E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 13 (2008), Paper no. 39, pages 1140–1165.

Journal URL http://www.math.washington.edu/~ejpecp/

Gaussian Moving Averages and Semimartingales

Andreas Basse Department of Mathematical Sciences University of Aarhus Ny Munkegade, 8000 Århus C, DK E-mail: basse@imf.au.dk

Abstract

In the present paper we study moving averages (also known as stochastic convolutions) driven by a Wiener process and with a deterministic kernel. Necessary and sufficient conditions on the kernel are provided for the moving average to be a semimartingale in its natural filtration. Our results are constructive - meaning that they provide a simple method to obtain kernels for which the moving average is a semimartingale or a Wiener process. Several examples are considered. In the last part of the paper we study general Gaussian processes with stationary increments. We provide necessary and sufficient conditions on spectral measure for the process to be a semimartingale.

Key words: semimartingales; Gaussian processes; stationary processes; moving averages; stochastic convolutions; non-canonical representations.

AMS 2000 Subject Classification: Primary 60G15; 60G10; 60G48; 60G57.

Submitted to EJP on October 25, 2007, final version accepted July 9, 2008.

1 Introduction

In this paper we study moving averages, that is processes ( X_t )_{t∈ �} on the form

X_t = � (φ (t − s) − ψ (− s)) dW_s , t ∈ � , (1.1)

where ( W_t )_{t∈ �} is a Wiener process and φ and ψ are two locally square integrable functions such that s → φ (t − s) − ψ (− s) ∈ L^2_� (λ) for all t ∈ � (λ denotes the Lebesgue measure). We are concerned with the semimartingale property of ( X_t )_{t≥ 0} in the filtration ( F^{X, ∞}_t )_{t≥ 0}, where F^{X, ∞}_t := σ(X_s : s ∈ (−∞ , t]) for all t ≥ 0. The class of moving averages includes many interesting processes. By Doob [1990, page 533] the case ψ = 0 corresponds to the class of centered Gaussian L^2(P )-continuous stationary processes with absolutely continuous spectral measure. Moreover, (up to scaling constants) the fractional Brownian motion corresponds to φ (t) = ψ (t) = ( t ∨ 0)^{H − 1/2}, and the Ornstein-Uhlenbeck process to φ (t) = e^{− βt} 1_{� +} (t) and ψ = 0. It is readily seen that all moving averages are Gaussian with stationary increments. Note however that in general we do not assume that φ and ψ are 0 on (−∞ , 0). In fact, Karhunen [1950, Satz 5] shows that a centered Gaussian L^2(P )-continuous stationary process has the representation (1.1) with ψ = 0 and φ = 0 on ( −∞ , 0) if and only if it has an absolutely continuous spectral measure and the spectral density f satisfies � log(f (u)) 1 + u^2 du > −∞ .

In the case where ψ = 0 and φ is 0 on (−∞ , 0), it follows from Knight [1992, Theorem 6.5] that (X_t )_{t≥ 0} is an ( F^{W,∞}_t )_{t≥ 0}-semimartingale if and only if

φ (t) = α +

�_t 0 h(s) ds, t ≥ 0, (1.2)

for some α ∈ � and h ∈ L^2_� (λ). Related results, also concerning general ψ , are found in Cherny [2001] and Cheridito [2004]. Knight’s result is extended to the case X_t =

�_t −∞ K_t (s) dW_s in Basse [2008b, Theorem 4.6]. The results mentioned above are all concerned with the semimartingale property in the (F^{W,∞}_t )_{t≥ 0}-filtration. Much less is known when it comes to the ( F^X_t )_{t≥ 0}-filtration or the (F^{X, ∞}_t )_{t≥ 0}-filtration ( F^X_t := σ(X_s : 0 ≤ s ≤ t)). In particular no simple necessary and sufficient conditions, as in (1.2), are available for the semimartingale property in these filtrations. Let ( X_t )_{t≥ 0} be given by (1.1) and assume it is ( F^{W,∞}_t )_{t≥ 0}-adapted; it is then easier for ( X_t )_{t≥ 0} to be an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale than an ( F^{W,∞}_t )_{t≥ 0}-semimartingale and harder than being an (F^X_t )_{t≥ 0}-semimartingale. It follows from Basse [2008a, Theorem 4.8, iii] that when ψ equals 0 or φ and ( X_t )_{t≥ 0} is an ( F^X_t )_{t≥ 0}-semimartingale with canonical decomposition X_t = X_0 + M_t + A_t , then ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale as well if and only if t → E [Var_{[0,t ]}(A)] is Lipschitz continuous on �_+ (Var_{[0,t ]}(A) denotes the total variation of s → A_s on [0, t]). In the case ψ = 0 , Jeulin and Yor [1993, Proposition 19] provides necessary and sufficient conditions on the Fourier transform of φ for (X_t )_{t≥ 0} to be an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale. In the present paper we provide necessary and sufficient conditions on φ and ψ for (X_t )_{t≥ 0} to be an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale. The approach taken relies heavily on Fourier theory and

Hardy functions as in Jeulin and Yor [1993]. Our main result can be described as follows. Let S^1 denote the unit circle in the complex plane � . For each measurable function f : � → S^1 satisfying f = f (−·), define f̃ : � → � by

f̃ (t) := lim_{a →∞}

�_a − a e^{its} − 1_{[− 1,1]}(s) is f (s) ds,

where the limit is in λ-measure. For simplicity let us assume ψ = φ . We then show that ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale if and only if φ can be decomposed as

φ (t) = β + α f̃ (t) +

�_t 0 ^f ĥ(s) ds, λ -a.a. t ∈ � , (1.3)

where α, β ∈ � , f : � → S^1 such that f = f (−·), and h ∈ L^2_� (λ) is 0 on �_+ when α ≠ 0. In this case (X_t )_{t≥ 0} is in fact a continuous ( F^{X, ∞}_t )_{t≥ 0}-semimartingale, where the martingale component is a Wiener process and the bounded variation component is an absolutely continuous Gaussian process. Several applications of (1.3) are provided. In the last part of the paper we are concerned with the spectral measure of ( X_t )_{t∈ �} , where (X_t )_{t∈ �} is either a stationary Gaussian semimartingale or a Gaussian semimartingale with stationary increments and X_0 = 0 . In both cases we provide necessary and sufficient conditions on the spectral measure of ( X_t )_{t∈ �} for (X_t )_{t≥ 0} to be an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale.

2 Notation and Hardy functions

Let (Ω , F , P ) be a complete probability space. By a filtration we mean an increasing family (F_t )_{t≥ 0} of σ-algebras satisfying the usual conditions of right-continuity and completeness. For a stochastic process ( X_t )_{t∈ �} let ( F^{X, ∞}_t )_{t≥ 0} denote the least filtration subject to σ(X_s : s ∈ (−∞ , t]) ⊆ F^{X, ∞}_t for all t ≥ 0. Let ( F_t )_{t≥ 0} be a filtration. Recall that an ( F_t )_{t≥ 0}-adapted càdlàg process ( X_t )_{t≥ 0} is said to be an ( F_t )_{t≥ 0}-semimartingale if there exists a decomposition of ( X_t )_{t≥ 0} such that

X_t = X_0 + M_t + A_t , t ≥ 0,

where ( M_t )_{t≥ 0} is a càdlàg ( F_t )_{t≥ 0}-local martingale which starts at 0 and ( A_t )_{t≥ 0} is a càdlàg (F_t )_{t≥ 0}-adapted process of finite variation which starts at 0. A process ( W_t )_{t∈ �} is said to be a Wiener process if for all n ≥ 1 and t_0 < · · ·< t_n

W_{t 1} − W_{t 0} , . . . , W_{t n} − W_{t n − 1}

are independent, for −∞ < s < t < ∞ W_t − W_s follows a centered Gaussian distributed with variance σ^2(t − s) for some σ^2 > 0, and W_0 = 0 . If σ^2 = 1, ( W_t )_{t∈ �} is said to be a standard Wiener process. Let f : � → � . Then (unless explicitly stated otherwise) all integrability matters of f are with respect to the Lebesgue measure λ on � . If f is a locally integrable function and a < b , then �_a b f (s) ds should be interpreted as −

�_b a f (s) ds = − � 1_{[a,b]}(s)f (s) ds. For t ∈ � let τ_t f denote the function s → f (t − s).

Remark 2.1. Let f : � → � be a locally square integrable function satisfying τ_t f − τ_0f ∈ L^2_� (λ) for all t ∈ � . Then t → τ_t f − τ_0f is a continuous mapping from � into L^2_� (λ).

A similar result is obtained in Cheridito [2004, Lemma 3.4]. However, a short proof is given as follows. By approximation with continuous functions with compact support it follows that t → 1_{[a,b]}(τ_t f − τ_0f ) is continuous for all a < b . Moreover, since τ_t f − τ_0f = lim_n 1_{[− n,n ]}(τ_t f − τ_0f ) in L^2_� (λ), the Baire Characterization Theorem (or more precisely a generalization of it to functions with values in abstract spaces, see e.g. Reĭnov [1984] or Stegall [1991]) states that the set of continuity points C of t → τ_t f − τ_0f is dense in � . Furthermore, since the Lebesgue measure is translation invariant we obtain C = � and it follows that t → τ_t f − τ_0f is continuous. For measurable functions f, g : � → � satisfying � |f (t − s)g(s)| ds < ∞ for t ∈ � , we let f ∗ g denote the convolution between f and g, that is f ∗ g is the mapping t → � f (t − s)g(s) ds.

A locally square integrable function f : � → � is said to have orthogonal increments if τ_t f − τ_0f ∈ L^2_� (λ) for all t ∈ � and for all −∞ < t_0 < t_1 < t_2 < ∞ we have that τ_{t 2} f − τ_{t 1} f is orthogonal to τ_{t 1} f − τ_{t 0} f in L^2_� (λ). We now give a short survey of Fourier theory and Hardy functions. For a comprehensive survey see Dym and McKean [1976]. The Hardy functions will become an important tool in the construction of the canonical decomposition of a moving average. Let L^2_� (λ) and L^2_� (λ) denote the spaces of real and complex valued square integrable functions from � . For f, g ∈ L^2_� (λ) define their inner product as ⟨f, g ⟩_L 2_{� (λ)} := � f g dλ, where z denotes the complex conjugate of z ∈ � .

For f ∈ L^2_� (λ) define the Fourier transform of f as

f̂ (t) := lim

a ↓−∞ , b↑∞

�_b a f (x)e^{ixt} dx,

where the limit is in L^2_� (λ). The Plancherel identity shows that for all f, g ∈ L^2_� (λ) we have ⟨f̂, ĝ⟩_L 2_{� (λ)} = 2 π⟨f, g ⟩_L 2_{� (λ)} . Moreover, for f ∈ L^2_� (λ) we have that f̂ = 2 πf (−·). Thus, the mapping f → f̂ is (up to the factor √ 2π) a linear isometry from L^2_� (λ) onto L^2_� (λ). Furthermore, if f ∈ L^2_� (λ), then f is real valued if and only if f̂ = f̂ (−·). Let �_+ denote the open upper half plane of the complex plane � , i.e. �_+ := { z ∈ � : ℑ z > 0}. An analytic function H : �_+ → � is a Hardy function if

sup_{b> 0} � |H (a + ib)|^2 da < ∞ .

Let �^2_+ denote the space of all Hardy functions. It can be shown that a function H : �_+ → � is a Hardy function if and only if there exists a function h ∈ L^2_� (λ) which is 0 on ( −∞ , 0) and satisfies H (z) = � e^{izt} h(t) dt, z ∈ �_+ . (2.1)

In this case lim_{b↓0} H (a + ib) = ĥ(a) for λ-a.a. a ∈ � and in L^2_� (λ).

Let H ∈ �^2_+ with h given by (2.1). Then H is called an outer function if it is non-trivial and for all a + ib ∈ �_+ we have

log(|H (a + ib)|) = b π � log(|ĥ(u)|) (u − a)^2 + b^2 du. An analytic function J : �_+ → � is called an inner function if |J | ≤ 1 on �_+ and with j (a) := lim_{b↓0} J (a + ib) for λ-a.a. a ∈ � we have |j | = 1 λ-a.s. For H ∈ �^2_+ (with h given by (2.1)) it is possible to factor H as a product of an outer function H^o and an inner function J. If h is a real function, J can be chosen such that J (z) = J (− z) for all z ∈ �_+ .

3 Main results

By S^1 we shall denote the unit circle in the complex field � , i.e. S^1 = { z ∈ � : |z| = 1 }. For each measurable function f : � → S^1 satisfying f = f (−·) we define f̃ : � → � by

f̃ (t) := lim_{a →∞}

�_a − a e^{its} − 1_{[− 1,1]}(s) is f (s) ds,

where the limit is in λ-measure. The limit exists since for a ≥ 1 we have

�_a − a e^{its} − 1_{[− 1,1]}(s) is f (s) ds =

�_1 − 1 e^{its} − 1 is f (s) ds +

�_a − a e^{its} 1_{[− 1,1]}c (s)f (s)(is )^{− 1} ds,

and the last term converges in L^2_� (λ) to the Fourier transform of

s → 1_{[− 1,1]}c (s)f (s)(is )^{− 1}.

Moreover, f̃ takes real values since f = f (−·). Note that f̃ (t) is defined by integrating f (s) against the kernel ( e^{its} − 1_{[− 1,1]}(s))/is, whereas the Fourier transform f̂ (t) occurs by integration of f (s) against e^{its} . For u ≤ t we have f̃ (t + ·) − f̃ (u + ·) = ^^1_{[u,t ]}f, λ -a.s. (3.1)

Using this it follows that f̃ has orthogonal increments. To see this let t_0 < t_1 < t_2 < t_3 be given. Then

⟨f̃ (t_3 − ·) − f̃ (t_2 − ·), f̃ (t_1 − ·) − f̃ (t_0 − ·)⟩_L 2_{� (λ)} = 2 π⟨^1_{[t 2 ,t 3 ]}f, ^1_{[t 0 ,t 1 ]}f ⟩_L 2_{� (λ)} = ⟨^1_{[t 2 ,t 3 ]}, ^1_{[t 0 ,t 1 ]}⟩_L 2_{� (λ)} = ⟨1_{[t 2 ,t 3 ]}, 1_{[t 0 ,t 1 ]}⟩_L 2_{� (λ)} = 0 ,

which shows the result. In the following let t → sgn(t) denote the signum function defined by sgn( t) = − 1_{(−∞ ,0)} (t) + 1_{(0,∞ )} (t). Let us calculate f̃ in three simple cases.

Example 3.1. We have the following:

(i) if f ≡ 1 then f̃ (t) = π sgn(t),

(ii) if f (t) = ( t + i)(t − i)^{− 1} then f̃ (t) = 4 π(e^{− t} − 1/2)1_{� +} (t),

(iii) if f (t) = i sgn(t) then f̃ (t) = − 2(γ + log |t|), where γ denotes Euler’s constant.

(i) follows since

�_x 0 sin( s)

s ds → π/2 as x → ∞ . Let f be given as in (ii). Then for all t ∈ � we have

�_a − a e^{its} − 1_{[− 1,1]}(s) is f (s) ds = 4

�_a 0 cos(ts ) − 1_{[0,1]}(s) s^2 + 1 ds + 2

�_a 0 sin(ts ) s s^2 − 1 s^2 + 1 ds, which converges to � 4^π_4 (2e^{− t} − 1) + 2^π_2 (2e^{− t} − 1) = 2 π(2e^{− t} − 1), t > 0, 4^π_4 (2e^{− t} − 1) − 2^π_2 (2e^{− t} − 1) = 0 , t < 0,

as a → ∞ . This shows (ii). Finally let f (t) = i sgn(t). For t > 0 and a ≥ 1, �_a − a e^{its} − 1_{[− 1,1]}(s) is f (s) ds =

�_a − a cos(ts ) − 1_{[− 1,1]}(s) is f (s) ds = 2 �_{at} 0 cos(s) − 1_{[0,t ]}(s) is f (s/t) ds = 2

� � at 0 cos(s) − 1_{[0,1]}(s) s ds − log(t) � , which shows (iii) since f̃ (− t) = f̃ (t). �

Let ( W_t )_{t∈ �} be a standard Wiener process and φ, ψ : � → � be two locally square integrable functions such that φ (t − ·) − ψ (−·) ∈ L^2_� (λ) for all t ∈ � . In the following we let ( X_t )_{t∈ �} be given by X_t = � (φ (t − s) − ψ (− s)) dW_s , t ∈ � . (3.2)

Now we are ready to characterize the class of ( F^{X, ∞}_t )_{t≥ 0}-semimartingales.

Theorem 3.2. (X_t )_{t≥ 0} is an (F^{X, ∞}_t )_{t≥ 0}-semimartingale if and only if the following two conditions (a) and (b) are satisfied:

(a) φ can be decomposed as

φ (t) = β + α f̃ (t) +

�_t 0 ^f ĥ(s) ds, λ -a.a. t ∈ � , (3.3)

where α, β ∈ � , f : � → S^1 is a measurable function such that f = f (−·), and h ∈ L^2_� (λ) is 0 on �_+ when α ≠ 0 .

(b) Let ξ := ^ f ^(φ − ψ ). If α ≠ 0 then �_r 0 � � |ξ(s)| � �_∞

s ξ(u)^2 du � � ds < ∞ , ∀ r > 0, (3.4)

where^0 := 0 .

In this case (X_t )_{t≥ 0} is a continuous (F^{X, ∞}_t )_{t≥ 0}-semimartingale where the martingale component is a Wiener process with parameter σ^2 = (2 πα )^2 and the bounded variation component is an absolutely continuous Gaussian process. In the case X_0 = 0 we may choose α, β, h and f such that the (F^{X, ∞}_t )_{t≥ 0}-canonical decomposition of (X_t )_{t≥ 0} is given by X_t = M_t + A_t , where

M_t = α � � f̃ (t − s) − f̃ (− s) � dW_s and A_t =

�_t 0 � � ^f ĥ(s − u) dW_u � ds. Furthermore, when α ≠ 0 and X_0 = 0 , the law of (^1_{2πα} X_t )_{t∈ [0,T ]} is equivalent to the Wiener measure on C([0, T]) for all T > 0. �

The proof is given in Section 5. Let us note the following: Remark 3.3.

1. The case X_0 = 0 corresponds to ψ = φ . In this case condition (b) is always satisfied since we then have ξ = 0.

2. When f ≡ 1, (a) and (b) reduce to the conditions that φ is absolutely continuous on �_+ with square integrable density and φ and ψ are constant on ( −∞ , 0). Hence by Cherny [2001, Theorem 3.1] an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale is an ( F^{W,∞}_t )_{t≥ 0}-semimartingale if and only if we may choose f ≡ 1.

3. The condition imposed on ξ in (b) is the condition for expansion of filtration in Chaleyat- Maurel and Jeulin [1983, Theoreme I.1.1].

Corollary 3.4. Assume X_0 = 0 . Then (X_t )_{t≥ 0} is a Wiener process if and only if φ = β + α f̃ , for some measurable function f : � → S^1 satisfying f = f (−·) and α, β ∈ � .

The corollary shows that the mapping f → f̃ (up to affine transformations) is onto the space of functions with orthogonal increments (recall the definition on page 1143). Moreover, if f, g : � → S^1 are measurable functions satisfying f = f (−·) and g = g(−·) and f̃ = g̃ λ-a.s. then (3.1) shows that for u ≤ t we have ^1_{[u,t ]}f = ^1_{[u,t ]}g, λ-a.s.

which implies f = g λ-a.s. Thus, we have shown: Remark 3.5. The mapping f → f̃ is one to one and (up to affine transformations) onto the space of functions with orthogonal increments.

For each measurable function f : � → S^1 such that f = f (−·) and for each h ∈ L^2_� (λ) we have �_t 0 ^f ĥ(s) ds = ⟨1_{[0,t ]}, ^f ĥ⟩_{L 2}

� (λ) = ⟨^1[0,t ], (f ĥ)(−·)⟩ L^2_� (λ) (3.5)

= ⟨^1_{[0,t ]}f, ĥ(−·)⟩_L 2_{� (λ)} = ⟨^^1_{[0,t ]}f, h ⟩_L 2_{� (λ)} = � � f̃ (t + s) − f̃ (s)�h(s) ds,

which gives an alternative way of writing the last term in (3.3). In some cases it is of interest that ( X_t )_{t≥ 0} is (F^{W,∞}_t )_{t≥ 0}-adapted. This situation is studied in the next result. We also study the case where ( X_t )_{t≥ 0} is a stationary process, which corresponds to ψ = 0 .

Proposition 3.6. We have

(i) Assume ψ = 0 . Then (X_t )_{t≥ 0} is an (F^{X, ∞}_t )_{t≥ 0}-semimartingale if and only if φ satisfies (a) of Theorem 3.2 and t → α +

�_t 0 h(− s) ds is square integrable on �_+ when α ≠ 0 .

(ii) Assume ψ equals 0 or φ and (X_t )_{t≥ 0} is an (F^{X, ∞}_t )_{t≥ 0}-semimartingale. Then (X_t )_{t≥ 0} is (F^{W,∞}_t )_{t≥ 0}-adapted if and only if we may choose f and h of Theorem 3.2 (a) such that f (a) = lim_{b↓0} J (− a + ib) for λ-a.a. a ∈ � , for some inner function J , and h is 0 on �_+ . In this case there exists a constant c ∈ � such that

φ = β + α f̃ + ( f̃ − c) ∗ g, λ-a.s. (3.6)

where g = h(−·).

According to Beurling [1948] (see also Dym and McKean [1976, page 53]), J : �_+ → � is an inner function if and only if it can be factorized as:

J (z) = Ce^{iαz} exp � 1 πi � 1 + sz s − z

F (ds) � � n ≥ 1

ε_n z_n − z z_n − z

, (3.7)

where C ∈ S^1, α ≥ 0, (z_n )_{n ≥ 1} ⊆ �_+ satisfies � n ≥ 1 ℑ (zn )/(|zn |

2 + 1) < ∞ and ε_n = z_n /z_n or 1 according as |z_n | ≤ 1 or not, and F is a nondecreasing bounded singular function. Thus, a measurable function f : � → S^1 with f = f (−·) satisfies the condition in Proposition 3.6 (ii) if and only if f (a) = lim_{b↓0} J (− a + ib), λ-a.a. a ∈ � , (3.8)

for a function J given by (3.7). If f : � → S^1 is given by f (t) = i sgn(t), then according to Example 3.1, f̃ (t) = − 2(γ + log |t|). Thus this f does not satisfy the condition in Proposition 3.6 (ii). In the next example we illustrate how to obtain ( φ, ψ ) for which ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}- semimartingale or a Wiener process (in its natural filtration). The idea is simply to pick a function f : � → S^1 satisfying f = f (−·) and calculate f̃. Moreover, if one wants ( X_t )_{t≥ 0} to be (F^{W,∞}_t )_{t≥ 0}-adapted one has to make sure that f is given as in (3.8).

Example 3.7. Let (X_t )_{t∈ �} be given by

X_t = � (φ (t − s) − φ (− s)) dW_s , t ∈ � .

(i) If φ is given by φ (t) = ( e^{− t} − 1/2)1_{� +} (t) or φ (t) = log |t| for all t ∈ � , then (X_t )_{t≥ 0} is a Wiener process (in its natural filtration).

(ii) If φ is given by

φ (t) = log |t| +

�_t 0 log � � � s − 1 s � � �ds, t ∈ � ,

then (X_t )_{t≥ 0} is an (F^{X, ∞}_t )_{t≥ 0}-semimartingale.

(i) is a consequence of Corollary 3.4 and Example 3.1 (ii)-(iii). To show (ii) let f (t) = i sgn(t) as in Example 3.1 (iii). According to Theorem 3.2 it is enough to show

^f ĥ(t) = log � � � t − 1 t � � �, t ∈ � , (3.9)

for some h ∈ L^2_� (λ) which is 0 on �_+ . Let h(t) = 1_{[− 1,0]}(t). Due to the fact that ĥ(t) =

1− cos( t)

it +^{sin( t)}_t , we have �_a − a e^{its} ĥ(s)f (s) ds = 2

� � a 0 cos(ts ) − (cos(ts ) cos(s) + sin( ts ) sin( s)) s ds �

= 2 �_a 0 cos(ts ) − cos((t − 1)s) s ds = 2

�_{ta} 0 cos(s) − cos(s(t − 1)/t) s ds → 2 log � � � t − 1 t � � � as a → ∞ , for all t ∈ � \ { 0, 1}. This shows that h/2 satisfies (3.9) and the proof of (ii) is complete. �

As a consequence of Example 3.7 (i) we have the following: Let ( X_t )_{t≥ 0} be the stationary Ornstein-Uhlenbeck process given by

X_t = X_0 −

�_t 0 X_s ds + W_t , t ≥ 0,

where ( W_t )_{t≥ 0} is a standard Wiener process and X_0^D= N (0, 1/2) is independent of ( W_t )_{t≥ 0}. Then ( B_t )_{t≥ 0}, given by

B_t := W_t − 2

�_t 0 X_s ds, t ≥ 0,

is a Wiener process (in its natural filtration). Representations of the Wiener process have been extensively studied by Lévy [1956], Cramér [1961], Hida [1961] and many others. One famous example of such a representation is

B_t = W_t −

�_t 0 1 s W_s ds, t ≥ 0,

see Jeulin and Yor [1990]. Let X_t = � (φ (t − s) − φ (− s)) dW_s for t ∈ � . Then φ has to be continuous on [0 , ∞ ) (in particular bounded on compacts of � ) for ( X_t )_{t≥ 0} to be an ( F^{W,∞}_t )_{t≥ 0}-semimartingale. This is not the case for the ( F^{X, ∞}_t )_{t≥ 0}-semimartingale property. Indeed, Example 3.7 shows that if φ (t) = log |t| then ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-martingale, but φ is unbounded on [0 , 1].

4 Functions with orthogonal increments

In the following we collect some properties of functions with orthogonal increments. Let f : � → � be a function with orthogonal increments. For t ∈ � we have

‖τ_t f − τ_0f ‖^2_L 2_{� (λ)} = ‖τ_t f − τ_{t/2}f ‖^2_L 2_{� (λ)} + ‖τ_{t/2}f − τ_0f ‖^2_L 2_{� (λ)} (4.1)

= 2 ‖τ_{t/2}f − τ_0f ‖^2_L 2_{� (λ)} .

Moreover, since t → ‖ τ_t f − τ_0f ‖^2_{L 2� (λ)} is continuous by Remark 2.1 (recall that f by definition is locally square integrable), equation (4.1) shows that ‖τ_t f − τ_0f ‖^2_{L 2� (λ)} = K |t|, where K := ‖τ_1f − τ_0f ‖^2_{L 2� (λ)} . This implies that ‖τ_t f − τ_u f ‖^2_{L 2� (λ)} = K |t − u| for u, t ∈ � . For a step function h = �_k

j =1 aj 1(t j − 1 ,t j ] define the mapping � h(u) dτ_u f := k� j =1

a_j (τ_{t j} f − τ_{t j − 1} f ).

Then v → ( � h(u) dτ_u f )(v) is square integrable and √ K ‖h‖_L 2_{� (λ)} = ‖ � h(u) dτ_u f ‖_L 2_{� (λ)} .

Hence, by standard arguments we can define � h(u) dτ_u f through the above isometry for all h ∈ L^2_� (λ) such that h → � h(u) dτ_u f is a linear isometry from L^2_� (λ) into L^2_� (λ).

Assume that g : �^2 → � is a measurable function, and μ is a finite measure such that � � g(u, v)^2 du μ (dv) < ∞ .

Then ( v, s) → ( � g(u, v) dτ_u f )(s) can be chosen measurable and in this case we have � � �

g(u, v) dτ_u f � μ(dv) =

� � �

g(u, v) μ(dv) � dτ_u f. (4.2)

Lemma 4.1. Let g : � → � be given by

g(t) = � α + �_t 0 h(v) dv t ≥ 0 0 t < 0, where α ∈ � and h ∈ L^2_� (λ). Then, g(t − ·) − g(−·) ∈ L^2_� (λ) for all t ∈ � . Let f be a function with orthogonal increments.

(i) Let φ be a measurable function. Then there exists a constant β ∈ � such that

φ (t) = β + αf (t) +

�_∞ 0 � f (t − v) − f (− v) � h(v) dv, λ-a.a. t ∈ � , (4.3)

if and only if for all t ∈ � we have

τ_t φ − τ_0φ = � (g(t − u) − g(− u)) dτ_u f, λ -a.s. (4.4)

(ii) Assume g is square integrable. Then there exists a β ∈ � such that λ-a.s. � g(− u) dτ_u f = β + αf (−·) +

�_∞ 0 � f (− u − ·) − f (− u) � h(u) du. (4.5)

Proof. From Jensen’s inequality and Tonelli’s Theorem it follows that � � �_{t− s} − s h(u) du

�_2

ds ≤ t

� � �_{t− s} − s h(u)^2 du � ds = t^2 � h(s)^2 du < ∞ ,

which shows g(t − ·) − g(−·) ∈ L^2_� (λ). (i): We may and do assume that h is 0 on (−∞ , 0). For t, u ∈ � we have

g(t − u) − g(− u) = � α 1_{(0,t ]}(u) +

�_{t− u} − u h(v) dv, t ≥ 0, − α 1_{(t, 0]}(u) −

�_{− u}

t− u h(v) dv, t < 0,

which by (4.2) implies that for t ∈ � we have λ-a.s. � (g(t − u) − g(− u)) dτ_u f = α (τ_t f − τ_0f ) + � (τ_{t− v}f − τ_{− v}f ) h(v) dv. (4.6)

First assume (4.4) is satisfied. For t ∈ � it follows from (4.6) that

τ_t φ − τ_0φ = α (τ_t f − τ_0f ) + � (τ_{t− v}f − τ_{− v}f ) h(v) dv, λ-a.s.

Hence, by Tonelli’s Theorem there exists a sequence ( s_n )_{n ≥ 1} such that s_n → 0 and such that φ (t − s_n ) = φ (− s_n ) − αf (s_n ) + αf (t − s_n ) (4.7) + � (f (t − v − s_n ) − f (− v − s_n )) h(v) dv, ∀n ≥ 1, λ-a.a. t ∈ � .

From Remark 2.1 it follows that φ (· − s_n ) − φ (·) and f (· − s_n ) − f (·) converge to 0 in L^2_� (λ) and � � f (t − v − s_n ) − f (− v − s_n ) � h(v) dv → � [f (t − v) − f (− v)]h(v) dv, t ∈ � .

Thus we obtain (4.5) by letting n tend to infinity in (4.7). Assume conversely (4.3) is satisfied. For t ∈ � we have

τ_t φ − τ_0φ = α (τ_t f − τ_0f ) + � (τ_{t− v}f − τ_{− v}f ) h(v) dv, λ-a.s.

and hence we obtain (4.4) from (4.6). (ii): Assume in addition that g ∈ L^2_� (λ). By approximation we may assume h has compact support. Choose T > 0 such that h is 0 outside (0 , T). Since g ∈ L^2_� (λ), it follows that α = −

�_T 0 h(s) ds and therefore g is on the form

g(t) = − 1_{[0,T ]}(t)

�_T t h(s) ds, t ∈ � .

From (4.2) it follows that � g(− u) dτ_u f =

� � � − 1_{(− u,T ]}(s)1_{[0,T ]}(− u)h(s) ds � dτ_u f = � � � − 1_{(− u,T ]}(s)1_{[0,T ]}(− u)h(s) dτ_u f � ds =

�_T 0 − h(s)

� �_0 − s dτ_u f � ds = �_T 0 − h(s) (τ_0f − τ_{− s} f ) ds = ατ_0f +

�_T 0 h(s)τ_{− s} f ds.

Thus, if we let β :=

�_T 0 h(s)f (− s) ds, then � g(− u) dτ_u f = β + αf (−·) + � h(s) (f (− s − ·) − f (− s)) ds,

which completes the proof.

Let f : � → � be a function with orthogonal increments and let ( B_t )_{t∈ �} be given by

B_t = � (f (t − s) − f (− s)) dW_s , t ∈ � .

Then it follows that ( B_t )_{t∈ �} is a Wiener process and � q(s) dB_s =

� � � q(u) dτ_u f � (s) dW_s , ∀ q ∈ L^2_� (λ). (4.8)

This is obvious when q is a step function and hence by approximation it follows that (4.8) is true for all q ∈ L^2_� (λ). Let f : � → S^1 denote a measurable function satisfying f = f (−·). Then � q(u) dτ_u f̃ = �(^qf )(−·), ∀ q ∈ L^2_� (λ). (4.9)

To see this assume first q is a step function on the form

�_k

j =1 aj 1(t j − 1 ,t j ]. Then � � q(u) dτ_u f̃ � (s) = k� j =1

a_j � f̃ (t_j − s) − f̃ (t_{j − 1} − s) �

= � k�

j =1

a_j e^{it j u} − e^{it j − 1 u} iu f (u)e^{− isu} du = � ^q(u)f (u)e^{− isu} du = �(^qf )(− s),

which shows that (4.9) is valid for step functions and hence the result follows for general q ∈ L^2_� (λ) by approximation. Thus, if ( B_t )_{t∈ �} is given by B_t = � (f̃ (t − s) − f̃ (− s)) dW_s for all t ∈ � , then by combining (4.8) and (4.9) we have � q(s) dB_s = � �(^qf )(− s) dW_s , ∀ q ∈ L2_� (λ). (4.10)

Lemma 4.2. Let f : � → S^1 be a measurable function such that f = f (−·). Then f̃ is constant on (−∞ , 0) if and only if there exists an inner function J such that

f (a) = lim_{b↓0} J (− a + ib), λ-a.a. a ∈ � . (4.11)

Proof. Assume f̃ is constant on ( −∞ , 0) and let t ≥ 0 be given. We have ^^1_{[0,t ]}f (− s) = 0 for λ-a.a. s ∈ (−∞ , 0) due to the fact that ^^1_{[0,t ]}f (− s) = f̃ (s) − f̃ (− t + s) for λ-a.a. s ∈ � and hence ^1_{[0,t ]}f ∈ �^2_+ . Moreover, since ^1_{[0,t ]}f has outer part ^1_{[0,t ]} we conclude that f (a) = lim_{b↓0} J (a + ib) for λ-a.a. a ∈ � and an inner function J : �_+ → � .

Assume conversely (4.11) is satisfied and fix t ≥ 0. Let G ∈ �^2_+ be the Hardy function induced by 1_{[0,t ]}. Since J is an inner function, we obtain GJ ∈ �^2_+ and thus

G(z)J (z) = � e^{itz} κ(t) dt, z ∈ �_+ ,

for some κ ∈ L^2_� (λ) which is 0 on ( −∞ , 0). The remark just below (2.1) shows

�1_{[0,t ]}(a)f (a) = lim_{b↓0} G(a + ib)J (a + ib) = κ̂(a), λ-a.a. a ∈ � ,

which implies f̃ (s) − f̃ (− t + s) = ^^1_{[0,t ]}f (− s) = κ̂(− s) = 2 πk (s),

for λ-a.a. s ∈ � . Hence, we conclude that f̃ is constant on ( −∞ , 0) λ-a.s.

5 Proofs of main results

Let ( X_t )_{t∈ �} denote a stationary Gaussian process. Following Doob [1990], ( X_t )_{t∈ �} is called deterministic if sp{ X_t : t ∈ � } equals sp{ X_t : t ≤ 0} and when this is not the case ( X_t )_{t∈ �} is called regular. Let φ ∈ L^2_� (λ) and let ( X_t )_{t∈ �} be given by X_t = � φ (t − s) dW_s for all t ∈ � . By the Plancherel identity ( X_t )_{t∈ �} has spectral measure given by (2 π)^{− 1}|φ̂ |^2 dλ. Thus according to Szegö’s Alternative (see Dym and McKean [1976, page 84]), ( X_t )_{t∈ �} is regular if and only if � log|φ̂ |(u) 1 + u^2 du > −∞ . (5.1)

In this case the remote past ∩_{t< 0}σ(X_s : s < t ) is trivial and by Karhunen [1950, Satz 5] (or Doob [1990, Chapter XII, Theorem 5.3]) we have

X_t =

�_t −∞ g(t − s) dB_s , t ∈ � and ( F^{X, ∞}_t )_{t≥ 0} = ( F^{B, ∞}_t )_{t≥ 0},

for some Wiener process ( B_t )_{t∈ �} and some g ∈ L^2_� (λ). However, we need the following explicit construction of ( B_t )_{t∈ �} .

Lemma 5.1 (Main Lemma) . Let φ ∈ L^2_� (λ) and (X_t )_{t∈ �} be given by X_t = � φ (t − s) dW_s for t ∈ � , where (W_t )_{t∈ �} is a Wiener process.

(i) If (X_t )_{t∈ �} is a regular process then there exist a measurable function f : � → S^1 with f = f (−·), a function g ∈ L^2_� (λ) which is 0 on (−∞ , 0) such that we have the following: First of all (B_t )_{t∈ �} defined by

B_t = � � f̃ (t − s) − f̃ (− s) � dW_s , t ∈ � , (5.2)

is a Wiener process. Moreover,

X_t =

�_t −∞ g(t − s) dB_s , t ∈ � , (5.3)

and finally (F^{X, ∞}_t )_{t≥ 0} = ( F^{B, ∞}_t )_{t≥ 0}.

(ii) If φ is 0 on (−∞ , 0) and φ ≠ 0 , then (X_t )_{t∈ �} is regular and the above f is given by f (a) = lim_{b↓0} J (− a + ib) for λ-a.a. a ∈ � , where J is an inner function.

Proof. (i): Due to the fact that |φ̂ |^2 is a positive integrable function which satisfies (5.1), Dym and McKean [1976, Chapter 2, Section 7, Exercise 4] shows there is an outer Hardy function H^o ∈ �^2_+ such that |φ̂ |^2 = |ĥ^0|^2 and ĥ^o = ĥ^o(−·), where h^0 is given by (2.1). Additionally, H^o is given by H^o(z) = exp � 1 πi � uz + 1 u − z log|φ̂ |(u) u^2 + 1 du � , z ∈ �_+ .

Define f : � → S^1 by f = φ̂/ ĥ^o and note that f = f (−·). Let ( B_t )_{t∈ �} be given by (5.2), then (B_t )_{t∈ �} is a Wiener process due to the fact that f̃ has orthogonal increments. Moreover, by definition of f we have �τ_t h^of = ^τ_t φ , which shows that ^( �τ_t h_of ) = 2 πτ_t φ (−·). (5.4)

Thus if we let g := (2 π)^{− 1}h^o, then g ∈ L^2_� (λ) and (5.3) follows by (4.10) and (5.4). Furthermore, since H^o is an outer function we have ( F^{X, ∞}_t )_{t≥ 0} = ( F^{B, ∞}_t )_{t≥ 0} according to page 95 in Dym and McKean [1976]. (ii): Assume φ ∈ L^2_� (λ) is 0 on ( −∞ , 0) and φ ≠ 0. By definition ( X_t )_{t∈ �} is clearly regular. Let h^o, f and ( B_t )_{t∈ �} be given as above (recall that f = f (−·)). It follows by Dym and McKean [1976, page 37] that J := H/H^o is an inner function and by definition of J , f (− a) = lim_{b↓0} J (a + ib) for λ-a.a. a ∈ � , which completes the proof.

The following lemma is related to Hardy and Littlewood [1928, Theorem 24] and hence the proof is omitted. Lemma 5.2. Let κ be a locally integrable function and let Δ_t κ denote the function

s → t^{− 1}(κ(t + s) − κ(s)), t > 0.

Then (Δ_t κ)_{t> 0} is bounded in L^2_� (λ) if and only if κ is absolutely continuous with square integrable density.

The following simple, but nevertheless useful, lemma is inspired by Masani [1972] and Cheridito [2004]. Lemma 5.3. Let (X_t )_{t∈ �} denote a continuous and centered Gaussian process with stationary increments. Then there exists a continuous, stationary and centered Gaussian process (Y_t )_{t∈ �} , satisfying Y_t = X_t − e^{− t}

�_t −∞ e^s X_s ds and X_t − X_0 = Y_t − Y_0 +

�_t 0 Y_s ds,

for all t ∈ � , and F^{X, ∞}_t = σ(X_0) ∨ F^{Y,∞}_t for all t ≥ 0. Furthermore, if (X_t )_{t∈ �} is given by (3.2) ,

κ(t) :=

�_0 −∞ e^u � φ (t) − φ (u + t) � du, t ∈ � , (5.5)

is a well-defined square integrable function and (Y_t )_{t∈ �} is given by Y_t = � κ(t − s) dW_s for t ∈ � .

The proof is simple and hence omitted. Remark 5.4. A càdlàg Gaussian process ( X_t )_{t≥ 0} with stationary increments has P -a.s. continuous sample paths. Indeed, this follows from Adler [1990, Theorem 3.6] since P (Δ X_t = 0) = 1 for all t ≥ 0 by the stationary increments.

Proof of Theorem 3.2. If: Assume (a) and (b) are satisfied. We show that ( X_t )_{t≥ 0} is an (F^{X, ∞}_t )_{t≥ 0}-semimartingale. (1): The case α ≠ 0 . Let ( B_t )_{t∈ �} denote the Wiener process given by

B_t := � � f̃ (t − s) − f̃ (− s) � dW_s , t ∈ � ,

and let g : � → � be given by

g(t) = � α + �_t 0 h(− u) du t ≥ 0 0 t < 0.

Since φ satisfies (3.3) it follows by (3.5), Lemma 4.1 and (4.8) that

X_t − X_0 = � (τ_t φ (s) − τ_0φ (s)) dW_s = � (g(t − s) − g(− s)) dB_s , t ∈ � .

From Cherny [2001, Theorem 3.1] it follows that ( X_t − X_0)_{t≥ 0} is an ( F^{B, ∞}_t )_{t≥ 0}-semimartingale with martingale component ( αB_t )_{t≥ 0}. Let k = (2 π)^{− 2}ξ ∈ L^2_� (λ) (ξ is given in (b)). Since ^k̂f = φ − ψ it follows by (4.10) that X_0 = � k(s) dB_s . Moreover, since k satisfies (3.4) it follows from Chaleyat-Maurel and Jeulin [1983, Theoreme I.1.1] that ( B_t )_{t≥ 0} is an ( F^B_t ∨ σ(

�_∞ 0 k(s) dB_s ))_{t≥ 0}- semimartingale and since F^B_t ∨ σ(

�_∞ 0 k(s) dB_s ) ∨ σ(B_u : u ≤ 0) = F^{B, ∞}_t ∨ σ(X_0), ( B_t )_{t≥ 0} is also an ( F^{B, ∞}_t ∨ σ(X_0))_{t≥ 0}-semimartingale. Thus we conclude that ( X_t )_{t≥ 0} is an ( F^{B, ∞}_t ∨ σ(X_0))_{t≥ 0}- semimartingale and hence also an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale, since F^{X, ∞}_t ⊆ F^{B, ∞}_t ∨ σ(X_0) for all t ≥ 0. (2): The case α = 0 . Let us argue as in Cherny [2001, page 8]. Since φ is absolutely continuous with square integrable density, Lemma 5.2 implies

E [(X_t − X_u )^2] = � � φ (t − s) − φ (u − s)

�_2

ds ≤ K |t − u|^2, t, u ≥ 0, (5.6)

for some constant K ∈ �_+ . The Kolmogorov- C̆entsov Theorem shows that ( X_t )_{t≥ 0} has a continuous modification and from (5.6) it follows that this modification is of integrable variation. Hence ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale. Only if: Assume conversely that ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale and hence continuous, according to Remark 5.4. (3): First assume (in addition) that ( X_t )_{t≥ 0} is of unbounded variation. Let κ and ( Y_t )_{t∈ �} be given as in Lemma 5.3. Since

Y_t = X_t − e^{− t}

�_t −∞ e^s X_s ds, t ≥ 0, and ( F^{Y,∞}_t ∨ σ(X_0))_{t≥ 0} = ( F^{X, ∞}_t )_{t≥ 0}, (5.7) we deduce that ( Y_t )_{t≥ 0} is an ( F^{Y,∞}_t )_{t≥ 0}-semimartingale of unbounded variation. This implies that F^{Y,∞}_0 ≠ F^{Y,∞}_∞ and we conclude that ( Y_t )_{t∈ �} is regular. Now choose f and g according to Lemma 5.1 (with ( φ, X ) replaced by ( κ, Y )) and let ( B_t )_{t∈ �} be given as in the lemma such that

Y_t =

�_t −∞ g(t − s) dB_s , t ∈ � , and ( F^{Y,∞}_t )_{t≥ 0} = ( F^{B, ∞}_t )_{t≥ 0}.

Since (Y_t )_{t≥ 0} is an ( F^{B, ∞}_t )_{t≥ 0}-semimartingale, Knight [1992, Theorem 6.5] shows that

g(t) = α +

�_t 0 ζ(u) du, t ≥ 0,

for some α ∈ � \ { 0} and some ζ ∈ L^2_� (λ) and the ( F^{B, ∞}_t )_{t≥ 0}-martingale component of ( Y_t )_{t≥ 0} is (αB_t )_{t≥ 0}. Equation (5.7) actually shows that ( Y_t )_{t≥ 0} is an ( F^{Y,∞}_t ∨ σ(X_0))_{t≥ 0}-semimartingale, and since ( F^{Y,∞}_t )_{t≥ 0} = ( F^{B, ∞}_t )_{t≥ 0} it follows that ( Y_t )_{t≥ 0} is an ( F^{B, ∞}_t ∨ σ(X_0))_{t≥ 0}-semimartingale. Hence ( B_t )_{t≥ 0} is an ( F^{B, ∞}_t ∨ σ(X_0))_{t≥ 0}-semimartingale. As in (1) we have X_0 = � k(s) dB_s where k := (2 π)^{− 2}ξ. Since ( B_t )_{t≥ 0} is an ( F^{B, ∞}_t ∨ σ(X_0))_{t≥ 0}-semimartingale and F^B_t ∨ σ(

�_∞ 0 k(s) dB_s ) ⊆ F^{B, ∞}_t ∨ σ(X_0), ( B_t )_{t≥ 0} is also an ( F^B_t ∨ σ(

�_∞ 0 k(s) dB_s ))_{t≥ 0}-semimartingale. Thus according to Chaleyat-Maurel and Jeulin [1983, Theoreme I.1.1] k satisfies (3.4) which shows condition (b). From this theorem it follows that the bounded variation component is an absolutely continuous Gaussian process and the martingale component is a Wiener process with parameter σ^2 = (2πα )^2. Let η := ζ + g and let ρ be given by

ρ(t) = α +

�_t 0 η(u) du, t ≥ 0, and ρ(t) = 0 , t < 0.

For all t ∈ � we have

X_t − X_0 = Y_t − Y_0 −

�_t 0 Y_u du = Y_t − Y_0 −

� � �_t 0 g(u − s) du � dB_s = � � g(t − s) − g(− s) +

�_{t− s} − s g(u) du � dB_s = � (ρ(t − s) − ρ(− s)) dB_s ,

where the second equality follows from Protter [2004, Chapter IV, Theorem 65]. Thus from (4.8) we have τ_t φ − τ_0φ = � (ρ(t − u) − ρ(− u)) dτ_u f̃, λ -a.s. ∀t ∈ � ,

which by Lemma 4.1 (i) implies

φ (t) = β + α f̃ (t) +

�_∞ 0 � f̃ (t − v) − f̃ (− v) � η(v) dv, λ-a.a. t ∈ � ,

for some β ∈ � . We obtain (3.3) (with h = η(−·)) by (3.5). This completes the proof of (a). Let us study the canonical decomposition of ( X_t )_{t≥ 0} in the case X_0 = 0. For t ≥ 0 we have

X_t − X_0 = αB_t +

� � �_{t− s} − s ^f ĥ(u) du � dW_s = αB_t +

�_t 0 � � ^f ĥ(s − u) dW_u � ds, (5.8)

and by (4.10) we have � ^f ĥ(s − u) dW_u = � h(u − s) dB_u . (5.9)

Recall that ( F^{X, ∞}_t )_{t≥ 0} = ( F^{B, ∞}_t )_{t≥ 0}. From (5.9) it follows that the last term of (5.8) is (F^{B, ∞}_t )_{t≥ 0}-adapted and hence the canonical ( F^{X, ∞}_t )_{t≥ 0}-decomposition of ( X_t )_{t≥ 0} is given by (5.8). Furthermore, by combining (5.8) and (5.9), Cheridito [2004, Proposition 3.7] shows that the law of (^1_{2πα} X_t )_{t∈ [0,T ]} is equivalent to the Wiener measure on C([0, T]) for all T > 0, when X_0 = 0. (4) : Assume ( X_t )_{t≥ 0} is of bounded variation and therefore of integrable variation (see Stricker [1983]). By Lemma 5.2 we conclude that φ is absolutely continuous with square integrable density and hereby on the form (3.3) with α = 0 and f ≡ 1. This completes the proof.

Proof of Proposition 3.6. To prove (ii) assume ψ equals 0 or φ and ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}- semimartingale. Only if : Assume ( X_t )_{t≥ 0} is (F^{W,∞}_t )_{t≥ 0}-adapted. By studying ( X_t − X_0)_{t≥ 0} we may and do assume that ψ = φ . Furthermore, it follows that φ is constant on ( −∞ , 0) since ( X_t )_{t≥ 0} is (F^{W,∞}_t )_{t≥ 0}-adapted. Let us first assume that ( X_t )_{t≥ 0} is of bounded variation. By arguing as in (4) in the proof of Theorem 3.2 it follows that φ is on the form (3.3) where h is 0 on �_+ and f ≡ 1 (these h and f satisfies the additional conditions in (ii)). Second assume ( X_t )_{t≥ 0} is of unbounded variation. Proceed as in (3) in the proof of Theorem 3.2. Since φ is constant on (−∞ , 0) it follows by (5.5) that κ is 0 on (−∞ , 0). Thus according to Lemma 5.1 (ii), f is given by f (a) = lim_{b↓0} J (− a + ib) for some inner function J and the proof of the only if part is complete. If : According to Lemma 4.2, f̃ is constant on ( −∞ , 0) λ-a.s. and from (3.5) it follows that (recall that h is 0 on �_+ ) �_t 0 ^f ĥ(s) ds =

�_0 −∞ � f̃ (t + s) − f̃ (s) � h(s) ds, t ∈ � .

This shows that φ is constant on ( −∞ , 0) λ-a.s. and hence ( X_t )_{t≥ 0} is (F^{W,∞}_t )_{t≥ 0}-adapted since ψ equals 0 or φ . To prove (3.6) assume that φ is represented as in (3.3) with f (a) = lim_{b↓0} J (− a + b) for λ-a.a. a ∈ � for some inner function J and h is 0 on �_+ . Lemma 4.2 shows that there exists a constant c ∈ � such that f̃ = c λ-a.s. on ( −∞ , 0). Let g := h(−·). By (3.5) we have �_t 0 ^f ĥ(s) ds = � � f̃ (t − s) − f̃ (− s) � g(s) ds = � � f̃ (t − s) − c � g(s) ds = � (f̃ − c) ∗ g � (t),

where the third equality follows from the fact that g only differs from 0 on �_+ and on this set f̃ (−·) equals c. This shows (3.6).

To show (i) assume ψ = 0 . Only if : We may and do assume that ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale of unbounded variation. We have to show that we can decompose φ as in (a) of Theorem 3.2 where α + �_· 0 h(− s) ds is square integrable on �_+ . However, this follows as in (3) in the proof of Theorem 3.2 (without referring to Lemma 5.3).

If : Assume (a) of Theorem 3.2 is satisfied with α, β, h and f and that g defined by

g(t) = � α + �_t 0 h(− v) dv t ≥ 0 0 t < 0, is square integrable. From Lemma 4.1 (ii) it follows that there exists a β̃ ∈ � such that � g(− u) dτ_u f̃ = β̃ + α f̃ (−·) + � � f̃ (− v − ·) − f̃ (− v)�h(− v) dv, λ-a.s.

which by (3.3) and (3.5) implies � g(− u) dτ_u f̃ = β̃ − β + φ (−·), λ-a.s.

The square integrability of φ shows β̃ = β and by (4.9) it follows that ^φ̂f = (2 π)^2g(−·). Since g(−·) is zero on �_+ this shows that condition (b) in Theorem 3.2 is satisfied and hence it follows by Theorem 3.2 that ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale.

6 The spectral measure of stationary semimartingales

For t ∈ � , let X_t =

�_t −∞ φ (t − s) dW_s where φ ∈ L^2_� (λ). In this section we use Knight [1992, Theorem 6.5] to give a condition on the Fourier transform of φ for (X_t )_{t≥ 0} to be an ( F^{W,∞}_t )_{t≥ 0}- semimartingale. In the case where ( X_t )_{t≥ 0} is a Markov process we use this to provide a simple condition on φ̂ for (X_t )_{t≥ 0} to be an ( F^{W,∞}_t )_{t≥ 0}-semimartingale. In the last part of this section we study a general stationary Gaussian process ( X_t )_{t∈ �} . As in Jeulin and Yor [1993] we provide conditions on the spectral measure of ( X_t )_{t∈ �} for (X_t )_{t≥ 0} to be an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale. Proposition 6.1. Let (X_t )_{t∈ �} be given by X_t = � φ (t − s) dW_s , where φ ∈ L^2_� (λ) and (W_t )_{t∈ �} is a Wiener process. Then (X_t )_{t≥ 0} is an (F^{W,∞}_t )_{t≥ 0}-semimartingale if and only if

φ̂ (t) = α + ĥ(t) 1 − it

, λ-a.a. t ∈ � ,

for some α ∈ � and some h ∈ L^2_� (λ) which is 0 on (−∞ , 0).

The result follows directly from Knight [1992, Theorem 6.5], once we have shown the following technical result. Lemma 6.2. Let φ ∈ L^2_� (λ). Then φ is on the form

φ (t) = � α + �_t 0 h(s) ds t ≥ 0 0 t < 0,

(6.1)

for some α ∈ � and some h ∈ L^2_� (λ) if and only if

φ̂ (t) = c + k̂(t) 1 − it

, (6.2)

for some c ∈ � and some k ∈ L^2_� (λ) which is 0 on (−∞ , 0).

Proof. Assume φ satisfies (6.1). By square integrability of φ we can find a sequence ( a_n )_{n ≥ 1} converging to infinity such that φ (a_n ) converges to 0. For all n ≥ 1 we have �_{a n} 0 φ (s)e^{its} ds =

�_{a n} 0 αe^{its} ds +

�_{a n} 0 � �_s 0 h(u) du � e^{its} ds = α (e^{ia n t} − 1) it + �_{a n} 0 h(u)

� �_{a n} u e^{its} ds � du = α (e^{ia n t} − 1) it + �_{a n} 0 h(u) � e^{ia n t} − e^{iut} it � du = 1 it � e^{ia n t} � α + �_{a n} 0 h(u)du � − α −

�_{a n} 0 h(u)e^{itu} du �

= 1 it � e^{ia n t} φ (a_n ) − α −

�_{a n} 0 h(u)e^{itu} du � . Hence by letting n tend to infinity it follows that ^ φ (t) = − (it )^{− 1}(α + ĥ(t)) and we obtain (6.2). Assume conversely that (6.2) is satisfied and let e(t) := e^{− t} 1_{� +} (t) for t ∈ � . We have

φ̂ (t) = c + k̂ 1 − it

= cê(t) + k̂(t)ê(t). (6.3)

Note that k ∗e is square integrable and �k ∗ e = k̂ê. Thus from (6.3) it follows that φ = ce+ k ∗e λa.s. This shows in particular that φ is 0 on (−∞ , 0) and k(t)− k∗e(t) = ce(t)+ k(t)− φ (t) =: f (t), which implies that h(t) − h(0) = f (t) − f (0) −

�_t 0 f (s) ds,

and hence φ (t) = � φ (0) +

�_t 0 (φ (s) − k(s)) ds t ≥ 0 0 t < 0.

This completes the proof of (6.1).

Let ( X_t )_{t∈ �} be given by X_t =

�_t −∞ φ (t − s) dW_s for some φ ∈ L^2_� (λ). Below we characterize when ( X_t )_{t≥ 0} is an ( F^X_t )_{t≥ 0}-Markov process by means of two constants and an inner function. Moreover, we provide a simple condition on the inner function for ( X_t )_{t≥ 0} to be an ( F^{W,∞}_t )_{t≥ 0}- semimartingale. Finally, this condition is used to construct a rather large class of φ ’s for which (X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale but not an ( F^{W,∞}_t )_{t≥ 0}-semimartingale. Cherny [2001, Example 3.4] constructs a φ for which ( X_t )_{t∈ �} given by (3.2) (with ψ = φ ) is an ( F^X_t )_{t≥ 0}-Wiener process but not an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale.

Proposition 6.3. Let (X_t )_{t∈ �} be given by X_t = � φ (t − s) dW_s , for t ∈ � , where φ ∈ L^2_� (λ) is non-trivial and 0 on (−∞ , 0).

(i) (X_t )_{t≥ 0} is an (F^X_t )_{t≥ 0}-Markov process if and only if φ is given by

φ̂ (t) = cj (t) θ − it

, t ∈ � , (6.4) where J is an inner function satisfying J (z) = J (− z), j (a) = lim_{b↓0} J (a + ib) and c, θ > 0. In this case (X_t )_{t≥ 0} is an (F^{X, ∞}_t )_{t≥ 0}-semimartingale, and an (F^{W,∞}_t )_{t≥ 0}-semimartingale if and only if J − α ∈ �^2_+ for some α ∈ {− 1, 1}.

(ii) In particular, let φ be given by (6.4) , where J is a singular inner function, i.e. on the form

J (z) = exp

� − 1 πi � sz + 1 s − z 1 1 + s^2

F (ds) � , z ∈ �_+ ,

where F is a singular measure which integrates s → (1+ s^2)^{− 1}, and assume F is symmetric, concentrated on �, (F ({ k}))_{k∈ �} is bounded and � k∈ � F ({ k})

2 = ∞ . Then (X_t )_{t≥ 0} is an (F^X_t )_{t≥ 0}-Markov process, an (F^{X, ∞}_t )_{t≥ 0}-semimartingale and (F^{W,∞}_t )_{t≥ 0}-adapted, but not an (F^{W,∞}_t )_{t≥ 0}-semimartingale.

Proof. Assume ( X_t )_{t≥ 0} is an ( F^X_t )_{t≥ 0}-Markov process and let J denote the inner part of the Hardy function induced by φ . Note that J (z) = J (− z). Since ( X_t )_{t≥ 0} is an L^2(P )-continuous, centered Gaussian ( F^X_t )_{t≥ 0}-Markov process it follows by Doob [1942, Theorem 1.1] that ( X_t )_{t≥ 0} is an Ornstein-Uhlenbeck process and hence

|φ̂ (t)|^2 = c θ + t^2

, λ-a.a. t ∈ � ,

for some θ, c > 0. This implies that the outer part of ^ φ is z → c/(θ− iz ) and thus φ satisfies (6.4). Assume conversely that φ is given by (6.4). It is readily seen that φ is a real function which is 0 on (−∞ , 0). Moreover, since |φ̂ |^2 = c^2/(θ^2 + t^2) it follows that ( X_t )_{t≥ 0} is an Ornstein-Uhlenbeck process and hence an ( F^X_t )_{t≥ 0}-Markov process and an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale. According to Proposition 6.1, ( X_t )_{t≥ 0} is an ( F^{W,∞}_t )_{t≥ 0}-semimartingale if and only if

φ̂ (t) = α + ĥ(t) θ − it

, λ-a.a. t ∈ � ,

for some α ∈ � and h ∈ L^2_� (λ) which is 0 on ( −∞ , 0), which by (6.4) is equivalent to J − α/c = H/c, where H is the Hardy function induced by h. This completes the proof of (i). To prove (ii), note first that J (z) = J (− z) since F is symmetric. Moreover,

|J (a + ib)| = exp

� � − b π((s − a)^2 + b^2)

F (ds) � . If f : � → � is a bounded measurable function then f ∈ L^2_� (λ) if and only if e^f − 1 ∈ L^2_� (λ). We will use this on f (a) := � − b π((s − a)^2 + b^2)

F (ds), a ∈ � .

The function f is bounded since k → F ({ k}) is bounded. Moreover, f /∈ L^2_� (λ) since � |f (a)|^2 da = � b π �_2 � � �

j ∈ �

F ({ j }) (j − a)^2 + b^2

�_2 da

≥ � b π �_2 � �

j ∈ �

� F ({ j })

(j − a)^2 + b^2

�_2

da = � b π �_2 �

j ∈ � � � F ({ j }) (j − a)^2 + b^2

�_2 da

= � b π �_2 �

j ∈ � � � F ({ j }) a^2 + b^2

�_2 da = � b π �_2 � � 1 a^2 + b^2

�_2 da � j ∈ �

[F ({ j })]^2 = ∞ ,

where the first inequality follows from the fact that the terms in the sum are positive. It follows that e^f − 1 /∈ L^2_� (λ). Let α ∈ {− 1, 1}. Then

|J (a + ib) − α | ≥ || J (a + ib)| − 1| = e^{f (a )} − 1,

which shows that J − α /∈ �^2_+ and hence ( X_t )_{t≥ 0} is not an ( F^{W,∞}_t )_{t≥ 0}-semimartingale.

Let ( X_t )_{t∈ �} denote an L^2(P )-continuous centered Gaussian process. Recall that the symmetric finite measure μ satisfying

E [X_t X_u ] = � e^{i(t− u)s} μ(ds), ∀ t, u ∈ � ,

is called the spectral measure of ( X_t )_{t∈ �} . The proof of the next result is quite similar to the proof of Jeulin and Yor [1993, Proposition 19].

Proposition 6.4. Let (X_t )_{t∈ �} be an L^2(P )-continuous stationary centered Gaussian process with spectral measure μ = μ_s + f dλ (μ_s is the singular part of μ). Then (X_t )_{t≥ 0} is an (F^{X, ∞}_t )_{t≥ 0}- semimartingale if and only if � t^2 μ_s (dt) < ∞ and

f (t) =

|α + ĥ(t)|^2 1 + t^2

, λ-a.a. t ∈ � ,

for some α ∈ � and some h ∈ L^2_� (λ) which is 0 on (−∞ , 0) when α ≠ 0 . Moreover, (X_t )_{t≥ 0} is of bounded variation if and only if α = 0 .

Proposition 6.4 extends the well-known fact that an L^2(P )-continuous stationary Gaussian process is of bounded variation if and only if � t^2 μ(dt) < ∞ .

Proof of Proposition 6.4. Only if: If (X_t )_{t≥ 0} is of bounded variation then � t^2 μ(dt) < ∞ and therefore μ is on the stated form. Thus, we may and do assume ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}- semimartingale of unbounded variation. It follows that ( X_t )_{t∈ �} is a regular process and hence it can be decomposed as (see e.g. Doob [1990])

X_t = V_t +

�_t −∞ φ (t − s) dW_s , t ∈ � , where ( W_t )_{t∈ �} is a Wiener process which is independent of ( V_t )_{t∈ �} and W_r − W_s is F^{X, ∞}_t - measurable for s ≤ r ≤ t. The process ( V_t )_{t∈ �} is stationary Gaussian and V_t is F^{X, ∞}_{−∞} -measurable for all t ∈ � , where F^{X, ∞}_{−∞} := � t∈ �

F^{X, ∞}_t .

Moreover, ( V_t )_{t∈ �} respectively ( X_t − V_t )_{t∈ �} has spectral measure μ_s respectively f dλ. For 0 ≤ u ≤ t we have

E [|V_t − V_u |] = E [|E [V_t − V_u |F^{V,∞}_u ]|] = E [|E [X_t − X_u |F^{V,∞}_u ]|] ≤ E [|E [X_t − X_u |F^{X, ∞}_u ]|],

which shows that ( V_t )_{t≥ 0} is of integrable variation and hence � t^2 μ_s (dt) < ∞ . The fact that (V_t )_{t≥ 0} is (F^{X, ∞}_t )_{t≥ 0}-adapted and of bounded variation implies that � � t −∞ φ (t − s) dW_s � t≥ 0

is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale and therefore also an ( F^{W,∞}_t )_{t≥ 0}-semimartingale. Thus, by Proposition 6.1 we conclude that

f (t) = |φ̂ (t)|^2 =

|α + ĥ(t)|^2 1 + t^2

, λ-a.a. t ∈ � ,

for some α ∈ � and some h ∈ L^2_� (λ) which is 0 on ( −∞ , 0). If : If � t^2 μ(dt) < ∞ , then ( X_t )_{t≥ 0} is of bounded variation and hence an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale. Thus, we may and do assume � t^2f (t) dt = ∞ . We show that ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale by constructing a process ( Z_t )_{t∈ �} which equals ( X_t )_{t∈ �} in distribution and such that (Z_t )_{t≥ 0} is an ( F^{Z, ∞}_t )_{t≥ 0}-semimartingale. By Lemma 6.2 there exists a β ∈ � and a g ∈ L^2_� (λ) such that with φ (t) = β +

�_t 0 g(s) ds for t ≥ 0 and φ (t) = 0 for t < 0, we have |φ̂ |^2 = f. Define (Z_t )_{t∈ �} by

Z_t = V_t +

�_t −∞ φ (t − s) dW_s , t ∈ � , (6.5)

where ( V_t )_{t∈ �} is a stationary Gaussian process with spectral measure μ_s and ( W_t )_{t∈ �} is a Wiener process which is independent of ( V_t )_{t∈ �} . The processes ( X_t )_{t∈ �} and ( Z_t )_{t∈ �} are identical in distribution due to the fact that they are centered Gaussian processes with the same spectral measure and hence it is enough to show that ( Z_t )_{t≥ 0} is an ( F^{Z, ∞}_t )_{t≥ 0}-semimartingale. It is well-known that ( V_t )_{t≥ 0} is of bounded variation since � t^2 μ_s (dt) < ∞ and by Knight [1992, Theorem 6.5] the second term on the right-hand side of (6.5) is an ( F^{W,∞}_t )_{t≥ 0}-semimartingale. Thus we conclude that ( Z_t )_{t≥ 0} is an ( F^{Z, ∞}_t )_{t≥ 0}-semimartingale.

7 The spectral measure of semimartingales with stationary increments

Let ( X_t )_{t∈ �} be an L^2(P )-continuous Gaussian process with stationary increments such that X_0 = 0 . Then there exists a unique positive symmetric measure μ on � which integrates t →

(1 + t^2)^{− 1} and satisfies

E [X_t X_u ] = � (e^{its} − 1)(e^{− ius} − 1) s^2 μ(ds), t, u ∈ � .

This μ is called the spectral measure of ( X_t )_{t∈ �} . The spectral measure of the fractional Brownian motion (fBm) with Hurst parameter H ∈ (0, 1) is μ(ds) = c_H |s|^{1− 2H} ds, (7.1) where c_H ∈ � is a constant (see e.g. Yaglom [1987]). In particular the spectral measure of the Wiener process ( H = 1 /2) equals the Lebesgue measure up to a scaling constant. Theorem 7.1. Let (X_t )_{t∈ �} be an L^2(P )-continuous, centered Gaussian process with stationary increments such that X_0 = 0 . Moreover, let μ = μ_s + fdλ be the spectral measure of (X_t )_{t∈ �} . Then (X_t )_{t≥ 0} is an (F^{X, ∞}_t )_{t≥ 0}-semimartingale if and only if μ_s is a finite measure and f = |α + ĥ|^2, λ-a.s.

for some α ∈ � and some h ∈ L^2_� (λ) which is 0 on (−∞ , 0) when α ≠ 0 . Moreover, (X_t )_{t≥ 0} is of bounded variation if and only if α = 0 .

Proof. Assume ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale. Let ( Y_t )_{t∈ �} be the stationary centered Gaussian process given by Lemma 5.3, that is

X_t = Y_t − Y_0 +

�_t 0 Y_s ds, t ∈ � , (7.2)

and let ν denote the spectral measure of ( Y_t )_{t∈ �} , that is ν is a finite measure satisfying

E [Y_t Y_u ] = � e^{i(t− u)a} ν(da), t, u ∈ � .

By using Fubini’s Theorem it follows that

E [X_t X_u ] = � � e^{its} − 1 � e^{− ius} − 1 � s^2

(1 + s^2) ν(ds), t, u ∈ � . (7.3)

Thus, by uniqueness of the spectral measure of ( X_t )_{t∈ �} we obtain μ(ds) = (1 + s^2) ν(ds). Since (X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale (7.2) implies that ( Y_t )_{t≥ 0} is an ( F^{Y,∞}_t )_{t≥ 0}-semimartingale and hence Proposition 6.4 shows that the singular part ν_s of ν satisfies � t^2 ν(dt) < ∞ and the absolute continuous part is on the form |α + ĥ(s)|^2(1 + s^2)^{− 1} ds,

for some α ∈ � , and some h ∈ L^2_� (λ) which is 0 on ( −∞ , 0) when α ≠ 0 . This completes the only if part of the proof. Conversely assume that μ_s is a finite measure and f = |α + ĥ|^2 for an α ∈ � and an h ∈ L^2_� (λ) which is 0 on ( −∞ , 0) when α ≠ 0 . Let ( Y_t )_{t∈ �} be a centered Gaussian process such that

E [Y_t Y_u ] = � e^{i(t− u)a} f (a) 1 + a da, t, u ∈ � .

By Proposition 6.4 it follows that ( Y_t )_{t≥ 0} is an ( F^{Y,∞}_t )_{t≥ 0}-semimartingale. Thus, ( Z_t )_{t∈ �} defined by Z_t := Y_t − Y_0 +

�_t 0 Y_s ds, t ∈ � ,

is an ( F^{Y,∞}_t )_{t≥ 0}-semimartingale and therefore also an ( F^{Z, ∞}_t )_{t≥ 0}-semimartingale. Moreover, by calculations as in (7.3) it follows that ( Z_t )_{t∈ �} is distributed as ( X_t )_{t∈ �} , which shows that ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale. This completes the proof.

Let ( X_t )_{t∈ �} denote a fBm with Hurst parameter H ∈ (0, 1) (recall that the spectral measure of (X_t )_{t∈ �} is given by (7.1)). If ( X_t )_{t≥ 0} is an ( F^{X, ∞}_t )_{t≥ 0}-semimartingale then Theorem 7.1 shows that c_H |s|^{1− 2H} = |α + ĥ(s)|, for some α ∈ � and some h ∈ L^2_� (λ) which is 0 on ( −∞ , 0) when α ≠ 0. This implies H = 1 /2. It is well-known from Rogers [1997] that the fBm is not a semimartingale (even in the filtration ( F^X_t )_{t≥ 0}) when H ≠ 1 /2. However, the proof presented is new and illustrates the usefulness of the theorem. As a consequence of the above theorem we also have:

Corollary 7.2. Let (X_t )_{t∈ �} be a Gaussian process with stationary increments. Then (X_t )_{t≥ 0} is of bounded variation if and only if (X_t − X_0)_{t∈ �} has finite spectral measure.

Acknowledgments

I would like to thank my PhD supervisor Jan Pedersen for many fruitful discussions. Furthermore, I am grateful to two anonymous referees for valuable comments and suggestions. In particular, one of the referees pointed out an error in Theorem 3.2 and suggested how to correct it. This referee also proposed the simple proof of Remark 2.1. Moreover, the last part of Theorem 3.2, concerning equivalent change of measures, was suggested by the other referee.

References

Adler, R. J. (1990). An Introduction to Continuity, Extrema, and Related Topics for General Gaussian Processes , Volume 12 of Institute of Mathematical Statistics Lecture Notes— Monograph Series . Hayward, CA: Institute of Mathematical Statistics. MR1088478

Basse, A. (2008a). Representation of Gaussian semimartingales with application to the covarians function. Thiele Centre – Research Report 2008–05 .

Basse, A. (2008b). Spectral representation of Gaussian semimartingales. Thiele Centre – Research Report 2008–03 .

Beurling, A. (1948). On two problems concerning linear transformations in Hilbert space. Acta Math. 81 , 17. MR0027954

Chaleyat-Maurel, M. and T. Jeulin (1983). Grossissement gaussien de la filtration brownienne. C. R. Acad. Sci. Paris Sér. I Math. 296 (15), 699–702. MR0705695

Cheridito, P. (2004). Gaussian moving averages, semimartingales and option pricing. Stochastic Process. Appl. 109 (1), 47–68. MR2024843

Cherny, A. (2001). When is a moving average a semimartingal? MaPhySto – Research Report 2001–28 .

Cramér, H. (1961). On some classes of nonstationary stochastic processes. In Proc. 4th Berkeley Sympos. Math. Statist. and Prob., Vol. II , pp. 57–78. Berkeley, Calif.: Univ. California Press. MR0150828

Doob, J. L. (1942). The Brownian movement and stochastic equations. Ann. of Math. (2) 43 , 351–369. MR0006634

Doob, J. L. (1990). Stochastic processes . Wiley Classics Library. New York: John Wiley & Sons Inc. Reprint of the 1953 original, A Wiley-Interscience Publication. MR1038526

Dym, H. and H. P. McKean (1976). Gaussian processes, function theory, and the inverse spectral problem. New York: Academic Press [Harcourt Brace Jovanovich Publishers]. Probability and Mathematical Statistics, Vol. 31. MR0448523

Hardy, G. H. and J. E. Littlewood (1928). Some properties of fractional integrals. I. Math. Z. 27 (1), 565–606. MR1544927

Hida, T. (1960/1961). Canonical representations of Gaussian processes and their applications. Mem. Coll. Sci. Univ. Kyoto. Ser. A. Math. 33 , 109–155. MR0119246

Jeulin, T. and M. Yor (1990). Filtration des ponts browniens etéquations différentielles stochastiques linéaires. In Séminaire de Probabilités, XXIV, 1988/89 , Volume 1426 of Lecture Notes in Math. , pp. 227–265. Berlin: Springer. MR1071543

Jeulin, T. and M. Yor (1993). Moyennes mobiles et semimartingales. Séminaire de Probabilités XXVII (1557), 53–77.

Karhunen, K. (1950). Über die Struktur station ärer zuf älliger Funktionen. Ark. Mat. 1 , 141– 160. MR0034557

Knight, F. B. (1992). Foundations of the prediction process , Volume 1 of Oxford Studies in Probability. New York: The Clarendon Press Oxford University Press. Oxford Science Publications. MR1168699

Lévy, P. (1956). Sur une classe de courbes de l’espace de Hilbert et sur une équation intégrale non linéaire. Ann. Sci. Ecole Norm. Sup. (3) 73 , 121–156. MR0096303

Masani, P. (1972). On helixes in Hilbert space. I. Teor. Verojatnost. i Primenen. 17 , 3–20. MR0298468

Protter, P. E. (2004). Stochastic integration and differential equations (Second ed.), Volume 21 of Applications of Mathematics (New York) . Berlin: Springer-Verlag. Stochastic Modelling and Applied Probability. MR2020294

Reĭnov, O. I. (1984). Functions of the first Baire class with values in metric spaces, and some of their applications. Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 135 , 135–149. Investigations on linear operators and the theory of functions, XIII. MR0741703

Rogers, L. C. G. (1997). Arbitrage with fractional brownian motion. Math. Finance 7 (1), 95–105. MR1434408

Stegall, C. (1991). Functions of the first Baire class with values in Banach spaces. Proc. Amer. Math. Soc. 111 (4), 981–991. MR1019283

Stricker, C. (1983). Semimartingales gaussiennes - application au probleme de l’innovation. Z. Wahrsch. Verw. Gebiete 64 (3), 303–312. MR0716488

Yaglom, A. M. (1987). Correlation theory of stationary and related random functions. Vol. I . Springer Series in Statistics. New York: Springer-Verlag. Basic results. MR0893393