E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 12 (2007), Paper no. 44, pages 1212–1237.

Journal URL

http://www.math.washington.edu/~ejpecp/

Isoperimetry between exponential and Gaussian

F. Barthe Institut de Mathématiques Laboratoire de Statistique et Probabilités UMR C 5583. Université Paul Sabatier 31062 Toulouse cedex 09. FRANCE.

Email: barthe@math.ups-tlse.fr

P. Cattiaux Ecole Polytechnique, CMAP, CNRS 756 91128 Palaiseau Cedex FRANCE and Université Paris X Nanterre Equipe MODAL’X, UFR SEGMI 200 avenue de la République 92001 Nanterre cedex, FRANCE.

Email: cattiaux@cmapx.polytechnique.fr

C. Roberto Laboratoire d’analyse et mathématiques appliquées, UMR 8050 Universités de Marne-la-Vallée et de Paris 12 Val-de-Marne Boulevard Descartes, Cité Descartes, Champs sur Marne 77454 Marne-la-Vallée cedex 2. FRANCE Email: cyril.roberto@univ-mlv.fr

Abstract

We study the isoperimetric problem for product probability measures with tails between the exponential and the Gaussian regime. In particular we exhibit many examples where coordinate half-spaces are approximate solutions of the isoperimetric problem.

Key words: Isoperimetry; Super-poincaré inequality.

AMS 2000 Subject Classification: Primary 26D10, 47D07 , 60E15. Submitted to EJP on January 17, 2006, final version accepted May 23, 2007.

1 Introduction

This paper establishes infinite dimensional isoperimetric inequalities for a wide class of probability measures. We work in the setting of a Riemannian manifold (M, g). The geodesic distance on M is denoted by d. Furthermore M is equipped with a Borel probability measure μ which is assumed to be absolutely continuous with respect to the volume measure. For h ≥ 0 the closed h-enlargement of a set A ⊂ M is

A_h := { x ∈ M; d(x, A) ≤ h } , where d(x, A) := inf{d(x, a); a ∈ A} is +∞ by convention for A = ∅. We may define the boundary measure, in the sense of μ, of a Borel set A by

μ_s(∂A) := lim inf_{h→0+} μ(A_h \ A) h · An isoperimetric inequality is a lower bound on the boundary measure of sets in terms of their measure. Their study is an important topic in geometry, see e.g. (37). Finding sets of given measure and of minimal boundary measure is very difficult. In many cases the only hope is to estimate the isoperimetric function (also called isoperimetric profile) of the metric measured space (M, d, μ), denoted by I_μ

I_μ(a) := inf { μ_s(∂A); μ(A) = a } , a ∈ [0, 1].

For h > 0 one may also investigate the best function R_h such that μ(A_h) ≥ R_h(μ(A)) holds for all Borel sets. The two questions are related, and even equivalent in simple situations, see (17). Since the function α(h) = 1 − R_h(1/2) is the so-called concentration function, the isoperimetric problem for probability measures is closely related to the concentration of measure phenomenon. We refer the reader to the book (32) for more details on this topic.

The main probabilistic example where the isoperimetric problem is completely solved is the Euclidean space (R^n, |·|) with the standard Gaussian measure, denoted γ^n in order to emphasize its product structure dγ^n(x) = e^{−|x|2/2} dx (2π)^{n/2}

, x ∈ R^n.

Sudakov-Tsirel’son (39) and Borell (19) have shown that among sets of prescribed measure, half-spaces have h-enlargements of minimal measure. Setting G(t) = γ((−∞, t]), their result reads as follows: for A ⊂ R^n set a = G^{−1}(γ^n(A)), then

γ^n(A_h) ≥ γ ( (−∞, a + h] ) = G ( G^{−1} ( γ^n(A) ) + h ) , and letting h go to zero

(γ^n)_s(∂A) ≥ G^′(a) = G^′ ( G^{−1} ( γ^n(A) )) . These inequalities are best possible, hence I_γn = G^′ ∘ G^{−1} is independent of the dimension n. Such dimension free properties are crucial in the study of large random systems, see e.g. (31; 41). Asking which measures enjoy such a dimension free isoperimetric inequality is therefore a fundamental question. Let us be more specific about the products we are considering: if μ is a probability measure on (M, g), we consider the product μ^n on the product Riemannian manifold M^n where the geodesic distance is the ℓ_2 combination of the distances on the factors. Considering the ℓ_∞ combination is easier and leads to different results, see (12; 16; 7). In the rest of this paper we only consider the ℓ_2 combination.

It can be shown that Gaussian measures are the only symmetric measures on the real line such that for any dimension n, the coordinate half-spaces {x ∈ R^n; x_1 ≤ t} solve the isoperimetric problem for the corresponding product measure on R^n. See (14; 28; 34) for details and stronger statements. Therefore it is natural to investigate measures on the real line for which half-lines solve the isoperimetric problem, and in any dimension coordinate half-spaces are approximate solutions of the isoperimetric problem for the products, up to a universal factor. More generally, one looks for measures on the line for which there exists c < 1 with

I_μ ≥ I_μ∞ ≥ c I_μ, (1)

where by definition I_μ∞ := inf_{n≥1} I_μn . Note that the first inequality is always true. Inequality (1) means that for any n, and ε > 0, among subsets of R^n with μ^n-measure equal to a ∈ (0, 1) there are sets of the form A × R^{n−1} with boundary measure at most c^{−1} + ε times the minimal boundary measure.

Dimension free isoperimetric inequalities as (1) are very restrictive. Heuristically one can say that they force μ to have a tail behaviour which is intermediate between exponential and Gaussian. More precisely, if I_μ∞ ≥ cI_μ is bounded from below by a continuous positive function on (0, 1), standard arguments imply that the measures μ^n all satisfy a concentration inequality which is independent of n. As observed by Talagrand in (40), this property implies the existence of ε > 0 such that ∫ e^{ε|t|}dμ(t) < +∞, see (16) for more precise results. In particular, the central limit theorem applies to μ. Setting m = ∫ x dμ(x), it allows to compute the limit of

μ^n ({ x ∈ R^n; 1 √ n n∑ i=1 (x_i − m) ≤ t }) . Under mild assumptions it follows that for some constant d, cI_μ ≤ I_μ∞ ≤ d I_γ . Thus the isoperimetric function of μ is at most a multiple of the Gaussian isoperimetric function. In particular if μ is symmetric with a log-concave density, this is known to imply that μ has at least Gaussian tails.

For the symmetric exponential law dν(t) = e^{−|t|}dt/2, t ∈ R, Bobkov and Houdré (15) actually showed I_ν∞ ≥ I_ν /(2 √ 6). Their argument uses a functional isoperimetric inequality with the tensorization property. In the earlier paper (40), Talagrand proved a different dimension free isoperimetric inequality for the exponential measure, where the enlargements involve mixtures of ℓ_1 and ℓ_2 balls with different scales (this result does not provide lower bounds on the boundary measure of sets).

In a recent paper (8) we have studied in depth various types of inequalities allowing the precise description of concentration phenomenon and isoperimetric profile for probability measures, in the intermediate regime between exponential and Gaussian. Our approach of the isoperimetric inequality followed the one of Ledoux (30) (which was improved in (4)): we studied the improving properties of the underlying semigroups, but we had to replace Gross hypercontractivity by a notion of Orlicz hyperboundedness, closely related to F -Sobolev inequalities (see Equation (7) in

Section 6 for a definition). This approach yields a dimension free description of the isoperimetric profile for the measures dν_α(t) = e^{−|t|α} dt for 1 ≤ α ≤ 2: there exists a universal constant K such that for all α ∈ [1, 2] I_{να} ≥ I_ν∞_α ≥ 1 K I_{να} .

It is plain that the method in (8) allows to deal with more general measures, at the price of rather heavy technicalities.

In this paper, we wish to point out a softer approach to isoperimetric inequalities. It was recently developed by Wang and his coauthors (42; 25; 43) and relies on so called super-Poincaré inequalities. It can be combined with our techniques in order to provide dimension free isoperimetric inequalities for large classes of measures. Among them are the measures on the line with density e^{−Φ(|t|)} dt/Z where Φ(0) = 0, Φ is convex and √ Φ is concave. This is achieved in the first part of the paper: Sections 2–5. The dimension free inequalities are still valid for slight modifications of the above examples. Other approaches and a few examples of perturbation results are developed in the last sections of the article.

Finally, let us present the super-Poincaré inequality as introduced by Wang in order to study the essential spectrum of Markov generators (actually we have found it convenient to exchange the roles of s and β(s) in the definition below). We shall say that a probability measure μ on (M, g) satisfies a super-Poincaré inequality, if there exists a nonnegative function β defined on [1, +∞[ such that for all smooth f : M → R and all s ≥ 1, ∫ f^2dμ − s (∫ |f|dμ

)_2

≤ β(s) ∫ |∇f|^2dμ.

This family of inequalities is equivalent to the following Nash type inequality: for all smooth f, ∫ f^2dμ ≤ (∫ |f|dμ

)_2 Θ ( ∫ |∇f|^2dμ (∫ |f|dμ

)_2 ) , where Θ(x) := inf_{s≥1}{β(s)x + s}. But it is often easier to work with the first form. Similar inequalities appear in the literature, see (10; 22). Wang discovered that super-Poincaré inequalities imply precise isoperimetric estimates, and are related to Beckner-type inequalities via F -Sobolev inequalities. In fact, Beckner-type inequalities, as developed by Latała-Oleszkiewicz (29) were crucial in deriving dimension-free concentration in our paper (8). In full generality they read as follows: for all smooth f and all p ∈ [1, 2), ∫ f^2dμ − (∫ |f|^pdμ

) 2_p ≤ T (2 − p) ∫ |∇f|^2dμ,

where T : (0, 1] → R^+ is a non-decreasing function. Following (9) we could characterize the measures on the line which enjoy this property, and then take advantage of the tensorization property. As the reader noticed, the super-Poincaré and Beckner-type inequalities are formally very similar. It turns out that the tools of (9) apply to both, see for example Lemma 3 below. This remark allows us to present a rather concise proof of the dimension-free isoperimetric inequalities, since the two functional inequalities involved (Beckner type for the tensorization property, and super-Poincaré for its isoperimetric implications) can be studied in one go.

2 A measure-Capacity sufficient condition for super-Poincaré inequality

This section provides a sufficient condition for the super Poincaré inequality to hold, in terms of a comparison between capacity of sets and their measure. This point of view was put forward in (8) in order to give a natural unified presentation of the many functional inequalities appearing in the field.

Given A ⊂ Ω, the capacity Cap_μ(A, Ω), is defined as

Cap_μ(A, Ω) = inf {∫ |∇f|^2dμ; f_{|A} ≥ 1, f_{|Ω}c = 0 }

= inf {∫ |∇f|^2dμ; 1_A ≤ f ≤ 1_Ω } , where the infimum is over locally Lipschitz functions. Recall that Rademacher’s theorem (see e.g. (23, 3.1.6)) ensures that such functions are Lebesgue almost everywhere differentiable, hence μ-almost surely differentiable. The latter equality follows from an easy truncation argument, reducing to functions with values in [0, 1]. Finally we defined in (9) the capacity of A with respect to μ when μ(A) < 1/2 as Cap_μ(A) := inf{Cap(A, Ω); A ⊂ Ω, μ(Ω) ≤ 1/2}.

Theorem 1. Assume that for every measurable A ⊂ M with μ(A) < 1/2, one has

Cap_μ(A) ≥ sup_{s≥1} 1 β(s) ( μ(A) 1 + (s − 1)μ(A) ) . for some function β defined on [1, +∞[ .

Then, for every smooth f : M → R and every s ≥ 1 one has ∫ f^2dμ − s (∫ |f|dμ

)_2

≤ 4β(s) ∫ |∇f|^2dμ.

Proof. We use four results that we recall or prove just after this proof. Let s ≥ 1, f : M → R be locally Lipschitz and m a median of the law of f under μ. Define F_+ = (f − m)_+ and F_− = (f − m)_−. Setting

G_s = { g : M → [0, 1); ∫ (1 − g)^{−1}dμ ≤ 1 + 1 s − 1 } , it follows from Lemmas 2 and 3 (used with A = s − 1 and a = 1/2) that ∫ f^2dμ − s (∫ |f|dμ

)_2 ≤ ∫ (f − m)^2dμ − (s − 1) (∫ |f − m| dμ

)_2

≤ sup {∫ (f − m)^2g dμ; g ∈ G_s }

≤ sup {∫ F^2_+g dμ; g ∈ G_s }

+ sup {∫ F^2_−g dμ; g ∈ G_s } , where we have used the fact that the supremum of a sum is less than the sum of the suprema. We deal with the first term of the right hand side. By Theorem 5 we have sup {∫ F^2_+g dμ; g ∈ G_s } ≤ 4B_s ∫ |∇F_+|^2dμ

where B_s is the smallest constant so that for all A ⊂ M with μ(A) < 1/2

B_sCap_μ(A) ≥ sup {∫ 1I_Ag dμ; g ∈ G_s } . On the other hand Lemma 4 insures that sup {∫ 1I_Ag dμ; g ∈ G_s } = μ(A) ( 1 − ( 1 + 1 (s − 1)μ(A)

)_{−1})

= μ(A) 1 + (s − 1)μ(A) . Thus, by our assumption, B_s ≤ β(s). We proceed in the same way for F_−. Summing up, we arrive at ∫ f^2dμ − s (∫ |f|dμ

)_2 ≤ 4β(s)( ∫ |∇F_+|^2dμ + ∫ |∇F_−|^2dμ)

≤ 4β(s) ∫ |∇f|^2dμ.

In the last bound we used the fact that since f is locally Lipschitz and μ is absolutely continuous, the set {f = m} ∩ {∇f ≠ 0} is μ-negligible. Indeed {f = m} ∩ {∇f ≠ 0} ⊂ {x; |f − m| is not differentiable at x} has Lebesgue measure zero since x → |f(x)−m| is locally Lipschitz.

Lemma 2. Let (X, P ) be a probability space. Then for any function g ∈ L^2(P ), for any s ≥ 1, ∫ g^2dP − s (∫ |g|dP

)_2 ≤ ∫ (g − m)^2dP − (s − 1) (∫ |g − m|dP

)_2

where m is a median of the law of g under P .

Proof. We write ∫ g^2dP − s (∫ |g|dP

)_2 = Var_P (|g|) − (s − 1) (∫ |g|dP

)_2 . By the variational definition of the median and the variance respectively, we have Var_P (|g|) ≤ Var_P (g) ≤ ∫ (g − m)^2dP and ∫ |g − m|dP ≤ ∫ |g|dP . The result follows.

Lemma 3 ((9)). Let φ be a non-negative integrable function on a probability space (X, P ). Let A ≥ 0 and a ∈ (0, 1), then ∫ φ dP − A (∫ φ^adP

) 1_a

= sup {∫ φg dP ; g : X → (−∞, 1) and ∫ (1 − g)^{aa−1} dP ≤ A^{aa−1} }

≤ sup {∫ φg dP ; g : X → [0, 1) and ∫ (1 − g)^{aa−1} dP ≤ 1 + A^{aa−1} } .

Note that in (9) it is assumed that A > 0. The case A = 0 is easy.

Lemma 4 ((9)). Let a ∈ (0, 1). Let Q be a finite positive measure on a space X and let K > Q(X). Let A ⊂ X be measurable with Q(A) > 0. Then sup {∫ X 1I_Ag dQ; g : X → [0, 1) and ∫ X (1 − g)^{aa−1} dQ ≤ K }

= Q(A) ( 1 − ( 1 + K − Q(X)

Q(A)

) a−1_a ) . Theorem 5. Let G be a family of non-negative Borel functions on M, Ω ⊂ M with μ(Ω) ≤ 1/2 and for any measurable function f vanishing on Ω^c set

Φ(f) = sup_{g∈G} ∫ Ω fg dμ.

Let B denote the smallest constant such that for all A ⊂ Ω with μ(A) < 1/2 one has

B Cap_μ(A) ≥ Φ(1I_A).

Then for every smooth function f : M → R vanishing on Ω^c it holds

Φ(f^2) ≤ 4B ∫ |∇f|^2dμ.

Proof. We start with a result of Maz’ja (33), also discussed in (8, Proposition 13): given two absolutely continuous positive measures μ, ν on M, denote by B_ν the smallest constant such that for all A ⊂ Ω one has B_ν Cap_μ(A, Ω) ≥ ν(A).

Then for every smooth function f : M → R vanishing on Ω^c ∫ f^2dν ≤ 4B_ν ∫ |∇f|^2dμ.

Following an idea of Bobkov and Götze (13) we apply the previous inequality to the measures dν = gdμ for g ∈ G. Thus for f as above

Φ(f) = sup_{g∈G} ∫ Ω fg dμ ≤ 4 sup_{g∈G} B_{g dμ} ∫ |∇f|^2dμ.

It remains to check that the constant B is at most sup_{g∈G} B_{g dμ}. This follows from the definition of Φ and the inequality Cap_μ(A) ≤ Cap_μ(A, Ω).

Corollary 6. Assume that β : [1, +∞) → R^+ is non-increasing and that s → sβ(s) is nondecreasing on [2, +∞). Then, for every a ∈ (0, 1/2), 1 2 a β(1/a)

≤ sup_{s≥1} a 1 + (s − 1)a 1 β(s) ≤ 2 a β(1/a)

. (2)

In particular, if for every measurable A ⊂ M with μ(A) < 1/2, one has

Cap_μ(A) ≥ μ(A) β(1/μ(A)) , then, for every f : M → R and every s ≥ 1 one has ∫ f^2dμ − s (∫ |f|dμ

)_2 ≤ 8β(s) ∫ |∇f|^2dμ.

Proof. The choice s = 1/a gives the first inequality in (2). For the second part of (2), we consider two cases:

If a(s − 1) ≤ 1/2 then s ≤ 1 +^1_{2a} ≤^1_a , where we have used a < 1/2. Hence, the monotonicity of β yields a 1 + (s − 1)a 1 β(s) ≤ a β(s) ≤ a β(1/a) · If a(s − 1) > 1/2, note that a/(1 + (s − 1)a) ≤ 1/s. Thus by monotonicity of s → sβ(s) and since s ≥ 1 + 1/2a =^{1+2a}_{2a} ≥ 2, a 1 + (s − 1)a 1 β(s) ≤ 1 sβ(s) ≤ 2a (1 + 2a)β(1 +^1_{2a} ) ≤ 2a β(1/a) · The last step uses the inequality 1 +^1_{2a} ≤^1_a and the monotonicity of β.

The second part of the Corollary is a direct consequence of Theorem 1 and (2) (replacing β in Theorem 1 by 2β).

3 Beckner type versus super Poincaré inequality

In this section we use Corollary 6 to derive super Poincaré inequality from Beckner type inequality.

The following criterion was established in (8, Theorem 18 and Lemma 19) in the particular case of M = R^n. As mentioned in the introduction of (8) the extension to Riemannian manifolds is straightforward.

Theorem 7 ((8)). Let T : [0, 1] → R^+ be non-decreasing and such that x → T (x)/x is nonincreasing. Let C be the optimal constant such that for every smooth f : M → R one has (Beckner type inequality)

sup p∈(1,2) ∫ f^2dμ − (∫ |f|^pdμ

) 2_p

T (2 − p) ≤ C ∫ |∇f|^2dμ.

Then^1_6 B(T ) ≤ C ≤ 20B(T ), where B(T ) is the smallest constant so that every A ⊂ M with μ(A) < 1/2 satisfies B(T )Cap_μ(A) ≥ μ(A) T ( 1/ log ( 1 +^1_{μ(A)} )).

If M = R, m is a median of μ and ρ_μ is its density, we have more explicitly 1 6 max(B_−(T ), B_+(T )) ≤ C ≤ 20 max(B_−(T ), B_+(T ))

where

B_+(T ) = sup_{x>m} μ([x, +∞)) 1 T ( 1/ log ( 1 +^1_{μ([x,+∞))} )) ∫_x m 1 ρ_μ

B_−(T ) = sup_{x<m} μ((−∞, x]) 1 T ( 1/ log ( 1 +^1_{μ((−∞,x])} )) ∫_m x 1 ρ_μ .

The relations between Beckner-type and super-Poincaré inequalities have been explained by Wang, via F -Sobolev inequalities. Here we give an explicit connection under a natural condition on the rate function T .

Corollary 8 (From Beckner to Super Poincaré). Let T : [0, 1] → R^+ be non-decreasing and such that x → T (x)/x is non-increasing. Assume that there exists a constant C such that for every smooth f : M → R one has

sup p∈(1,2) ∫ f^2dμ − (∫ |f|^pdμ

) 2_p

T (2 − p) ≤ C ∫ |∇f|^2dμ. (3)

Define β(s) = T (1/ log(1 + s)) for s ≥ e − 1 and β(s) = T (1) for s ∈ [1, e − 1]. Then, every smooth f : M → R satisfies for every s ≥ 1, ∫ f^2dμ − s (∫ |f|dμ

)_2

≤ 48Cβ(s) ∫ |∇f|^2dμ.

Proof. By Theorem 7, Inequality (3) implies that every A ⊂ M with μ(A) < 1/2 satisfies

6 C Cap_μ(A) ≥ μ(A) T ( 1/ log ( 1 +^1_{μ(A)} )) = μ(A) β (_1

μ(A) )·

Since T is non-decreasing, β is non-increasing on [1, ∞). On the other hand, for s ≥ e − 1, we have sβ(s) = sT (1/ log(1 + s)) = log(1 + s)T (1/ log(1 + s)) s log(1 + s) · The map x → T (x)/x is non-increasing and s →^s_{log(1+s)} is non-decreasing. It follows that s → sβ(s) is non-decreasing. Corollary 6 therefore applies and yields the claimed inequality.

A remarkable feature of Beckner type inequalities (3) is the tensorization property: if μ_1 and μ_2 both satisfy (3) with constant C, then so does μ_1 ⊗ μ_2 (29). For this reason inequalities for measures on the real line are inherited by their infinite products. In dimension 1 the criterion given in Theorem 7 allows us to deal with probability measures dμ_Φ(x) = Z^{−1}_Φ e^{−Φ(|x|)}dx with quite general potentials Φ:

Proposition 9. Let Φ : R^+ → R^+ be an increasing convex function with Φ(0) = 0 and consider the probability measure dμ_Φ(x) = Z^{−1}_Φ e^{−Φ(|x|)}dx. Assume that Φ is C^2 on [Φ^{−1}(1), +∞) and that √ Φ is concave. Define T (x) = [1/Φ^′ ∘ Φ^{−1}(1/x)]^2 for x > 0 and β(s) = [1/Φ^′ ∘ Φ^{−1}(log(1 + s))]^2 for s ≥ e − 1 and β(s) = [1/Φ^′ ∘ Φ^{−1}(1)]^2 for s ∈ [1, e − 1]. Then there exists a constant C > 0 such that for any n ≥ 1, every smooth function f : R^n → R satisfies sup p∈(1,2) ∫ f^2dμ^n_Φ − (∫ |f|^pdμ^n_Φ

) 2_p

T (2 − p) ≤ C ∫ |∇f|^2dμ^n_Φ.

In turn, for any n ≥ 1, every smooth function f : R^n → R and every s ≥ 1, ∫ f^2dμ^n_ϕ − s (∫ |f|dμ^n_Φ

)_2 ≤ 48Cβ(s) ∫ |∇f|^2dμ^n_Φ.

Proof. The proof of the Beckner type inequality comes from (8, proof of Corollary 32): the hypotheses on Φ allow to compute an equivalent of μ_Φ([x, +∞)) when x tends to infinity (namely e^{−ϕ}/ϕ^′) and thus to bound from above the quantities B_+(T ) and B_−(T ) of Theorem 7. This yields the Beckner type inequality in dimension 1. Next we use the tensorization property. The second part follows from Corollary 8 (the hypotheses on Φ ensure that T is non-decreasing and T (x)/x is non-increasing).

Example 1. A first family of examples is given by the measures dμ_p(x) = e^{−|x|p} dx/(2Γ(1+1/p)), p ∈ [1, 2]. The potential x → |x|^p fulfills the hypotheses of Proposition 9 with T_p(x) =^1_{p2} x^{2(1− 1p )}. Thus, by Proposition 9, for any n ≥ 1, μ^n_p satisfies a super Poincaré inequality with function β(s) = c_p/ log(1 + s)^{2(1− 1p )} where c_p depends only on p and not on the dimension n. Note that the corresponding Beckner type inequality

sup q∈(1,2) ∫ f^2dμ^n_p − (∫ |f|^qdμ^n_p

) 2_q

(2 − q)^{2(1− 1p )}

≤ c̃_p ∫ |∇f|^2dμ^n_p ,

goes back to Latała and Oleszkiewicz (29) with a different proof, see also (9). Example 2. Consider now the larger family of examples given by dμ_{p,α}(x) = Z^{−1}_{p,α}e^{−|x|p(log(γ+|x|))α} dx, p ∈ [1, 2], α ≥ 0 and γ = e^{α/(2−p)}. One can see that μ^n_{p,α} satisfies a super Poincaré inequality with function

β(s) = c_{p,α} (log(1 + s))^{2(1− 1p )}(log log(e + s))^{2α/p}

, s ≥ 1.

4 Isoperimetric inequalities

In this section we collect results which relate super-Poincaré inequalities with isoperimetry. They follow Ledoux approach of Buser’s inequality (30). This method was developed by Bakry-Ledoux (4) and Wang (36; 42), see also (24; 8).

The following result, a particular case of (4, Inequality (4.3)), allows to derive isoperimetric estimates from semi-group bounds.

Theorem 10 ((4; 36)). Let μ be a probability measure on (M, g) with density e^{−V} with respect to the volume measure. Assume that V is C^2 and such that Ricci + D^2V ≥ −Rg for some R ≥ 0. Let (P_t)_{t≥0} be the corresponding semi-group with generator L = Δ − ∇V · ∇. Then, for t > 0, every measurable set A ⊂ M satisfies

arg tanh (√ 1 − e^{−4Rt} ) 2 √ R μ_s(∂A) ≥ μ(A) − ∫ (P_t1I_A)^2dμ

= μ(A^c) − ∫ (P_t1I_Ac )^2dμ.

For R = 0 the left-hand side term should be understood as its limit √ t μ_s(∂A).

Remark 3. The condition Ricci + D^2V ≥ −Rg was introduced by Bakry and Emery (3, Proposition 3). The left hand side term is a natural notion of curvature for manifolds with measures e^{−V} dVol, which takes into account the curvature of the space and the contribution of the potential V .

Proof. We briefly reproduce the line of reasoning of Bakry-Ledoux (4) and its slight improvement given by Röckner-Wang (36). Let f, g be smooth bounded functions. We start with Inequality (4.2) in (4), which describes a regularizing effect of the semigroup:

|∇P_sg|^2 ≤ R 1 − e^{−2Rs}

‖g‖^2_∞.

By reversibility, integration by parts and Cauchy-Schwarz inequality, it follows that, for any t ≥ 0, ∫ g(f − P_{2t}f)dμ = − ∫ g (∫_{2t} 0 LP_sfds ) dμ = −

∫_{2t} 0 ∫ gLP_sfdμds = − ∫_{2t} 0 ∫ P_sgLfdμds =

∫_{2t} 0 ∫ ∇P_sg · ∇fdμds ≤ ∫ |∇f|

∫_{2t} 0 |∇P_sg|dsdμ ≤ ∫ |∇f|dμ

∫_{2t} 0 √ R 1 − e^{−2Rs} ds ‖g‖_∞ = 1 √ R arg tanh (√ 1 − e^{−4Rt} ) ∫ |∇f|dμ ‖g‖_∞.

This is true for any choice of g so by duality we obtain ∫ |f − P_{2t}f| dμ ≤ 1 √ R arg tanh (√ 1 − e^{−4Rt} ) ∫ |∇f|dμ.

Applying this to approximations of the characteristic function of the set A ⊂ M and using the relation ∫ 1I_AP_{2t}1I_A dμ = ∫ (P_t1I_A)^2dμ leads to the expected result.

In order to exploit this result we need the following proposition due to Wang (42). We sketch the proof for completeness.

Proposition 11 ((42)). Let μ be a probability measure on M with density e^{−V} with respect to the volume measure. Assume that V is C^2. Let (P_t)_{t≥0} be the corresponding semi-group with generator L := Δ − ∇V · ∇. Then the following are equivalent (i) μ satisfies a Super Poincaré inequality: every smooth f : M → R satisfies for every s ≥ 1 ∫ f^2dμ − s (∫ |f|dμ

)_2 ≤ β(s) ∫ |∇f|^2dμ.

(ii) For every t ≥ 0, every smooth f : M → R, and all s ≥ 1 ∫ (P_tf)^2dμ ≤ e^{− 2tβ(s)} ∫ f^2dμ + s(1 − e^{− 2tβ(s)} ) (∫ |f|dμ

)_2 . Proof. (i) follows from (ii) by differentiation at t = 0. On the other hand, if u(t) = ∫ (P_tf)^2dμ, (i) implies that

u^′(t) = 2 ∫ P_tfLP_tf dμ = −2 ∫ |∇P_tf|^2dμ ≤ − 2 β(s) [ u(t) − s (∫ |f|dμ

)_2]

since ∫ |P_tf|dμ ≤ ∫ |f|dμ. The result follows by integration.

Theorem 12 ((42)). Let μ be a probability measure on (M, g) with density e^{−V} with respect to the volume measure. Assume that V is C^2 and such that Ricci + D^2V ≥ −Rg for some R ≥ 0. Let (P_t)_{t≥0} be the corresponding semi-group with generator Δ − ∇V · ∇. Assume that every smooth f : M → R satisfies for every s ≥ 1 ∫ f^2dμ − s (∫ |f|dμ

)_2 ≤ β(s) ∫ |∇f|^2dμ,

with β decreasing. Then there exists a positive number C(R, β(1)) such that every measurable set A ⊂ M satisfies μ_s(∂A) ≥ C(R, β(1))μ(A)(1 − μ(A)).

If β(+∞) = 0, any measurable set A ⊂ M with p := min(μ(A), μ(A^c)) ≤ min(1/2, 1/(2β^{−1} (1/R))) satisfies

μ_s(∂A) ≥ 1 3 p √ β (_1 2p ).

Proof. From the super-Poincaré inequality and Proposition 11 we have for any smooth f : M → R and all s ≥ 1 ∫ (P_tf)^2dμ ≤ e^{− 2tβ(s)} ∫ f^2dμ + s(1 − e^{− 2tβ(s)} ) (∫ |f|dμ

)_2 . Applying this to approximations of characteristic functions we get for any measurable set A ⊂ M, ∫ (P_t1I_A)^2dμ ≤ e^{− 2tβ(s)} μ(A) + s(1 − e^{− 2tβ(s)} )μ(A)^2 ∀s ≥ 1.

Hence by Theorem 10, we have for all t > 0, s ≥ 1,

μ_s(∂A) ≥ μ(A)(1 − sμ(A))2 √ R 1 − e^{− 2tβ(s)}

arg tanh (√ 1 − e^{−4tR}

). (4)

The first isoperimetric inequality is obtained when choosing s = 1, t = β(1). In fact this is almost exactly the method used by Ledoux to derive Cheeger’s inequality from Poincaré inequality when the curvature is bounded from below (30).

For a set A of measure at most 1/2, taking s = 1/(2μ(A)) and t = β(s)/2 =^1_2 β

(_1

2μ(A) )

μ_s(∂A) ≥ μ(A) √ R √ 2Rβ (_1

2μ(A) ) (1 − e^{−1}) √ 2Rβ (_1

2μ(A) )

arg tanh √ 1 − e^{−2Rβ( 12μ(A) )}

≥ μ(A) 1 √ β (_1

2μ(A) ) (1 − e^{−1}) arg tanh √ 1 − e^{−2}

≥ 1 3 μ(A) √ β (_1

2μ(A) ) ,

where we have used 2Rβ(1/(2μ(A))) ≤ 2 together with the fact that x → (arg tanh √ 1 − e^{−x})/ √ x is increasing, a consequence of the convexity of the function (arg tanh √ 1 − e^{−x})^2. For sets with μ(A) > 1/2 we work instead with the expression involving A^c in Theorem 10.

Combining Theorem 7, the tensorization property of Beckner type-inequalities, Corollary 8 and Theorem 12 allows to derive dimension-free isoperimetric inequalities for the products of large classes of probability measures on the real line. In the next section we focus on log-concave densities.

5 Isoperimetric profile for log-concave measures

Here we apply the previous results to infinite product of the measures: μ_Φ(dx) = Z^{−1}_Φ exp{−Φ(|x|)}dx = φ(x)dx, x ∈ R, with Φ convex and √ Φ concave. The isoperimetric profile of a symmetric log-concave density on the line (with the usual metric) was calculated by Borell (20) (see also Bobkov (11)). He showed that half-lines have minimal boundary among sets of given measure. Since the boundary measure of (−∞, x] is given by the density of the measure at x, the isoperimetric profile is I_Φ(t) = φ(H^{−1}(min(t, 1 − t)) = φ(H^{−1}(t)), t ∈ [0, 1] where H is the distribution function of μ_Φ. It compares to the function

L_Φ(t) = min(t, 1 − t)Φ^′ ∘ Φ^{−1} ( log 1 min(t, 1 − t) ) , where Φ^′ is the right derivative. More precisely,

Proposition 13. Let Φ : R^+ → R^+ be an increasing convex function. Assume that in a neighborhood of +∞, the function Φ is C^2 and √ Φ is concave.

Let dμ_Φ(x) = Z^{−1}_Φ e^{−Φ(|x|)}dx be a probability measure with density φ. Let H be the distribution function of μ and I_Φ(t) = φ(H^{−1}(t)), t ∈ [0, 1]. Then,

lim_{t→0}

I_Φ(t) tΦ^′ ∘ Φ^{−1}(log^1_t )

= 1.

Consequently, if Φ(0) < log 2, L_Φ is defined on [0, 1] and there exist constants k_1, k_2 > 0 such that for all t ∈ [0, 1], k_1L_Φ(t) ≤ I_Φ(t) ≤ k_2L_Φ(t).

This result appears in (5; 18) in the particular case Φ(x) = |x|^p.

Proof. Since Φ is convex and (strictly) increasing, note that Φ^′ may vanish only at 0. Under our assumptions on Φ we have H(y) =

∫_y −∞ Z^{−1}_Φ e^{−Φ(|x|)}dx ∼ Z^{−1}_Φ e^{−Φ(|y|)}/Φ^′(|y|) when y tends to −∞. Thus using the change of variable y = H^{−1}(t), we get

lim_{t→0}

I_Φ(t) tΦ^′ ∘ Φ^{−1}(log^1_t )

= lim_{y→−∞} e^{−Φ(|y|)} Z_ΦH(y)Φ^′ ∘ Φ^{−1}(log^1_{H(y)} )

= lim_{y→−∞}

Φ^′(|y|) Φ^′ ∘ Φ^{−1}(log^1_{H(y)} ) .

A Taylor expansion of Φ^′ ∘ Φ^{−1} between log^1_{H(y)} and Φ(|y|) gives

Φ^′ ∘ Φ^{−1}(log^1_{H(y)} )

Φ^′(|y|)

= 1 + 1 Φ^′(|y|) ( log 1 H(y)

− Φ(|y|) ) Φ^{′′} ∘ Φ^{−1}(c_y) Φ^′ ∘ Φ^{−1}(c_y)

for some c_y ∈ [min(Φ(|y|), log^1_{H(y)} ), ∞). Since for y ≪ −1 1 2 e^{−Φ(|y|)} Z_ΦΦ^′(|y|)

≤ H(y) ≤ 2 e^{−Φ(|y|)} Z_ΦΦ^′(|y|) we have − log 2 + log(Z_ΦΦ^′(|y|)) ≤ log 1 H(y)

− Φ(|y|) ≤ log 2 + log(Z_ΦΦ^′(|y|)). (5)

On the other hand, when √ Φ is concave and C^2, ( √ Φ)^{′′} is non positive when it is defined. This leads to^{Φ′′}_{Φ′} ≤^{Φ′}_{2Φ} . Since ( √ Φ)^′ is decreasing, it follows that Φ^′(x) ≤ c √ Φ(x) for x large enough and for some constant c > 0. Finally we get^{Φ′′(x)}_{Φ′(x)} ≤^c√_{Φ(x)} for x large enough.

All these computations together give | | | 1 Φ^′(|y|) ( log 1 H(y)

− Φ(|y|) ) Φ^{′′} ∘ Φ^{−1}(c_y) Φ^′ ∘ Φ^{−1}(c_y) | | | ≤ log 2 + | log(Z^ΦΦ^′(|y|))| |Φ^′(|y|)| c √c_y

which goes to 0 as y goes to −∞. This ends the proof.

The following comparison result will allow us to modify measures without loosing much on their isoperimetric profile. It also shows that even log-concave measures on the real line play a central role.

Theorem 14 ((6; 37)). Let m be a probability measure on (R, |.|) with even log-concave density. Let μ be a probability measure on (M, g) such that I_μ ≥ cI_m. Then for all n ≥ 1, I_μn ≥ cI_mn .

Now we show the following infinite dimensional isoperimetric inequality.

Theorem 15. Let Φ : R^+ → R^+ be an increasing convex function with Φ(0) = 0 and consider the probability measure dμ_Φ(x) = Z^{−1}_Φ e^{−Φ(|x|)}dx. Assume that Φ is C^2 on [Φ^{−1}(1), +∞) and that √ Φ is concave.

Then there exists a constant K > 0 such that for all t ∈ [0, 1] one has

I_μ∞_Φ (t) ≥ KL_Φ(t).

Since I_μ∞_Φ (t) ≤ I_{μΦ} (t) ≤ k_2L_Φ(t), we have, up to constants, the value of the isoperimetric profile of the infinite product.

Proof. For simplicity we assume first that x → Φ(|x|) is C^2. We shall explain later how to deal with the general case. Applying Proposition 9 to the measure μ_Φ provides a Beckner-type inequality, with rate function T expressed in terms of Φ. By tensorization the powers of this measure enjoy the same property, which implies a super-Poincaré inequality by Corollary 8. Hence there exists a constant C independent of the dimension n such that for every smooth f : R^n → R one has ∫ f^2dμ^n_Φ − s (∫ |f|dμ^n_Φ

)_2 ≤ Cβ(s) ∫ |∇f|^2dμ^n_Φ ∀s ≥ 1,

where β(s) = [1/Φ^′ ∘ Φ^{−1}(log(1 + s))]^2 for s ≥ e − 1 and β(s) = [1/Φ^′ ∘ Φ^{−1}(1)]^2 for s ∈ [1, e − 1]. Next we apply Theorem 12 to the measure μ^n_Φ. Consider first the case lim_{x→∞} Φ^′(x) = α < +∞. The first inequality in Theorem 12 yields

I_μn_Φ (t) ≥ K_1Φ^′ ∘ Φ^{−1}(1) min(t, 1 − t) ≥ K_2L_Φ(t),

where the constants K_1, K_2 > 0 are independent of n and t.

If Φ^′ tends to infinity, the second part of Theorem 12 allows to conclude that for t ∈ [0, 1] (note that Φ^{′′} ≥ 0 and thus we may take R = 0)

I_μn_Φ (t) ≥ K_3 min(t, 1 − t)Φ^′ ∘ Φ^{−1}(log(1 + 1 2 min(t, 1 − t) )). Next we use elementary inequalities to bound from below Φ^′ ∘ Φ^{−1}(log(1 +^1_{2 min(t,1−t)} )) by Φ^′ ∘ Φ^{−1}(log(^1_{min(t,1−t)} )). Their proof is postponed to the next lemma. Using the bound 1 +^1_{2x} ≥ (^1_x )^12 for 0 < x ≤ 1/2 we have Φ^′[Φ^{−1}(log(1 +^1_{2x} ))] ≥ Φ^′[Φ^{−1}(log(^1_x )/2)]. Then, (i) and (iii) of Lemma 16 ensure that Φ^′[Φ^{−1}(log(1 +^1_{2x} ))] ≥^1_2 Φ^′[Φ^{−1}(log(^1_x ))]. Thus there exists a constant K_4 > 0 such that for any n

I_μn_Φ (t) ≥ K_4L_Φ(t) ∀t ∈ [0, 1].

This is the expected result in this case.

We now turn to the general case. Assume that Φ is C^2 on [Φ^{−1}(1), +∞). Choose an even convex function Ψ : R^+ → R which is C^2, increasing on [0, +∞) and that coincides with Φ outside an interval [0, a]. We also consider the probability measure dμ_Ψ(x) = Z^{−1}_Ψ e^{−Ψ(|x|)}. In the large its density differs from the one of μ_Φ exactly by the multiplicative factor Z_Φ/Z_Ψ. The first statement of Proposition 13 shows that the isoperimetric profiles of μ_Φ and μ_Ψ are equivalent when t tends to 0 or 1. Since they are continuous, there exists constants c_1, c_2 > 0 such that

c_1I_{μΦ} ≥ I_{μΨ} ≥ c_2I_{μΦ} . (6)

The second inequality in the above formula implies that the monotone map T : R → R defined by T (x) = H^{−1}_Ψ ∘ H_Φ is Lipschitz (just compute its derivative). Here H_Φ is the distribution function of μ_Φ. Moreover, by construction the image measure of μ_Φ by T is μ_Ψ. This easily implies that any Sobolev type inequality satisfied by μ_Φ can be transported to μ_Ψ with a change in the constant, see e.g. (31; 5) for more on these methods. As before, applying Proposition 9 to the measure μ_Φ provides a Beckner-type inequality, with rate function T expressed in terms of Φ. For the above reasons it is inherited by μ_Ψ (we could also have used the perturbation results recalled in the last section of the paper). We get by tensorization and Corollary 8 that there exists a constant C^′ independent of the dimension n such that for every smooth f : R^n → R one has ∫

f^2dμ^n_Ψ − s (∫ |f|dμ^n_Ψ

)_2 ≤ C^′β(s) ∫ |∇f|^2dμ^n_Ψ ∀s ≥ 1,

where β(s) = [1/Φ^′ ∘ Φ^{−1}(log(1 + s))]^2 for s ≥ e − 1 and β(s) = [1/Φ^′ ∘ Φ^{−1}(1)]^2 for s ∈ [1, e − 1]. Following exactly the reasoning of the smooth case, we get that there exists a constant K^′_4 such that for any n, I_μn_Ψ (t) ≥ K_4L_Φ(t) ∀t ∈ [0, 1].

The first inequality in (6) and Theorem 14 imply that I_{μΦn} ≥^1_{c1} I_{μΨn} . This achieves the proof.

Remark 4. The above theorem can be extended in many ways. The regularity assumption and the concavity of √ Φ need only be satisfied in the large. Proving this requires in particular to modify the function T in Proposition 9.

Example 5. The previous theorem applies to the family of measures dν_p(x) = e^{−|x|p} dx/(2Γ(1 + 1/p)), p ∈ [1, 2]. This recovers results in (15; 8).

Example 6. More generally, for dμ_{p,α}(x) = Z^{−1}_{p,α}e^{−|x|p(log(γ+|x|))α} dx, p ∈ [1, 2], α ≥ 0 and γ = e^{2α/(2−p)} we get the following isoperimetric inequality: there exists a constant c_{p,α} such that for any dimension n and any Borel set A with μ^n_{p,α}(A) ≤ 1/2,

(μ^n_{p,α})_s(∂A) ≥ c_{p,α} ( log ( 1 μ^n_{p,α}(A)

))^{1− 1}p ( log log ( e + 1 μ^n_{p,α}(A)

))^{α/p} . Lemma 16. Let Φ : R^+ → R^+ be an increasing convex function with Φ(0) = 0. Assume that √ Φ is concave. Then,

(i) for every x ≥ 0: Φ^{−1} ( 1 2 x ) ≥ 1 2 Φ^{−1}(x);

(ii) for every x ≥ 0: Φ(2x) ≤ 4Φ(x);

(iii) for every x ≥ 0: Φ^′ ( 1 2 x ) ≥ 1 2 Φ^′(x).

Proof. Since Φ is convex, the slope function (Φ(x) − Φ(0))/x = Φ(x)/x is non-decreasing. Comparing the values at x and 2x shows that 2Φ(x) ≤ Φ(2x). The claim of (i) follows. Assertion (ii) is proved along the same line. Since √ Φ is concave and vanishes at 0, the ratio √ Φ(x)/x is non-increasing. Comparing its values at x and 2x yields the inequality.

Point (iii) is a direct consequence of (ii). Indeed, since √ Φ is concave, Φ^′/(2 √ Φ) is nonincreasing. Comparing the values at x and 2x and using (ii) ensures that

Φ^′(2x) ≤ √ Φ(2x) Φ(x)

Φ^′(x) ≤ 2Φ^′(x).

This completes the proof.

6 F -Sobolev versus super-Poincaré inequality

We have explained in Section 3 how to get a dimension free super-Poincaré inequality, using the (tensorizable) Beckner inequality and Theorem 1. Another family of tensorizable inequalities is discussed in (8), namely additive ϕ-Sobolev inequalities.

We shall say that μ satisfies a homogeneous F -Sobolev inequality if for all smooth f, ∫ f^2F ( f^2 ∫ f^2dμ ) dμ ≤ C_F ∫ |∇f|^2dμ. (7)

Observe that necessarily F (1) ≤ 0 (for f = 1). When F = log this is the usual tight logarithmic Sobolev inequality. In this case F (a/b) = F (a) − F (b) so that the previous homogeneous inequality can be rewritten in an additive form. In general however this is not the case, so that we have to introduce the additive ϕ-Sobolev inequality, i.e. ∫ ϕ(f^2)dμ − ϕ (∫ f^2dμ ) ≤ C_ϕ ∫ |∇f|^2dμ, (8)

with for example ϕ(x) = xF (x). In general, Inequalities (7) and (8) have different features. Note that (7) is an equality for constant f if F (1) = 0. We shall say that the inequality is tight in this case, and is defective if F (1) < 0. Besides, Inequality (8) is tight by nature. The main advantage of additive inequalities is that they enjoy the tensorization property, see (8) Lemma 12. Both kinds of Sobolev inequalities can be related to measure-capacity inequalities. We shall below complete the picture in (8). The next Lemma shows how to tight a defective homogeneous inequality, in a much more simple way than the extension of Rothaus lemma discussed in (8) Lemma 9 and Theorem 10.

Lemma 17. Let F : (0, +∞) → R be a non-decreasing continuous function such that F (x) tends to +∞ when x goes to +∞ and xF_−(x) is bounded.

Assume that μ satisfies the homogeneous F -Sobolev inequality with constant C_F and a Poincaré inequality with constant C_P . Then for all a > max(F (2), 0) there exits C_+(a) depending on a, F , C_F and C_P such that for all smooth f ∫ f^2(F − a)_+ ( f^2 ∫ f^2dμ ) dμ ≤ C_+(a) ∫ |∇f|^2dμ .

Proof. Since F goes to ∞ at ∞, we may find ρ > 1 such that F (2ρ) = a. Define F̃ (u) = F (u)−a which is thus non-positive on [0, 2ρ] and non-negative on [2ρ, +∞[ since F is non-decreasing. Obviously μ still satisfies an F̃ -Sobolev inequality. If M = sup_{0≤u≤2ρ}{−uF̃ (u)}, M < +∞ thanks to our hypotheses, so that for a non-negative f such that ∫ f^2dμ = 1, ∫ f^2F̃_+(f^2)dμ ≤ C_F ∫ |∇f|^2dμ + M. (9)

Let ψ defined on R^+ as follows : ψ(u) = 0 if u ≤ √ 2, ψ(u) = u if u ≥ √ 2ρ and ψ(u) = √ 2ρ (u − √ 2)/( √ 2ρ − √ 2) if √ 2 ≤ u ≤ √ 2ρ. Since ψ(f) ≤ f, ∫ ψ^2(f)dμ ≤ 1 so that ∫ f^2F̃_+(f^2)dμ = ∫ ψ^2(f)F̃_+(ψ^2(f))dμ ≤ ∫ ψ^2(f)F̃_+ ( ψ^2(f) ∫ ψ^2(f)dμ ) dμ ≤ AC_F ∫ |∇f|^2dμ + M ∫ ψ^2(f)dμ

≤ AC_F ∫ |∇f|^2dμ + M ∫ f^2≥2

f^2dμ

where A = 2ρ/ ( ( √ 2ρ − √ 2) )_2 . But as shown in (8, Remark 22), ∫ f^2≥2

f^2dμ ≤ 12C_P ∫ |∇f|^2dμ (10)

(recall that ∫ f^2dμ = 1), so that we finally obtain the desired result.

The previous Lemma is a key to the result below, which we shall use in what follows.

Theorem 18. Let dμ = e^{−V} dx a probability measure on R^d, with V a locally bounded potential. Let F : (0, +∞) → R be a non decreasing, concave, C^1 function satisfying for some γ and M

(i) F (x) tends to +∞ when x goes to +∞,

(ii) xF^′(x) ≤ γ for all x > 0,

(iii) F (xy) ≤ E + F (x) + F (y) for all x, y > 0.

If μ satisfies the homogeneous F -Sobolev inequality (7) with constant C_F , then μ satisfies an additive ϕ-Sobolev inequality with some constant C_ϕ and ϕ(x) = xF (x). Moreover there exists a constant D such that, for all n, the product measure μ^n satisfies a measure-capacity inequality

μ^n(A)F ( 1 μ^n(A) ) ≤ DCap_μn (A), (11)

for all A such that μ^n(A) ≤ 1/2.

Proof. Since μ has a locally bounded potential V , it follows from the remark after Theorem 3.1 in (36) that it satisfies the following weak Poincaré inequality for some non increasing function τ : (0, 1/4) → R^+: for every s ∈ (0, 1/4) and every locally Lipschitz function f : R^d → R it holds

Var_μ(f) ≤ τ(s) ∫ |∇f|^2dμ + s ( sup(f) − inf(f)

)_2 . By hypothesis, μ also satisfies a F -Sobolev inequality with F growing to infinity, so (1, Theorem 2.11) ensures that it verifies a Poincaré inequality (actually we also need to check that the function xF (x) is bounded from below; this is a consequence of (ii)).

In turn (see (8, Remark 20)), there exists a constant D^′ > 0 such that for all n and all A with μ^n(A) ≤ 1/2, μ^n(A) ≤ D^′Cap_μn (A). (12)

For technical reasons, we assume first that F (8) > 0. We shall explain in the end how this assumption can be removed. By Lemma 17, μ satisfies an F̃ -Sobolev inequality for F̃ = (F −a)_+, where a is any number in (F (2), F (8)).

According to (8) Theorem 22 and Remark 23, μ will satisfy a measure-capacity inequality as soon as we can find some x_0 > 2 such that

(a) x → F̃ (x)/x is non-increasing on (x_0, +∞),

(b) there exists some λ > 4 such that 4F̃ (λx) ≤ λF̃ (x) for x ≥ x_0.

For large values of x, the derivative of F̃ (x)/x has the sign of xF^′(x) − F (x) + a. This is nonpositive for x ≥ F^{−1}(γ +a) thanks to (ii) and (i). So Property (a) is valid when x_0 ≥ F^{−1}(γ +a). For (b) just remark that F̃ (8x) ≤ E + a + F̃ (8) + F̃ (x) ≤ 2F̃ (x), ∀x ≥ F̃^{−1}(E + a + F (8)),

thanks to (iii). We may choose x_0 as the maximum of the two previous values. As explained in (8) Remark 23, we then have μ(A)F̃ (1/μ(A)) ≤ K_0Cap_μ(A) if μ(A) ≤ 1/x_0. It follows that

μ(A)F̃ ( 2 μ(A) ) ≤ μ(A)F̃ ( 8 μ(A) ) ≤ 2μ(A)F̃ ( 1 μ(A) ) ≤ 2K_0Cap_μ(A).

for any A with μ(A) ≤ 1/x_0. Using Poincaré inequality in the form of Equation (12), we find a constant K_1 such that μ(A)F ( 2 μ(A) ) ≤ K_1Cap_μ(A),

for all A with μ(A) ≤ 1/2. Theorem 26 in (8) furnishes the additive ϕ-Sobolev inequality (8) with ϕ(x) = xF (x).

By the tensorization property of additive ϕ-Sobolev inequalities, the measures μ^n also satisfy (8) (with a constant which does not depend on the dimension n). Consequently μ^n satisfies a homogeneous ( F − F (1) ) -Sobolev inequality with a dimension-free constant and therefore a homogeneous F -Sobolev inequality (since F (1) ≤ 0). Proceeding exactly as in the beginning of the proof (for μ^n instead of μ) we deduce that

μ^n(A)F ( 2 μ^n(A) ) ≤ D_ϕCap_μn (A), for some constant D_ϕ (independent on n) and all A with μ^n(A) ≤ 1/2. This achieves the proof when F (8) > 0.

Finally when F (8) ≤ 0, we choose ε ∈ (0, F (8) − F (1)) and define G := F − F (8) + ε ≥ F . Note that G(8) > 0, G(1) ≤ 0 and that G also satisfies (i), (ii) and (iii) with possibly worse constants. Hence if we show that μ satisfies a homogeneous G-Sobolev inequality the above reasoning applies and gives the claim of the theorem. Now we show briefly that since μ satisfies a Poincaré inequality, the F -Sobolev inequality may be upgraded to a G-Sobolev inequality. To see this we apply Lemma 17 to get a (F − 1)_+-Sobolev inequality. The function (F − 1)_+ is zero before x_1 := F^{−1}(1) > 8. Next we add up the latter Sobolev inequality with (1 − F (8) + ε) times the equivalent form of Poincaré inequality given in (10) to get a G1I_{[x1,∞)}-Sobolev inequality. Finally Lemma 21 in (8) yields the desired G-Sobolev inequality. Indeed this lemma allows any C^2 modification of the function on the interval [0, x_1] provided it vanishes at 1; moreover since G is concave and non-positive at 1 it can be upper bounded by such a function. The proof is complete.

Remark 7. Part of the previous Theorem is proved in a slightly different form in (35).

We have seen in the proof that under the hypotheses of Theorem 18, μ^n satisfies (12). Thus, in the capacity-measure inequality (11) we may replace F by 1 + F_+ according to (12), changing the constant D if necessary. As a consequence, using Corollary 6 and Theorem 18 we have

Corollary 19. Let μ and F as in Theorem 18. Then there exists a constant K such that for all n, for all f : (R^d)^n → R and every s ≥ 1 one has ∫ f^2dμ^n − s (∫ |f|dμ^n

)_2 ≤ Kβ(s) ∫ |∇f|^2dμ^n,

with β(s) = 1/(1 + F_+)(s).

As the reader readily sees, the previous corollary is not as esthetic as the Beckner type approach for two reasons: first F has to fulfill some hypotheses, second the constant K is not explicit (the main difficulty is to get an estimate on the Poincaré constant from the weak spectral gap property). Nonetheless combined with the results in Section 4, it allows us to obtain isoperimetric inequalities for Boltzmann measures that do not enter the framework of Section 5 (see below). Finally the results extend to Riemannian manifolds since any probability measure with a locally bounded potential satisfies a local Poincaré inequality, see (36).

7 Further examples.

The main result of this section is Theorem 21. It provides more general examples of measures μ for which the products μ^n satisfy a dimension free isoperimetric inequality. Its main interest is to deal directly with measures μ on R^d.

We start with perturbation results. Let μ be a non-negative measure and dν = e^{−2V} dμ be a probability measure. It is easy to deal with a bounded perturbation V as for the logarithmic Sobolev inequality (27) or the Poincaré inequality: if μ satisfies one of these inequalities with constant C then so does ν with constant at most Ce^{Osc(2V )}, where Osc(V ) = sup V − min V .

Since Wang (43, Proposition 2.5) proved a similar result for the generalized Beckner inequality, Corollary 8 applies to the perturbed measure ν. When considering unbounded perturbations V , some control on the derivatives seem to be needed. Here is a general result in this direction, extending (8, Section 7.2.).

Lemma 20. Let μ be a non-negative measure and dν = e^{−2V} dμ be a probability measure on (M, g). Assume that μ satisfies a defective homogeneous L-Sobolev inequality: ∫ f^2L ( f^2 ∫ f^2dμ ) dμ ≤ C ∫ |∇f|^2dμ + C^′ ∫ f^2dμ ∀f.

Let F be a C^1 function defined on (0, +∞), satisfying

(i) F (x) tends to +∞ when x goes to +∞,

(ii) There exists E ∈ R such that F (xy) ≤ E + F (x) + F (y) for all x, y > 0,

(iii) there exists K ∈ R such that xF (x) ≤ xL(x) + K/μ(M) for all x. If μ(M) = +∞ we decide that K = 0.

(iv) F (e^{2V} ) + C(Δ_μV − |∇V |^2) is bounded from above.

Then there exists a constant B such that ν satisfies a homogeneous (F − B)-Sobolev inequality. Here Δ_μ is an analogue of the Laplace operator for μ with the integration by part property ∫ f Δ_μg dμ = − ∫ ∇f · ∇g dμ.

Proof. First of all thanks to (ii),

F (g^2) = F (g^2e^{−2V} e^{2V} ) ≤ E + F (e^{2V} ) + F (g^2e^{−2V} ).

Hence if ∫ g^2dν = 1 and f = g e^{−V} (so that ∫ f^2dμ = 1), ∫ g^2F (g^2)dν ≤ E + ∫ g^2F (e^{2V} )dν + ∫ f^2F (f^2)dμ

≤ (E + K) + ∫ g^2F (e^{2V} )dν + ∫ f^2L(f^2)dμ

≤ (E + K + C^′) + ∫ g^2F (e^{2V} )dν + C ∫ |∇f|^2dμ

≤ (E + K + C^′) + ∫ g^2 ( F (e^{2V} ) + C(Δ_μV − |∇V |^2) ) dν +C ∫ |∇g|^2dν (13)

using (iii), the L-Sobolev inequality for μ and an immediate integration by parts. This gives the expected result by (iv).

Remark 8. If in addition of the hypotheses (i), (ii), (iii), we assume that x → xF (x) is convex, one can replace Hypothesis (iv) by the weaker assumption

(iv^′) ∃ε ∈ (0, 1) such that ∫ H ( 1 ε ( F (e^{2V} ) + C(Δ_μV − |∇V |^2) )) dν < +∞, where H is the convex conjugate of x → xF (x). Indeed, Young’s inequality xy ≤ εxF (x) + H(y/ε) allows to bound (13).

Theorem 21. Let dμ = e^{−2V} dx be a probability measure on R^d with V a C^2 potential such that D^2V ≥ −Rg for some R ≥ 0. Let F be a C^1 function defined on (0, +∞), satisfying

(i) F (x) tends to +∞ when x goes to +∞,

(ii) there exists E ∈ R such that F (xy) ≤ E + F (x) + F (y) for all x, y > 0,

(iii) there exists E^′ ∈ R such that F (x) ≤ E^′ log_+(x) for all x.

(iv) there exists γ > 0 such that xF^′(x) ≤ γ, for all x > 0,

(v) there exists C > 0 such that F (e^{2V} ) + C(Δ_μV − |∇V |^2) is bounded from above.

Then there exists θ > 0 such that for all n and all measurable sets A ⊂ (R^d)^n with μ^n(A) ≤ 1/2

μ^n_s (∂A) ≥ θμ^n(A) √ 1 + F_+ ( 1 2μ^n(A) ) . Proof. The Euclidean logarithmic Sobolev inequality (see (22, Theorem 2.2.4)) asserts that for any bounded smooth function f : R^d → R with ∫ f^2dx = 1 and for every η > 0, ∫ f^2 log_+ f^2dx ≤ 2η ∫ |∇f|^2dx + 2 + d 2 log ( 1 πη ) . Thus we can apply Lemma 20 with dμ = dx, L = E^′ log_+ choosing η = C/(2E^′). This leads to a homogeneous (F − B)-Sobolev inequality, for some constant B > 0. Corollary 19 applies and leads to a super-Poincaré inequality with function β = 1/(1 + F_+). Applying Theorem 12 achieves the proof.

Example 9. Let 1 < α < 2. Let V : R → R be a C^2 function with V (x) = |x|^α +log(1+|x| sin^2 x) when |x| ≥ ε > 0. This potential is an unbounded perturbation of |x|^α and is not convex. Theorem 21 applies to V for F (u) = log(1 + u)^{2(1− 1}α^) − log(2)^{2(1− 1}α^).

Remark 10. As for the logarithmic Sobolev inequality in (21), the previous result allows us to look at d dimensional spaces from the beginning. Nevertheless, if d = 1 it can be compared with the tractable condition one can get for the Beckner type inequality in Section 3. Indeed assume that V^′ does not vanish near ∞ and that V^{′′}/|V^′|^2 goes to 0 at ∞. Then the Laplace method, see e.g. (2, Corollaire 6.4.2), yields a sufficient condition for B_+(T ) and B_−(T ) in Theorem 7 to be finite, namely : |V^′|^2T ( 1 V + log(|V^′|) ) ≥ C > 0, (14)

near ∞. If log(|V^′|) ≪ V near ∞, (14) becomes |V^′|^2 ≥ C/T (^1_V ) i.e. we have the formal relation 1/T (1/ log u) = F (u).

References

[1] S. Aida. Uniform positivity improving property, Sobolev inequalities and spectral gaps. J.

Func. Anal., 158:152–185, 1998. MR1641566

[2] C. Ané, S. Blachère, D. Chafai, P. Fougères, I. Gentil, F. Malrieu, C. Roberto, and G. Scheffer. Sur les inégalités de Sobolev logarithmiques., volume 10 of Panoramas et Synthèses. S.M.F., Paris, 2000.

[3] D. Bakry and M. Émery. Diffusions hypercontractives. In Séminaire de probabilités, XIX, 1983/84, volume 1123 of Lecture Notes in Math., pages 177–206. Springer, Berlin, 1985. MR0889476

[4] D. Bakry and M. Ledoux. Levy-Gromov isoperimetric inequality for an infinite dimensional diffusion generator. Invent. Math., 123:259–281, 1996. MR1374200

[5] F. Barthe. Levels of concentration between exponential and Gaussian. Ann. Fac. Sci.

Toulouse Math. (6), 10(3):393–404, 2001. MR1923685

[6] F. Barthe. Log-concave and spherical models in isoperimetry. Geom. Funct. Anal., 12:32–55, 2002. MR1904555

[7] F. Barthe. Infinite dimensional isoperimetric inequalities in product spaces with the uniform distance. J. Theor. Probab., 17(2):293–308, 2004. MR2053705

[8] F. Barthe, P. Cattiaux, and C. Roberto. Interpolated inequalities between exponential and Gaussian, Orlicz hypercontractivity and application to isoperimetry. Revista Mat. Iberoamericana, To appear.

[9] F. Barthe and C. Roberto. Sobolev inequalities for probability measures on the real line.

Studia Math., 159(3):481–497, 2003. MR2052235

[10] L. Bertini and B. Zegarlinski. Coercive inequalities for Gibbs measures. J. Funct. Anal., 162(2):257–286, 1999. MR1682059

[11] S. G. Bobkov. Extremal properties of half-spaces for log-concave distributions. Ann. Probab., 24(1):35–48, 1996. MR1387625

[12] S. G. Bobkov. Isoperimetric problem for uniform enlargement. Studia Math., 123(1):81–95, 1997. MR1438305

[13] S. G. Bobkov and F. Götze. Exponential integrability and transportation cost related to logarithmic Sobolev inequalities. J. Funct. Anal., 163:1–28, 1999. MR1682772

[14] S. G. Bobkov and C. Houdré. Characterization of Gaussian measures in terms of the isoperimetric property of half-spaces. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI), 228:31–38, 1996. (Russian). MR1449845

[15] S. G. Bobkov and C. Houdré. Isoperimetric constants for product probability measures.

Ann. Probab., 25(1):184–205, 1997. MR1428505

[16] S. G. Bobkov and C. Houdré. Weak dimension-free concentration of measure. Bernoulli, 6(4):621–632, 2000. MR1777687

[17] S.G. Bobkov and C. Houdré. Some connections between isoperimetric and Sobolev-type inequalities. Mem. Amer. Math. Soc., 129(616):viii+111, 1997. MR1396954

[18] S.G. Bobkov and B. Zegarlinski. Entropy bounds and isoperimetry. Mem. Amer. Math.

Soc., 176(829):x+69, 2005. MR2146071

[19] C. Borell. The Brunn-Minkowski inequality in Gauss space. Invent. Math., 30:207–216, 1975. MR0399402

[20] C. Borell. Intrinsic bounds on some real-valued stationary random functions. Lecture Notes in Math., 1153:72–95, 1985. MR0821977

[21] P. Cattiaux. Hypercontractivity for perturbed diffusion semi-groups”. Ann. Fac. Sci.

Toulouse Math. (6), 14(4):609–628, 2005. MR2188585

[22] E. B. Davies. Heat kernels and spectral theory, volume 92 of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge, 1989. MR0990239

[23] H. Federer. Geometric measure theory. Springer-Verlag, New York, 1969. MR0257325

[24] P. Fougères. Hypercontractivité et isopérimétrie gaussienne. Applications aux systèmes de spins. J Ann. Inst. H. Poincaré Probab. Statist., 36(5):647–689, 2000. MR1792659

[25] F. Z. Gong and F. Y. Wang. Functional inequalities for uniformly integrable semigroups and applications to essential spectrums. Forum Math., 14:293–313, 2002. MR1880915

[26] B. Helffer. Semiclassical analysis, Witten Laplacians, and statistical mechanics. Series on Partial Differential Equations and Applications, 1:x+179, 2002. MR1936110

[27] R. Holley, and D. Stroock. Logarithmic Sobolev inequalities and stochastic Ising models J.

Statist. Phys. 46(5-6):1159–1194, 1987. MR0893137

[28] S. Kwapien, M. Pycia, and W. Schachermayer. A proof of a conjecture of Bobkov and Houdré. Elect. Comm. in Probab., 1:7–10, 1996. MR1386289

[29] R. Latała and K. Oleszkiewicz. Between Sobolev and Poincaré. In Geometric aspects of functional analysis, number 1745 in Lecture Notes in Math., pages 147–168, Berlin, 2000. Springer. MR1796718

[30] M. Ledoux. A simple analytic proof of an inequality by P. Buser. Proc. Amer. Math. Soc., 121(3):951–959, 1994. MR1186991

[31] M. Ledoux. Concentration of measure and logarithmic Sobolev inequalities. In Séminaire de Probabilités, XXXIII, number 1709 in Lecture Notes in Math., pages 120–216, Berlin, 1999. Springer. MR1767995

[32] M. Ledoux. The concentration of measure phenomenon, volume 89 of Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2001. MR1849347

[33] V. G. Maz’ja. Sobolev spaces. Springer Series in Soviet Mathematics. Springer, Berlin, 1985.

[34] K. Oleszkiewicz. On certain characterization of normal distribution. Statist. Probab. Lett., 33(3):277–280, 1997. MR1456703

[35] C. Roberto, and B. Zegarlinski. Orlicz-Sobolev inequalities for sub-Gaussian measures and ergodicity of Markov semi-groups. J. Func. Anal., 243:26–66 , 2007. MR2289793

[36] M. Röckner and F. Y. Wang. Weak Poincaré inequalities and L^2 convergence rates of Markov semigroups. J. Func. Anal., 185:564–603, 2001. MR1856277

[37] A. Ros. The isoperimetric problem. In Global theory of minimal surfaces, volume 2 of Clay Math. Proc., pages 175–209. Amer. Math. Soc., Providence, RI, 2005. MR2167260

[38] O. S. Rothaus. Analytic inequalities, isoperimetric inequalities and logarithmic Sobolev inequalities. J. Funct. Anal., 64:296–313, 1985. MR0812396

[39] V.N. Sudakov and B.S. Tsirel’son. Extremal propreties of half-spaces for spherically invariant measures. J. Soviet Math., 9:9–18, 1978. Translated from Zap. Nauchn. Sem. Leningrad. Otdel. Math. Inst. Steklova. 41 (1974) 14–24. MR0365680

[40] M. Talagrand. A new isoperimetric inequality and the concentration of measure phenomenon. In J. Lindenstrauss and V. D. Milman, editors, Geometric Aspects of Functional Analysis, number 1469 in Lecture Notes in Math., pages 94–124, Berlin, 1991. Springer- Verlag. MR1122615

[41] M. Talagrand. Concentration of measure and isoperimetric inequalities in product spaces.

Inst. Hautes Études Sci. Publ. Math., 81:73–205, 1995. MR1361756

[42] F. Y. Wang. Functional inequalities for empty essential spectrum. J. Func. Anal., 170:219– 245, 2000. MR1736202

[43] F. Y. Wang. A generalization of Poincaré and log-Sobolev inequalities. Potential Analysis, 22:1–15, 2005. MR2127729