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1 Introduction

The purpose of this paper is to obtain existence and uniqueness of solutions, as well as existence and
uniqueness of invariant measures, for a class of semilinear stochastic partial differential equations
driven by a discontinuous multiplicative noise. In particular, we consider the mild formulation of an
equation of the type

du(t) +Au(t)dt + F(u(t))dt = J G(u(t-),z)p(dt,dz) (D)
z
on L,(D), with D a bounded domain of R". Here —A is the generator of a strongly continuous
semigroup of contractions, F is a nonlinear function satisfying monotonicity and polynomial growth
conditions, and [ is a compensated Poisson measure. Precise assumptions on the data of the prob-
lem are given in Section [2| below. We would like to note that, under appropriate assumptions on
the coefficients, all results of this paper continue to hold if we add a stochastic term of the type
B(u(t))dw(t) to the right hand side of (1), where W is a cylindrical Wiener process on L,(D) (see
Remark[13]|below). For simplicity we concentrate on the jump part of the noise. Similarly, all results
of the paper still hold with minimal modifications if we allow the functions F and G to depend also
on time and to be random.

While several classes of semilinear stochastic PDEs driven by Wiener noise, also with rather general
nonlinearity F, have been extensively studied (see e.g. [[9, 1T}, [12]] and references therein), a corre-
sponding body of results for equations driven by jump noise seems to be missing. Let us mention,
however, several notable exceptions: existence of local mild solutions for equations with locally Lip-
schitz nonlinearities has been established in [[20] (cf. also [26]); stochastic PDEs with monotone
nonlinearities driven by general martingales have been investigated in [[16] in a variational setting,
following the approach of [21]] (cf. also [3]] for an ad hoc method); an analytic approach yielding
weak solutions (in the probabilistic sense) for equations with singular drift and additive Lévy noise
has been developed in [23]. The more recent monograph [|31]] deals also with semilinear SPDEs
with monotone nonlinearity and additive Lévy noise, and contains a well-posedness result under
a set of regularity assumptions on F and the stochastic convolution. In particular, continuity with
respect to stronger norms (more precisely, in spaces continuously embedded into L,(D)) is assumed.
We avoid such conditions, thus making our assumptions more transparent and much easier to verify.

Similarly, not many results are available about the asymptotic behavior of the solution to SPDEs with
jump noise, while the literature for equations with continuous noise is quite rich (see the references
mentioned above). In this work we show that under a suitably strong monotonicity assumption one
obtains existence, uniqueness, and ergodicity of invariant measures, while a weaker monotonicity
assumption is enough to obtain the existence of invariant measures.

Our main contributions could be summarized as follows: we provide a) a set of sufficient conditions
for well-posedness in the mild sense for SPDEs of the form (1), which to the best of our knowledge is
not contained nor can be derived from existing work; b) a new concept of generalized mild solution
which allows us to treat equations with a noise coefficient G satisfying only natural integrability and
continuity assumptions; c) existence of invariant measures without strong dissipativity assumptions
on the coefficients of (I). It is probably worth commenting a little further on the first issue: it
is in general not possible to find a triple V. C H C V' (see e.g. [[16} 21}, [32]] for details) such that
A+F is defined from V to V' and satisfies the usual continuity, accretivity and coercivity assumptions
needed for the theory to work. For this reason, general semilinear SPDEs cannot be (always) treated
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in the variational setting. Moreover, the Nemitskii operator associated to F is in general not locally
Lipschitz on L,(D), so one cannot hope to obtain global well-posedness invoking the local well-
posedness results of [20]], combined with a priori estimates. Finally, while the analytic approach of
[23]] could perhaps be adapted to our situation, it would cover only the case of additive noise, and
solutions would be obtained only in the sense of the martingale problem.

The main tool employed in the existence theory is a Bichteler-Jacod-type inequality for stochastic
convolutions on L, spaces, combined with monotonicity estimates. To obtain well-posedness for
equations with general noise, also of multiplicative type, we need to relax the concept of solution
we work with, in analogy to the deterministic case (see [4, [7]]). Finally, we prove existence of an
invariant measure by an argument based on Krylov-Bogoliubov’s theorem under weak dissipativity
conditions. Existence and uniqueness of an invariant measure under strong dissipativity conditions
is also obtained, adapting a classical method (see e.g. [13]]).

The paper is organized as follows. In Section [2]all well-posedness results are stated and proved, and
Section [3| contains the results on invariant measures. Finally, we prove in the Appendix an auxiliary
result used in Section [2

Let us conclude this section with a few words about notation. Generic constants will be denoted by
N, and we shall use the shorthand notation a S b to mean a < Nb. If the constant N depends on a
parameter p, we shall also write N(p) and a <, b. Given a function f : R — R, we shall denote its
associated Nemitsky operator by the same symbol. Moreover, given an integer k, we shall write f*
for the function & — f (&)K. For any topological space X we shall denote its Borel o-field by 98(X).
We shall occasionally use standard abbreviations for stochastic integrals with respect to martingales
and stochastic measures, so that H - X(t) := fot H(s)dX(s) and ¢ » u(t) := fot f ¢(s,y)ulds,dy)
(see e.g. [[19] for more details). Given two Banach spaces E and F, we shall denote the set of all
functions f : E — F such that

lf G = fF)IF

— <

x#y |X _ylE

by COY(E, F).

2 Well-posedness

Let (Q,.%7,(Z,)>0,P) be a filtered probability space satisfying the usual conditions and E denote
expectation with respect to P. All stochastic elements will be defined on this stochastic basis, unless
otherwise specified. The preditable o-field will be denoted by #. Let (Z,%,m) be a measure
space, 1 a Poisson measure on [0, T] X Z with compensator Leb ® m, where Leb stands for Lebesgue
measure. We shall set, for simplicity of notation, Z, = (0, t]xZ, for t > 0, and L,(Z,) := L,(Z,,Leb®
m). Let D be an open bounded subset of R" with smooth boundary dD, and set H = L,(D).
The norm and inner product in H are denoted by |- | and (:,-), respectively, while the norm in
L,(D), p = 1, is denoted by |- |,. Given a Banach space E, we shall denote the set of all E-
valued random variables & such that E[£[P < oo by L,,(E). For compactness of notation, we also set
L, :=L,(L,(D)). Moreover, we denote the set of all adapted processes u : [0, T] X Q — H such that

1/p 1/p
[[ull, := | supE|u(t)P < 00, llull, := [ Esup |u(t)|? <00
= (supElu(or) pi= (Esuplu(or)

t<T
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by #,(T) and H,(T), respectively. Note that (,(T),|[-]l,) and (H,(T),|l - ||,) are Banach spaces.
We shall also use the equivalent norms on H,(T) defined by

1/p
—— —pat p
Il := (Bsupe ol ) 7, a>o0,

and we shall denote (H,(T), || - ||, ) by Hj, o(T).

2.1 Additive noise

Let us consider the equation

du(t)+Au(t)dt+f(u(t))dt=nu(t)dt—|—f G(t,z)a(dt,dz), u(0) = x, 2)
z

where A is a linear maximal monotone operator on H; f : R — R is a continuous maximal monotone
function satisfying the growth condition |f ()] < 1+|r|¢ for some (fixed) d € [1,00[; G : 2x [0, T]x
ZxD—>Risa® ®%® %B(R")-measurable process, such that G(t,z) = G(w, t,2, ) takes values
in H = Lo(D). Finally, 7 is just a constant and the corresponding term is added for convenience
(see below). We shall assume throughout the paper that the semigroup generated by —A admits a
unique extension to a strongly continuous semigroup of positive contractions on L,4(D) and Lg4+(D),
d* := 2d?. For simplicity of notation we shall not distinguish among the realizations of A and e~ *
on different L,(D) spaces, if no confusion can arise.

Remark 1. Several examples of interest satisfy the assumptions on A just mentioned. For instance,
A could be chosen as the realization of an elliptic operator on D of order 2m, m € N, with Dirichlet
boundary conditions (see e.g. [1]]). The operator —A can also be chosen as the generator of a
sub-Markovian strongly continuous semigroup of contractions T; on L,(D). In fact, an argument
based on the Riesz-Thorin interpolation theorem shows that T, induces a strongly continuous sub-
Markovian contraction semigroup Tt(p ) on any L,(D), p € [2,+00o[ (see e.g. [14, Lemma 1.11]
for a detailed proof). The latter class of operators includes also nonlocal operators such as, for
instance, fractional powers of the Laplacian, and even more general pseudodifferential operators
with negative-definite symbols — see e.g. [[18]] for more details and examples.

Definition 2. Let x € Lyg. We say that u € Hy(T) is a mild solution of (2] if u(t) € L,4(D) P-a.s. and

t

u(t) =e “x+ J

e (A (nu(s) — f (u(s))) ds + J e (G(s,2) i(ds, dz) (3)
0

Z

P-a.s. for all t € [0, T], and all integrals on the right-hand side exist.

Let us denote the class of processes G as above such that

T
EJ [f 16(t,2)|2 m(dz) + (J 16(t,2)]2 m(dz))p/z] dt < oo.
0 VA Z

by £,. Setting d* = 2d?, we shall see below that a sufficient condition for the existence of the
integrals appearing in is that G € Z;+. This also explains the condition imposed on the sequence
{G,.} in the next definition.
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Definition 3. Let x € L,. We say that u € H,(T) is a generalized mild solution of (2)) if there exist
a sequence {x,} C L4 and a sequence {G,} C %+ with x,, = x in Ly and G,, — G in Ly(Ly(Z7)),
such that u,, — u in Hy(T), where u,, is the mild solution of (2) with x, and G, replacing x and G,
respectively.

In order to establish well-posedness of the stochastic equation, we need the following maximal
inequalities, that are extensions to a (specific) Banach space setting of the corresponding inequalities
proved for Hilbert space valued processes in [27]], with a completely different proof.

Lemma 4. Let E = L,(D), p € [2,00). Assume that g : QX [0,T]XxZ XD > Risa ® @ Z® B(R")-
measurable function such that the expectation on the right-hand side of (4) below is finite. Then there
exists a constant N = N(p, T) such that

ffg(s,zm(ds,dZ)
0JZ

Esup
t<T

p
E
! p/2
smaf | J 1g(s,2)If m(dz)+ ( J g6 2Emd)" ] ds, @)

0 VA Z

where (p, T) — N is continuous. Furthermore, let —A be the generator of a strongly continuous semi-
group e~ of positive contractions on E. Then one also has

p
E

Esup

t<T

t
f f e (=g (s,2) i(ds, dz)
0 Z

T
p/2
< Nzaf | f 126, 2l m(dz) + f 86,22 mdz))" | ds, )
0 z z
where N is the same constant as in ().

Proof. We proceed in several steps.

Step 1. Let us assume that m(Z) < oo (this hypothesis will be removed in the next step). Note that,
by Jensen’s (or Holder’s) inequality and Fubini’s theorem, one has

T p/2 T
J EJ (J 18(5,2,8)2 m(d2)) dsdgsfn«: J J 18(s,2, &) m(dz)ds d&
D 0 z D 0JZ
T
ZEJ J |g(s,z)|g m(dz)ds < oo,
0JZ

therefore, since the right-hand side of (4) is finite, Fubini’s theorem implies that

T
Ef | f 18652, )P m(dz)+ ( f 86,5, P m(d2))" ] ds < o0
0 zZ Z

for a.a. £ € D. By the Bichteler-Jacod inequality for real-valued integrands (see e.g. [5, 27]) we
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have

g(s,2, &) (ds, dz)|

T
SprE f | f |g(s,z,s)|f’m(dz)+(f|g(s,z,5)|2m(dz))”/2] ds (6)
0 VA Z

for a.a. £ € D. Furthermore, Fubini’s theorem for integrals with respect to random measures (see
g. [22]] or [I6, App. A]) yields
_ f E
D

T
L SprE f J f 85,2, E)F dE m(dz)ds
0JZJD

T
+EJ J (J |g(s,z,€)|2m(dz))p/zdgds.
0Jp “Jz

Minkowski’s inequality (see e.g. [24, Thm. 2.4]) implies that the second term on the right-hand side
of the previous inequality is less than or equal to

T / / . /
EJO (L (JD lg(s,z,8)P dg)Z Pm(dz))P zds :IE:J0 (leg(S,z)@ m(dz))p 2ds

We have thus proved that

(s 2) a(ds, dz) pdg,

g(s,z,&)a(ds,dz)

hence also

g(s,2) p(ds, dz)

T
/
Elg*a(T)y < Spr EJ [f lg(s,2)I5 m(dz) + (f 1g(s,2)I2 m(dz))P 2} ds
0 z z

Step 2. Let us turn to the general case m(Z) = oo. Let {Z,},cn @ sequence of subsets of Z such
that U,enZ, = Z, Z, C Z,41 and m(Z,) < oo for all n € N. By the Bichteler-Jacod inequality for
real-valued integrands we have

T
EU f 9(s,%, )1, (2) i(ds, dz)|
0JZ

T T /2
Spr B f J|g(s,z,£)|Plzn(z)m(dz)ds+E f ( f 18052, )1z, (:)m(d)) ds
0JzZ 0 VA

g T
:Ef f 'g(s,z,a)Wmn(dz)dst ( f 86z, O m, (d))" ds
0Jz 0 7
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where m,(-) := m(- N Z,). Integrating both sides of this inequality with respect to & over D we
obtain, using Fubini’s theorem and Minkowski’s inequality, we are left with

T p
J f gn(s,2) a(ds,dz)
0Jz P

T T
SP’TEJ J |g"(s’z){§m(d2)d5+EJ (J |gn(3,z)|2m(dz))p/2ds
0JZ 0 7

! T
= Ef f |g(s,z)|§ midsz)ds + EJ- (J |8(3,2)|2 m(dz))p/2 ds,
0Jz . ,

where g,(-,2) 1= g(-,2)1z, ().

Let us now prove that g, xu(T) converges to g*(T) on D x Q2 in Leb®P-measure as n — oo. In fact,
by the isometric formula for stochastic integrals with respect to compensated Poisson measures, we
have

E

(80 = )% AT} (e =Ef |8(s.2,£) — g(s,2, )| m(dz) ds d,
Dx[0,T]xZ

which converges to zero as n — oo by the dominated convergence theorem. In fact, g, T g a.e. on
D x[0,T] x Z, P-a.s., and

E f |8n(5,2,8) — g(s5,2,8)|" m(dz) ds d&
Dx[0,T]xZ

T T
< ZEJ f |g(s,z)ﬁ2(D) m(dz)ds < ]EJ J {g(s,z)ﬁ m(dz)ds < oo.
0Jz 0Jz

Finally, by Fatou’s lemma, we have
_ p _ — p
E|g a(T)|;, =E J (g »a(T)(E)|" d&
D
< liminfEJ |(g xU(T)(E)|° dE = liminfE|g, » 4(T)|;
n—oo D n—oo

! T
SEJ f |g(s,z)~gm(dz)ds+]EJ (J |g(S,Z)~,25m(dz))p/2d5_
0Jz o ,

Step 3. Estimate (4) now follows immediately, by Doob’s inequality, provided we can prove that
g * [ is an E-valued martingale. For this it suffices to prove that

E[(g*f(t) — g *is),$)|F] =0, 0<s<t<T,

for all ¢ € C°(D), the space of infinitely differentiable functions with compact support on D. In
fact, we have, by the stochastic Fubini theorem,

(g *A(0) — g+ (i(5), ) = <f fg(r,z)u(dr,dz),da)
(s,t]v Z

=J JJ 8(r,z,8)P(&)dE aldr, dz),
(s,t]JZJD
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where the last term has %,-conditional expectation equal to zero by well-known properties of Pois-
son measures. In order for the above computation to be rigorous, we need to show that the last
stochastic integral is well defined: using Holder’s inequality and recalling that g € £, we get

E‘f .f [‘f g(rz, () de ]’ m(dz)dr <191, B J' J~|ngz)Frn(dz)ds
(s,t]VZ D

< |¢|2 Tp/(p z) f J lg(s, z)l2 m(dz)) ) o < 0.

Step 4. In order to extend the result to stochastic convolutions, we need a dilation theorem due to
Fendler [[I5] Thm. 1]. In particular, there exist a measure space (Y, .2/, n), a strongly continuous
group of isometries T(t) on E := L,(Y,n), an isometric linear embedding j : L,(D) — L,(Y,n), and
a contractive projection 7 : L,(Y,n) — L,(D) such that j o eA=moT(t)oj forall t >0. Then we
have, recalling that the operator norms of 7 and T(t) are less than or equal to one,

E sup f Je_(t_s)Ag(s,z)ﬂ(ds,dz)p
t<T 0 Jz E
= Esup ﬂT(t)f J. T(—S)j(g(S,Z))ﬂ(dS,dZ)li
t<T 0 VA E
< |mfP SUP|T(f)|pESUP J JT(—S)J'(g(S,Z))ﬂ(dS,dZ)Ij
t<TlJo Jz E
SEprJT@m@@mmmwﬁ
t<T 0 Jz E

Now inequality (4)) implies that there exists a constant N = N(p, T') such that

Esup f J (t_s)Ag(S,Z),ll(ds,dz) p
t<T :
/
- EJ [J IT(=)i(gs, 2Dl m(dz) + (J IT(—5)j(g(s,2)I3 m(dz))p 2] ds
0 VA 5
<

T
NEJ U |g(s,z)|§m(dz)+(J gEmd)" ] ds
0 Z Z

where we have used again that T(t) is a unitary group and that the norms of E and E are equal. []
Remark 5. (i) The idea of using dilation theorems to extend results from stochastic integrals to
stochastic convolutions has been introduced, to the best of our knowledge, in [17].

(i) Since g * (i is a martingale taking values in L,(D), it has a cadlag modification, as it follows by
a theorem of Brooks and Dinculeanu (see [|8, Thm. 3]). Moreover, the stochastic convolution also
admits a cadlag modification by the dilation method, as in [[17]] or [31] p. 161].

We shall need to regularize the monotone nonlinearity f by its Yosida approximation f;, A > 0. In
particular, let J; (x) = (I+Af)~1(x), f1(x) = A~ (x—J,(x)). It is well known that £, (x) = f (J(x))
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and f; € C%}(R) with Lipschitz constant bounded by 2/A. For more details on maximal monotone
operators and their approximations see e.g. [2,[7]]. Let us consider the regularized equation

du(t)+Au(t)dt + f(u(t))dt =nu(t)dt+f G(t,z)p(dt,dz), u(0) = x, (7)
z

which admits a unique cadlag mild solution u, € H,(T) because —A is the generator of a strongly
continuous semigroup of contractions and f; is Lipschitz (see e.g. [20, 27, [31]]).

We shall now establish an a priori estimate for solutions of the regularized equations.

Lemma 6. Assume that x € ILyg and G € %,+. Then there exists a constant N = N(T,d,n,|D|) such
that
Esup uy ()24 < N (1+E|x[29). 8)
t<T

Proof. We proceed by the technique of “subtracting the stochastic convolution”: set

ya(t) =u,(0) - f e TAG(s,2) Alds, dz) = uy () — Ga(t),  t<T,
0

where .
Gu(t) := J f e (=9G(s, 2) a(ds, dz).
0Jz
Then y; is also a mild solution in L,(D) of the deterministic equation with random coefficients

Y30 FAY () + (a0 + Ga(t) = ny () +0Ga(1),  y2(0) =x, )

P-a.s., where ¢’(t) := d¢(t)/dt. We are now going to prove that y, is also a mild solution of (9)
in Log(D). Setting
filt,y) = F2(y + Ga(6)) = n(y + Ga(1))
and rewriting (9) as
Y50 +Ay(0) + f2(t, y2(0) =0,

we conclude that (9) admits a unique mild solution in L,4(D) by Proposition [17] below (see the
Appendix).

Let y,p be the strong solution in Ly4(D) of the equation
Yop(O) +Apyap(0) + f1(yap(t) + Ga(t)) = nypp(t) +nGa(t),  y2(0)=x, (10)

which exists and is unique because the Yosida approximation Ag is a bounded operator on Lyg(D).
Let us recall that the duality map J : Ly;3(D) — L 24 (D) is single valued and defined by
2d-1

J(§): & |9 (O3 ()] 232

for almost all & € D. Moreover, since L 21 (D) is uniformly convex, J(¢ ) coincides with the Gateaux
2d—-1

derivative of ¢ — |qb|§ 4/2. Therefore, multiplying (in the sense of the duality product of Ly4(D)
and L s (D)) both sides of ll by the function
2d-1

J(ym(t))ly,x,s(t)lﬁﬁ‘z = |J’Aﬁ(f)|2d_2yM5(t),
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we get

|J’A[5(t)| + (A2, T (ap(ONyap (D35>

+ (£ + Ga(O), 1y (O 2y55(8))
= 0lyap(O15 + (YO 2y 5(), Ga(1)).

2d dt

Since A is m-accretive in L,3(D) (more precisely, A is an m-accretive subset of Ly3(D) X Ly4(D)),
its Yosida approximation Ag = A(I + BA)~! is also m-accretive (see e.g. [2, Prop. 2.3.2]), thus the
second term on the left hand side is positive because J is single-valued. Moreover, we have, omitting
the dependence on t for simplicity of notation,

|2d—2 |2d—2

Yap = (Falyap + Ga) — f2(Ga) yaplyap
+ £.G)lyap1* 2yap
> [(G)lyaslP 2y (8)ae,

Fr.(yap +Galyag

as it follows by the monotonicity of f,. Therefore we can write

|J’m( D33 < nlyas(OI35 + (nGa(t) = F(Ga(0)), 1y25(D)P42y55(0))
< nlyap(DI33 + MGa() = £1(Ga)l2a }|}’A/3(t)|2d_1|%
—77|J’A/3(t)| +|77GA(t) f2.(Ga)l2g |J’Aﬁ(f)|2d !

2d dt

2d 2d | 2d -
< nlyp(t)l3g + ﬂlnGA(t) — f(Galog + |}’)L/5(f)|2d,

where we have used Holder’s and Young’s inequalities with conjugate exponents 2d and 2d/(2d —1).
A simple computation reveals immediately that there exists a constant N depending only on d and
1 such that

INGa(t) = (G35 < N(1+ |GA(t)|2d2)

We thus arrive at the inequality

~1
|J’/1/3()zd—(77+ 2d )|J’;\/3(t) +N(1+|GA(t)2dz

2d dt
and Gronwall’s inequality yields
Yap(O12 a1+ 1122 +1GA02%,
hence also, thanks to and the hypothesis that G € %+,

IESUP y28(0)33 < N(1+E|x|33).

where the constant N does not depend on A. Let us now prove that y;g — y; in Hy(T) as § — 0:
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we have
1y25(6) = ya (O < (e~ — e ™)y, (0)]

+ ( e f; (5, y2p()) — e TR (5, y2(5)) | ds
Jo

<|(e™ — ")y, (0)|

+f | (779 — 7= f (5, ya(s))| ds
Jo

+ J( e8| | f (s, yap(s)) — fals, ya(s))l ds
0

By well-known properties of the Yosida approximation we have
_ _ 2
supl(t)* = sup e 47 y;(0) — ey, (0)|" — 0
t<T t<T

P-a.s. as § — 0, and
suplyp(6)* S 1y (0)1* € Ly,
t<T

therefore, by the dominated convergence theorem, the expectation of the left-hand side of the pre-
vious expression converges to zero as 3 — 0. Similarly, we also have

T

sup Lg(t)? SJ SUP~e_tAﬁfNA(S,J’A(S))—e_tAfA(S,J’A(S))FdS,
t<T 0 t<T

where the integrand on the right-hand side converges to zero P-a.s. for all s < T. The last inequality
also yields, recalling that y, and G, belong to H,(T),

T

suplop(t)* S J 1£2(s, y2(s))I*ds € Ly,
t<T 0

hence, by the dominated convergence theorem, the expectation of the left-hand side of the previous
expression converges to zero as 3 — 0. Finally, since Ag generates a contraction semigroup, by
definition of f; and the fact that f, has Lipschitz constant bounded by 2/A, we have

T
Esuplzs(t)* < (2/A + ﬂ)J Esup|y;p(s) — ya(s)d.
t<T 0 s<t

Writing
Esup|ys(t) — ya(DI* SEsupl(t)* + Esuplyp(t)? + Esuplzs(t)?,
t<T t<T t<T t<T

using the above expressions, Gronwall’s lemma, and letting 3 — 0, we obtain the claim. Therefore,
by a lower semicontinuity argument, we get

]ESI<JIT) (D24 < N(1 +E|x 2.
t<
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By definition of y, we also infer that

Esup |u, ()35 Sa Esuplya (034 +Esup|Ga(0)l3.
t<T ¢<T t<T

Since
2
Esup|GA()124 Sipy ]ESUP|GA(t)|§§z S1 +ESUP|GA(O|§§2’
t<T t<T t<T
we conclude
Esup [y ()39 Srq.np) 1+ Elx[34. =

t<T

The a priori estimate just obtained for the solution of the regularized equation allows us to construct
a mild solution of the original equation as a limit in H,(T), as the following proposition shows.

Proposition 7. Assume that x € Loy and G € £;-. Then equation () admits a unique cadlag mild
solution in H,(T) which satisfies the estimate

]EsulTb Iu(t)lgg <N(1 +E|x|§g)
t<

with N = N(T,d,n,|D|). Moreover, we have x — u(x) € C%!(IL,, H,(T)).

Proof. Let u; be the solution of the regularized equation , and u, g be the strong solution of
with A replaced by Ag studied in the proof of Lemma |§] (or see [29, Thm. 34.7]). Then u;g —u,g
solves P-a.s. the equation

d
E(ukﬁ(t) —u,p(£)) +Ap(upp(t) —uyup(t))
+ fr.(unp()) — fulu,p(t)) = n(upp(t) —uyp(t)). (A1)
Note that we have

Upp = Uup = Upp = Jallap +Jatlap = Jullp +Jullup = Uyp
= AMalupg) + Jawpg — Juuyup — ufu(wyp),

hence, recalling that f;(uyg) = f (Jausg),

(Ffrlwnp) = fuluup)surp —uup) = (falung) — fuluup), Afr(usp) — wfu(uup))
> A fa(unp)? + wlfu(uyp)l? = (A + w2 wap)lfu ()l

A
> 10wl = )l

thus also, by the monotonicity of A,

d
2 ws() - s (O = 2nuz5(6) — w,p(OF < plfa(unp(O)N? + Alfu (g ().

Multiplying both sides by e 2" and integrating we get

t

e 2 |uyp(t) —uyp(0)f? < f e (ul f(wpg (NI + Al fu (wup($))I) ds.
0
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Since u;p — u; in Hy(T) as 3 — 0 (as shown in the proof of Lemma@ and f; is Lipschitz, we can
pass to the limit as # — 0 in the previous equation, which then holds with u, 4 and u,g replaced by
uy and u,,, respectively. Taking supremum and expectation we thus arrive at

ESEIT) s (8) = uy (O < " T(A + w)E sup (ATIG)EETACH)ID
t< t<
Recalling that |f;(x)| < |f (x)| for all x € R, Lemma 6] yields

Esup |f5,(us(0))* <Esup|f (w,(£)? S Esupluy ()24 < N(1+E[x[2D), (12)
t<T t<T t<T

where the constant N does not depend on A, hence

ESBITJ lup () = u, (O S (A +w) (1 +Elx[39),
t<

which shows that {u,} is a Cauchy sequence in H,(T), and in particular there exists u € H,(T) such
that u; — u in H,(T). Moreover, since u; is cadlag and the subset of cadlag processes in H,(T) is
closed, we infer that u is itself cadlag.

Recalling that f;(x) = f(J3(x)), J;x — x as A — 0, thanks to the dominated convergence theorem
and we can pass to the limit as A — 0 in the equation

t t
uy(t) = e My — f e AL, (u,(s)) ds + nf e~ (=N, (5) ds + Gu(t),
0 0

thus showing that u is a mild solution of (2).
The estimate for Esup, < Iu(t)I% is an immediate consequence of .

We shall now prove uniqueness. In order to simplify notation a little, we shall assume that f is
n-accretive, i.e. that r — f(r)+ nr is accretive, and consequently we shall drop the first term
on the right hand side of (2). This is of course completely equivalent to the original setting. Let
{er}ren € D(A) be an orthonormal basis of H and ¢ > 0. Denoting two solutions of by u and v,
we have

t

((T+eA) e, u(t) —v(D)) = — f (A1 + A" ) Veg,u(s) — v(s) ) ds

0
- f (I + A ) Ve, f(u(s)) — F(v(s))) ds
0
for all k € N. Therefore, by Itd’s formula,
(T + eA) e u(t) — (D))’

= —ZJ <A*(I + A" ) e, u(s) — v(s)> <(I +eA) e, u(s) — v(s)> ds
0

—~ 2J ((T+eA") Teg, £ (u(s)) = F(V(s))) (I +eA™) Mer, uls) — v(s)) ds.
0
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Summing over k and recalling that (I +eA*)™? = ((I +£A)™!)", we obtain
(7 + A (u(e) = v(o)|”

= —ZJ <A(I +eA) " (uls) — v(s)), (I + A (u(s) — v(s))> ds
0

- 2f (T +eA) 1 (f (uls)) = £ V(D). (T + eA) " (uls) — v(s)) ) ds.
0

Using the monotonicity of A and then letting ¢ tend to zero and we are left with
t
lu(t) = v(6)]* < —ZJ (f (s)) = f(v(s)),u(s) — v(s)) ds
0

<2 J [u(s) — v(s)2 ds,
0

which immediately implies that u = v by Gronwall’s inequality.

Let us now prove Lipschitz continuity of the solution map. Set ul = u(x,), u? = u(x,), and denote
the strong solution of with A replaced by Ag, f replaced by f3, and initial condition x;, i = 1,2,
by uil 6 i = 1,2, respectively. Then we have, omitting the dependence on time for simplicity,

(wpp —u3p) +Ap(uy e — 3 5) + folu ) — (U ) = nuj g —134)

P-a.s. in the strong sense. Multiplying, in the sense of the scalar product of L,(D), both sides by
“i/s - ”;2\/5 and taking into account the monotonicity of A and f, we get

1 t
I p(0) =2 (O < g = x5 41 J ul () — u2g () ds,
0

which implies, by Gronwall’s inequality and obvious estimates,

ESE? |u/11/3(t) — uiﬁ(t)l2 < e?TE|x; — x,/%
t=<

Since, as seen above, uim —>u,i=1,2,in H,(T) as f — 0, A — 0, we conclude by the dominated

convergence theorem that [[u' —u?|l; < e [x; — x,y,. O

Remark 8. We would like to emphasize that proving uniqueness treating mild solutions as if they
were strong solutions, as is very often done in the literature, does not appear to have a clear jus-
tification, unless the nonlinearity is Lipschitz continuous. In fact, if u is a mild solution of and
ug is a mild (or even strong) solution of the equation obtained by replacing A with Ag in , one
would at least need to know that ug converges to the given solution u, which is not clear at all and
essentially equivalent to what one wants to prove, namely uniqueness.

A general proof of uniqueness for mild solutions of stochastic evolution equations with dissipative
nonlinear drift and multiplicative (Wiener and Poisson) noise is given in [28]].

In order to establish well-posedness in the generalized mild sense, we need the following a priori
estimates, which are based on It6’s formula for the square of the norm and regularizations.
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Lemma 9. Let xq, Xy € Loy, Gy, Gy € ¥4+, and u?, u? be mild solutions of @ with x =x1, G =G,
and x = x,, G = G,, respectively. Then one has

e MRl (6) — u?(t)[? < Elxg — xo|? + EJ |G1(s,2) — Go(s,2)|2 m(dz) ds (13)
Zt
and
Esup [u' (1) — u*(t)]* St Elxy = x,/? +EJ 1G1(s,2) = Gy(s,2)|* m(dz) ds. (14)
t<T Zr

Proof. Let u; and u,g be defined as in the proof of Proposition |7, Set wi(t) = et u;ﬁ(t). Itd’s
formula for the square of the norm in H yields

t

wi(e) —w?(0))? = ZJ (wh(s—) = wi(s=),dw'(s) — dw?(s)) + [w' —w?](0),
0

ie.
t

e_zmlu}w(t) - uiﬁ(t)l2 + ZL e 2m (Aﬁ(u}w(s) - uiﬁ(s)), u}\ﬁ(s) - uiﬂ(s)) ds

t
+2 JO &1 (5 (ul () = fr (13 5(5)), k5 (5) — ud 5(5)) dis
< Jxy =22 + [wh = w?1(0) + M(0),
where M is a local martingale. In particular, since A and f are monotone, we are left with
e 21 uj 5 (£) = ug 5 (O < foeg = xa* + [w! = w?1(6) + M(0). (15)
In particular, taking expectations on both sides (if necessary, along a sequence {7,},cy of localizing
stopping times for the local martingale M, and then passing to the limit as n — 00), we obtain
e 21 Eluj (1) — 135 (017 < Elxy — xof? + EJ 1G1(s,2) = Gy(s,2)|* m(dz) ds,
Z
where we have used the identity
Elw! —w?](t) =Ew! —w?)(t) = EJ e 2™|G4(s,2) — Go(s,2)|> m(dz) ds. (16)
z,

Recalling that u;ﬁ — uiA, i=1,2,in Hy(T) as 8 go to zero (see the proof of Lemma @ or e.g. [27,
Prop. 3.11]), we get that the above estimate holds true for ui, ui replacing u}m, uiﬁ, respectively.

Finally, since mild solutions are obtained as limits in H,(T) of regularized solutions for A — 0,
follows.

By and we get
ESEIT)E_%qu}Lﬁ(t) - uiﬁ(t)l2 < E|x; — x5|* + JEJ |G1(s,2) — Go(s,2)|> m(dz) ds
t< ZT
+ Esup |[M(t)].
¢t<T
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Note that

M(t) = ZJ (Wl —w?,(G(s,2) — Gy(s,2)) i(ds, dz)) = 2(w! —w?)- (X' —X?),
z,

where X' := G; * i, i = 1, 2. Thanks to Davis’ and Young’s inequalities we can write
Esup [M(6)] < 6E[(wl —w?)- (X" —x*))(T)'/2
t<
< 615(531; lwl(t) —w2(t)) [X — x2](T)V/?
t<
< 6€E§E? [wl(t) —w?(0)]? + 6e 'E[X! — X2](T)
< 6¢E szlp e‘zntluiﬁ(t) - ufw(t)I2

t<T

+ 68_1Ef |G1(s,2) — Go(s,2)[> m(dz) ds.
Z

Therefore we have

(1= 6e)Esupe™"|uzs(t) = (1)

<El|x; — x2|2 +(1+ 68_1)EJ |G1(s,2) — Gz(s,z)l2 m(dz)ds,
Zr

hence, passing to the limit as 8 and A go to zero, we obtain (14). O

Proposition 10. Assume that x € L, and G € Ly(Ly(Z7)). Then (2) admits a unique cadlag general-
ized mild solution u € H,(T). Moreover, one has x — u € C%(IL,, H,(T)).

Proof. Let us choose a sequence {x,} C LL,4 such that x, — x in L,, and a sequence {G,} C %«
such that G,, — G in Ly(L,(Z1)) (e.g. by a cut-off procedureE]). By Proposition [7| the stochastic
equation

du+Audt+ f(u)dt =nudt + G, dj, u(0) = x,

admits a unique mild solution u,,. Then yields

ESUP |un(t) - um(t)lz S Elxn - 'X.ml2 + EJ |Gn(8,2’) - Gm(s:z)lz m(dz) ds
t<T Zr
In particular {u,} is a Cauchy sequence in H,(T), whose limit u € H,(T) is a generalized mild
solution of (2). Since u, is cadlag for each n by Proposition [7} u is also cadlag.
Moreover, it is immediate that x; — u;, i = 1, 2, satisfies |lu; — u2||§ Slx — x2|%L2, i.e. the solution
map is Lipschitz, which in turn implies uniqueness of the generalized mild solution. O

Remark 11. One could also prove well-posedness in #(T), simply using estimate (13 instead of
(14). In this case one can also get explicit estimates for the Lipschitz constant of the solution map.
On the other hand, one cannot conclude that a solution in #5,(T) is cadlag, as the subset of cadlag
processes is not closed in 5% (T).

IFor instance, one may set G,(w, t,2,X) := 1, =)((—n) V G(w, t,2,x) An), where {Z,},cy is an increasing sequence
of subsets of Z such that Z, T Z and m(Z,) < oo.

1543



2.2 Multiplicative noise

Let us consider the stochastic evolution equation

du(t) +Au(t)dt + f(u(t))dt =nu(t)dt +J G(t,z,u(t=))a(dt,dz) a”n
Z

with initial condition u(0) = x, where G: QX [0,T] X ZXR XD »>Risa? @ Z ® B(R)® B(R")-
measurable function, and we denote its associated Nemitski operator, which is a mapping from
Q2 x[0,T] x Zx H — H, again by G.

We have the following well-posedness result for in the generalized mild sense.

Theorem 12. Assume that x € L? and G satisfies the Lipschitz condition
EJ |G(s,2,u) — G(s,2,v)|*> m(dz) ds < h(s)|u — v|?,
z

where h € L1([0,T]). Then admits a unique generalized solution u € H,(T). Moreover, the
solution map is Lipschitz from 1Ly to Hy(T).

Proof. For v € H,(T) and cadlag, consider the equation

du(t)+Au(t)dt + f (u(t))dt = nu(t)dt-i—f G(s,z,v(s—)) u(ds,dz), u(0) = x. (18)
z

Since (s,z) — G(s,z,v(s—)) satisfies the hypotheses of Proposition admits a unique gen-
eralized mild solution belonging to H,(T). Let us denote the map associating v to u by F. We are
going to prove that F is well-defined and is a contraction on H, ,(T) for a suitable choice of a > 0.
Setting u' = F(v'), i = 1,2, with v!, v2 € H,(T), we have

dw! —u®) + [A(u! —u®) + F(u!) — f(w?)]dt

=n(u' —u?)de +J [G(,,v1) = G(,v2)]dR
VA

in the mild sense, with obvious meaning of the (slightly simplified) notation. We are going to assume
that u! and u? are strong solutions, without loss of generality: in fact, one otherwise approximate
A, f and G with Ag, f,, and G,,, respectively, and passes to the limit in equation below, leaving
the rest of argument unchanged. Setting wi(t) = e~* u!(t), i = 1,2, we have, by an argument
completely similar to the one used in the proof of Lemma 9]

w!(e) = w?(O? < (n - a)f e 2 ul(s) — uP(s)P ds + [w! —w?](0)
0

+ ZJ (e 2®(ut(s—) — u?(s—),(G(s,z,vi(s—)) — G(s,z,v2(s—))) a(ds, dz)).
Zy
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The previous inequality in turn implies

T
llut =I5, < (n - a)J Esupe™®u'(s) —u*(s)]* ds
0

s<t
+ 2E sup |(w1 —w?).(x! —X2)|
¢<T

T
—I-IEJ f e 2%|G(s,z,v(s—)) — G(s,2,v*(s—))|* m(dz) ds,
0Jz

where we have set X! := G(-,-,v! ) % & and we have used the identities

Esup[w! —w?](t) = E[w! —w?](T)
t<T

T
= EJ J e 2%|G(s,2,v(s)) — G(s,z,v3(s))|> m(dz) ds.
0Jz
An application of Davis’ and Young’s inequalities, as in the proof of Lemma [9} yields

2E sup }(Wl —w?)-(x! —X2)| < 6eEsup |wl(t) — w?(t)?

t<T t<T

T
+ 66‘_1EJ J e 2%|G(s,z,v'(s)) — G(s,2,v*(s))|* m(dz) ds,
0Jz

because [X! — X?] = [w! — w?]. We have thus arrived at the estimate

T
(1 - 68)llu’ —u?| <(n—a)J Esupe>®u'(s) —u?(s)]* dt
0

2,0 — s<t
T
+(1 +6£_1)EJ J e 2%|G(s,z,v(s)) — G(s,2,v3(s))|> m(dz)ds (19)
0Jz

Setting ¢ = 1/12 and ¢ (t) = Esup,, e 2% |ul(s) — u?(s)|?, we can write, by the hypothesis on G,

T
¢(T)<2(n - a)J ¢(6)dt + 146y, Iv' —v2II3
0

hence, by Gronwall’s inequality,
lu' =13, = $(T) < 146]R; 2T ! 2|2 .

Choosing a large enough, we obtain that there exists a constant N = N(T) < 1 such that ||[F(v!) —
FOv)| 20 <N vt — v2||2,a. Banach’s fixed point theorem then implies that F admits a unique fixed
point in H, ,(T), which is the (unique) generalized solution of , recalling that the norms ||- |5 4,
a > 0, are all equivalent. Since the fixed point of F can also be obtained as a limit of cadlag processes
in H,(T), by the well-known method of Picard’s iterations, we also infer that the generalized mild
solution is cadlag.
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Moreover, denoting u(x;) and u(x,) by u! and u? respectively, an argument similar to the one
leading to (19) yields the estimate

T

T
Y(T) <E|x; — le2 +2(n— a)f Y(t)de + 146J h(t)y(t)dt,
0 0

where Y (t) := Esup,<, [u'(s) — u?(s)|*>. By Gronwall’s inequality we get

1 < eZ(n—a)+146|h|L1

llu™ — u2||§’a = |xq — xzhiz,
which proves that x — u(x) is Lipschitz from L, to Hj ,(T), hence also from L, to Hj,(T) by the
equivalence of the norms || - ||, ,. O

Remark 13. As briefly mentioned in the introduction, one may prove (under suitable assumptions)
global well posedness for stochastic evolution equations obtained by adding to the right-hand side
of a term of the type B(t,u(t))dW(t), where W is a cylindrical Wiener process on L,(D), and
B satisfies a Lipschitz condition analogous to the one satisfied by G in Theorem[12] An inspection of
our proof reveals that all is needed is a maximal estimate of the type for stochastic convolutions
driven by Wiener processes. To this purpose one may use, for instance, [10, Thm. 2.13]. Let us
also remark that many sophisticated estimates exist for stochastic convolutions driven by Wiener
processes. Full details on well posedness as well as existence and uniqueness of invariant measures
for stochastic evolution equations of (quasi)dissipative type driven by both multiplicative Poisson
and Wiener noise will be given in a forthcoming article.

3 Invariant measures and Ergodicity

Throughout this section we shall additionally assume that G : Z x H — H is a (deterministic)
% ® B(H)-measurable function satisfying the Lipschitz assumption

f |G(z,u) — G(z,v)|*m(dz) < K|u—v|?,
z

for some K > 0. The latter assumption guarantees that the evolution equation is well-posed by The-
orem Moreover, it is easy to see that the solution is Markovian, hence it generates a semigroup
via the usual formula P, ¢(x) :=E@(u(t, x)), ¢ € By(H). Here B, (H) stands for the set of bounded
Borel functions from H to R.

3.1 Strongly dissipative case
Throughout this subsection we shall assume that there exist 3, and w; > K such that
2{Agu —Agv,u—v) + 2(f; (W) — fa(v),u—v) —2nju— V2 > wqlu—v? (20)

for all B €]0, By[, A €]0, By[, and for all u, v € H. This is enough to guarantee existence and unique-
ness of an ergodic invariant measure for P,, with exponentially fast convergence to equilibrium.
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Proposition 14. Under hypothesis (20) there exists a unique invariant measure v for P,, which satisfies
the following properties:

0, J x> v(dx) < oo;
(ii) let ¢ € C®Y(H,R) and Ay € #,(H). Then one has
‘ f Pro(x) Ag(dx) — J @ V(dy)‘ < [w]le‘”ltf [x = y[Ao(dx)v(dy)
H H HxH
Following a classical procedure (see e.g. [[13}[31][32]]), let us consider the stochastic equation

du(t) + (Au(t) + f(uw))dt = nu(t)dH—f G(z,u(t—))da,(dt,dz), u(s) =x, (21)
z

where s €] — oo, t[, fi; = u; —Leb® m, and

u(t,B), t>0,

t,B) =
Ml( ) {AU’O(_t)B)) t <0,

for all B € %, with u, an independent copy of u. The filtration (Z,),cg on which u; is considered
can be constructed as follows:

jt = ijO, jso = O-({Hl([rl,rz]’B) cToo<n = ) <s,Be %}’,/V)’

s>t

where A stands for the null sets of the probability space (€2, %#,P). We shall denote the value at
time t > s of the solution of by u(t;s, x).

For the proof of Proposition [14 we need the following lemma.

Lemma 15. There exists a random variable { € 1L, such that u(0;s,x) — { in L, as s — —oo for all
x € IL,. Moreover, there exists a constant N such that

Elu(0;s,x) — x|* < e 21PN (1 + E|x|?) (22)
forall s < 0.
Proof. Let u be the generalized mild solution of (21)). Define I'(t,z) := G(z,u(t—)), and let I, be

an approximation of I, as in the proof of Proposition Let us denote the strong solution of the
equation

du(t) + (Agu(t) + f(u(t))) dt = nu(t)dt + J (t,z)da(dt,dz), u(s) =x,
z

by u} - BY Itd’s lemma we can write
t
W5 (O +2 f (At (P 6 (1) + (Fa (), (1) — il (M) dr
S

=|x|? —|—2J j (Fn(r,z),uzﬁ(r)) a(dr, dz)—l—f f IT,(r,2)|? uy(dr,dz).  (23)
s JZ s JZ
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Note that we have, by Young’s inequality, for any € > 0,
— (), u) = —=(f,(w) = £(0),u = 0) = (f2(0),u)
< ~(f2) = F©),u=0) + Tl + > If; O
Since f;(0) — f(0) as A — 0, there exists 6 > 0, A, > 0 such that
HOP <IfFOP+8/2 VA< 2.
By we thus have, for 8 < By, A < Ay A fBy,

— 2Agul Ul ) — 2(F () uly) + 2mlu
< —wlluﬁﬁlz + 6|u;{ﬁ|2 + e (0) +5.

Taking expectations in (23)), applying the above inequality, and passing to the limit as § — 0, A — 0,
and n — oo, yields

Elu(0)* < Elx[? = (w; — S)J Elu(r)Pdr + (e If (0)* +8)(t —s)

+EJ f IT(r,2)|?> m(dz)dr.
s JZ

Note that, similarly as before, we have
f 1G(u,2)|* m(dz) < (14 &)Kul*+ (1 + 8‘1)f 1G(0,2)|* m(dz)
z z

for any u € H, therefore, by definition of T,

t

EJJ IT(r,2)|* m(dz) dr S(l-l—e)Kf Elu(r)dr +(1+e7|G(0, )] 5 oyt = 5).
s JZ S

Setting
_ — 2
wyi= ) —K—e(1+K),  N:=e |f(OF +8+(1+e|G0,)],

we are left with .

Elu(t)]? < E|x|? - wzf Elu(r)|?dr +N(t —s).

N

We can now choose ¢ such that w, > 0. Gronwall’s inequality then yields
Elu(t)]* S 1+ e @ HIDE|x |2, (24)
Set u;(t) :=u(t;sq,x), us(t) :=u(t;sy,x) and w(t) = u,(t) — uy(t), with s, < s;. Then w satisfies

the equation
dw +aw dt + (f (uy) — £ (1)) dt = qw dt + (G(uy) — G(uy)) df,
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with initial condition w(s;) = x — u,(s;), in the generalized mild sense. By an argument completely
similar to the above one, based on regularizations, It6’s formula, and passage to the limit, we obtain

Elw(t)|* < Elx — uy(s))* — (w; — K)J Elw(r)|*dr,

and hence, by Gronwall’s inequality;,
Elu1(0) - u5(0)* = Elw(0)[* < e” @™ ilE]x — uy(s;)P2.
Estimate therefore implies that there exists a constant N such that
Eluy (0) - up(0)* < e T OMIN (L + Elx ), (25)

which converges to zero as s; — —oo. We have thus proved that {u(0;s,x)},<¢ is a Cauchy net in
L, hence there exists { = {(x) € L, such that u(0;s,x) — ¢ in L, as s — —oo. Let us show that {
does not depend on x. In fact, let x, y € L, and set u;(t) = u(t;s, x), us(t) = u(t;s, y). Yet another
argument based on approximations, Itd’s formula for the square of the norm and the monotonicity
assumption yields, in analogy to a previous computation,

Elu(0) — u(0)* < e OFIEx — y 2, (26)
which implies ¢(x) = (), whence the claim. Finally, (25) immediately yields (22). O

Proof of Proposition[14] Let v be the law of the random variable ¢ constructed in the previous
lemma. Since ¢ € L,, (i) will follow immediately once we have proved that v is invariant for

P.. The invariance and the uniqueness of v is a well-known consequence of the previous lemma, see
e.g. [[10].

Let us prove (ii): we have
| f me)xo(dx)—f P (y)V(dy)|
H H
- J f Pfcp(x)xo(dx)v(dy)—f J Po(¥) Ao(dx)v(dy)
HJH HJH
< J 1P (x) = Po(y)] Ag(dx) v(dy)
HxH

< [‘P]le_wltJ lx — ¥yl A(dx)v(dy),
HxH

where in the last step we have used the estimate (26). O

3.2 Weakly dissipative case

In this subsection we replace the strong dissipativity condition (20) with a super-linearity assump-
tion on the nonlinearity f, and we prove existence of an invariant measure by an argument based
on Krylov-Bogoliubov’s theorem.

We assume that —A satisfies the weak sector condition and let (&, D(&)) be the associated closed
coercive form (see [25] §1.2]). We set 5# := D(&), endowed with the norm associated to the inner
product &;(-,-) :=&(,-) + (-, ).
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Theorem 16. Assume that
(i) f satisfies the super-linearity condition {f (r),r) > b|r|2*®) /2 b >0, a> 0.
(ii) ¢ is compactly embedded into L,(D).

Then there exists an invariant measure for the transition semigroup associated to the generalized mild

solution of (17).

Proof. Letu, u},, I, and T',, be defined as in the proof of Lemma Then an application of 1td’s
formula yields the estimate

Eluf (0> + ZEL [(Apui}5(s) usg(s)) + (faluhp(s)), uz5(s)) ] ds

t
<E|x|? +EJ [27)|u;{,3(s)|2 + T, (s, ')liz(z,m)] ds. (27)
0

Since
(F(r), 1) = (FUAr), Jor + (r = Jar)) = (F(Tar), Jar) + Alfa ()P,

we obtain, taking into account the monotonicity of Ag,

t t

H-Elu;{ﬁ(s)l2 ds — ZEJ (f(JAuKﬂ(s)),Jlugﬁ(s)) ds

Eluj ()] < Elx|* + Z"J
0

0
t
2
-HEJ0 T, (s, ')|L2(z,m) ds.

By assumption (i) and Jensen’s inequality, we have
t t
_ZL E(f (Jauj (), Jou g(s)) ds < —bJO Bl 5(s)/+2% ds

t
< —bf (Bl 5()1) ds,
0

thus also
t

t
Elul (02 <Elx|?+ an Elu} ()| ds — bf (Eljlu;ﬁ(s)|2)1+a ds
0

0
t
2
+ EL T, (s, ')|L2(z,m) ds.

Passing to the limit as 8 — 0, A — 0, n — oo, recalling the definition of I and T',,, and taking into
account the Lipschitz continuity of G, shows that y(t) := E|u(t)|? satisfies the differential inequality
(in its integral formulation, to be more precise)

y <ay—-by'"+c¢,  y(0)=E|x|?

1550



for some positive constants a and c. By simple ODE techniques one obtains that y(t) is bounded for
all t, i.e. Elu(t)|?> < C for all t > 0, for some positive constant C.

Taking into account the monotonicity of f;, also implies
t t t
1
EJ (Aﬁugﬁ(s), uiﬁ(s)) ds <E|x|*+ ZnJ IE|uK[5(s)|2 ds — bf (EIJ;LuKﬁ(s)IZ) s
0 0 0

t
2
+EJO T, (s, -)|L2(Z’m) ds.

As we have seen above, the right-hand side of the inequality converges, as 8 — 0, A — 0, n — o0, to
t t
E|x|? +NJ (1+Efu(s)|*) ds — bJ (Elu(s)lz)Ha ds <1+t
0 0

where N is a constant that does not depend on A, 3, and n, and we have used the fact that E|u(t)|?
is bounded for all t > 0. In analogy to an earlier argument, setting zg := (I + BA) 'z, 2 € H, we
have

(Apz,2) = (Azg,25 +2 — 2p) = (Azg,2p) +[3’|Aﬁz|2.

In particular, setting vilﬁ =+ ﬁA)_luKﬁ € D(&), we obtain

t
EJ é"(v;ﬁ(s), vi’ﬁ(s)) ds<1+t
0

for small enough f, A, and 1/n. Since also v;ﬁ(s) — u(s) in H,(T), it follows that u € Ly(2 x
[0,t],D(&)) and v}'\lﬁ — u weakly in L,(Q x [0,t],D(&)), where D(&) is equipped with the norm

811/2(-,-), and
t
IEJ & (u(s),u(s))ds S1+t.
0

Let us now define the sequence of probability measures (v,),>; on the Borel set of H = L,(D) by

f ¢dv, = lj E¢(u(s,0))ds, ¢ € By(H).
H 0

n

Then
1 n
J |x |3 vi(dx) = —J E & (u(s,0),u(s,0)ds S 1,
n
0

thus also, by Markov’s inequality,
]. —
Supv,(Bg) S =~ 0,
n>1 R
where By, stands for the complement in ¢ of the closed ball of radius R in . Since balls in /¢ are
compact sets of L,(D), we infer that (v,),>1 is tight, and Krylov-Bogoliubov’s theorem guarantees

the existence of an invariant measure. O
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A Auxiliary results

The following proposition is a slight modification of [30, Thm. 6.1.2] and it is used in the proof of
Lemmal6] Here [0, T] C R and E is a separable Banach space.

Proposition 17. Assume that f : [0, T] X E — E satisfies
If(t,x)—f(t, y)ISN|x—-yl, Vte[0,T], x,y€E,

where N is a constant independent of t, and there exists a € E such that t — f(t,a) € L,([0, T]; E).
If A is the infinitesimal generator of a strongly continuous semigroup e on E and u, € E, then the

integral equation
t

u(t) = ey, —I—J A1 (s, u(s)) ds, te€[0,T], (28)
0

admits a unique solution u € C([0,T], E).

Proof. As a first step, let us show that, if v € L ([0, T]; E), then t — f(t,v(t)) € L1([0,T];E). In
fact, we have

If (&, vl < 1f (&, v(0)) = f(t, )+ |f (¢, a)
SN(t) —al+1f(t, )l < Nv(t)| + Nla| +|f (¢, a)l,

thus also

T
J lf(t,v(t)ldt <NTla|+NT|v|,_ +If(-,a)ly, <oo.
0

As a second step, we show that the map

t

[Fv](t) := ey + J e 1 (s, v(s))ds

0

is a (local) contraction in L ([0, T]; E). In fact, setting My = sup,¢[q 17 le*4], we have

T
sup |[F(»)1(6)| < Mrluo| + MTJ |f (s, v(s)lds < oo,
te[0,T] 0

because f(-,v(:)) € L;([0, T];E), as proved above. We also have

sup |[§v](6) - [Zwl(t)| < NMy sup f v(s) = w(s)| ds
0

t€[0,T] t€[0,T]
<NM;Tlv = wly,,

so that NM T, < 1 for T, small enough. Then § admits a unique fixed point in L, ([0, Ty]; E), and
by a classical patching argument we obtain the existence of a unique solution u € L,([0, T]; E) to
the integral equation (28). As a last step, it remains to prove that u € C([0, T]; E). To this purpose,
it suffices to show that g € L,([0, T]; E) implies F € C([0, T]; E), with

F(t):= f elt=Mg(s)ds.
0
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In fact, for 0 <t < t+¢ < T, we have

_I_

t t+e
|F(t+¢e)—F(t)| < ‘ j [e(tFe~Mg(s) — el Mg (s)] ds J elttemMg(s)ds
0 t

t+e

t
< |€8A—I|MTJ |g(5)|d5+MTf lg(s)|ds,
0 t

and both terms converge to zero as ¢ — 0 by definition of strongly continuous semigroup and
because g € L;([0,T],E). The case 0 < t — e < t < T is completely similar, hence omitted. O
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