E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 10 (2005), Paper no. 10, pages 326-370.

Journal URL http://www.math.washington.edu/∼ejpecp/

CONVERGENCE IN FRACTIONAL MODELS AND APPLICATIONS^1

Corinne Berzin LabSAD, BSHM, Université Pierre Mendès-France 1251 Avenue centrale, BP 47, 38040 Grenoble cedex 9, France Corinne.Berzin@upmf-grenoble.fr

José R. León Escuela de Matemáticas, Facultad de Ciencias Universidad Central de Venezuela Paseo Los Ilustres, Los Chaguaramos, A.P. 47 197, Caracas 1 041-A, Venezuela jleon@postgrado.ucv.ve

Abstract: We consider a fractional Brownian motion with Hurst parameter strictly between 0 and 1. We are interested in the asymptotic behaviour of functionals of the increments of this and related processes and we propose several probabilistic and statistical applications.

Keywords and phrases: Level crossings, fractional Brownian motion, limit theorem, local time, rate of convergence.

AMS subject classification (2000): Primary 60F05; Secondary 60G15, 60G18, 60H10, 62F03.

Submitted to EJP on November 25, 2003. Final version accepted on February 8, 2005.

1The research of the second author was supported in part by the project “Modelaje Estocástico Aplicado” of the Agenda Petróleo of FONACIT Venezuela.

1 Introduction

Let {b_α(t), t ∈ R} be the fractional Brownian motion with parameter 0 < α < 1. Consider φ, a positive kernel with L^1 norm equal to one, and let φ_ε(·) =^1_ε φ(^·_ε ) and then define b^ε_α(t) = φ_ε ∗ b_α(t), the regularized fractional Brownian motion.

Recently, there has been some interest in modeling a stock price X(t) by a fractional version of Black-Scholes model (see Black and Scholes (1973)), say:

dX(t) = X(t)(σ db_α(t) + μ dt),

with X(0) = c and α > 1/2 (see also Cutland et al. (1993)). More generally, let X(t) be the solution of dX(t) = σ(X(t)) db_α(t) + μ(X(t)) dt, with X(0) = c.

First, assume that μ = 0. The model becomes

dX(t) = σ(X(t)) db_α(t),

with X(0) = c.

Lin (1995) proved that such a solution can be written as X(t) = K(b_α(t)) where K is solution of the ordinary differential equation K̇ = σ(K) with K(0) = c.

We shall consider the statistical problem that consists in observing, instead of X(t), the regularization X_ε(t) :=^1_ε

�_{+∞} −∞ φ((t − x)/ε)X(x) dx with φ as before and to make inference about σ(·). To achieve this purpose we establish first in section 4.1.1 a convergence result for the number of crossings of X_ε(·), using the following theorem (Azaïs and Wschebor (1996))

Theorem 1.1 Let {b_α(t), t ∈ R} be the fractional Brownian motion with parameter 0 < α < 1. Then, for every continuous function h � π 2 ε^{1−α} σ_{2α}

�_{+∞} −∞ h(x)N^{bα}_ε (x) dx = � π 2 �_1 0 h(b^ε_α(u))|Z_ε(u)| du^{a.s.}−→

�_1 0 h(b_α(u)) du = �_{+∞} −∞ h(x)ℓ^{bα} (x) dx,

where^{a.s.}−→ denotes the almost-sure convergence, N^{bα}_ε (x) the number of times the regularized process b^ε_α(·) crosses level x before time 1, Z_ε(u) = ε^{(1−α)}ḃ^ε_α(u)/σ_{2α} with σ^2_α = V � ε^{(1−α)}ḃ^ε_α(u) � , and process ℓ^{bα} (x) is the local time in [0, 1] of b_α(·) at level x.

To show the result quoted above for X_ε(u), we shall use the fact that X_ε(u) is close to K(b^ε_α(u)) and Ẋ_ε(u) is close to K̇(b^ε_α(u))ḃ^ε_α(u) = σ(K(b^ε_α(u)))ḃ^ε_α(u), and this enables us to prove that � π 2 ε^{1−α} σ_{2α}

�_{+∞} −∞ h(x)N^X_ε (x) dx ≃ � π 2 �_1 0 h(K(b^ε_α(u)))σ(K(b^ε_α(u)))|Z_ε(u)| du, converges almost surely to �_1 0 h(K(b_α(u)))σ(K(b_α(u))) du =

�_1 0 h(X(u))σ(X(u)) du =

�_{+∞} −∞ h(x)σ(x)ℓ^X (x) dx,

where ℓ^X (·) is the local time for X in [0, 1].

Now suppose that^1_4 < α <^3_4 , we have the following result about the rates of convergence in Theorem 1.1 proved in section 3.4: there exists a Brownian motion ^W (·) independent of b_α(·) and a constant C_{α,φ} such that, 1 √ ε � π 2 ε^{1−α} σ_{2α}

�_∞ −∞ h(x)N^{bα}_ε (x) dx −

�_∞ −∞ h(x)ℓ^{bα} (x) dx �

D−→ C_{α,φ}

�_1 0 h(b_α(u)) d^W (u).

Using this last result for^1_2 < α <^3_4 , we can get the same one for the number of crossings of the process X_ε(·) and we obtain in section 4.1.1 1 √ ε � π 2 ε^{1−α} σ_{2α}

�_∞ −∞ h(x)N^X_ε (x) dx −

�_∞ −∞ h(x)σ(x)ℓ^X (x) dx �

D−→ C_{α,φ}

�_1 0 h(X(u))σ(X(u)) d^W (u).

A similar result can be obtained under contiguous alternatives for σ(·) and provides in section 4.1.2 a test of hypothesis for such a function.

We study also the rate of convergence in the following result proved by Azaïs and Wschebor (1996) concerning the increments of the fractional Brownian motion given here as Theorem 1.2.

Theorem 1.2 Let {b_α(t), t ∈ R} be the fractional Brownian motion with parameter 0 < α < 1. Then, for all x ∈ R and t ≥ 0 λ � 0 ≤ u ≤ t :

b_α(u + ε) − b_α(u) ε^αv_{2α} ≤ x �_{a.s.}

−→ t Pr{N^∗ ≤ x},

where v^2_α = V [b_α(1)], λ is the Lebesgue measure and N^∗ is a standard Gaussian random variable.

This result also implies that for a smooth function f, we have for all t ≥ 0 �_t 0 f � b_α(u + ε) − b_α(u) ε^αv_{2α} � du^{a.s.}−→ tE [f(N^∗)] . (1)

It also can be shown for regularizations b^ε_α(u) = φ_ε ∗b_α(u), where φ_ε(·) =^1_ε φ(^·_ε ), φ defined before. In the special case where φ = 1_{[−1,0]}, we have εḃ^ε_α(u) = b_α(u+ε)−b_α(u).

Hence, we can write (1) in an other form say, for all t ≥ 0

�_t 0 f � ε^{(1−α)}ḃ^ε_α(u) σ_{2α} � du^{a.s.}−→ tE [f(N^∗)] . (2)

We find the convergence rate in (2) for a function f ∈ L^2(ϕ(x) dx) where ϕ(x) dx stands for the standard Gaussian measure. We can formulate the problem in the following way:

Suppose that g^{(N)}(x) = f(x) − E [f(N^∗)] is a function in L^2(ϕ(x) dx), whose first non-zero coefficient in the Hermite expansion is a_N , i.e. g^{(N)}(x) =

�_∞ n=N a_nH_n(x), (N ≥ 1) for which ‖g^{(N)}‖^2_{,ϕ} =

�_∞

n=N a^2_nn!. The index N is called the Hermite’s rank.

Find an exponent a(α, N) and a process X_g(N) (·) such that the functional defined by S^{(N)}ε (t) = ε^{−a(α,N)}

�_t 0 g^{(N)}(Z_ε(u)) du converges in distribution to X_g(N) (t).

Note that similar problems have been studied by Breuer and Major (1983), Ho and Sun (1990) and Taqqu (1977) for summations instead of integrals.

The limit depends on the value of α, and as stated in Section 3.1, α = 1 − 1/(2N) is a breaking point. As pointed out in Section 3.3, if instead of considering the first order increments, we take the second ones, then there is no more breaking points and the convergence is reached for any value of α in (0, 1).

As applications of the previous results, we get in Section 4.2 the following:

ε^{−a(α,2)}

�_t 0 � |Z_ε(u)|^β − E � |N^∗|^β � du^D−→ X_g(2) (t),

and in Section 4.3 we get the rate of convergence in Theorem 1.2 and we obtain that for all x ∈ R

ε^{−a(α,1)} � λ{0 ≤ u ≤ t, Z_ε(u) ≤ x} −

�_t 0 Pr(N^∗ ≤ x) du

�_D −→ X_g(1) (t),

giving the form of the limit, depending also of x, and suggesting the convergence rate in the case where 1/2 < α < 1.

We observe that all the results quoted above for the fractional Brownian motion, have been considered in Berzin-Joseph and León (1997) for the Wiener process (corresponding to the case where α = 1/2), in Berzin et al. (2001) for the F -Brownian motion, in Berzin et al. (1998) for a class of stationary Gaussian processes and in Perera and Wschebor (1998) for semimartingales.

It is worth noticing that in the case of stationary Gaussian processes the results are quite similar to those obtained in the present article for N = 2.

The paper is organized as follows. In this section we introduced the problems and their applications. In section 2 we state some notations and the hypotheses under which we work. Section 3 is devoted to establish the main results. The applications are developed in section 4. Section 5 contains the proofs.

2 Hypotheses and notations

Let {b_α(t), t ∈ R} be the fractional Brownian motion with parameter 0 < α < 1 (see for instance Mandelbrot and Van Ness (1968)), i.e. b_α(·) is a centered Gaussian process with the covariance function

E [b_α(t)b_α(s)] = 1 2 v^2_α � |t|^{2α} + |s|^{2α} − |t − s|^{2α} � , with v^2_α = 1 Γ(2α + 1) sin(πα) . For each t ≥ 0 and ε > 0, we define the regularized processes

b^ε_α(t) = ε^{−1}

�_{t+ε} t b_α(u) du and Z_ε(t) = b_α(t + ε) − b_α(t) ε^αv_{2α} . We also define, for a C^1 density φ with compact support included in [−1, 1] satisfying �_∞ −∞ φ(x) dx = 1,

b^ε_α(t) = 1 ε �_∞ −∞ φ � t − x ε � b_α(x) dx and Z_ε(t) = ε^{(1−α)}ḃ^ε_α(t) σ_{2α} , with σ^2_α := V � ε^{(1−α)}ḃ^ε_α(t) � = 1 2π �_{+∞} −∞ |x|^{1−2α}|φ̂(−x)|^2 dx.

(Note that for α = 1/2, σ^2_α = ||φ||^2 :=

�_{+∞} −∞ φ^2(x) dx.)

We shall use the Hermite polynomials, which can be defined by exp(tx − t^2/2) = �_∞

n=0 H_n(x)t^n/n!. They form an orthogonal system for the standard Gaussian measure ϕ(x) dx and, if h ∈ L^2(ϕ(x) dx), h(x) =

�_∞

n=0 ĥ_nH_n(x) and ||h||2_{,ϕ} = �^∞_{n=0} ĥ2_nn!.

Mehler’s formula (see Breuer and Major (1983)) gives a simple form to compute the covariance between two L^2 functions of Gaussian random variables. Actually, if k ∈ L^2(ϕ(x) dx), k(x) =

�_∞

n=0 k̂_nH_n(x) and if (X, Y ) is a Gaussian random vector such that X and Y are standard Gaussian random variables with correlation ρ then

E [h(X)k(Y )] = ∞� n=0 ĥ_nk̂_nn!ρ^n. (3)

We will also use the following well-known property �_z −∞ H_k(y)ϕ(y)dy = −H_{k−1}(z)ϕ(z), z ∈ R, k ≥ 1. (4)

Let g^{(N)} be a function in L^2(ϕ(x) dx) such that g^{(N)}(x) =

�_∞

n=N a_nH_n(x), N ≥ 1, with ||g^{(N)}||^2_{,ϕ} =

�_∞ n=N a^2_nn! < +∞.

For 0 < α < 1 − 1/(2N) or α = 1/2 and N = 1, we shall write

(σ^{(N)}_a )^2 = 2 ∞� l=N a^2_l l!

�_{+∞} 0 ρ^l_α(x) dx,

where we define ρ^{(ε)}α (v) = E [Z_ε(v + u)Z_ε(u)] and

ρ_α(x) = ρ^{(ε)}_α (εx) =

−v^2_α 2σ^2_α

�_∞ −∞ φ̇ ∗ ~φ̇(y)|x − y|^{2α} dy = 1 2πσ^2_α

�_∞ −∞ |y|^{1−2α}e^{ixy}| ^φ(−y)|^2 dy,

where ~φ̇(y) = φ̇(−y). (If α = 1/2, ρ_α(x) = φ ∗ ~φ(x)/||φ||^2.) For φ = 1_{[−1,0]}, it is easy to show that ρ_α(x) = 1 2 [|x + 1|^{2α} − 2|x|^{2α} + |x − 1|^{2α}] and v^2_α σ^2_α

= 1.

Note that for N = 1 and 0 < α < 1/2, since

�_{+∞} 0 ρ_α(x) dx = 0, (σ^{(1)}a )^2 = (σ^{(2)}a )^2, and for α = 1/2 with N = 1, (σ^{(1)}a )^2 = a^2_1/||φ||^2 + (σ^{(2)}a )^2.

For N ≥ 1 and 0 ≤ t ≤ 1, define

S^{(N)}_ε (t) = ε^{−a(α,N)} t� 0 g^{(N)}(Z_ε(u)) du,

a(α, N) will be defined later.

Throughout the paper, C shall stand for a generic constant, whose value may change during a proof. N^∗ will denote a standard Gaussian random variable.

3 Results

3.1 Convergence for S^{(N)}ε (t)

3.1.1 Case 0 < α < 1 − 1/(2N) or α = 1/2 and N = 1 If N = 1, let us define A := {k : k ≥ 2 and a_k ≠ 0}. We suppose A ≠ ∅ and we define N_0 = inf{k : k ∈ A}.

Theorem 3.1 a(α, N) = 1/2 and 1) S^{(N)}_ε (·)^D−→ σ^{(N)}_a ^W (·), where ^W (·) is a Brownian motion.

2) Furthermore, (a) If 1/(2N) < α < 1 − 1/(2N)

(b^ε_α(·), S^{(N)}_ε (·))^D−→ (b_α(·), σ^{(N)}_a ^W (·));

(b) If 1/(2N_0) < α < 1/2 and N = 1

(b^ε_α(·), S^{(1)}_ε (·))^D−→ (b_α(·), σ^{(N0)}_a ^W (·));

(c) If α = 1/2 and N = 1

(b^ε_α(·), S^{(1)}_ε (·))^D−→ (b_α(·), a_1 ||φ||_2 b_α(·) + σ^{(N0)}_a ^W (·)).

The processes b_α(·) and ^W (·) are independent. The convergence taking place in 1) and 2) is in finite-dimensional distributions.

Remark 1: If the cœfficients of the function g^{(N)} verify the condition ∞� k=N 3^{k/2} √ k!|a_k| < ∞,

(cf. Chambers and Slud (1989), p.328), the sequence S^{(N)}ε (·) is tight and the convergence takes place in C[0, 1] for 1) and in C[0, 1] × C[0, 1] for 2). This will be the case for g^{(N)} a polynomial.

Remark 2: In case 1), when 0 < α < 1/2, (N = 1), note that σ^{(N)}a = σ^{(N0)}a .

Remark 3: In case 1), when 0 < α < 1/2, (N = 1) and a_k ≡ 0 for k ≥ 2, (i.e. A = ∅), the limit gives zero, so the normalization must be changed; in fact in this case, a(α, 1) = 1 − α is the convenient normalization and S^{(1)}ε (·) converges in L^2 towards a_1b_α(·)/σ_{2α}; this last result is also true when α ≥ 1/2.

Furthermore with this normalization, for 0 < α < 1, (b^ε_α(·), S^{(1)}ε (·))^D−→ (b_α(·),^{a1}_{σ2α} b_α(·)).

3.1.2 Case α = 1 − 1/(2N) and N > 1 Theorem 3.2 a(α, N) =^1_2 and (b^ε_{1−1/(2N)}(·), [ln(ε^{−1})]^{− 1}2 S^{(N)}ε (·))^D−→ (b_{1−1/(2N)}(·), √ 2N![(1−^1_{2N} )(1−^1_N )]^{N/2}(^{v2−1/N}_{σ2−1/N} )^N a_N ^W (·)), where ^W (·) is a Brownian motion and the processes b_{1−1/(2N)}(·) and ^W (·) are independent.

The convergence taking place is in finite-dimensional distributions.

3.1.3 Case 1 − 1/(2N) < α < 1

Theorem 3.3 a(α, N) = N(1 − α) and for fixed t in [0, 1]

S^{(N)}ε (t)^{L2}−→ √ N!a_N � i √ 2πσ_{2α}

�_N �_{+∞} −∞ . . .

�_{+∞} −∞ K_t

�_N � i=1 λ_i � × N� i=1 � λ_i|λ_i|^{− 12 −α} � dW (λ_1) . . . dW (λ_N ),

where K_t(λ) = exp(itλ) − 1 iλ . Remark: Note that for N = 1 (α >^1_2 ) the limit is^{a1}_{σ2α} b_α(t).

3.2 Rate of convergence for S^{(1)}ε (t) and^1_2 < α < 1

Remember that for^1_2 < α < 1, S^{(1)}ε (t) = ε^{α−1}

�_∞ k=1 a_k

�_t 0 H_k(Z_ε(u)) du. We shall prove that for fixed t ∈ [0, 1], S^{(1)}ε (t) converges in L^2 towards a_1 σ_{2α} b_α(t) (see the remark below Theorem 3.3). We can also give the rate of this convergence using the three last theorems. Let consider A = {k : k ≥ 2 and a_k ≠ 0}. If A ≠ ∅, we define N_0 = inf{k : k ∈ A} and for 0 ≤ t ≤ 1,

V_ε(t) = � � � ε^{−d(α,N0)} � S^{(1)}ε (t) − a_1 σ_{2α} b_α(t) � , if A ≠ ∅

ε^{−α} � S^{(1)}ε (t) − a_1 σ_{2α} b_α(t) � , otherwise.

The exponent d(α, N_0) will be defined later.

We have the following corollary.

Corollary 3.1 1. If A ≠ ∅, (i) For^1_2 < α < 1 −^1_{2N0} ,

d(α, N_0) = α − 1 2 and V_ε(·)^D−→ σ^{(N0)}_a ^W (·),

where (σ^{(N0)}a )^2 = 2

�_∞

l=N_0 a 2 l l!

�_{+∞} 0 ρ^l_α(x) dx.

(ii) For α = 1 −^1_{2N0} , d(α, N_0) =^1_2 −^1_{2N0} and

[ln(ε^{−1})]^{− 12} V_ε(·)^D−→ � 2N_0! � 1 − 1 2N_0 � � 1 − 1 N_0

�_{N0/2} � v_{2−1/N0} σ_{2−1/N0}

�_{N0}

a_{N0} ^W (·).

(iii) For 1 −^1_{2N0} < α < 1, d(α, N_0) = (N_0 − 1)(1 − α) and for fixed t in [0, 1],

V_ε(t)^{L2}−→ √ N_0!a_{N0} � i √ 2πσ_{2α}

�_{N0} �_{+∞} −∞ . . .

�_{+∞} −∞ K_t

�_{N0} � i=1 λ_i � × N_0�

i=1 � λ_i|λ_i|^{− 12 −α} � dW (λ_1) . . . dW (λ_{N0} ).

2. If A = ∅, for^1_2 < α < 1,

V_ε(·)^D−→ a_1 σ_{2α} √ c_{α,φ} [B(·) − B(0)],

where c_{α,φ} = V

�_∞

−∞ φ(x)b_α(x) dx � and B(·) is a cylindrical standard Gaussian pro-

cess with zero correlation independent of b_α(·). The symbol^D−→ means weak convergence in finite-dimensional distributions.

Remark: Statement 2. is also true for 0 < α ≤^1_2 with the same definition for S^{(1)}ε (·).

3.3 2^{nd}-order increments

Instead of considering the first order increments of b_α(·), we study the asymptotic behaviour of the second order increments. We also get convergence for the corresponding functionals to a Brownian motion for all the values of α in (0, 1).

Thus, if φ is now in C^2 instead of in C^1, we define

~Z_ε(u) = ε^{2−α} b̈ε_α(u) ~σ_{2α} , with

~σ^2_α = V � ε^{2−α}b̈^ε_α(u) � = 1 2π �_{+∞} −∞ |x|^{3−2α}|φ̂(−x)|^2 dx.

Note that if φ = φ_1 ∗ φ_2 with φ_1 = 1_{[−1,0]} and φ_2 = 1_{[0,1]} then ε^2b̈^ε_α(u) = b_α(u + ε) − 2b_α(u) + b_α(u − ε).

Now for N ≥ 1 and 0 ≤ t ≤ 1, define

S̃^{(N)}_ε (t) := 1√ ε �_t 0 g^{(N)}( ~Z_ε(u)) du,

where we suppose as in Theorem 3.1 that A := {k : k ≥ 2 and a_k ≠ 0} is not an empty set and we define N_0 = inf{k : k ∈ A}. With the technics used in Theorem 3.1, we can prove Corollary 3.2.

Corollary 3.2 For 0 < α < 1, (i) S̃^{(N)}ε (·)^D−→ ~σ^{(N0)}a ^W (·). Furthermore, (ii) If 1/(2N_0) < α < 1,

(b^ε_α(·), S̃^{(N)}_ε (·))^D−→ (b_α(·), ~σ^{(N0)}_a ^W (·)),

where we have noted (~σ^{(N0)}a )^2 = 2

�_∞

l=N_0 a 2 l l!

�_{+∞} 0 ~ρ^l_α(x) dx, ~ρ_α(x) = E � ~Z_ε(εx + u) ~Z_ε(u) � . Remark: If A = ∅ (N = 1), the convenient normalization for S̃^{(1)}ε (t) is ε^{−1} and in this case for 0 < α < 1, (b^ε_α(·), S̃^{(1)}ε (·))^D−→ (b_α(·), a_1σ_{2α}/~σ_{2α}(B(·) − B(0))) where B(·) is again a cylindrical standard Gaussian process with zero correlation independent of b_α(·).

3.4 Crossings and Local time

Let us define the following random variable

Σ_ε(h) = ε^{−e(α,2)}

�_{+∞} −∞ h(x) �π 2 ε^{1−α} σ_{2α}

N^{bα}_ε (x) − ℓ^{bα} (x) � dx, where N^{bα}_ε (x) is the number of times that the process b^ε_α(·) crosses level x before time 1 and ℓ^{bα} (·) is the local time for the fractional Brownian motion in [0, 1] (see Berman (1970)) that satisfies, for every continuous function h �_{+∞} −∞ h(x)ℓ^{bα} (x) dx =

�_1 0 h(b_α(u)) du,

and then by Banach-Kac (Banach (1925) and Kac (1943)), Σ_ε(h) can be expressed as

Σ_ε(h) = ε^{−e(α,2)} � 1 0 h(b^ε_α(u)) � π 2 |Z_ε(u)| du −

�_1 0 h(b_α(u)) du � . Using Theorem 3.1 2)(a) we can get Theorem 3.4.

Theorem 3.4 Let h be C^3 such that |h^{(3)}(x)| ≤ P (|x|), where P is a polynomial. (i) If 0 < α <^1_4 , then e(α, 2) = 2α and

Σ_ε(h)^{L2}−→ K_{α,φ}

�_{+∞} −∞ ḧ(x)ℓ^bα (x) dx = K_{α,φ}

�_1 0 ḧ(b_α(u)) du,

where K_{α,φ} =^{−v2α}_4

�_∞ −∞ �_∞ −∞ φ(x)φ(y)|x − y|^{2α} dxdy � . (ii) If^1_4 < α <^3_4 and furthermore h is C^4 such that |h^{(4)}(x)| ≤ P (|x|), then e(α, 2) = 1 2 and Σ_ε(h) converges stably towards a random variable Y (h)

Y (h) := C_{α,φ}

�_1 0 h(b_α(u))d^W (u), where C^2_{α,φ} = 2

�_{+∞} l=1 a^2_l(2l)!

�_{+∞} 0 ρ^{2l}_α (x) dx and a_{2l} is defined by

�_π

2 |x| − 1 = �_{+∞}

l=1 a_{2l}H_{2l}(x) := g^{(2)}(x).

Remark 1: If 0 < α ≤^1_2 , Theorem 3.4 is true under weaker hypotheses. Indeed, if 0 < α <^1_2 , it is enough to ask for h ∈ C^3 with |h^{(3)}(x)| ≤ P (|x|), and if α =^1_2 , for h ∈ C^2 with |ḧ(x)| ≤ P (|x|).

Remark 2: It can be proved that, under the same hypotheses as in (ii) and for general f, with (2 + δ)-moments with respect to the standard Gaussian measure, δ > 0, even, or odd with Hermite’s rank greater than or equal to three, 1 √ ε �_1 0 f(Z_ε(u))h(b^ε_α(u)) du − E [f(N^∗)]

�_1 0 h(b_α(u)) du

�_D

−→ C_{α,φ}(f)

�_1 0 h(b_α(u))d^W (u),

where C_{α,φ}(f) is similar to C_{α,φ}, but now a_{2l} are the Hermite’s coefficients of f − E(f(N^∗)). So taking, f(x) =

�_π

2 |x|, we can see the last convergence as a generalization of (ii).

Remark 3: If h ≡ 1, the convenient normalization for Σ_ε(h) is e(α, 2) =^1_2 but for all 0 < α <^3_4 and we can prove that^{1√}_ε

�_{+∞} −∞ [

�_π 2 ε^{1−α} σ_{2α} N b_α

ε (x)−ℓ^{bα} (x)] dx converges in distribution towards C_{α,φ}^W (1) by Theorem 3.1 1).

4 Applications

4.1 Pseudo-diffusion

4.1.1 Estimation of the variance of a pseudo-diffusion.

As is well-known, the process b_α(·) is not a semimartingale. Thus we cannot, in general, integrate

�_t 0 a(u) db_α(u) for a predictable process a(·). However if the coefficient α is greater than^1_2 , the integral with respect to b_α(·) can be defined pathwise as the limit of Riemann sums (see for example the works of Lin (1995) and Lyons (1994)). This allows us to consider, under certain regularity conditions for μ and σ, the “pseudo-diffusion” equations with respect to b_α(·)

X(t) = c +

�_t 0 σ(X(u)) db_α(u) +

�_t 0 μ(X(u)) du,

for t ≥ 0, α >^1_2 and positive σ. We consider the problem of estimating σ when μ ≡ 0. Suppose we observe instead of X(t) a regularization X_ε(t) =^1_ε

�_∞ −∞ φ(^{t−x}_ε )X(x) dx, with φ as in section 2, where we have extended X(·) by means of X(t) = c, if t < 0. It is easy to see that the process X(t) has a local time ℓ^X (x) in [0, 1] for every level x, in fact we have ℓ^X (x) = ℓ^{bα} (K^{−1}(x))/σ(x) where K is solution of the ordinary differential equation (ODE), K̇ = σ(K) with K(0) = c. Considering N^X_ε (x) the number of times that the process X_ε(·) crosses level x before time 1 and using Theorem 1.1 we can prove:

Proposition 4.1 Let^1_2 < α < 1, if h ∈ C^0 and σ ∈ C^1 then � π 2 ε^{1−α} σ_{2α}

�_∞ −∞ h(x)N^X_ε (x) dx^{a.s.}−→

�_∞ −∞ h(x)σ(x)ℓ^X (x) dx.

Moreover, using Theorem 3.4 (ii) we can also obtain the following theorem.

Theorem 4.1 Let us suppose that^1_2 < α <^3_4 , h ∈ C^4, σ ∈ C^4, σ is bounded and sup{|σ^{(4)}(x)|, |h^{(4)}(x)|} ≤ P (|x|), where P is a polynomial, then 1 √ ε [ � π 2 ε^{1−α} σ_{2α}

�_∞ −∞ h(x)N^X_ε (x) dx −

�_∞ −∞ h(x)σ(x)ℓ^X (x) dx],

converges stably towards

C_{α,φ}

�_1 0 h(X(u))σ(X(u))d^W (u).

Here, ^W (·) is still a standard Brownian motion independent of b_α(·), C^2_{α,φ} given by

C^2_{α,φ} = 2 +∞� l=1 a^2_l(2l)!

�_{+∞} 0 ρ^{2l}_α (v) dv and g^{(2)}(x) = � π 2 |x| − 1 = +∞� l=1 a_{2l}H_{2l}(x).

Remark: This type of result was obtained for a class of semimartingales, and in particular for diffusions, in Perera and Wschebor (1998).

4.1.2 Proofs of hypothesis

Now, we observe X_ε(·), solution of the stochastic differential equation, for t ≥ 0, dX_ε(t) = σ_ε(X_ε(t)) db_α(t) with X_ε(0) = c, X_ε(t) = c, for t < 0 and we consider testing the hypothesis H_0 : σ_ε(·) = σ_0(·), against the sequence of alternatives H_ε : σ_ε(·) = σ_0(·) + √ εd(·) + √ εF (·, √ ε), where F (·, 0) = 0, σ_0, d and F are C^1. Let us define the observed process Y_ε(·) :=^1_ε

�_{+∞} −∞ φ(^{.−x}_ε )X_ε(x) dx with φ as in section 2. We are interested in observing the following functionals

T_ε(h) := 1 √ ε � π 2 ε^{1−α} σ_{2α}

�_∞ −∞ h(x)N^Y_ε (x) dx −

�_1 0 h(X_ε(u))σ_0(X_ε(u)) du � . Using Theorem 3.1 2)(a) we can prove Theorem 4.2.

Theorem 4.2 Let us suppose that^1_2 < α <^3_4 , h ∈ C^4, σ_0 ∈ C^4, d ∈ C^2, F ∈ C^1, σ_0 is bounded and sup{|σ^{(4)}_0 (x)|, |h^{(4)}(x)|, |d^{(2)}(x)|} ≤ P (|x|) where P is a polynomial then T_ε(h) converges stably towards

C_{α,φ}

�_1 0 h(X(u))σ_0(X(u))d^W (u) +

�_1 0 h(X(u))d(X(u)) du,

where X(·) = K(b_α(·))^{a.s.}= lim_{ε→0}X_ε(·), and K is solution of the ODE, K̇ = σ_0(K) with K(0) = c and ^W (·) is a standard Brownian motion independent of X(·).

Remark 1: There is a random asymptotic bias, and the larger the bias the easier it is to discriminate between the two hypotheses.

Remark 2: We can consider the very special case h ≡ 1 and σ_0 constant. The limit random variable is C_{α,φ}σ_0N^∗ +

�_1 0 d(σ_0b_α(u) + c) du.

Recall that the two terms in the sum are independent.

4.2 β-increments Let S^β_ε (t) = ε^{−a(α,2)}

�_t 0 � |Z_ε(u)|^β − E � |N^∗|^β � du, for β > 0 and 0 ≤ t ≤ 1.

As an application of Theorems 3.1 1), 3.2 (i) and 3.3, we obtain the following corollary.

Corollary 4.1 (i) If 0 < α <^3_4 ,

a(α, 2) = 1 2 and S^β_ε (·)^D−→ σ^{(2)}_β ^W (·),

where

(σ^{(2)}_β )^2 =

2^{β+1} π � � +∞� l=1 (2l)!

�_l � p=0 (−1)^{l−p} (2p)!(l − p)!2^{l−p}

2^pΓ(p + β + 1 2 ) �_2 �_{+∞} 0 ρ^{2l}_α (x) dx � � .

(ii) If α =^3_4 ,

a(α, 2) = 1 2 and [ln(ε^{−1})]^{− 12} S^β_ε (·)^D−→

3β2^{β/2−1} 4 √ π Γ((β + 1)/2) v^2_{3/2} σ^2_{3/2}

^W (·).

(iii) If^3_4 < α < 1,

a(α, 2) = 2(1−α) and for fixed t in [0, 1], S^β_ε (t)^{L2}−→ −β

2^{(β−1)/2} √ π Γ � β + 1 2 � � 1 √ 2πσ_{2α}

�_2

× � +∞ −∞ �_{+∞} −∞ K_t(λ + μ)λ|λ|^{−α− 12} μ|μ|^{−α− 12} dW (λ) dW (μ) � . 4.3 Lebesgue measure Let S^λ_ε (t) = ε^{−a(α,1)} � λ{0 ≤ u ≤ t, Z_ε(u) ≤ x}−

�_t 0 Pr(N^∗ ≤ x) du � for x ∈ R and 0 ≤ t ≤ 1.

Thanks to Theorems 3.1 1) and 3.3 we have the following corollary.

Corollary 4.2 (i) If 0 < α <^1_2 , a(α, 1) =^1_2 and

S^λ_ε (·)^D−→ σ^{(2)}_λ ^W (·),

where (σ^{(2)}_λ )^2 = 2

�_{+∞} l=2 1 l! H^2_{l−1}(x)ϕ^2(x)

�_{+∞} 0 ρ^l_α(y) dy � . (ii) If α =^1_2 , a(α, 1) =^1_2 and

S^λ_ε (·)^D−→ σ^{(2)}_λ ^W (·) − ϕ(x) ||φ||_2 b_α(·).

(iii) If^1_2 < α < 1, a(α, 1) = 1 − α and for fixed t in [0, 1]

S^λ_ε (t)^{L2}−→

−ϕ(x) σ_{2α} b_α(t).

Remark: In case (ii), if φ = 1_{[−1,0]}, then (σ^{(2)}_λ )^2 = 2

�_{+∞} l=2 1 (l+1)! H 2 l−1(x)ϕ^2(x).

Thanks to Corollary 3.1.1 we can give the rate of convergence when^1_2 < α < 1. Indeed for 0 ≤ t ≤ 1 and x ∈ R^∗, let

V^λ_ε (t) = ε^{−d(α,2)} � S^λ_ε (t) + ϕ(x) σ_{2α} b_α(t) � . We have the following corollary.

Corollary 4.3 (i) If^1_2 < α <^3_4 , d(α, 2) = α −^1_2 and

V^λ_ε (·)^D−→ σ^{(2)}_λ ^W (·), where σ^{(2)}_λ is the same as previous corollary. (ii) If α =^3_4 , d(α, 2) =^1_4 and

[ln(ε^{−1})]^{− 12} V^λ_ε (·)^D−→ − 3 8 xϕ(x) v^2_{3/2} σ^2_{3/2}

^W (·).

(iii) If α >^3_4 , d(α, 2) = 1 − α and for fixed t in [0, 1]

V^λ_ε (t)^{L2}−→ 1 √ 2 xϕ(x) � 1 √ 2πσ_{2α}

�_2 � +∞ −∞ �_{+∞} −∞ K_t(λ+μ)λ|λ|^{−α− 12} μ|μ|^{−α− 12} dW (λ) dW (μ).

5 Proofs of the results

5.1 Asymptotic variance of S^{(N)}ε (t)

5.1.1 Case where 0 < α < 1 − 1/(2N) or α = 1/2 and N = 1

Proposition 5.1 a(α, N) = 1/2 and E � S^{(N)}ε (t)

�_2

−→_{ε→0} t(σ^{(N)}a )^2.

Proof of Proposition 5.1. By Mehler’s formula (see Equation (3)) E � S^{(N)}_ε (t)

�_2 = 2 ε +∞� l=N a^2_l l!

�_t 0 (t − u)(ρ^{(ε)}_α )^l(u) du.

If we let u = εx, we get E � S^{(N)}_ε (t)

�_2 = 2 +∞� l=N a^2_l l!

� t_ε 0 (t − εx)ρ^l_α(x) dx.

But |ρ_α(x)| is equivalent to x^{2α−2}α|2α − 1|v^2_α/σ^2_α when x tends to infinity and is bounded from above by C x^{2α−2}.

Since α < 1 − 1/(2N) or α = 1/2 and N = 1, ||g^{(N)}||^2_{,ϕ} < +∞ and |ρ_α(x)| ≤ 1, we can use the Lebesgue’s dominated convergence theorem to get the result. �

Proof of Theorem 3.1. 1) We give the proof for the special case where N = 2 (0 < α < 3/4) to propose a demonstration rather different than in 2)(a). Using the Chaos representation for the increments of the fractional Brownian motion (see Hunt (1951)), we can write

b_α(t) = 1 √ 2π �_∞ −∞ [exp(iλt) − 1]|λ|^{−α− 12} dW (λ),

thus Z_ε(t) = 1 √ 2π ε^{1−α} σ_{2α}

�_∞ −∞ exp(iλt)iλφ̂(−λε)|λ|^{−α− 12} dW (λ), making the change of variable x = ελ in the stochastic integral, we get

Z_ε(t) = 1 √ 2π 1 σ_{2α}

�_∞ −∞ exp � i xt ε � ixφ̂(−x)|x|^{−α− 12} dW (x).

We shall consider the following functional

S^{(2)}_ε (t) = 1 √ ε �_t 0 g^{(2)}(Z_ε(u)) du = √ ε � t_ε 0 g^{(2)}(Z_ε(εx)) dx,

where the function g^{(2)} verifies E � g^{(2)}(N^∗) � = 0 and E � N^∗g^{(2)}(N^∗) � = 0. Notice that Z(x) := Z_ε(εx) is a stationary Gaussian process having spectral density

f_α(x) = x^2|φ̂(x)|^2 2πσ^2_α|x|^{2α+1} . The function f_α belongs to L^2 only if 0 < α <^3_4 . The correlation function is

ρ_α(x) =

�_∞ −∞ exp(iyx)f_α(y) dy.

Now, for k ∈ N^∗ and 0 = t_0 < t_1 < t_2 < · · · < t_k, let

S^{(2)}_ε (t) = k� i=1 α_i[S^{(2)}_ε (t_i) − S^{(2)}_ε (t_{i−1})],

where t := (t_0, . . . , t_k) and α_i, i = 1, . . . , k, are defined by α_i = c_i [ �_k

i=1 c^2_i (t_i − t_{i−1})]^12 , while c_j, j = 1, . . . , k, are real constants. We want to prove that S^{(2)}_ε (t)^D−→_{ε→0} N (0; (σ^{(2)}_a )^2), where (σ^{(2)}_a )^2 = 2 ∞� l=2 a^2_l l!

�_{+∞} 0 ρ^l_α(x) dx. Let S^{(2)}_{ε,M} (t) = k� i=1 α_i[S^{(2)}_{ε,M} (t_i) − S^{(2)}_{ε,M} (t_{i−1})], where S^{(2)}_{ε,M} (t) = √ ε � t_ε 0 g^{(2)}_M (Z(x)) dx and g^{(2)}_M (y) = M� l=2 a_lH_l(y).

First, let us prove the following lemma

Lemma 5.1 S^{(2)}_{ε,M} (t)^D−→_{ε→0} N (0; (σ^{(2)}_{a,M} )^2),

where (σ^{(2)}_{a,M} )^2 = 2 M� l=2 a^2_l l!

�_{+∞} 0 ρ^l_α(x) dx.

Proof of Lemma 5.1. Let n be the integer part of^1_ε , i.e. n := ⌊1/ε⌋. To study the weak convergence of S^{(2)}_{ε,M} (t) it is sufficient to consider that of S^{(2)}_{n,M} (t) where

S^{(2)}_{n,M} (t) = k� i=1 α_i √ t_i − t_{i−1} � ⌊nt_i⌋ − ⌊nt_{i−1}⌋

�_{⌊nti⌋}

⌊nt_{i−1}⌋

g^{(2)}_M (Z(x)) dx.

We consider the following functional

S^{(2,m)}_{n,M} (t) = k� i=1 α_i √ t_i − t_{i−1} � ⌊nt_i⌋ − ⌊nt_{i−1}⌋

�_{⌊nti⌋}

⌊nt_{i−1}⌋

g^{(2)}_M (Z^{(m)}(x)) dx,

where Z^{(m)}(·) is an approximation of Z(·) defined as follows, let ψ defined by

ψ(x) = � 2(1 − 2|x|), −^1_2 ≤ x ≤^1_2 , 0, otherwise.

Note that � ψ(x) dx = 1. Let Ψ(x) = ψ ∗ ψ(x) and ξ(λ) =^1_{2π} Ψ(λ)/Ψ(0), then Ψ ≥ 0, supp Ψ ⊂ [−1, 1] and �^ ξ(λ)dλ = 1. We define ξ̂^{(m)}(λ) = mξ̂(mλ) and

Z^{(m)}(x) :=

�_{+∞} −∞ exp(ixy)[f_α ∗ ξ̂^{(m)}]^{12} (y) dW (y).

Then (Z(x), Z^{(m)}(x)) is a mean zero Gaussian vector verifying

E [Z(0)Z(x)] = ρ_α(x), E � Z^{(m)}(0)Z^{(m)}(x) � = ρ_α(x)

Ψ(x/m) Ψ(0) , and E � Z(x)Z^{(m)}(0) � = r^{(m)}(x) =

�_∞ −∞ exp(ixy)[f_α]^{12} (y)[f_α ∗ ξ̂^{(m)}]^{12} (y) dy.

The covariance for Z^{(m)}(·) has support in [−m, m] and thus Z^{(m)}(·) is m-dependent.

Lemma 5.2 gives the asymptotic value of E � S^{(2)}_{n,M} (t) − S^{(2,m)}_{n,M} (t)

�_2 . Lemma 5.2 E � S^{(2)}_{n,M} (t) − S^{(2,m)}_{n,M} (t)

�_2

≤ k c^{(m)}_M −→_{m→+∞} 0, where

c^{(m)}_M = 2 √ 2( M� l=2 a^2_l l!l)

� +∞ 0 (ρ^2_α(x) + (r^{(m)})^2(x)) dx

� 1_2 × � 2 � +∞ 0 (r^{(m)}(x) − ρ_α(x))^2 dx

� 1_2 + � +∞ 0 ρ^2_α(x) � 1 − Ψ(x/m)

Ψ(0)

�_2 dx � 1_2 � . Proof of Lemma 5.2. Let

X_i = α_i √ t_i − t_{i−1} � ⌊nt_i⌋ − ⌊nt_{i−1}⌋

�_{⌊nti⌋}

⌊nt_{i−1}⌋

[g^{(2)}_M (Z^{(m)}(x)) − g^{(2)}_M (Z(x))] dx = α_i � t_i − t_{i−1}Y_i.

Applying the Schwarz inequality

�_k

i=1 a_i

�_2 ≤ k �_k i=1 a^2_i � to a_i = α_i √ t_i − t_{i−1} Y_i

and since

�_k i α^2_i (t_i − t_{i−1}) = 1, it is enough to prove that E [Y_i]^2 ≤ c^{(m)}_M . Notice that

E [Y_i]^2 = E � S^{(2)}_{⌊nti⌋−⌊nti−1⌋,M} − S^{(2,m)}_{⌊nti⌋−⌊nti−1⌋,M}

�_2 where

S^{(2)}_{n,M} = 1 √ n �_n 0 g^{(2)}_M (Z(x)) dx and S^{(2,m)}_{n,M} = 1 √ n �_n 0 g^{(2)}_M (Z^{(m)}(x)) dx.

Applying Lemma 4.1 of Berman (1992), which gives the required inequality not exactly for g^{(2)}_M but for an Hermite polynomial H_l, and Mehler’s formula (see Equation (3)), we get Lemma 5.2. � Now, we write S^{(2,m)}_{n,M} (t) as

S^{(2,m)}_{n,M} (t) =

j_n�

i=1 b_{i,n}ξ_i,

where j_n = ⌊nt_k⌋, b_{i,n} =^{αj}

√_{tj −tj−1} √_{⌊ntj ⌋−⌊ntj−1⌋} for ⌊nt_{j−1}⌋ + 1 ≤ i ≤ ⌊nt_j⌋, j ∈ [1, k] and

ξ_i =

�_i i−1 g^{(2)}_M (Z^{(m)}(x)) dx.

{ξ_i}_{i∈N}∗ is a strictly stationary m-dependent sequence (and then strongly mixing sequence) of real-valued random variables with mean zero and strong mixing coefficients (β_n)_{n≥0}. Furthermore,

�_{jn}

i=1 b^2_{i,n} = 1 and lim_{n→+∞} max_{i∈[1,jn]} |b_{i,n}| = 0. On the other hand, as in Rio (1995), defining

M_{2,α}(Q_{ξ1} ) =

� 1_2 0 [β^{−1}(t/2)Q_{ξ1} (t)]^2 dt β^{−1}(t/2) , where Q_{ξ1} is the inverse function of t → Pr(|ξ_1| > t), β(t) = β_{⌊t⌋} the cadlag rate function, β^{−1} the inverse function of this rate function β. We have M_{2,α}(Q_{ξ1} ) ≤

�_1 0 β^{−1}(t)Q^2_{ξ1} (t) dt.

This last integral is finite if, and only if, E(ξ^2_1 ) < ∞ (see Doukhan et al. (1994)). But E(ξ^2_1 ) ≤

�_M l=2 a^2_l l! < +∞, so M_{2,α}(Q_{ξ1} ) < +∞.

Moreover,_M � l=2 a^2_l l!

�_{+∞} 0 ρ^l_α(x) dx > 0,

for M ≥ 2, because all the terms are limits of variances hence greater or equal to zero, and for l = 2 we have, by Plancherel’s theorem �_∞ 0 ρ^2_α(x) dx = π

�_∞ −∞ f^2_α(x) dx > 0.

Then, lim n→+∞ E � S^{(2,m)}_{n,M} (t)

�_2

= A^{(m)}_M = 2 M� l=2 a^2_l l!

�_{+∞} 0 �ρ_α(x)Ψ( x_m )

Ψ(0)

�_l dx > 0,

for M ≥ 2 and m ≥ m_M and then applying Application 1 (Corollary 1, p.39 of Rio (1995)), we finally get that

S^{(2,m)}_{n,M} (t)^D−→_{n→∞} N (0; A^{(m)}_M ),

for M ≥ 2 and m ≥ m_M . Also,

N (0; A^{(m)}_M )^D−→_{m→∞} N (0; (σ^{(2)}_{a,M} )^2),

and by Lemma 5.2, lim_{m→+∞} sup_n E � S^{(2)}_{n,M} (t) − S^{(2,m)}_{n,M} (t)

�_2

= 0. Applying Lemma 1.1 of Dynkin (1988), we proved that S^{(2)}_{n,M} (t)^D−→_{n→∞} N (0; (σ^{(2)}_{a,M} )^2) for M ≥ 2 and then Lemma 5.1 follows. � Now since lim_{M→∞} sup_{ε>0} E � S^{(2)}_{ε,M} (t) − S^{(2)}_ε (t)

�_2

= 0,

applying the Dynkin’s result, the proof is completed for the case where N = 2 and 0 < α <^3_4 . Note that this demonstration uses the crucial fact that ρ_α belongs to L^2([0, ∞[) and so can not be implemented for the other cases. For those cases, Theorem 3.1 1) can be proved using the diagram formula, going in the same way as in Chambers and Slud (1989); indeed for this it is sufficient to adapt the following proof of 2)(a).

2)(a). The following result heavily depends on the N value, known in the literature as the Hermite’s rank.

Suppose that 1/(2N) < α < 1 − 1/(2N). As before, it is enough to prove that A_{ε,M} (t) = (b^ε_α(t_0) = b^ε_α(0), . . . , b^ε_α(t_k), S^{(N)}_{ε,M} (t_1), . . . , S^{(N)}_{ε,M} (t_k) − S^{(N)}_{ε,M} (t_{k−1})), converges weakly when ε → 0 to

A_M (t) = (b_α(t_0) = b_α(0) = 0, . . . , b_α(t_k), σ^{(N)}_{a,M} ^W (t_1), . . . , σ^{(N)}_{a,M} (^W (t_k) − ^W (t_{k−1}))), where

S^{(N)}_{ε,M} (t) = 1 √ ε �_t 0 g^{(N)}_M (Z_ε(u)) du with g^{(N)}_M (x) = M� l=N a_lH_l(x), and (σ^{(N)}_{a,M} )^2 = 2 M� l=N a^2_l l!

�_{+∞} 0 ρ^l_α(x) dx.

Furthermore (b_α(t_1), . . . , b_α(t_k)) and (^W (t_1), . . . , ^W (t_k)) are independent Gaussian vectors. We shall follow closely the arguments of Ho and Sun (1990) with necessary modifications due to the fact that we are considering a non-ergodic situation.

Let c_0, . . . , c_k, d_1, . . . , d_k, be real constants, we are interested in the limit distribution of_k � j=0 c_jb^ε_α(t_j) + k� j=1 d_j � S^{(N)}_{ε,M} (t_j) − S^{(N)}_{ε,M} (t_{j−1}) � . To simplify the notation we shall write

Γ_ε(t) = k� j=0 c_jb^ε_α(t_j) and U_ε(t) = k� j=1 d_j � S^{(N)}_{ε,M} (t_j) − S^{(N)}_{ε,M} (t_{j−1}) � , then Γ_ε(t) is a mean zero Gaussian random variable and a^2_ε(t) ≡ V [Γ_ε(t)] = � i,j=0,···,k

c_ic_jγ_ε(t_i, t_j ),

where γ_ε(s, t) ≡ E [b^ε_α(s)b^ε_α(t)] is given by Lemma 5.3 whose proof is an easy computation.

Lemma 5.3 γ_ε(s, t) = v^2_α 2 �_∞ −∞ φ(x)|s − εx|^{2α} dx − �_∞ −∞ �_∞ −∞ φ(x)φ(y)|s − t − ε(x − y)|^{2α} dx dy +

�_∞ −∞ φ(x)|t − εx|^{2α} dx � .

We normalize Γ_ε(t) defining Γ^′_ε(t) = Γ_ε(t)/a_ε(t). The correlation between Γ^′_ε(t) and Z_ε(s) is denoted by ν_ε(s, t) and

ν_ε(s, t) = k� j=0 c_jα_ε(s, t_j)/a_ε(t),

where α_ε(s, t) ≡ E [b^ε_α(t)Z_ε(s)] is given by the following lemma, whose proof is a straightforward calculation. Lemma 5.4 α_ε(s, t) = αv^2_αε^{1−α} σ_{2α} � ∞ −∞ φ(x)|s − εx|^{2α−1}sign(s − εx) dx− �_∞ −∞ �_∞ −∞ φ(x)φ(y)|t − s − ε(y − x)|^{2α−1}sign(s − t + εy − εx) dy dx � . Thus we deduce the following Lemma 5.5.

Lemma 5.5 Let β = min{α, 1 − α}, |ν_ε(s, t)| ≤ C ε^β.

The proof is a direct consequence of Lemma 5.4, according to |t_j − s| > 2ε or |t_j − s| ≤ 2ε and to s > ε or s ≤ ε.

We want to study the asymptotic behaviour of D_ε = E [Γ^m_ε (t)U^r_ε (t)] = [a_ε(t)]^m � l_1,...,l_r=N,···,M

a_{l1} a_{l2} · · · a_{lr} � j_1,...,j_r=1,···,k

d_{j1} d_{j2} · · · d_{jr}

× 1 ε^{r/2}

�_{tj1}

t_{j1−1}

�_{tj2}

t_{j2−1}

. . .

�_{tjr}

t_{jr−1}

E [H^m_1 (Γ^′_ε(t))H_{l1} (Z_ε(s_1))H_{l2} (Z_ε(s_2)) · · · H_{lr} (Z_ε(s_r))] ds,

where ds = ds_1 ds_2 . . . ds_r. We use the diagram formula. In this case:

E [H^m_1 (Γ^′_ε(t))H_{l1} (Z_ε(s_1))H_{l2} (Z_ε(s_2)) · · · H_{lr} (Z_ε(s_r))] = � G∈Γ � w∈G(V ),d_1(w)<d_2(w)

ρ̂(s_{d1(w)}, s_{d2(w)}),

where G is an undirected graph with l_1 +l_2 +· · ·+l_r +m vertices and r +m levels (for definitions, see Breuer and Major (1983), p.431), Γ = Γ(1, 1, . . . , 1, l_1, . . . , l_r) denotes the set of diagrams having these properties, G(V ) denotes the set of edges of G; the edges w are oriented, beginning in d_1(w) and finishing in d_2(w).

To the set Γ belong the diagrams such that the first m levels correspond to the Γ^′_ε(t) variables, ρ̂ is defined as � � � ρ^{(ε)}α (s_i − s_j), if i and j are in the last r levels, ν_ε(s_j, t), if the edge w joins the first m levels with the last r levels, 1, otherwise.

We say that an edge belongs to the first group if it links two among the first m levels, and to the second if not.

We shall classify the diagrams in Γ(1, 1, . . . , 1, l_1, l_2, . . . , l_r) as in Ho and Sun (1990), p. 1166, calling R the set of the regular graphs and R^c the rest. We start by considering R.

In a regular graph, since N > 1, the levels are paired in such a way that it is not possible for a level of the first group to link with one of the second, yielding a factorization into two graphs, both regular, and then m and r are both even. We can show as in Berzin et al. (1998) that the contribution of such graphs tends to � v^2_α 2 � i,j=0,···,k

c_ic_j(|t_i|^{2α} + |t_j|^{2α} − |t_i − t_j|^{2α})

� m_2

×(m−1)!! (r−1)!!

�_k � j=1 d^2_j (t_j − t_{j−1})

� r_2 � 2 M� l=N l! a^2_l

�_∞ 0 ρ^l_α(x) dx

� r_2 . Using the notations of Ho and Sun (1990), p. 1167, and calling D_ε/R^c the contribution of the irregular graphs in D_ε:

D_ε/R^c = � G∈R^c

A^ε_1 × A^ε_2 × A^ε_3 × ε^{− r2} .

Any diagram G ∈ R^c can be partitioned into three disjoint subdiagrams V_{G,1}, V_{G,2} and V_{G,3} which are defined as follows. V_{G,1} is the maximal subdiagram of G which is regular within itself and all its edges satisfy 1 ≤ d_1(w) < d_2(w) ≤ m or m + 1 ≤ d_1(w) < d_2(w) ≤ m + r. Define V^∗_{G,1}(1) = {j ∈ V^∗_{G,1} | 1 ≤ j ≤ m}, V^∗_{G,1}(2) = {j ∈ V^∗_{G,1} | m + 1 ≤ j ≤ m + r}, where V^∗_{G,1} are the levels of V_{G,1}.

A^ε_i is the factor of the product corresponding to the edges of V_{G,i}, i = 1, 2, 3. The normalization for A^ε_1 is therefore ε^{−|V ∗G,1(2)|/2} and as shown in Berzin et al. (1998), ε^{−|V ∗G,1(2)|/2}A^ε_1 tends to � v^2_α 2 � i,j=0,...,k

c_ic_j(|t_i|^{2α} + |t_j|^{2α} − |t_i − t_j|^{2α})

�_{|V} ∗_{G,1(1)|/2}

(|V^∗_{G,1}(1)| − 1)!!(2q − 1)!!

× �_k � j=1 d^2_j (t_j − t_{j−1})

�_q � 2 M� l=N a^2_l l!

�_∞ 0 ρ^l_α(x) dx

�_q , as ε → 0, where q = |V^∗_{G,1}(2)|/2. The limit is then O(1).

Consider now A^ε_2 and define V_{G,2} to be the maximal subdiagram of G−V_{G,1}, whose edges satisfy m+1 ≤ d_1(w) < d_2(w) ≤ m+r. The normalization for A^ε_2 is ε^{−|V ∗G,2(2)|/2}, where V^∗_{G,2}(2) are the levels of V_{G,2}. A graph in V_{G,2} is necessarily irregular, otherwise, it would have been taken into account in A^ε_1. As in Berzin et al. (1998), ε^{−|V ∗G,2(2)|/2} A^ε_2 tends to zero as ε goes to zero. For A^ε_3 define

V_{G,3} = G − (V_{G,1} ∪ V_{G,2}), V^∗_{G,3}(1) = {j ∈ V^∗_{G,3} | 1 ≤ j ≤ m}, V^∗_{G,3}(2) = {j ∈ V^∗_{G,3} | m + 1 ≤ j ≤ m + r},

where V^∗_{G,3} are the levels of V_{G,3}. The normalization for A^ε_3 is ε^{−|V ∗G,3(2)|/2}.

We assume now that l_1, l_2,. . . ,l_r, are fixed by the graph. Let L = |V^∗_{G,3}(2)|,

ε^{−|V ∗G,3(2)|/2}A^ε_3 ≤ ε^{−|V ∗G,3(2)|/2} × � j_{ξ(1)},...,j_{ξ(L)}=1,...,k L� i=1 |d_{jξ(i)} |

�_{tjξ(i)}

t_{jξ(i)−1} � e∈E(V_{G,3}),d_1(e)∈V^∗_{G,3}(1)

|ν_ε(s_{d2(e)}, t)| × � w∈E(V_{G,3}),d_1(w)∈V^∗_{G,3}(2)

|ρ^{(ε)}_α (s_{d1(w)} − s_{d2(w)})| ds_{ξ(i)}, (5)

where E(V_{G,3}) are the edges of V_{G,3} and ν_ε(s, t) =^1_{aε(t)}

�_k j=0 c_jα_ε(s, t_j) where α_ε(s, t) is given by Lemma 5.4. V^∗_{G,3}(2) can be decomposed in two parts,

B_G = {i ∈ V^∗_{G,3}(2) : g(i)(2 − 2α) ≤ 1}, C_G = {i ∈ V^∗_{G,3}(2) : g(i)(2 − 2α) > 1},

where g(i) is the number of edges in the i-th level not connected by edges to any of the first levels. Furthermore we note B^∗_G = {i ∈ B_G : k(i)(2 − 2α) = 1} where k(i) is the number of edges such that d_1(w) = i. As in Ho and Sun (1990), p. 1169, we can rearrange the levels in V^∗_{G,3}(2) in such a way that the levels of B_G are followed by the levels of C_G. Within B_G and C_G, the levels are also rearranged so that those with smaller g(i) come first. We have |V^∗_{G,3}(2)| = |B_G| + |C_G|.

If i ∈ V^∗_{G,3}(2), we have (l_i − g(i)) edges coming from levels in the first group and thanks to Lemma 5.5 their contribution to A^ε_3 is bounded by C ε^{β(li−g(i))} and in total for these levels we get the bound C ε^{β ∑i∈B}G^{(li−g(i))+β ∑i∈C}G^{(li−g(i))}; now the other terms are of the form: ρ^{(ε)}α (s_{d1(w)} − s_i) which are bounded by 1, or of that one:

�_{tji}

t_{ji−1} k(i)�

l=1 ρ^{(ε)}_α (s_i − s_{jl} ) ds_i.

This last integral can be bounded by C � ε^{k(i)g(i)} 1_{i∈CG} + ε^{(2−2α)k(i)} � 1_{i∈BG/B}∗_G + ln( 1 ε ) 1_{i∈B}∗_G � , hence, by (5)

ε^{−|V ∗G,3(2)|/2}A^ε_3 = O � ε^{−(|BG|+|CG|)/2}ε^{β ∑i∈B}G^{(li−g(i))}ε^{∑i∈C}G^{β(li−g(i))}

× ε(^{(2−2α) ∑i∈B}G^{k(i)+∑i∈C}G^{k(i)g(i)} )(ln( 1 ε ))^{|B∗G|} � , and since l_i ≥ N, then we have

ε^{−|V ∗G,3(2)|/2}A^ε_3 = O � ε(^{(2−2α) ∑i∈B}G^{k(i)+∑i∈C}G^{k(i)g(i) −(1−α) ∑i∈B}G^{g(i)−|CG|/2})

× ε^{(1−α−β) ∑i∈B}G^{g(i)}ε^{(βN− 12 )|BG|}ε^{β ∑i∈C}G^{(li−g(i))}(ln( 1 ε ))^{|B∗G|} � .(6)

We have the following bounds

(1 − α − β) � i∈B_G

g(i) ≥ 0,

(βN − 1 2 )|B_G| ≥ 0, β � i∈C_G

(l_i − g(i)) ≥ 0,

(2 − 2α) � i∈B_G

k(i) + � i∈C_G

k(i) g(i)

≥ (1 − α) � i∈B_G

g(i) + 1 2 |C_G|.

The last inequality is obtained by the same argument for showing (27) in Ho and Sun (1990), p. 1170.

Three cases can occur: |B_G| ≠ 0, |B_G| = 0 and |C_G| = 0, or |B_G| = 0 and |C_G| ≠ 0.

First case: |B_G| ≠ 0.

Since β > 1/(2N), one has (βN −1/2)|B_G| > 0 and then ε^{(βN− 1}2^{)|BG|}(ln(^1_ε ))^{|B∗G|} = o(1) thus (6) tends to zero with ε.

Second case: |B_G| = 0 (then |B^∗_G| = 0) and |C_G| = 0.

In this case V_{G,3} = ∅ (otherwise it would have been taken in account before in V_{G,1}) and then V_{G,2} ≠ ∅ thus ε^{−|V ∗G,2(2)|/2}A^ε_2 tends to zero with ε and this gives the required limit.

Third case: |B_G| = 0 (then |B^∗_G| = 0) and |C_G| ≠ 0.

In this case ε^{β ∑i∈C}G^{(li−g(i))} = ε^{β |V ∗G,3(1)|} with |V^∗_{G,3}(1)| > 0 (otherwise it would have been taken in account before in V_{G,2}) and (6) tends to zero with ε.

(b). Suppose that 1/(2N_0) < α <^1_2 and N = 1, since Z_ε(u) =^{ε1−α}_{σ2α} ḃ^ε_α(u), and H_1(x) = x, then S^{(1)}ε (t) = ε^12^{−α a1}_{σ2α} (b^ε_α(t) − b^ε_α(0)) + S^{(N0)}ε (t) and the result follows by 2)(a).

(c). To conclude the proof, suppose that α =^1_2 and N = 1. As in (b) and since in this case σ_{2α} = ||φ||_2, S^{(1)}ε (t) =^{a1}_{||φ||2} (b^ε_α(t) − b^ε_α(0)) + S^{(N0)}ε (t) and we get the result by using 2)(a).

Remark 3 also follows from the fact that^{a1}_{ε1−α}

�_t 0 H_1(Z_ε(u)) du =^{a1}_{σ2α} (b^ε_α(t)−b^ε_α(0)). �

5.1.2 Case where α = 1 − 1/(2N) and N > 1 Proposition 5.2

[ln(ε^{−1})]^{−1}E � S^{(N)}_ε (t)

�_2

−→_{ε→0} 2N! � 1 − 1 2N � � 1 − 1 N �_N ta^2_N � v_{2−1/N} σ_{2−1/N}

�_{2N} . Proof of Proposition 5.2. We suppose t > 0. As in Proposition 5.1, we use Mehler’s formula and we make the change of variable u = εx to get

[ln(ε^{−1})]^{−1}E � S^{(N)}_ε (t)

�_2 = −2 ln(ε) +∞� l=N a^2_l l!

� t_ε 0 (t − εx)ρ^l_{1−1/(2N)}(x) dx.

Now, since |ρ_{1−1/(2N)}(x)| is equivalent to (1 − 1/(2N))(1 − 1/N)x^{−1/N} v^2_{−1/N} /σ^2_{−1/N} , when x tends to infinity, and since ||g^{(N)}||^2_{,ϕ} < +∞, we have

[ln(ε^{−1})]^{−1}E � S^{(N)}_ε (t)

�_2 = −2 ln(ε) a^2_N N!

� t_ε 0 (t − εx)ρ^N_{1−1/(2N)}(x) dx + O(−1/ln(ε)).

Since

ρ^N_{1−} 1_{(2N)} (x) = � 1 − 1 2N �_N � 1 − 1 N �_N

x^{−1} v^{2N}_{2−1/N} σ^{2N}_{2−1/N} + 1 x^2 ε � 1 x � , with x large enough, the result follows. �

Proof of Theorem 3.2. From Proposition 5.2 we prove that

[ln(ε^{−1})]^{− 12} S^{(N)}_ε (t) ≃ a_N � ε ln(^1_ε )

�_t 0 H_N (Z_ε(u)) du := [ln(ε^{−1})]^{− 12} F^{(N)}_ε (t), i.e. lim_{ε→0}[ln(ε^{−1})]^{−1}E � S^{(N)}ε (t) − F^{(N)}ε (t)

�_2

= 0 and the result is an adaptation of Theorem 3.1 2)(a). �

5.1.3 Case where 1 − 1/(2N) < α < 1

Proposition 5.3 a(α, N) = N(1 − α) and E � S^{(N)}_ε (t)

�_2

−→_{ε→0} � (2α − 2)N + 1 � (α − 1)N + 1

�_{−1} N! ×a^2_N � α(2α − 1) v^2_α σ^2_α

�_N t^{(2α−2)N+2}.

Proof of Proposition 5.3. We suppose t > 0 and then t ≥ 4ε. As in Propositions 5.1 and 5.2, we use Mehler’s formula and we break the integration domain into two intervals: [0, 4ε] and [4ε, t].

For the first one, making the change of variable u = εv, we get

2ε^{2N[α−(1−1/(2N))]} +∞� l=N a^2_l l!

�_4 0 (t − εv)ρ^l_α(v) dv.

Since |ρ_α(v)| ≤ 1 and ||g^{(N)}||^2_{,ϕ} < +∞ this term is O(ε^{2N[α−(1−1/(2N))]}) = o(1).

Now, let us have a closer look to the second interval 2 ε^{2N(1−α)} +∞� l=N a^2_l l!

�_t 4ε (t − u) � − v^2_α 2σ^2_α

�_∞ −∞ �_∞ −∞ φ̇(z − x)φ̇(z) � � u ε − x � �^{2α} dx dz

�_l du. Using a second order Taylor’s expansion of (u − εx)^{2α} in the neighborhood of x = 0, it becomes 2 +∞� l=N a^2_l l!

�_t 4ε (t − u) � α(2α − 1) 2 �−v2_α σ^2_α �

× �_∞ −∞ �_∞ −∞ φ̇(z − x)φ̇(z)x^2(u − θεx)^{2α−2} dx dz

�_l

ε^{2(1−α)(l−N)} du,

with 0 ≤ θ < 1.

Then, since 1 − 1/(2N) < α and ||g^{(N)}||^2_{,ϕ} < ∞, we can apply the Lebesgue’s dominated convergence theorem and the limit is given by the first term in the sum. �

Proof of Theorem 3.3. Define

G^{(N)}_ε (t) = a_N ε^{N(1−α)}

�_t 0 H_N (Z_ε(u)) du.

A straightforward calculation shows that E � S^{(N)}ε (t) − G^{(N)}ε (t)

�_2

→ 0 as ε → 0: the proof is similar to the one of Proposition 5.3.

Thus studying the asymptotic behaviour of G^{(N)}ε (t) allows us to obtain the same for S^{(N)}ε (t). We have seen in the proof of Theorem 3.1 1) that

Z_ε(u) = ε^{1−α}

�_{+∞} −∞ iλ exp(iλu) dW_ε(λ),

where the stochastic measure dW_ε(λ) is defined as

dW_ε(λ) = 1 √ 2πσ_{2α} φ̂(−ελ)|λ|^{−α− 12} dW (λ),

and then

G^{(N)}_ε (t) = a_N ε^{N(1−α)}

�_t 0 H_N � ε^{1−α}

�_{+∞} −∞ iλ exp(iλu) dW_ε(λ) � du. Using Itô’s formula for the Wiener-Itô integral (see Dobrushin and Major (1979)), we obtain

G^{(N)}_ε (t) = √ N!a_N

�_t 0 �_{+∞} −∞ . . .

�_{+∞} −∞ w(λ_1, u) · · · w(λ_N , u) dW_ε(λ_1) · · · dW_ε(λ_N ) du,

where w(λ, u) = iλ exp(iλu).

As in Chambers and Slud (1989) p. 330, integrating this expression with respect to u, we get

G^{(N)}_ε (t) = √ N!i^N a_N

�_{+∞} −∞ · · ·

�_{+∞} −∞ K_t(λ_1 + · · · + λ_N )λ_1 · · · λ_N dW_ε(λ_1) · · · dW_ε(λ_N ),

where K_t(λ) = (exp(iλt) − 1)/(iλ). So E � G^{(N)}ε (t)

�_2

= a^2_N N!

�_{1√}

2πσ_{2α}

�_{2N} �

R^N |Kt

�_N

i=1 λ_i � |^2

�_N i=1 � |φ̂(−ελ_i)|^2|λ_i|^{1−2α} dλ_i � . On one hand the inner integrand converges to |K_t

�_N i=1 λ_i � |^2

�_N i=1 |λ_i|^{1−2α} � when ε tends to zero.

On the other hand, we can bound this integrand by |K_t

�_N i=1 λ_i � |^2

�_N i=1 |λ_i|^{1−2α} � . Thus if we prove that � R^N |Kt

�_N i=1 λ_i � |^2

�_N i=1 � |λ_i|^{1−2α}dλ_i � < +∞ then E � G^{(N)}ε (t)

�_2 →

E � G^{(N)}(t)

�_2

when ε → 0 where

G^{(N)}(t) = √ N!a_N � i √ 2πσ_{2α}

�_N �_{+∞} −∞ . . .

�_{+∞} −∞ K_t

�_N � i=1 λ_i � × N� i=1 � λ_i|λ_i|^{− 12 −α} � dW (λ_1) . . . dW (λ_N ),

which is well defined. Let us define

I_t := � R^N

|K_t

�^N� i=1 λ_i � |^2 N� i=1 � |λ_i|^{1−2α} dλ_i � = � R^N

4 sin^2 � t( �_N

i=1 λ_i)/2 � �_N i=1 λ_i

�_2 N� i=1 � |λ_i|^{1−2α} dλ_i � .

I_t is always well defined with the possible value +∞. Making the change of variables: λ_1 = 2y_1(1 − y_2 − . . . − y_N )/t, and λ_i = 2y_1y_i/t, for i = 2, . . . , N, we get

I_t = � 2 t �_{2N(1−α)}

t^2

�_{+∞} −∞ sin^2(y_1)|y_1|^{(2N−3−2Nα)} dy_1 � × � R^{N−1}

|1 − y_2 − . . . − y_N |^{1−2α}|y_2|^{1−2α} · · · |y_N |^{1−2α} dy_2 · · · dy_N � . Now, let the following change of variables y_2 + y_3 + . . . + y_N = w_2, y_3 = w_2w_3,. . . , y_N = w_2w_N .

Then y_2 = w_2(1 − w_3 − . . . − w_N ) and the Jacobian is w^{(N−2)}_2 . Thus � R^{N−1}

|1 − y_2 − . . . − y_N |^{1−2α}|y_2|^{1−2α} · · · |y_N |^{1−2α} dy_2 · · · dy_N = � ∞ −∞ |1 − w_2|^{1−2α}|w_2|^{(N−1)(1−2α)+(N−2)} dw_2 �

× � R^{N−2}

|1 − w_3 − · · · − w_N |^{1−2α} N� i=3 � |w_i|^{1−2α} dw_i � . Therefore we can apply the iteration and we have

I_t = �2 t �_{2N(1−α)} t^2

�_{+∞} −∞ sin^2(y_1)|y_1|^{(2N−3−2Nα)} dy_1 �

× N� k=2 �_∞ −∞ |1 − w_k|^{1−2α}|w_k|^{(k−1)(1−2α)+(k−2)} dw_k � < +∞,

since 1 − 1/(2N) < α < 1. Consider now

D^{(N)}(ε) = √ N!a_N � i √ 2πσ_{2α}

�_N

K_t

�^N� i=1 λ_i

�^N� i=1 � φ̂(−ελ_i)λ_i|λ_i|^{− 12 −α} � .

D^{(N)}(ε) converges pointwise to

D^{(N)}(0) = √ N!a_N � i √ 2πσ_{2α}

�_N K_t

�^N� i=1 λ_i

�^N� i=1 � λ_i|λ_i|^{− 12 −α} � ,

and from the previous calculations and Lebesgue’s theorem D^{(N)}(ε) → D^{(N)}(0) as ε → 0 in the L^2-norm with respect to Lebesgue’s measure and Theorem 3.3 follows. � Proof of Corollary 3.1. Since Z_ε(u) =^{ε1−α}_{σ2α} ḃ^ε_α(u), and H_1(x) = x, if A ≠ ∅,

V_ε(t) = a_1 σ_{2α}

[b^ε_α(t) − b^ε_α(0) − b_α(t)] ε^{−d(α,N0)} + S^{(N0)}_ε (t).

A straightforward calculation shows that the second order moment of the first term above is O(ε^{2(α−d(α,N0))}) = O(ε). So 1. (i), (ii) and (iii) follows by Theorem 3.1 1), 3.2 (i) and 3.3.

Now if A = ∅, V_ε(t) =^{a1}_{σ2α} √c_{α,φ}[B_ε(t) − B_ε(0)] where B_ε(t) = b^ε_α(t) − b_α(t) ε^α√c_{α,φ} and when

0 < α < 1, B_ε(t)^D−→ B(t) and this concludes the proof of the corollary. �

5.1.4 Asymptotic behaviour of the second order increments

Proof of Corollary 3.2. The proof of corollary follows by using the technics developed in the proof of Theorem 3.1 1) and 2)(a). We just give a sketch of this proof. We can show that

~ρ_α(x) = 1 2π~σ^2_α

�_{+∞} −∞ |y|^{3−2α}e^{ixy}|φ̂(−y)|^2 dy =

−v^2_α 2~σ^2_α

�_{+∞} −∞ φ̈ ∗ ~φ̈(y)|x − y|^{2α} dy,

and ~ρ_α(x) ≃ −v^2_α2α(2α − 1)(α − 1)(2α − 3)x^{2α−4}/~σ^2_α, when x tends to infinity, so it holds that ~ρ_α ∈ L^1([0, ∞[) and furthermore

�_{+∞} 0 ~ρ_α(x) dx = 0, for all α ∈ (0, 1), so (i) follows. In case of the first order increments we required α < 1 − 1/(2N) or α = 1/2 and N = 1 to ensure that ρ_α ∈ L^N ([0, ∞[).

Furthermore, we can show that |E [b^ε_α(t) ~Z_ε(u)]| ≤ C ε^α and that the first coefficient of S̃^{(1)}_ε (t), that is, (√εa_1/~σ_{2α})ε1−α(ḃε_α(t)−ḃε_α(0)), does not contribute to the limit because tending to zero in L^2, so (ii) follows. For the first order increments the bound was ε^β with β = inf{α, 1 − α} (see Lemma 5.5 in the proof of Theorem 3.1) and we required β > 1/(2N) and N > 1 to obtain independence between the limit processes. �

5.2 Some particular functionals

5.2.1 Crossings and Local time

We have to prove the result corresponding to crossings. Recall that

Σ_ε(h) = ε^{−e(α,2)}

�_{+∞} −∞ h(x) �π 2 ε^{1−α} σ_{2α}

N^{bα}_ε (x) − ℓ^{bα} (x) � dx. Proof of Theorem 3.4. The proof follows along the lines of Berzin et al. (1998) and uses Theorem 3.1 2)(a). By Banach-Kac (Banach (1925) and Kac (1943)), Σ_ε(h) can be expressed as

Σ_ε(h) = ε^{−e(α,2)}

�_1 0 h(b^ε_α(u))g^{(2)}(Z_ε(u)) du + ε^{−e(α,2)}

�_1 0 � h(b^ε_α(u)) − h(b_α(u)) � du = ε^{−e(α,2)}S_1 + ε^{−e(α,2)}S_2,

where g^{(2)}(x) =

�_π

2 |x| − 1 =

�_{+∞} l=1 a_{2l}H_{2l}(x).

We will show on the one hand, that under hypotheses of (ii) and if 0 < α <^3_4 (not only for^1_4 < α <^3_4 as is required for the theorem), E [S^2_1 ] = O(ε) and that

lim_{ε→0} ε^{−1}E � S^2_1 � = C^2_{α,φ}

�_1 0 E � h^2(b_α(u)) � du, (7)

and on the other hand, if α ∈ (0, 1) (instead of 0 < α <^1_4 ), E [S^2_2 ] = O(ε^{4α}) + o(ε). Moreover we can show that equality (7) is true under the less restrictive hypotheses: h ∈ C^2 with |ḧ(x)| ≤ P (|x|) when 0 < α ≤^1_2 and furthermore in case where α ≥^1_2 , we will show that E [S^2_2 ] = o(ε). Thus the term S_2 only matters when α <^1_4 and we

will prove in this case that, lim_{ε→0} ε^{−4α}E [S^2_2 ] = K^2_{α,φ}E

�_1 0 ḧ(b_α(u)) du

�_2 . Let us look more closely at S_1.

We decompose S_1 into two terms

S_1 =

�_1 Mε h(b^ε_α(u))g^{(2)}(Z_ε(u)) du +

�_{Mε} 0 h(b^ε_α(u))g^{(2)}(Z_ε(u)) du := J_1 + J_2,

with M big enough.

Using Hölder’s inequality it’s easy to see that E � J^2_2 � ≤ C ε^2 = o(ε). (8)

Let D_ε = {(u, v) ∈ [0, 1]^2/ u ≥ Mε, v ≥ Mε, |u − v| < Mε} and C_ε = {(u, v) ∈ [0, 1]^2/ u ≥ Mε, v ≥ Mε, |u − v| ≥ Mε}. We decompose E [J^2_1 ] into two terms E � J^2_1 � = � D_ε + � C_ε , where �

D_ε = � D_ε E � h(b^ε_α(u))h(b^ε_α(v))g^{(2)}(Z_ε(u))g^{(2)}(Z_ε(v)) � du dv.

Let us see � D_ε . Applying the change of variable v = u + εx, one has � D_ε = ε � D^′_ε E � h(b^ε_α(u))h(b^ε_α(u + εx))g^{(2)}(Z_ε(u))g^{(2)}(Z_ε(u + εx)) � du dx,

where D^′_ε = {(u, x)/ Mε ≤ u ≤ 1, Mε ≤ u + εx ≤ 1, |x| < M}. A straightforward calculation shows that � b^ε_α(u), b^ε_α(u + εx), Z_ε(u), Z_ε(u + εx) � con-

verges weakly when ε goes to zero towards � b_α(u), b_α(u), Y (u), Z_x(u) � where Y (u) and Z_x(u) are standard Gaussian variables with correlation ρ_α(x); furthermore the Gaussian vector � Y (u), Z_x(u) � is independent of b_α(u).

Using the Lebesgue’s dominated convergence theorem one obtains

lim_{ε→0} 1 ε � D_ε = ∞� l=1 a^2_l (2l)! � |x|<M

ρ^{2l}_α (x) dx

�_1 0 E � h^2(b_α(u)) � du. (9)

Let us look at � C_ε . We now fix (u, v) ∈ C_ε and we consider the change of variables

b^ε_α(u) = Z_{1,ε}(u, v) + A_{1,ε}(u, v)Z_ε(u) + A_{2,ε}(u, v)Z_ε(v), b^ε_α(v) = Z_{2,ε}(u, v) + B_{1,ε}(u, v)Z_ε(u) + B_{2,ε}(u, v)Z_ε(v),

with (Z_{1,ε}(u, v), Z_{2,ε}(u, v)) a mean zero Gaussian vector independent of (Z_ε(u), Z_ε(v)) and A_{1,ε}(u, v) = α_ε(u, u) − ρ^ε_α(v − u) α_ε(v, u) Δ_ε(u, v) , A_{2,ε}(u, v) = α_ε(v, u) − ρ^ε_α(v − u) α_ε(u, u) Δ_ε(u, v) , where α_ε(u, v) is given by Lemma 5.4, ρ^{(ε)}α (v − u) = E [Z_ε(u)Z_ε(v)] = ρ_α( v − u ε ) and Δ_ε(u, v) = 1 − (ρ^{(ε)}α )^2(v − u).

Two similar formulas hold for B_{1,ε}(u, v) and B_{2,ε}(u, v).

A straightforward computation shows that for M big enough, ε ≤ ε(M) and (u, v) ∈ C_ε,

max_{i=1,2} |A_{i,ε}(u, v), B_{i,ε}(u, v)| ≤ C ε^{1−α} [u^{2α−1} + v^{2α−1} + |u − v|^{2α−1}], (10) and |ρ^{(ε)}_α (v − u)| ≤ C ε^{2−2α} |v − u|^{2α−2}. (11)

Writing the Taylor development of h one has,

h(b^ε_α(u)) = 3� j=0 1 j! h^{(j)}(Z_{1,ε}(u, v))[A_{1,ε}(u, v)Z_ε(u) + A_{2,ε}(u, v)Z_ε(v)]^j + 1 4! h^{(4)}(θ_{1,ε}(u, v))[A_{1,ε}(u, v)Z_ε(u) + A_{2,ε}(u, v)Z_ε(v)]^4,

with θ_{1,ε}(u, v) between b^ε_α(u) and Z_{1,ε}(u, v). A similar formula holds for h(b^ε_α(v)). We can decompose � C_ε as the sum of twenty five terms. We use the notations Jj^1,j^2

for the corresponding integrals, where j_1, j_2 = 0, . . . ,4 are the subscripts involving h^{(j1)} and h^{(j2)}. We only consider J_{j1,j2} with j_1 ≤ j_2. Then we obtain the followings

(A) One term of the form

J_{0,0} = � C_ε

E [h(Z_{1,ε}(u, v))h(Z_{2,ε}(u, v))] E � g^{(2)}(Z_ε(u))g^{(2)}(Z_ε(v)) � du dv.

Making the change of variable u − v = εx and applying the Lebesgue’s dominated convergence theorem we get

lim_{ε→0} ε^{−1} J_{0,0} =

�^∞� l=1 a^2_l (2l)! � |x|≥M

ρ^{2l}_α (x) dx

� � 1 0 E � h^2(b_α(u)) � du � . (12)

(B) Two terms of the form J_{0,1} ≡ 0 by a symmetry argument: if L(U, V ) = N(0, Σ) then E � Ug^{(2)}(U)g^{(2)}(V ) � = 0.

(C) Two terms of the form

J_{0,2} = 1 2 � C_ε E � h(Z_{1,ε}(u, v))ḧ(Z_{2,ε}(u, v)) � × E � g^{(2)}(Z_ε(u))g^{(2)}(Z_ε(v))[B_{1,ε}(u, v)Z_ε(u) + B_{2,ε}(u, v)Z_ε(v)

�_2

] du dv.

Since |ρ^{(ε)}α (u − v)| ≤ 1, � �E � g^{(2)}(Z_ε(u))g^{(2)}(Z_ε(v))[B_{1,ε}(u, v)Z_ε(u) + B_{2,ε}(u, v)Z_ε(v)

�_2 ] � � ≤ C max_{i=1,2} |B^2_{i,ε}(u, v)| |ρ^{(ε)}_α (u − v)|,

using (10) and (11), we get

J_{0,2} = O(ε^{1+2α})1_{0<α<} 1_2 + O(ε^2ln( 1 ε ))1_{α=} 1_2 + O(ε^{4−4α})1 1_{2 <α<} 3_4 = o(ε).

(D) Two terms of the form J_{0,3} ≡ 0 by a symmetry argument: if L(U, V ) = N(0, Σ) then E � (aU + bV )^3g^{(2)}(U)g^{(2)}(V ) � = 0 for any two constants a and b .

(E) Two terms of the form

J_{0,4} = 1 4! � C_ε

E[h(Z_{1,ε}(u, v))h^{(4)}(θ_{2,ε}(u, v))g^{(2)}(Z_ε(u))g^{(2)}(Z_ε(v))

×[B_{1,ε}(u, v)Z_ε(u) + B_{2,ε}(u, v)Z_ε(v)]^4]dudv. Therefore

|J_{0,4}| ≤ C � C_ε

max_{i=1,2} [A^4_{i,ε}(u, v), B^4_{i,ε}(u, v)] du dv.

Using (10), one obtains

J_{0,4} = O(ε^{1+4α})1_{0<α<} 3_8 + O(ε^{52} ln( 1 ε ))1_{α=} 3_8 + O(ε^{4−4α})1 3_{8 <α<} 3_4 = o(ε).

Using the same type of arguments as for (C), (D), (E) we can prove that the other terms are all o(ε).

Using (8), (9) and (12) we have shown that lim_{ε→0} 1 ε E � S^2_1 � = C^2_{α,φ} � [0,1]^2 E � h^2(b_α(u)) � du. Note that if α ≤^1_2 , we must only make the Taylor development of h until ḧ and a similar proof gives the result (for α =^1_2 , we use furthermore the fact that for i = 1, 2, ε^{− 1}2 A_{i,ε}(u, v) and ε^{− 1}2 B_{i,ε}(u, v) have a limit when ε goes to zero, and then by the Lebesgue’s dominated convergence theorem , ε^{−3/2}J_{1,2}, ε^{−1}J_{0,2} and ε^{−1}J_{1,1} have a limit that is zero since E � N^∗g^{(2)}(N^∗) � = E � g^{(2)}(N^∗) � = 0).

Now for S_2, we write the Taylor development of h

h(b^ε_α(u)) − h(b_α(u)) = (b^ε_α(u) − b_α(u)) ḣ(b_α(u)) + 1 2 (b^ε_α(u) − b_α(u))^2 ḧ(θ_ε(u)),

with θ_ε(u) between b^ε_α(u) and b_α(u).

To this development correspond two terms S_{2,i}, i = 1, 2. Consider the first one, let S_{2,2},

S_{2,2} = 1 2 �_1 0 (b^ε_α(u) − b_α(u))^2 ḧ(θ_ε(u)) du.

ε^{−4α} E � S^2_{2,2} � = 1 4 c^2_{α,φ}

�_1 0 �_1 0 E � B^2_ε (u)B^2_ε (v)ḧ(θ_ε(u))ḧ(θ_ε(v)) � du dv,

with

B_ε(u) = b^ε_α(u) − b_α(u) ε^α√c_{α,φ}

→ N(0, 1) and c_{α,φ} = V

�_∞ −∞ φ(x) b_α(x) dx � .

A computation shows that (B_ε(u), B_ε(v), θ_ε(u), θ_ε(v)) converges weakly when ε goes to zero towards (B(u), B(v), b_α(u), b_α(v)) where B(u) and B(v) are standard Gaussian independent variables; furthermore (b_α(u), b_α(v)) is independent of (B(u), B(v)). Using the Lebesgue’s dominated convergence theorem we get

ε^{−4α} E � S^2_{2,2} � → 1 4 c^2_{α,φ}E

�_1 0 ḧ(b_α(u)) du

�_2 . (13)

Now let us consider S_{2,1}.

S_{2,1} =

�_1 0 (b^ε_α(u) − b_α(u)) ḣ(b_α(u)) du = ε^α √ c_{α,φ}

�_1 0 B_ε(u) ḣ(b_α(u)) du, so E � S^2_{2,1} � = ε^{2α}c_{α,φ}

�_1 0 �_1 0 E � B_ε(u)B_ε(v)ḣ(b_α(u))ḣ(b_α(v)) � du dv. (14)

Applying the Lebesgue’s dominated convergence theorem we get, with the same notations as before

ε^{−2α} E � S^2_{2,1} � → �_1 0 �_1 0 E [B(u)] E [B(v)] E � ḣ(b_α(u))ḣ(b_α(v)) � du dv = 0,

and then E � S^2_{2,1} � = o(ε), if α ≥ 1 2 . (15)

Using (13) and (15), we have then proved that if α ≥^1_2 , h ∈ C^2 and |ḧ(x)| ≤ P (|x|), E [S^2_2 ] = o(ε).

Now let α <^1_2 , using (14) one gets E � S^2_{2,1} � = � C_ε + � C^c_ε

= K_1 + K_2,

where C_ε was defined before. It is obvious that

|K_2| ≤ C ε^{1+2α}. (16)

Now we look at K_1.

We fix u and v and consider the change of variables

b_α(u) = α_1B_ε(u) + α_2B_ε(v) + α_3Z_3, b_α(v) = β_1B_ε(u) + β_2B_ε(v) + β_3Z_3 + β_4Z_4,

with (Z_3, Z_4) standard Gaussian vector independent of (B_ε(u), B_ε(v)). A simple calculus gives

α_1 = a_ε(u) − ρ_ε(u, v)b_ε(u, v) Δ_ε(u, v) , α_2 = b_ε(u, v) − ρ_ε(u, v)a_ε(u)

Δ_ε(u, v) , α^2_3 = E � b^2_α(u) � − α^2_1 − α^2 − 2α_1α_2ρ_ε(u, v),

β_1 = b_ε(v, u) − ρ_ε(u, v)a_ε(v)

Δ_ε(u, v) , β_2 = a_ε(v) − ρ_ε(u, v)b_ε(v, u)

Δ_ε(u, v) , β_3 =

E [b_α(u)b_α(v)] − α_1β_1 − (α_1β_2 + α_2β_1)ρ_ε(u, v) − α_2β_2 α_3 , and β^2_4 = E � b^2(v) � − β^2_1 − β^2_2 − β^2_3 − 2β_1β_2ρ_ε(u, v),

where a_ε(u) = E [b_α(u)B_ε(u)], ρ_ε(u, v) = E [B_ε(u)B_ε(v)], b_ε(u, v) = E [b_α(u)B_ε(v)] and Δ_ε(u, v) = 1 − ρ^2_ε(u, v).

We can show that for M big enough and ε ≤ ε(M),

|ρ_ε(u, v)| ≤ C ε^{2−2α} |u − v|^{2α−2}, (17)

max_{i=1,2}(|α_i|, |β_i|) ≤ C ε^α and max_{i=3,4}(|β_i|, |α_3|) ≤ C. (18)

Furthermore we have the following limits

lim_{ε→0} α_1 ε^α

= lim_{ε→0} β_2 ε^α = −v^2_α[

�_{+∞} −∞ φ(u)|u|^{2α}du] 2√c_{α,φ} , lim_{ε→0} α_2 ε^α

= lim_{ε→0} β_1 ε^α

= 0,

lim_{ε→0} α_3 = � E [b^2_α(u)], lim_{ε→0} β_3 =

E [b_α(u)b_α(v)] � E [b^2_α(u)] and (19)

lim_{ε→0} β^2_4 =

E [b^2_α(u)] E [b^2_α(v)] − (E [b_α(u)b_α(v)])^2 E [b^2_α(u)] . So K_1 = ε^{2α}c_{α,φ} � C_ε � R^4

xy ḣ(α_1x + α_2y + α_3z) ḣ(β_1x + β_2y + β_3z + β_4w)

× p_{Bε(u),Bε(v)}(x, y) ϕ(z) ϕ(w) dz dw dx dy du dv,

where p_{Bε(u),Bε(v)}(x, y) stands for the density of vector (B_ε(u), B_ε(v)) in (x, y).

Writing the third order Taylor development for h one has ḣ(α_1x + α_2y + α_3z) = ḣ(α_3z) + (α_1x + α_2y) ḧ(α_3z) + 1 2 (α_1x + α_2y)^2 h^{(3)}(θ_1), and ḣ(β_1x + β_2y + β_3z + β_4w) = ḣ(β_3z + β_4w) + (β_1x + β_2y) ḧ(β_3z + β_4w) + 1 2 (β_1x + β_2y)^2 h^{(3)}(θ_2), with θ_1 between α_3z and (α_1x + α_2y + α_3z) and θ_2 between (β_3z + β_4w) and (β_1x + β_2y + β_3z + β_4w).

Therefore K_1 is decomposed as the sum of nine terms. (A) One term of the type K_{1,1} = ε^{2α}c_{α,φ} � C_ε � R^4

xy ḣ(α_3z) ḣ(β_3z + β_4w)p_{Bε(u),Bε(v)}(x, y) ϕ(z) ϕ(w) dz dw dx dy du dv = ε^{2α}c_{α,φ} � C_ε

ρ_ε(u, v) � R^2

ḣ(α_3z) ḣ(β_3z + β_4w) ϕ(z) ϕ(w) dz dw du dv. By (17) and (18), we get |K_{1,1}| ≤ C ε^{2α} � C_ε

|ρ_ε(u, v)| du dv ≤ C ε^2 � C_ε

|u − v|^{2α−2} du dv, proving that K_{1,1} = O(ε^{1+2α}) = o(ε).

(B) Two terms of the type K_{1,2} = ε^{2α}c_{α,φ} � C_ε � R^4

xy (β_1x + β_2y) ḣ(α_3z) ḧ(β_3z + β_4w) ×p_{Bε(u),Bε(v)}(x, y) ϕ(z) ϕ(w) dz dw dx dy du dv, and this term is zero by Mehler’s formula (3).

(C) Two terms of the type K_{1,3} = c_{α,φ} ε^{2α} � C_ε � R^4 xy 1 2 (β_1x + β_2y)^2 ḣ(α_3z) h^{(3)}(θ_2) ×p_{Bε(u),Bε(v)}(x, y) ϕ(z) ϕ(w) dz dw dx dy du dv.

By (18) and (19), we can apply the Lebesgue’s dominated convergence theorem getting

lim_{ε→0} ε^{−4α}K_{1,3} = C � [0,1]^2 � R^2 1 2 xy^3 E � ḣ(b_α(u))h^{(3)}(b_α(v)) � ϕ(x) ϕ(y) dx dy du dv = 0.

(D) One term of the type

K_{1,4} = ε^{2α}c_{α,φ} � C_ε � R^4

xy (α_1x + α_2y) (β_1x + β_2y) ḧ(α_3z) ḧ(β_3z + β_4w)

× p_{Bε(u),Bε(v)}(x, y) ϕ(z) ϕ(w) dz dw dx dy du dv.

As for (C), we can apply the Lebesgue’s dominated convergence theorem and

lim_{ε→0} ε^{−4α}K_{1,4} = C E

�_1 0 ḧ(b_α(u)) du

�_2

, (20)

with C =

�_{−v2α} 2 ( �_∞ −∞ φ(u)|u|^{2α} du)

�_2 . (E) Two terms of the type

K_{1,5} = ε^{2α} 1 2 c_{α,φ} � C_ε � R^4

xy (α_1x + α_2y) (β_1x + β_2y)^2 ḧ(α_3z) h^{(3)}(θ_2)

× p_{Bε(u),Bε(v)}(x, y) ϕ(z) ϕ(w) dz dw dx dy du dv,

and with the same arguments as before K_{1,5} = O(ε^{5α}). (F) One term of the type

K_{1,6} = ε^{2α} 1 4 c_{α,φ} � C_ε � R^4

xy (α_1x + α_2y)^2 (β_1x + β_2y)^2 h^{(3)}(θ_1) h^{(3)}(θ_2)

× p_{Bε(u),Bε(v)}(x, y) ϕ(z) ϕ(w) dz dw dx dy du dv.

As previous cases K_{1,6} = O(ε^{6α}).

We have then proved that if α <^1_2 , K_1 = O(ε^{4α}) + o(ε) and then using (13) and (16) that E [S_2]^2 = O(ε^{4α}) + o(ε).

Furthermore using (16) and (20) we have proved that if 0 < α <^1_4 ,

lim_{ε→0} ε^{−4α}E � S^2_{2,1} � = �−v2_α 2 ( �_∞ −∞ φ(u)|u|^{2α} du)

�_2 E �_1 0 ḧ(b_α(u)) du

�_2 . (21)

To obtain the asymptotic behaviour of E [S^2_2 ] when 0 < α <^1_4 , we have, by (13) and (21), to compute E [S_{2,1}S_{2,2}].

With an argument similar to the one used before, we obtain for 0 < α <^1_4 ,

lim_{ε→0} 2ε^{−4α}E [S_{2,1}S_{2,2}] =

�−v2_α 2 c_{α,φ} (

�_∞ −∞ φ(u)|u|^{2α} du) � E �_1 0 ḧ(b_α(u)) du

�_2

, (22) and then using (13), (21) and (22) we proved that

lim_{ε→0} ε^{−4α}E � S^2_2 � = K^2_{α,φ}E

�_1 0 ḧ(b_α(u)) du

�_2

, if 0 < α < 1 4 .

Now let us achieve the proof of (i), proving that ε^{−2α}S_2^{L2}→ K_{α,φ}

�_1 0 ḧ(b_α(u)) du. It is enough to show that

lim_{ε→0} E � (ε^{−2α}S_2)

�_1 0 ḧ(b_α(u)) du � = K_{α,φ} E

�_1 0 ḧ(b_α(u)) du

�_2

For this we write the second order Taylor development for h and we study the two inner corresponding integrals, and doing the same computations as before it yields (i).

Now, to achieve the proof of the theorem, we consider, for^1_4 < α <^3_4 , a discrete version of

T_1 := 1 √ ε �_1 0 h(b^ε_α(u))g^{(2)}(Z_ε(u)) du,

defining

Z^n_ε (h) = 1 √ ε n� i=1 h(b^ε_α( i − 1 n )) � i_n i−1 n g^{(2)}(Z_ε(u)) du,

and Z^n(h) = C_{α,φ} n� i=1 h(b_α( i − 1 n ))[Ŵ ( i n ) − Ŵ ( i − 1 n )].

We know by Theorem 3.1 2)(a) that Z^n_ε (h) → Z^n(h), weakly as ε → 0. On the other hand Z^{2n} (h) is a Cauchy sequence in L^2(Ω), this implies that there exists a r.v. Y (h) ∈ L^2(Ω) such that Z^{2n} (h) → Y (h) in L^2(Ω) as n → ∞; furthermore, we can characterize this variable using the asymptotic independence between b_α(·) and Ŵ (·), say

L � Y (h) � b_α(s), 0 ≤ s ≤ 1 � = N � 0; C^2_{α,φ}

�_1 0 h^2(b_α(u)) du � . (23)

To finish the proof it is enough to show

lim_{n→∞} lim_{ε→0} E [T_1 − Z^n_ε (h)]^2 = 0.

Such a proof goes on using the same technics that we have implemented above, for the asymptotic of the second moment. �

5.2.2 Pseudo-diffusion

Estimation of the variance of a pseudo-diffusion.

Proof of Proposition 4.1. We just give an outline of the proof showing that it is enough to consider the fractional Brownian motion case. Because b_α(t) has zero quadratic variation when α >^1_2 , it turns out that when σ ∈ C^1 and μ ≡ 0 the solution for the stochastic differential equation can be expressed as X(t) = K(b_α(t)), for t ≥ 0, where K(t) is the solution of the ordinary differential equation K̇(t) = σ(K(t)); K(0) = c.

(for t < 0, X(t) = c). Using the Banach-Kac formula (Banach (1925) and Kac (1943)) we have � π 2 ε^{1−α} σ_{2α}

�_∞ −∞ h(x)N^X_ε (x) dx = � π 2 ε^{1−α} σ_{2α}

�_1 0 h(X_ε(u))|Ẋ_ε(u)| du ≈ � π 2 ε^{1−α} σ_{2α}

�_1 0 h(K(b^ε_α(u)))K̇(b^ε_α(u))|ḃ^ε_α(u)| du = � π 2 �_1 0 h(K(b^ε_α(u)))σ(K(b^ε_α(u)))|Z_ε(u)| du.

We shall prove in Theorem 4.1 that [^{ε1−α}_{σ2α}

�_1 0 h(X_ε(u))|Ẋ_ε(u)| du −

�_1 0 h(K(b^ε_α(u)))σ(K(b^ε_α(u)))|Z_ε(u)| du] is o( √ ε), hence the proposition follows from Theorem 1.1. �

Proof of Theorem 4.1. For any δ > 0, if t ≥ ε,

|X_ε(t) − K(b^ε_α(t))| ≤

�_∞ −∞ φ(x)|K(b_α(t − εx)) − K(b^ε_α(t))| dx = �_1 −1 φ(v)|K̇(θ)(b_α(t − εv) − b^ε_α(t))| dv

≤ C sup_{v∈[−1,1]} |b_α(t − εv) − b^ε_α(t)|

≤ C ε^{α−δ}, where θ is a point between b_α(t − εv) and b^ε_α(t). A similar proof can be done for 0 ≤ t < ε. Hence, we get ε^{− 1}2 |X_ε(t) − K(b^ε_α(t))| = o(1) uniformly in t. In a similar way, we can write for any δ > 0 and t ≥ ε ε(Ẋ_ε(t) − K̇(b^ε_α(t))ḃ^ε_α(t)) = �_∞ −∞ φ̇(x)[K(b_α(t − εx)) − K(b^ε_α(t)) − K̇(b^ε_α(t))(b_α(t − εx) − b^ε_α(t))] dx,

we used the fact that

�_∞ −∞ φ̇(x) dx = 0. Taking the second order Taylor’s development for the function K, we obtain

|ε(Ẋ_ε(t) − K̇(b^ε_α(t))ḃ^ε_α(t))| ≤ 1 2 �_1 −1 |φ̇(v)||K̈(θ)|(b_α(t − εv) − b^ε_α(t))^2 dv ≤ C ε^{2α−δ}.

In a similar way, for 0 ≤ t < ε, we can prove that this expression is bounded by C ε^{α−δ}. Thus, multiplying the last expression by ε^{−(α+ 1}2^) it holds uniformly in t ε^{( 12 −α)}(Ẋ_ε(t) − K̇(b^ε_α(t))ḃ^ε_α(t)) = o(1) 1_{ε≤t} + O(ε^{− 12 −δ}) 1_{0≤t≤ε}. Now 1 √ ε [ � π 2 ε^{1−α} σ_{2α}

�_1 0 h(X_ε(u))|Ẋ_ε(u)| du− � π 2 ε^{1−α} σ_{2α}

�_1 0 h(K(b^ε_α(u)))σ(K(b^ε_α(u)))|ḃ^ε_α(u)| du]

= L_1 + L_2, where L_1 :=

�_1 0 1 √ ε � h(X_ε(u)) − h(K(b^ε_α(u))) � � � π 2 ε^{1−α} σ_{2α}

Ẋ_ε(u) � � du and L_2 := 1 √ ε � π 2 ε^{1−α} σ_{2α}

�_1 0 h(K(b^ε_α(u))){|Ẋ_ε(u)| − σ(K(b^ε_α(u)))|ḃ^ε_α(u)|} du.

Now, let us study L_1 and L_2. For L_1, we have

L_1 =

�_1 0 1 √ ε ḣ(θ^′) � X_ε(u) − K(b^ε_α(u)) � � � π 2 ε^{1−α} σ_{2α}

Ẋ_ε(u) � � du,

where θ^′ is a point between X_ε(u) and K(b^ε_α(u)) and then

|L_1| ≤ C

�_1 0 ε^{− 12} � �Xε(u) − K(b^ε_α(u)) � � � � � π 2 ε^{1−α} σ_{2α}

Ẋ_ε(u) � � du = o(1),

because of the boundness of

�_1 0 � � � π 2 ε^{1−α} σ_{2α}

Ẋ_ε(u) � � du.

Note that this last remark and the fact that h ∈ C^0 imply that √ εL_1 tends to zero when ε goes to zero. Moreover, for L_2 we have

|L_2| ≤ C

�_1 0 ε^{12 −α}|Ẋ_ε(u) − σ(K(b^ε_α(u)))ḃ^ε_α(u)| du = o(1).

Therefore, we can conclude that the asymptotic behaviour of 1 √ ε � π 2 ε^{1−α} σ_{2α}

�_∞ −∞ h(x)N^X_ε (x) dx −

�_∞ −∞ h(x)σ(x)ℓ^X (x) dx � , is equivalent to the asymptotic behaviour of Σ_ε � (h ∘ K) · (σ ∘ K) � . As an application of our result for the fractional Brownian motion in Theorem 3.4 (ii), this term converges stably towards

C_{α,φ}

�_1 0 h(K(b_α(u)))σ(K(b_α(u)))d^W (u) = C_{α,φ}

�_1 0 h(X(u))σ(X(u))d^W (u).

This equation completes the proof. � Remark: We conjecture that the same type of result holds for μ ≠ 0, but for the moment we do not have a proof of this statement.

Proofs of hypothesis Proof of Theorem4.2. Let K(t, δ) be the C^2-function, solution of the ordinary differential equation ∂K ∂t (t, δ) = σ(K(t, δ), δ) where σ(u, δ) = σ_0(u) + δd(u) + δF (u, δ) and K(0, δ) = c.

Then for t ≥ 0, X_ε(t) = K(b_α(t), √ ε) (for t < 0, X_ε(t) = c) and almost surely, uniformly for t ≥ 0 in a compact (see Pontryagin (1962), section “local theorems of continuity and differentiability of solutions” p.170-180)

lim_{ε→0} X_ε(t) = X(t) where X(t) = K(b_α(t), 0), and ∂K ∂t (t, 0) = σ_0(K(t, 0)) with K(0, 0) = c.

Furthermore, we can prove that almost surely

lim_{ε→0} ε^{− 12} (X_ε(t) − X(t)) = ∂K ∂δ (b_α(t), 0) uniformly for t ≥ 0 in a compact. (24)

From now on, K will denote the function defined by K(t) := K(t, 0) and then X(t) = K(b_α(t)) for t ≥ 0.

Using that h, σ and σ_0 are in C^1, it holds uniformly for t ∈ [0, 1] that

ε^{− 12} |Y_ε(t) − X_ε(t)| = o(1),

ε^{( 12 −α)}|Ẏ_ε(t) − σ_ε(X_ε(t)) ḃ^ε_α(t)| = o(1) 1_{ε≤t} + O(ε^{− 12 −δ}) 1_{0≤t≤ε}.

Thus as in in Theorem 4.1, we can show that the equivalent functional under the alternatives is 1 √ ε �_1 0 h(X_ε(u))σ_ε(X_ε(u)) � π 2 |Z_ε(u)| du −

�_1 0 h(X_ε(u))σ_0(X_ε(u)) du �

= 1 √ ε �_1 0 h(X_ε(u))σ_0(X_ε(u))g^{(2)}(Z_ε(u)) du + �_1 0 h(X_ε(u))d(X_ε(u)) � π 2 |Z_ε(u)| du + �_1 0 h(X_ε(u))F (X_ε(u), √ ε) � π 2 |Z_ε(u)| du

= M_1 + M_2 + M_3,

with g^{(2)}(x) =

�_π 2 |x| − 1.

We are going to prove that

T_ε(h) ≃ 1 √ ε �_1 0 h(X(u))σ_0(X(u))g^{(2)}(Z_ε(u)) du +

�_1 0 h(X(u))d(X(u)) du. (25)

Since almost-surely X_ε(u) converges uniformly for u ∈ [0, 1] to X(u) when ε goes to zero, and h, F are in C^0, F (·, 0) = 0 and moreover

�_1 0 |Z_ε(u)| du is bounded, we get that M_3 goes almost-surely to zero with ε.

Let us look now at M_1. Since (hσ_0) is in C^1, making a first order Taylor development for this function we get

J_1 = 1 √ ε �_1 0 h(X(u)) σ_0(X(u)) g^{(2)}(Z_ε(u)) du + �_1 0 � (hσ_0)^′(θ_ε(u))

�X_ϵ(u) − X(u) √ ε � − (hσ_0)^′(X(u)) ∂K ∂δ (b_α(u), 0) � g^{(2)}(Z_ε(u)) du + �_1 0 (hσ_0)^′(K(b_α(u)) ∂K ∂δ (b_α(u), 0) g^{(2)}(Z_ε(u)) du,

where the symbol^′ stands for the derivative and θ_ε(u) is a point between X_ε(u) and X(u).

Using the facts that (hσ_0)^′ is in C^0, that almost-surely θ_ε(u) converges uniformly in u to X(u) when ε goes to zero, (24) and that

�_1 0 |g^{(2)}(Z_ε(u))| du is bounded, we can prove that the second integral almost-surely goes to zero when ε goes to zero.

Now, by using the fact that (hσ_0)^′ K(·) ∂K ∂δ (·, 0) is in C^0 and using a generalization of Theorem 1.1, we can prove that almost-surely as ε goes to zero the last integral

goes to E � g^{(2)}(N^∗)

� �^1 0 (hσ_0)^′(K(b_α(u)) ∂K ∂δ (b_α(u), 0) du ≡ 0.

To finish with the proof of (25) we look at M_2.

M_2 =

�_1 0 � h(X_ε(u)) d(X_ε(u)) − h(X(u)) d(X(u))

� �π 2 |Z_ε(u)| du + �_1 0 h(K(b_α(u))) d(K(b_α(u))) g^{(2)}(Z_ε(u)) du +

�_1 0 h(X(u))d(X(u)) du.

As before, since almost-surely X_ε(u) converges uniformly in u to X(u) when ε goes to zero, h, d are in C^0 and that

�_1 0 |Z_ε(u)| du is bounded, the first term tends almostsurely to zero with ε.

The second term tends to E � g^{(2)}(N^∗)

� �_1

0 h(K(b_α(u))) d(K(b_α(u))) du ≡ 0, since h, d and K are in C^0 and by using a generalization of Theorem 1.1.

Thus we have proved (25).

Now if we put H := (h ∘ K) · (σ_0 ∘ K) and G := (h ∘ K) · (d ∘ K), we obtain

T_ε(h) ≃ 1 √ ε �_1 0 H(b_α(u))g^{(2)}(Z_ε(u)) du +

�_1 0 G(b_α(u)) du.

The asymptotic behaviour of this functional can be treated in the same manner that we have done in Theorem 3.4 (ii). Note that in the argument of functions H and G it appears b_α(·) instead of b^ε_α(·). However the same type of proof can be done with small changes. �

5.2.3 β-increments and Lebesgue measure

Proof of Corollary 4.1. This corollary is a consequence of Theorems 3.1 1), 3.2 (i) and 3.3. Indeed, since

�_{+∞} −∞ H_{2l}(x)|x|^βϕ(x) dx =

2(2l)! √ 2π l� p=0 (−1)^{l−p} (2p)!(l − p)!2^{l−p}

2^{p+ β−12} Γ(p + β + 1 2 ),

(i) follows. To conclude the proof it’s enough to compute a_2. a_2 =^1_2

�_{+∞} −∞ |x|^βH_2(x)ϕ(x) dx = β^{2β/2−1√}_π Γ(^{β+1}_2 ) by the last calculation, thus (ii) and (iii) follow. �

Proof of Corollary 4.2. This corollary is a direct application of Theorem 3.1 1), 2)(c) and Theorem 3.3. In fact, using formula (4) we obtain that a_l =^{−1}_{l!} H_{l−1}(x)ϕ(x) and the result follows.

The remark is a consequence of a straightforward calculation of

�_{+∞} 0 ρ^l_{1/2}(v) dv =^1_{l+1} . � Proof of Corollary 4.3. This corollary is a direct application of Corollary 3.1.1. �

6 Conclusion

It is interesting to pinpoint the main idea of our methods based on the Gaussian structure of the underlying processes and remark the similarity of the limits obtained in different models considered in Berzin-Joseph and León (1997), Berzin et al. (1998) or Berzin et al. (2001).

Also note that our technics allow us the parameters estimation and the setup of tests of hypothesis when the partition is finer.

Following the same approach, future investigations will be made in a more general setup where a drift is introduced in the model.

Other results are expected, related with the second order increments, to estimate the Hurst parameter α using variation technics.

References

Azaïs, J.-M. and Wschebor, M. (1996). Almost sure oscillation of certain random processes. Bernoulli, 2(3):257–270.

Banach, S. (1925). Sur les lignes rectifiables et les surfaces dont l’aire est finie. Fund.

Math., 7:225–237.

Berman, S. M. (1970). Gaussian processes with stationary increments: Local times and sample function properties. Ann. Math. Stat., 41:1260–1272.

Berman, S. M. (1992). A central limit theorem for the renormalized self-intersection local time of a stationary vector Gaussian process. Ann. Probab., 20(1):61–81.

Berzin, C., León, J. R., and Ortega, J. (1998). Level crossings and local time for regularized Gaussian processes. Probab. Math. Stat., 18(1):39–81.

Berzin, C., León, J. R., and Ortega, J. (2001). Non-linear functionals of the Brownian bridge and some applications. Stoch. Proc. Appl., 92(1):11–30.

Berzin-Joseph, C. and León, J. R. (1997). Weak convergence of the integrated number of level crossings to the local time for Wiener processes. Theory Probab. Appl., 42(4):568–579.

Black, F. and Scholes, M. (1973). The pricing of options and corporate liabilities. J.

Polit. Econ., 81:637–654.

Breuer, P. and Major, P. (1983). Central limit theorems for non-linear functionals of Gaussian fields. J. Multivariate Anal., 13:425–441.

Chambers, D. and Slud, E. (1989). Central limit theorems for non-linear functionals of stationary Gaussian processes. Probab. Theory Relat. Fields, 80:323–346.

Cutland, N. J., Kopp, P., and Willinger, W. (1993). Stock price returns and the Joseph effect: A fractional version of the Black-Scholes model. In Seminar on stochastic analysis, random fields and applications, pages 327–351, Ascona, Switzerland. Centro Stefano Franscini, Bolthausen, Erwin (ed.) et al.

Dobrushin, R. and Major, P. (1979). Non-central limit theorems for non-linear functionals of Gaussian fields. Z. Wahrscheinlichkeitstheor. Verw. Geb., 50:27–52.

Doukhan, P., Massart, P., and Rio, E. (1994). The functional central limit theorem for strongly mixing processes. Ann. Inst. Henri Poincaré, Probab. Stat., 30(1):63–82.

Dynkin, E. (1988). Self-intersection gauge for random walks and for Brownian motion.

Ann. Probab., 16(1):1–57.

Ho, H.-C. and Sun, T.-C. (1990). Limiting distributions of nonlinear vector functions of stationary Gaussian processes. Ann. Probab., 18(3):1159–1173.

Hunt, G. (1951). Random Fourier transforms. Trans. Am. Math. Soc., 71:38–69.

Kac, M. (1943). On the average number of real roots of a random algebraic equation.

Bull. Am. Math. Soc., 49:314–320.

Lin, S. (1995). Stochastic analysis of fractional Brownian motions. Stochastics Stochastics Rep., 55(1-2):121–140.

Lyons, T. (1994). Differential equations driven by rough signals. I: An extension of an inequality of L. C. Young. Math. Res. Lett., 1(4):451–464.

Mandelbrot, B. and Van Ness, J. (1968). Fractional Brownian motions, fractional noises and applications. SIAM Rev., 10:422–437.

Perera, G. and Wschebor, M. (1998). Crossings and occupation measures for a class of semimartingales. Ann. Probab., 26(1):253–266.

Pontryagin, L. (1962). Ordinary differential equations. Adiwes International Series in Mathematics. Addison- Wesley Publishing Company, London-Paris. Translated from the Russian by L.Kacinskas and W.B.Counts.

Rio, E. (1995). About the Lindeberg method for strongly mixing sequences.

E.S.A.I.M., Probab. Stat., 1:35–61.

Taqqu, M. S. (1977). Law of the iterated logarithm for sums of non-linear functions of Gaussian variables that exhibit a long range dependence. Z. Wahrscheinlichkeitstheor. Verw. Geb., 40:203–238.