ),

J_2 ≤ ∫_t t^′ ds ∫ B(x,3·2^{−n})^c dy ∫ B(x,3·2^{−n})^c dzf(y − z)H( ^t − s_n, x − y)f(y − z) ×H( ^ t − s_n, x − z)

≤ C ∫_t t^′ ds ∫ IR^d λ(dξ) exp ( −4π‖ξ‖^2|t − s_n| )

≤ C ∫_t t^′ ds ∫ IR^d λ(dξ) exp ( −4π‖ξ‖^2|t − s| )

≤ C ∫_t t^′ ds ∫ IR^d λ(dξ) ‖ξ‖^{2(1−2γ)}(t − s)^{1−2γ} ≤ C|t − t^′|^{2γ} . (6.1.50) Then, the estimates (6.1.48)-(6.1.50) imply (6.1.38). Finally, we check (6.1.39). Let K = ∫_t′ 0 ds ‖ ‖G(t−s, x, ∗)−G_n(t−s, x, ∗)−G(t_′ −s, x, ∗)+G_n(t_′ −s, x, ∗) ‖ ‖^2 H . On the one hand, we have

K = K_1 + K̃_1

where

K_1 = ∫_t′ 0 ds ‖ ‖ ‖G(t − s, x, ∗) − G(t^′ − s, x, ∗) ‖ ‖ ‖^2_H,

K̃_1 = ∫_t′ 0 ds ‖ ‖G_n(t − s, x, ∗) − G_n(t_′ − s, x, ∗) ‖ ‖^2 H .

On the other hand, we also have

K = K_2 + K̃_2,

where K_2 = ∫_t′ 0 ds ‖ ‖G(t − s, x, ∗) − Gn(t − s, x, ∗) ‖ ‖^2_H,

K̃_2 = ∫_t′ 0 ds ‖ ‖G(t_′ − s, x, ∗) − G_n(t_′ − s, x, ∗) ‖ ‖^2 H . As in (6.1.7) we can obtain, for all γ ∈ (0,^{1−η}_2 ),

K = K_1 + K̃_1 ≤ C|t − t^′|^{2γ} , (6.1.51) K = K_2 + K̃_2 ≤ C2^{−2γ(n−1)}. (6.1.52)

Hence, Schwarz’s inequality together with (6.1.51) and (6.1.52) imply (6.1.39). The analysis of K̃_1 also gives (6.1.40). □ Finally, we enunciate a lemma that can be proved using similar arguments as before.

Lemma 6.1.7 Assume (H_η) for some η ∈ (0, 1). There exists a positive constant C such that, for any t ∈ [0, T ], x, x^′ ∈ [0, 1]^d and γ ∈ (0,^{1−η}_2 ), ∫_t 0 ds ‖ ‖G(t − s, x, ∗) − Gn(t − s, x, ∗) − G(t − s, x^′, ∗) + Gn(t − s, x^′, ∗) ‖ ‖^2_H ≤ C2^{−γ(n−1)}‖x − x^′‖^γ , (6.1.53) ∫_t 0 ds ‖ ‖G_n(t − s, x, ∗) − G_n(t − s, x_′, ∗) ‖ ‖^2 H ≤ C‖x − x^′‖^{2γ} . (6.1.54) □ 6.2 Extension of Garsia’s Lemma In this subsection we give a new version of Garsia’s Lemma that is a very slight modification of a result given by Chenal in [2].

Lemma 6.2.1 Let F = {F (φ), φ ∈ D(IR^{d+1})} be an L^2(Ω, F, P )- valued Gaussian process with mean zero and covariance functional given by J(φ, ψ) = ∫ IR_+ ∫ IR^d dx ∫ IR^d dy φ(s, x)f(x − y)ψ(s, y), where f has the same condition as in (1.2).

Denote by F_t the σ-field generated by {F ([0, s] × A); s ≤ t, A ∈ B(IR^d)}. Consider Z : Ω × (IR_+ × IR^d)^2 → IR an a.s. continous F_t-adapted process such that a.s

Z(w, t, x, s, y) ≡ 0 when s > t or x ∈ ((0, 1)^d)^c or y ∈ ((0, 1)^d)^c.

Let τ ≤ T be an F^′_t -stopping time, C > 0 and γ_0 > 0 satisfying, for any (t, x), (t^′, x^′) ∈ D^d_T , ‖ ‖ ‖ l1_{[0,τ ]}(·) [ Z(w, t, x, ·, ∗) − Z(w, t^′, x^′, ·, ∗) ]‖ ‖^2_{HT} ≤ C [ |t − t^′|^{2γ0} + ‖x − x^′‖^{2γ0} ] , (6.2.1)

with H_T defined in Section 3. For (t, x) ∈ D^d_T , let I(t, x) = ∫_τ 0 ∫ [0,1]^d Z(·, t, x, s, y)F (ds, dy). Then, for any γ ∈ (0, γ_0), there exist strictly positive constants C(γ, γ_0) and C̃(γ, γ_0) such that for M > 2C^1_2 C(γ, γ_0)C̃(γ, γ_0), P { ‖I‖_{γ,γ,τ} ≥ M } ≤ K exp ( − M^2 4CC^2(γ, γ_0) ) , (6.2.2)

where ‖I‖_{γ,γ,τ} = sup { |I(t, x) − I(t^′, x^′)| |t − t^′|^γ + ‖x − y‖^γ , (t, x) ≠ (t^′, x^′) ∈ D^d_τ } . Proof: It is a particular case of Corollary B.5 of [2]. □ Remark. In some cases, we will see that (6.2.1) will be satisfied for γ ∈ (0,^{1−η}_2 ) and then, we will be able to ensure (6.2.2) for any γ ∈ (0,^{1−η}_2 ). In these cases, to lighten notation, we will denote by C(γ) and C̃(γ) the constants C(γ, γ_0) and C̃(γ, γ_0), respectively.

References

[1] Azencott R. (1980) Grandes déviations et applications, Ecole d’Été de Probabilités de Saint Flour VIII-1978, Lectures Notes in Math. 774 1-176, Springer-Verlag, Berlin.

[2] Chenal F. Principes de grandes déviations pour des équations aux dérivées partielles stochastiques et applications, Thèse de doctorat de l’Université Paris 6, Paris.

[3] Chenal F. and Millet A. (1997) Uniform large deviations for parabolic SPDE’s and applications, Stochastic Processes and their Applications 72 161-186.

[4] Dalang R.C. (1999) Extending the martingale measure stochastic integral with applications to spatially homogeneous s.p.d.e’s, Electronic Journal of Probability Vol.4 1-29.

http://www.math.washinton.edu/^∼ejpecp/EjpVol4/paper6. abs.html.

[5] Dalang R.C. and Frangos N.E. (1998) The stochastic wave equation in two spatial dimensions, Annals of Probabability 26-1 187-212.

[6] Dembo A. and Zeitouni O. (1983) Large deviations techniques and applications, Jones and Barlett Publishers, Boston.

[7] Deuschel J.D. and Stroock D.W. (1989) Large deviations, Pure and Applied Mathematics, vol 137, Academic Press, Boston.

[8] Eidelman S.D. and Ivasisen S.D. (1970) Investigation of the Green matrix for a homogeneous parabolic boundary value problem, Trans. Moscow Math. Soc. 23 179-242.

[9] Franzova N. (1999) Long time existence for the heat equation with a spatially correlated noise term, Stochastic analysis and Applications 17-2 169-190.

[10] Freidlin M.I. and Wentzell A.D. (1984) Random perturbation of dynamical systems, Springer-Verlag, New York.

[11] Friedman A: (1964) Partial differential equations of parabolic type, Prentice-Hall, New York.

[12] Karczewska A. and Zabczyk J: (1999) Stochastic PDE’s with function-valued solutions, to appear in Clément Ph., den Hollander F., van Neerven J., and de Pagter B. (Eds.), ”Infinite-Dimensional Stochastic Analysis”, Proceedings of the Colloquium of the Royal Netherlands Academy of Arts and Sciences, Amsterdam.

[13] Márquez-Carreras D., Mellouk M. and Sarrà M. (2001) On stochastic partial differential equations with spatially correlated noise: smoothness of the law, Stochastic Processes and their Applications 93 269-284.

[14] Márquez-Carreras D. and Sanz-Solé M. (1997) Smal perturbations in a hyperbolic stochastic partial differential equation, Stochastic Processes and their Applications 68 133-154.

[15] Millet A. and Morien P.L. On a stochastic wave equation in two space dimension regularity of the solution and its density, Prépublications de Mathématiques de l’Université de Paris 10 98/5.

[16] Millet A. and Sanz-Solé M. (1999) A stochastic wave equation in two space dimension: Smoothness of the law, Annals of Probability 27-2 803-844.

[17] Peszat S. and Zabczyk J. (1997) Stochastic evolution equations with a spatially homogeneous Wiener process, Stochastic Processes and their Applications 72 187-204.

[18] Peszat S. and Zabczyk J. (1998) Nonlinear stochastic wave and heat equations, Preprint of Institut of Mathematics. Polish Academy of Sciences 584.

[19] Priouret P. (1982) Remarques sur les petits perturbations de systèmes dynamiques, Séminaire de Probabilités XVI, Lecture Notes in Math. 920 184-200, Springer, Berlin.

[20] Sanz-Solé M. and Sarrà M. (2000) Path properties of a class of Gaussian processes with applications to spde’s, Canadian Mathematical Society, Conference Proceedings 28 303-316.

[21] Sanz-Solé M. and Sarrà M. (2002) Hölder continuity for the stochastic heat equation with spatially correlated noise, Progress in Probability 52 259-268.

[22] Sowers R.B. (1992) Large deviations for a reaction-diffusion equation with non-Gaussian perturbations, Annals of Probability 20 504-537.

[23] Walsh J.B. (1986) An introduction to stochastic partial differential equations, École d’Été de Prob. de St-Flour XIV-1984, Lect. Notes in Math. 1180, Springer-Verlag.

[24] Watanabe S. (1984) Stochastic differential equation and Malliavin Calculus, Tata Institue, Springer-Verlag.