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1. INTRODUCTION

Let (X, B, ) be a o-finite measure space and (£,D) a symmetric
Dirichlet form on the L? space of (X, B, u). Let {T;} denote the semi-
group associated with (£,D), and set P,(A,B) = [y 14 - Ty1pdu for
A,B € B and t > 0. The small-time asymptotic behavior of P,(A, B)
on a logarithmic scale is the main interest of this paper. In the pa-
per [4], under assumptions that the total mass of y is finite and (£, D)
is conservative and local, the following small-time asymptotic estimate
was proved:

A, B)?
(1.1) limtlog P,(A, B) = —u,
t—0 2
where d(A, B) is an intrinsic distance between A and B defined by
(1.2) d(A, B) = sup {essinff(x) — esssup f(x)} :
feb, | z€B z€EA

_ wor | 2ECFIR) = E(f2 1) < [ [h| du
(1.3) DO_{fEDmL (,u)| for everth]D)ﬂLoo(u)X }

This result generalizes former works (see [4] and references therein) and
can be regarded as an integral version of the small-time asymptotics of
the transition density of Varadhan type

d(z,y)?

2 )
which was proved in [6] for a class of symmetric and non-degenerate
diffusion processes on Lipschitz manifolds.

In this paper, we further weaken the assumptions in [4] and prove
the small-time estimate (1.1) holds for any A, B € B with finite mea-
sure, for all local symmetric Dirichlet forms on o-finite measure spaces.
In other words, (1.1) now holds without assuming the finiteness of the
total measure nor the conservativeness of (£, D), which may be consid-
ered as one of the most general results in this direction. The definition
of the intrinsic distance d(A, B) here has to be suitably modified, by
introducing the notion of nests. Note that we do not assume any topo-
logical structure of the underlying space, as in [4].

The proof is purely analytic and is done by careful modifications of
the proof in [4] based on the Ramirez method [7]. In contrast to the
simple statement of the result, the proof is rather technical. We will
explain an idea of the proof here following the articles [7, 4] and how
to generalize it.

lim tlog pi(7,y) = —



1238 TEPPEI ARIYOSHI AND MASANORI HINO

The upper side estimate

2
limsuptlog P;(A, B) < _d4, BY
t—0 2

is an easier part and follows from what is called Davies’ method. In
order to give the outline of the proof of the lower side estimate, let us
consider a typical example; suppose that X has a differential structure
and a gradient operator V taking values in a Hilbert space with inner
product (-, -) as in the case of Riemannian manifolds, and & is given by
E(f.g) =1 [x(V[f,Vg)dpu. Let us further assume that p(X) is finite.
Then, we can deduce that Dy = {f €e DNL®(X) | |[Vf| <1 a.e.}. The
function u; = —tlogT;1 4 satisfies the equation

1
(14) t(@tut - [,ut) = Ut — §|Vut|2,

where £ is the generator of {T;}. Letting t — 0, we expect that
|Vugl? = 2uq for a limit ug of u;, which implies that |Vy/2uo|? = 1.
(What we can actually expect is |Vy/2ug|* < 1.) Since ug should vanish
on A, this relation informally implies that

which is close to the lower side estimate. In practice, we cannot prove
the convergence of the left-hand side of (1.4) in this form and have to
consider the time-average u; = % fg us ds in place of u; and utilize the
Tauberian theorem. Moreover, we have to take the integrability of u;
into consideration. In [7], this was assured by an additional assumption,
the spectral gap property. To remove such assumption, a suitable cut-
off function ¢ was introduced in [4] and the proof was done by replacing
U, by ¢ = % 5 ¢(us) ds; bounded functions are always integrable as
long as p is a finite measure. When u(X) = oo, this modification is
not sufficient. In order to include this case, in this paper, we further
introduce a sequence {x} of ‘cut-off functions in the space-direction’
and consider ¢, to guarantee the integrability. By such modification,
more and more extra terms appear in the argument, which have to be
estimated appropriately. This makes the proof rather long.

The organization of this paper is as follows. In Section 2, we state
the notion of nests and define the intrinsic distance d, which is natu-
rally consistent with what was given in [4]. Their basic properties are
discussed in Section 3. In Section 4, we prove the main theorem. In
the last section, we give a few additional claims which have also been
discussed in [4].



SMALL-TIME ASYMPTOTIC ESTIMATES 1239

2. PRELIMINARIES

For p € [1,00], we denote by LP(u) the LP-space on the o-finite
measure space (X, B, p) and its norm by || - ||1»(,). The totality of all
measurable functions f on X will be denoted by L°(u). Here, as usual,
two functions which are equal p-a.e. are identified. Let L% (u) denote
the set of all functions f € LP(u) such that f > 0 p-a.e. We set

CURY) = { f fisa Cl—functign on R? and
b fand Of/0x; (i =1,2,...,d) are all bounded |’

AL rpdy f is a C'-function on R¢ and
Gy (RY) = {f| Of/0x; (i=1,2,...,d) are all bounded |’

CHRY) = { f ’ f is a C'-function on R¢ with compact support} .

Let (£,D) be a symmetric Dirichlet form on L?*(). The norm || - ||p
of D is defined by || fllp = (E(f, f) + I fl|72(,)"/>- We use the notation
E(f) for E(f, f). We assume that (£, D) is local', namely, for any f € D
and F, G € C}(R) with supp F Nsupp G = 0,

E(F(f) = F(0),G(f) = G(0)) = 0.

This is equivalent to the condition that £(f,g) = 0 if f,g € D and
(f +a)g = 0 p-a.e. for some a € R. (For the proof, see [2, Proposi-
tion 1.5.1.3].) The semigroup, the resolvent, and the nonpositive self-
adjoint operator on L?(u) associated with (£, D) will be denoted by
{T’}t=0, {Gs}p>0, and L, respectively. {T}}¢~o uniquely extends to a
strongly continuous and contraction semigroup on LP(u) for p € [1, 00).
For A € B, set

Da={feD|f=0puae onX\A}

We also set D, = DN L>®(p), Dap = DN L®(p) and Dgpy =Dy N
L)

Definition 2.1. An increasing sequence { Fj }?° ; of measurable subsets
of X is called nest if the following two conditions are satisfied.?

(i) For every k € N, there exists x; € D such that yx > 1 p-a.e.
on Fy.
(i) Up; D, is dense in D.

!This terminology is taken from Bouleau-Hirsch’s book [2]. In Fukushima-
Oshima-Takeda’s book [3], the essentially same property is called strong local.

2This definition is slightly different from that in standard textbooks such as
[3, 5]. Note that X does not need any topology here.
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Remark 2.2. Concerning condition (i), we can take yj so that yx = 1
p-a.e.on Ey and 0 < x < 1 p-a.e. in addition, by considering OV A1
in place of .

Remark 2.3. For every k € N, u(Ej) < oo because of condition (i). By
condition (ii), we can prove u(X \ Up2; Ex) = 0.

We will see in Section 3 that there do exist many nests.

Definition 2.4. For a nest {E}}72,, we set

]DIOC({Ek})
_ {f e () there exists aisequence of functions {f;}p2, in D } ’
such that f = fi p-a.e. on Ej for each k
Dioes({Ex}) = Dioe({Ex}) N L® ().
For f,g,h € Dy, define

Lrg(h) = E(fh, g) + E(gh, f) = E(fg, )
and write I¢(h) for Iy ¢(h). The following are basic properties of 1.

Lemma 2.5. Let f, g, h, hy, and hy be elements of .
(i) If h > 0 p-a.e., then 0 < Ir(h) < 2||h|[Loe(wE(f).
(i) Ipg(haha)?* < I;(h3)14(h3).
(i) \/Traq(h) < \JIp(h) +/Iy(h) if h >0 p-a.e.
Proof. For f,g,h € L*(1) N L>(p) and ¢ > 0, define

I{)(h) = ED(fh, g) + ED(gh, f) — ED(fg, ),

g

where £0(f, g) = t"'(f — T,f,g). By Lemma 1.2.3.2.1 and Proposi-
tion 1.2.3.3 in [2] and the limiting argument, the claims follow for 1®
in place of I. Letting ¢t — 0 reaches the conclusion. U

By the properties (i) and (iii) above, we can define I;(h) for f € D
and h € D, by continuity. Due to the locality of (£,F), If(h) = 0 if
(f +a)h =0 p-a.e. for some a € R. This allows us to define I;(h) for
f € Dipep({Ex}) and h € Dg, , consistently by I;(h) = Iy, (h), where
fx is an arbitrary element in D, such that f, = f p-a.e. on Ej. In other
words, If(h) is well-defined for f € Dj,.,({Ex}) and h € Use; Dg, p.

Definition 2.6. For a nest { £} }7°,, we set

Do({Ex})

= {f € Dioep({E£r})

I¢(h) < ||h| L1y for every h € U DEk’b} .

k=1
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Clearly, we can replace Dg, ;, by Dg, 4+ in the definition above. We
will show in Proposition 3.9 that the set Dy ({ E}}) is in fact independent
of the choice of {E}}22,, so we denote it simply by Dy below.

For A, B € B with positive y-measure, we define

PAAB) = [ Li-Tlpdu(= [ Ta-lpdp), t>0
and
d(A, B) = sup {essmff( ) — esssup f(x)} :

feboy z€B z€A
The following is our main theorem.

Theorem 2.7. For any A, B € B with0 < u(A) < oo, 0 < u(B) < oo,
we have

d(4, B)?

—

Remark 2.8. To make the meaning of Dy({ Ex}) clearer, let us suppose
that X is a locally compact separable metric space, u is a positive
Radon measure with supppu = X, (£,D) is a regular Dirichlet form
on L?(u), and there exists a sequence of relatively compact open sets
{04}, such that O, C Oy for all k and U, Or = X. Then, it
is easy to see that {0}}5%, is a nest. Each f € Dy.({O}) provides
the energy measure j s, a positive Radon measure on X such that
Is(h) = [x hdpgy for every h € F N Co(X), where Cy(X) is a space of
all continuous functions on X with compact support. Then, Do({O})
can be described as

{f EDlocb({Ok})‘ and 0

Therefore, d is a natural generahzatlon of the usual notion of intrinsic
metric.

Prroltlog P,(A,B) = —

1S absolutely continuous w.r.t. p
L <1 p-ae.

Example 2.9. The following are simple examples showing the neces-
sity of introducing D, instead of I or Dy, in the definition of d and
Dy.

(i) Let X = [-1 ] B = the Borel o-field on X, u = the Lebesgue
measure on X, D = {f € H'([-1,1]) | f(0) = 0}, and &(f,9) =
s Ix [(@)g (z )dx f.g € D. The correspondmg diffusion process is
the Brownian motion on X killed at 0. Let A = [-1,—1/2] and B =
[1/2,1]. For each k € N, let Ey, = [-1,—1/k]U[1/k,1]. Then, {E}}2,
is a nest and a function fy/(x) := M - 1j(x) belongs to Dy({E}})
for any M > 0. Therefore, d(A, B) = co. On the other hand, if we
adopted (1.2) and (1.3) as a definition of d, d(A, B) would be 1, which



1242 TEPPEI ARIYOSHI AND MASANORI HINO

does not provide a correct distance. This implies the necessity of the
notion of nests even if p is a finite measure, when the Dirichlet form is
not conservative.

(ii) Let X = R and B = the Borel o-field on X. Let m be the Lebesgue
measure on X and ' a positive Radon measure on X such that supp i’
is X, ¢/ and m are mutually singular, and p'((0,00)) = ¢/((—00,0)) =
oo. Define a Radon measure p on X by pu(A) = m(AN[—1,1])+ /(A \
[—1,1]), A € B. Let

is absolutely continuous
D:{fEC(X)mL2<N) i:nd fX|f’|2d§In<oo }

and E(f,g9) = 3 [x f'd'dm for f,g € D. Then, (£,D) is a regular
Dirichlet form on L?(u). The corresponding diffusion process is a time
changed Brownian motion. The energy measure jip of f € D is de-
scribed as dugpy = | f'|*dm. Let A = [-2,—1] and B = [1,2]. By Re-
mark 2.8, {Ox}32, is a nest where Oy, = (—k, k), k € N, and Do({O})
is represented as

f is constant on (—oo, 1] and on [1, c0),
and |f'| <1 m-a.e. on (—1,1) ’

{f € Dioes({Ox})

because of the singularity of g and m on X \ [—1,1]. Then, one of the
functions f attaining the infimum in the definition of d(A, B) is given
by f(z) =(—1)Vz A1, and d(A, B) = 2. However, f does not belong
to D. Indeed, any function g in Do({Ox}) N D has to satisfy g = 0 on
X\ [-1,1] to assure the L?(u)-integrability. In particular, we cannot
replace Do, by D in the definition of .

(iii) Let X = R, B = the Borel o-field on X, du(z) = (272 A 1) dz.
Define E(f,g) = 3 [x /g’ du for f,g € C§°(X). Then, (£,C5°(X)) is
closable on L?(p). The closure, which will be denoted by (€,D), is a
regular Dirichlet form on L?(u1). Note that 1 € D. Define Ej, = [k, k]
and Ej = X for each k € N. Then, both {E;}, and {E}}2, are
nests. We define a function space D} ({E,}) by

DE({Ei}) = {f € Dic{Ex}) | If| < 1 pae.}

and Df({E}}) in the same way. Then, the function f(z) = z belongs
to DE({E,}) but does not belong to Di({EL}). Indeed, DE({EL}) C
Die({E}}) =D € L?(1), but f & L?(u). Therefore, the set D4({Ej})
depends on the choice of a nest { £}, }3° ;. This suggests that considering
Djocp is more natural than D, in the definition of Dy.
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3. BASIC PROPERTIES

Recall that a function f € L*(u) is called 1-excessive if 3Gy f < f
p-a.e. for every 5 > 0.

Lemma 3.1. Let £ € D be a 1-excessive function with & > 0 p-a.e.
Define Ey, = {§ > 1/k} for each k € N. Then, {E,}2, is a nest.

Proof. Since xj := k& satisfies condition (i) of Definition 2.1, it is
enough to prove that U;—, Dg, is dense in D. Set

C={f]f € L%(n) and there exists ¢ > 0 such that f < ¢ p-a.e.},
D ={Gsf | f €C}.

Since C —C = {g —h | g,h € C} is dense in L*(u), D — D is dense
in D. For ¢ = Gyof € D, it holds that g < ¢G§ < € p-a.e. since
¢ is l-excessive. Therefore, g; := (¢ — ¢/k) vV 0 belongs to Dg, and
g converges to g in D as k — oo. This means that any element in
D — D can be approximated by functions in Uy~ Dg,, which proves
the claim. U

Note that for any function f € L?(u) with f > 0 p-a.e., £ = G, f sat-
isfies the condition of the lemma above. Therefore, there exist indeed
many nests.

The following claim is what is naturally expected. We give a proof
for it though it is not needed in the sequel.

Lemma 3.2. If both {Ey}2, and {E}}32, are nests, then so is {E, N
B3t

Proof. It suffices to prove that any element f in U;2, Dg, 4+ is approx-
imated by functions in Uz, DEmE,;- Let f € Dg, 4+ for some [ € N.
Take gr € D (k € N) such that g converges to f in D and p-a.e. as
k — oo. Let fr =0V gp A f for each k. Then, fy € Dgnp; C D, nm;
when £k > [. It also holds that || fi|lp < ||gk|lp + || f||p and fi converges
to f p-a.e. Therefore, {fx}32, converges weakly to f in ID. Taking
the Cesaro mean of an appropriate subsequence, we obtain a desired
approximating sequence. 0]

In order to investigate the space Do({E)}), we will prove some aux-
iliary properties.

Lemma 3.3. Let f, h,fi, and hy, (k € N) be in Dy,.

(i) If fr converges weakly to f in D and h > 0 p-a.e., then
lim infk_,oo Ifk (h) Z [f(h)
(ii) If fx converges to f in D, then limy_o If, (h) = I¢(h).
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(iii) If {[|Pr|lLoe () 1221 s bounded and hy converges to h in D, then
limk_,oo [f(hk) = [f(h)

Proof. The first and the second claims follow from the fact that I..(h) is
a nonnegative definite continuous bilinear form on D when h > 0 p-a.e.
For the third one, it is enough to notice that fhj converges weakly to

fhin D as k — oo. O

One of the important consequences of the locality of (£,D) is the
following.

Theorem 3.4. For [ = (f1,...,fn) € Dx---xD, there ezists a

n times
unique family (O'Zj)lgi’jgn of signed Radon measures on R™ of finite
total variation such that

(i) of . = J;ii for alli and j,

.3
(i) X7 aiajai’fj is a nonnegative measure for any a; € R (i =
1,...,n),
(iii) the identity
“ F
= > / OF G dUz{j
=1 /R Oz O

holds for any F,G € CHR™).
Moreover, these measures satisfy the following properties.
(iv) of;(R") = £(fi, f;).
(v) If fi € [a,b] and f; € [c,d] p-a.e., then the topological support
ofol{j is included in {x = (x1,...,2,) € R* | 2; € [a,b], z; €

[e,d]}.

Proof. By [2, Theorem 1.5.2.1], uniquely determined are the family
(azf, i)1<i,j<n Of signed Radon measures on R™ such that (i) and (ii)
hold, and (3.1) is true for any F and G € C!(R"). By the way of

construction of ai{ ; (see also [8]), for any F' € C}(R"),

2 - Fddffj = Ly(suir) (F (),

where ¢(z) = (—=M) VvV x A M for sufficiently large M depending on F'.

Then,
[ Faol] < IFIEW) < IFILE()
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so that o{ J(R™) < &(f;). In addition, we have
1/
F da{ j

1/2 ;
- /Rn chrj’j

Therefore, of; is of finite variation and |of,|(R") < E(f;)V2E(f;)/2.

Equation (3.1) now follows for ' and G in C’,}(R”), by taking an approx-
imate sequence from C!(R") and using the dominated convergence the-

orem. Letting F'(z) = x; and G(z) = x;, we obtain de (R™) = &(fi, f5)-

7

2
<|/ Fdo <[Pl (f)V2E(f) M2

Rn

To prove (v), it is enough to prove that the support JZ ; 1s included in
{x € RY| 2; € [a,b]} when f; € [a,b] p-a.e. Take F(x) = ¢(z;), where
¢isin CH(R) and ¢(x) = 0 on [a,b], 0 < ¢/(x) < 1 on (—oc0,a)U (b, c0).
Then, by (3.1), 0 = fga ¢/(2:)? dof,. This implies the assertion. O

The following theorem is also necessary for subsequent arguments.

Theorem 3.5 ([2, Theorem 1.5.2.3]). Whenn = 1 in Theorem 3.4, any
0{71 18 absolutely continuous with respect to one dimensional Lebesgue
measure.

Let fi,..., fx,91,--.,91,h1..., hy be functions in D and let f =
(fla s 7fk)7 g = (glv cee agl)7 and h = (h’l .- ahm) Set )\ij?vh = 20‘1(,]1::7—9#;/)
fori =1,...,k and j = 1,...,[, where J.(f’g’h) is provided in The-
orem 3.4 by letting n = k + | + m and taking (f1,..., fx,91,---, a1,
hi,...,hy) as f. Then,

) ah m
)\{;jg (Rk+l+ ) = 28(f27 gj)7
and simple calculation deduces the following identities.

Proposition 3.6. For all F € CH(R¥), G € CHRY), and H € C} (RF++m)
with F(0,...,0) = G(0,...,0) = H(0,...,0) =0,

(3.2) Ir().c(9)(H(f, g,h))

ko1
- Z1 Z1 /Rk-&-l-&-m azF(x)é?]G(y)H(x, Y, Z) d)‘zf,;gﬁ(xv Y, Z)
=1 5=

When k = 1 and [ = 1, we will write A9 for A{{". By Proposi-
tion 3.6, we have the integral expression

(33) Ig(F(R) = [ F(:) " (., 2)

for f,g,h € D and F € C}(R) with F'(0) = 0. We can define I ,(F'(h))
for F € C}(R) (possibly with F'(0) # 0) by the right-hand side of (3.3).
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In other words, when we set Dy, = {h|h=ho+a, hg €Dy, a € R},
Iyg(h) = /RB(Z +a)dN (2, y, 2) = Ipg(ho) + 20€(f. g)

for f,g e Dand h = hg + a € D, is well-defined. Then, Lemma 2.5
and Lemma 3.3 (i) (ii) are true for h, hy, hy € Dy.
(

Lemma 3.7. i) Let f = (fi,.... fx), fi €D, g = (g1, a0,
g; €D, and h € Dy,. Then,

ko1

Ir(p)co) (M) = D2 ) I1.g,(0:F ()9;G(g)h)
i=1j=1
for F e CLRF), G e CLRY) with F(0,...,0) = G(0,...,0) =

0.
(if) For f,g € Dy, {28(f9)}/? = I1o(1)"2 < Ip(g?)"2 + I, (f)'/2.

Proof. This is immediately proved by the integral representation of

1. U

Lemma 3.8. Let [ € Do({Ex}) for some nest {Ex}32, and g € Dy.
Then, fg €D and || fgllp < V2] fllz@ gl + 119l c2go-

Proof. We can take sequences {fx}%2, and {gx}?2, from D such that

fe = | prae.on By [[filloegy < Ifllews 9 € Dy gkl <
|gl| oo () for every k, and g; converges to g in D and p-a.e. as k — oo.
By Lemma 3.7 (ii) and Lemma 2.5 (i), we have

(28 (frogi) Y/ < L5 (gD)Y? + I, (F)V*
1/2
< [lg2lIEAE ) + 1 fill oo {26 (i) /2
< gkl 2 + | Fllioe o {26 (1) 172,

I fegrllzzgy < fllzoe o llgrll 22 ()

Therefore, {frgr}7e, is bounded in D. Since frg, converges to fg
p-a.e., we obtain that fg € D and

I £gllo < Tim inf || fige[|o
< lim inf (ECFra)' " + (1 Frgill 2

<272 gl 2y + £l €(9)2 + 1l llgl 2o

< llgllzzg + V20 f |z lgllo.
U

Proposition 3.9. The set Dy({Ex}) does not depend on the choice of
the nest {Ex}32,.
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Proof. Let {E;}22, and {E}}72, be two nests and f € Dy({EL}). It is
enough to prove f € Dy({E)}). Take {xx}32; C D as in Definition 2.1
and Remark 2.2 for the nest {E;}32,. From Lemma 3.8, fx, € D
for each k. Therefore, f € Dipep({Fr}). Let h € Dg, 4+ for some
k € N. As in the proof of Lemma 3.2, we can take {h;};°, such that
h, € DEkﬁEl/7 0 < h; < h p-ae. for all [ and h; converges to h in D as
| — oo. Then, for all [,

[l = Lr(ha) = Lpy,, (Ba).

Letting [ — oo, we obtain from Lemma 3.3 (iii) that

1l = L (h) = L5 (R).
Hence, we conclude f € Dg({Ex}). O
By this proposition, we will use the notation Dy as well as Do ({ Ex })
from now on. Note that 1 € Dg. When u(X) < oo and 1 € D, the

space Dy is the same as given in [4], namely (1.3), because we can take
Er = X (k € N) as a nest.

Proposition 3.10. Let f, g € Dy. Then, —f, fV g, and f N g also
belong to Dy.

Proof. 1t is trivial that f € Dy implies —f € Dy. Let f and g be in
Dy. Take an arbitrary nest {Ej}p2,. It is easy to see that fV g €
Dioep({Ex}). Take {fx}72, and {gx}72, from D so that fr = f, g =g

pra.e. on B, || fil ooy < [[f]]zoeuy and. [[gill oo ) < llgllzoe () for each
k. Take any h € Dg, 4+, k € N. Define for [ € N

hig = (0 V l(fk — gk> A 1)h, hoy = (O V l(gk — fr + 1/1) A 1)h
Then, hiy, hay € D, b1 h = higthey, hig = 0 pra.e.on { fy Vg, # fi},
and hoy < Fi(fuV gk — gr) ||| Lo () for every I. Here, F; is an arbitrary
C'-function on R such that 0 < F; < 1, Fj(z) = 0 on (—o0,—1/l] U
2/1,00), and Fi(z) =1 on [0,1/l]. Then, we have

Lpvg(h) = [Pl

= Tpvg, () = [l + Lpvg (hag) = [1hoall L

< Ig (ha) = 1haillr

2
+ (Ifk\/gk—gk(hll)l/Q + [gk(h2,l)l/2) — [Pl

< (L4 e DNl ooy Lrovgr—g (Fr(fe V gk — i) + (1 + €)1, (hay)
— [[h2llLr

< (Ut e llieg [ B) ol (de) + 1, (h),
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V — . . .
for any € > 0, where o{ﬁ 979k is a measure on R given in Theorem 3.4

with n = 1. Since Theorem 3.5 implies U{flvg’“fg’“({O}) = 0, we obtain
Ipyg(h) = ||h||ry < O by letting [ — oo, then ¢ — 0. This means
fVgeDy Wealso have f Ag=—((—f)V (—g)) € Dy. O

For A € B and M > 0, define
Day:={f€eDy| f=00nAand f <M pae.}

Proposition 3.11. For each A € B, there exists a unique [0, 0o|-valued
measurable function da such that, for every M > 0, da N M 1is the
maximal element of D4 pr. Namely, dy = 0 p-a.e. on A and f < daAM
for every f € 4. Moreover, d(A, B) = essinf,cpda(x) for every
B e B.

Proof. Take a finite measure v on X such that v and p are mutu-
ally absolutely continuous. Fix M > 0 and let a = sup{[y fdv |
f € Dap}( < o00). There is a sequence {gx}32; in Dy such that
limy oo [y grdv = a. Let fr =91V g2V -V gi. By Proposition 3.10,
fe € Daa. It also holds that f; converges to some f p-a.e. and
Jx fdv = a. We will prove f € Dyp. Take a nest {E;}3, and
functions {xx}%2; as in Definition 2.1 and Remark 2.2. By Lemma 3.8,
frxi € D for every k and [, and {frx;}3, is bounded in D for each .
Therefore, fx; € D and fix; converges to fy; weakly in D as k — oo.
For any h € Dg, 3 4, we have

[kal<h’) = [fk(h> < ||h||L1(u)'

Lemma 3.3 (i) assures that I;(h) = Iy, (h) < ||h|[11(, by letting & —
00. Therefore, f € Dy. It is easy to see that f is the maximal element
in D 5. Denote f by fY to indicate the dependency of M. Since fM
has consistency in M, namely, fM = fM A M’ when M > M’, the
existence of d4 follows. The uniqueness of d4 is clear.

To prove the latter part of the proposition, let B € B. By definition,
d(A, B) > essinf,egda(z) A M for every M. Letting M — oo, we get
d(A, B) > essinf,epda(z). For the converse inequality, let f € Dy and
define f = (f — esssup,c4 f(2)) V0. Then, f € D4y for some M > 0
and

i - < essinf f(x) < essi :
egsgzlélff(x) es;g}:p f(z) < eizglff(x) < egsczlélfdA(x)

Taking a supremum over f, we obtain d(A, B) < essinf,epda(z). O

4. PROOF OF THEOREM 2.7

We first prove the upper side estimate.
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Theorem 4.1. For any A, B € B with 0 < u(A) < 0o and 0 < pu(B) <

PMAWB)S\/MUQMUﬂeXp<—9&%;Qi>, L0

In particular, limsup,_,tlog P;(A, B) < —d(A, B)?/2.

Proof. Let w € Dy and let {Ex}32, be an arbitrary nest. There
exists {wy}32; C D such that |Jwg|[ze@y < M and wy = w p-a.e. on
E} for all k. Note that wy converges to w p-a.e. Set vy = T;14 for t > 0.
For a € R, define q(t) = [y (e*“v;)*du, t > 0. Fix t > 0. We can take
{ug}p2, from D so that u; € Dg,, 0 < uy, <1 p-a.e. for each k, and uy
converges to vy in D and p-a.e. as k — oo. Then,

q(t) = / 2L, - v dy
X

= lim / 2L, - upe’*r du
X

k—oo

= lim —2& (v, upe®™*).
k—o0

Since up — v; in D as k — oo, we have

lim (&(ve, ur) — E(ug, ug)) = 0.

k—oo

In the inequality

€ (v, up (€2 = 1)) — € (ug, up (2 — 1))
< E(v, — uk)l/QE(uk(e2aw’“ — 1))1/2,

the right-hand side converges to 0 as k — oo, since

1/2

{26 (ur(e™™ — 1))}
< I, (€ — DHY2 4 [ oaw, ;(u)/?  (by Lemma 3.7 (ii))
< (D 128 ()} + L, (2062212

(by Lemma 2.5 (i) and Lemma 3.7 (i))

< (M 4 1{2E () 12 + 2|l M [lug [ 2,

which is bounded in k. Thus we have

¢ (t) = lim —2& (ug, upe**™x).

k—oo
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Letting f = (ug, wy) in Theorem 3.4, we have

—28 (up, upe®™* ™) = 2/ e dof 1(z,y) 2/ 20z’ dol oz, y)

< 2/ PPtV d02,2(37a Y)

= a® L, (upe®*™*) < & |lupe®™™* || 1 (-
Therefore, we have

7(0) < 202 |11, = a%(0)
Solving this differential inequality, we have
(4.1) g(t) < q(0)e™™, t>0.
By setting w = d4 A M, (4.1) implies that

e Ty 1 all 2y < \/pu(A)e® ™.

A similar calculation for v, = T;1p gives, for a > 0,

H _athlBHLz < / d(A,B)AM +a2t/2

P(A, B) < [[e* T2 1all 2 lle™* Tt21 Bl 12w

< M(A)M(B)e—a(d(AaB)/\M)nLazt/z‘

The conclusion follows by optimizing the right-hand side in « and let-
ting M — oo. U

Therefore,

We turn to the lower side estimate. Fix a nest {Ej}7, and asso-
ciated functions {xx}7>; as in Definition 2.1 and Remark 2.2. Take

functions ¢, ®X UK for K > 0 as in Section 2.1 of [4]. That is, using
an arbitrary concave function g: R, — R, such that
e ¢ is bounded and three times continuously differentiable;
e g(z) =z forz <1land 0 < g'(x) <1forany z € Ry;
e there is a positive constant C' such that 0 < —¢”"(x) < C¢'(x)
for all x > 0,

define
6(w) = Ko(o/), 05() = [0V (5P ds, () = 2(6") (0"

In what follows, we suppress the symbol K from the notation since K is
fixed in most of the argument. The following are some basic properties
for these functions, proved in [4].

° 0<¢(z)<1,0< —¢"(z) < (C/K)¢(2),
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e 0 < VU(z) < P(x) < ¢(x) < LK, where L := lim,_, g(z) <
00.
o O(z) =V(x) =z for x € [0, K].
We also adopt the same abbreviations there; for functions u! on X
with parameters ¢ and &, we write ¢ for ¢(u?), ® for ®(ul), ¢ for
t=1 [¥ #°ds, and so on. We denote [y fgdu by (f,g) for functions f
and g on X.
For § € (0,1] and f € L*(p) with 0 < f < 1 —§ p-a.e., define for
t>0

ul(z) = —tlog(T,f(v) +6), e = —tlogd.
Lemma 4.2. u) — ¢} € D and

(12) o))
= £ — )~ 5Ly (D)) + 5 (¥, p)

for p € L*(p) NDy,.

Proof. Since u¢ — ¢ = F(T.f), where F(s) = —tlog((s + 0)/d) is a
Lipschitz function on [0, 00) with F'(0) = 0, we conclude that ul —e? €
D. The identity (4.2) is proved in the same way as [4, Lemma 2.10],
but we give the proof for completeness.

Using Lemma 3.7, it holds that

Ed — e, p) = t5< i f P >—i15 5(p).

Tf +0) 2t "%

Then,

1 t LT, f

§ Loy t
at(utvp) t(utvp) (ﬂf“’d’p)

Lo s

" T

t(utvp) tf?ﬂf"—d)

1 1

= E(ufﬂa) —S(U?—€?7p) 2t[ug—et(p>

By using the identity 9,(®2, p) = (9ul, ((¢)?)?p) and replacing p by
((¢)?2)%p in the relation above, we obtain (4.2). O

Define ul = —tlog((1 — 6)Ty14 + 6) for A € B with u(A) < co.

Lemma 4.3. There exists Ty > 0 such that both {E(P2xk) Yoct<Ty, 005<1
and {E(Pxr) Yo<i<ty,0<5<1 are bounded for each k.
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Proof. Let U? = 2E(¢9x) and aj, = 2E(x1). Since ¢ = ¢((ul — €2) +
e?), Lemma 3.7 and Lemma 2.5 imply
(43) U2 = Ly os(()2X8) + 2Lg g (B06)N0) + Ly (60)°)
<2 s (()D2) + 2 (60)?)
<2 (6)DP2) + 2K Lay.

Set V; = Ius_e (((¢)9)%x3). By letting p = x? in Lemma 4.2,

The last term of the right-hand side is dominated by 2K L. Regarding
the second term, we have

E(((@)) Xk ug — )
= Ly g3 (0)2) = L, (01)000) + Lyg—es ((6")2(¢)2X3)
> — {26 () Y28 (00x) 1 — KL - 28 (x)
— (C/K) 53 (((6)7)*x2)
—a*(U))"? = K Lay — (C/K)V,.
Here, the first equality follows from Lemma 3.7. By combining these
estimates,
2Ct
(1 - 7) VP < —2t0,(D%,x2) + 202t (UP)/? + 2K Lagt + 2K L
—2t9,(®2, x3) + U /8 + 8ayt® + 2K Layt + 2K L.
Take Ty = K/(4C). For t € (0, Ty, V2 /2 < (1 — (2Ct)/K)V. Putting
this and the above inequalities into (4.3),
U < 4{—2t0,(P2,x32) + U /8 + 8ayt?® + 2K Layt + 2K L} + 2K* L2,
so that
U < —16t0,(97, x7) + ¢,
where ¢ is a constant independent of ¢t and §. Therefore,

[ e@nids =3 [[vids

< 8/ (9,9°, x2) ds+2(t—e)
= —8s(®%, )= +8/' L) ds + 5(t— <)
Letting ¢ — 0 and dividing by ¢, we obtain

_ 1 t T
E(dxk) < —/ E(&° i) ds < SKL + <=0
t 0 2
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Therefore, {€(¢0xx) Yo<t<Ty,0<s<1 is bounded. Moreover, since

E(@xk) = Ly e (D7) XF) + 2L a1, (B2(()D)*x0) + Ly, ((97)?)

< 2o (((01)1)'XR) + 2L ((27)?)
<2V +2K*L2ay,

we can prove the boundedness of {€(®2x)}o<i<ty 0<5<1 in the same
way. 0

Since ¢Jx, converges to ¢yxi p-a.e. as § — 0, we conclude that
¢ixi € D and {Pexitieo.m is bounded in D for each k. By the di-
agonal argument, for any decreasing sequence {t,} | 0, we can take
a subsequence {t,} such that for every k, ¢, ,xx converges weakly to
some ¥ in D. Since x, = 1 on Ej if k > [, ¢, and ¢; should be identical
on E; for k > [. Therefore, there exists ¢y € Dypep 1 ({Fx}) such that
Y = ¢y on Ey, for every k.

We may also assume, by taking a further subsequence if necessary,
that there exist ®g, ®g, and Vo in L°(u) such that D, , — Uy, @tn/ —
®o, W, , — Uy both in weak-L?(v) sense and in weak*-L>(y) sense.
Here, v is an arbitrarily fixed finite measure on X such that v and u
are mutually absolutely continuous, and L>°(u) is regarded as the dual
space of L'(u).

Now, fix k and let h € Dg, ;. By Lemma 3.7 and Lemma 4.2,

Lz () = Ls_ s ((9)0)2XED) + 2055 1, ((¢))1 00 xih) + Ly, ((67)%D)
= Ls_(((6)7)%h)
= —2t0,(®7, h) — 2E(((¢")7)%h, ug — €f) + 2(W7, h).

Regarding the second term, we have

E(((&)1)*h,uf — €f)

E(@gxks 1) + Lug_es ((6); (0"); )
> E(®)xx, h) — (C/E) g5 _ge8y(h).

It also holds that

Ly _pe8) () = Lygy — (et (B) = Lggy, ()
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Then,
2/ Lyp () di < —t(®2, )1 +/ (@, h)
— [ HE@ b~ (O L (1)} db + T, )
B T
< —T(®%, h) + T(P}, h) —/ tE(D) X, h) dt
0
cT [T ,
+ 7/0 Lypy, (B) dt + T(¥3., 1),
which implies
1
(4.4) (— - —) / Lsy (B
7Y 50 _ l 5 70
< ((I)Tah) + ((I)Tah) T Jo tg((I)thah) dt_'_ (\DT7h>

For the third term of the right-hand side, the integration by parts
formula gives

?/ 1E(D0yr, ) dt

(@i, h) d // h)dsdt
T/ Xk StO Xk S

_ 1 _
— TE(®i, h) — ?/0 1E(B0yr, ) dt,

which converges to 0 as § — 0 and T' — 0 because £(®?x;) is bounded
in 0 and t by Lemma 4.3.
Letting 6 — 0, dividing by 7" and letting 7" — 0 along the sequence
{t.v} in (4.4), we obtain
1 - - _

Then, for € > 0,

1 h
[\/mf\/g(h) = ZI¢_>0 (&0—’—5) — 2 ( ¢0> ¢ 5) g HhHLl(/,L)

Hence /¢ + € — /€ € Dy, which implies \/% € Dy by Lemma 3.3 (i).
Lemma 4.4. ¢y = 0 p-a.e. on A.

Proof. Since Ty14 converges to 14 in L?(u) as s — 0, we can take
a subsequence {sy} from an arbitrary sequence {s;} | 0 such that
T, 1a — 14 p-ace. as k' — oco. By the dominated convergence theorem,
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limy oo [4 @s,, die = 0. This means that lim, ¢ [4 ¢; du = 0. Then, by
letting ¢ — 0 along the sequence {t,/} in the identity

_ 1t
[ b= [ [ 6.das,
A tJoJa

we obtain [, ¢odp = 0, which implies the claim. 0

From these arguments, we conclude that /¢y € D avir and there-

fore, ¢y < d% p-a.e. But this inequality is not optimal; a sharper esti-
mate is obtained by the following lemma.

Lemma 4.5. If the inequality

CIA<JZ)2
2

holds true p-a.e. for some ¢ > 1 for every K and every limit ¢X , then

5 () < (2 - e B0

Proof. The proof is a modification of Lemma 2.12 in [4]. Given K, we
can choose M < oo such that ®% (M) < sup, ¥ (z). Then &K (¢M) >
WX holds p-a.e. Let D be a measurable set with 0 < u(D) < oo. Using
the convexity of ®(—tlog(+)) for small ¢ (see Lemma 2.1 in [4]), we have

(®f,1p) :/ " (—tlog Ty14)) dp
D

1
> u(D)®F [ —tlog | ——=(T}14,1 :
G ro )
Also, by Theorem 4.1,

oh (x) < c

[-a.e.

d(A, D)?

lirtn ionf —tlog(Tyla,1p) = lirtn ionf —tlog P,(A, D) > 5

Therefore, in the limit,

(@5 1) > u(D)O" (‘W‘f)) > D) it 07 (35 ().

Since ®* is concave,
— 1 t 1 t B
¥ (g)") = oF (;/O ‘ZﬁwdS) > ;/0 UK ds =UE  p-ae.

Lemma 2.2 in [4] is applied to obtain that ®%(¢}') > WE py-a.e. There-
fore,

(D)

C

(4.6) (®F, 1p) >

g K
egz%lf U (x).
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We will prove

(4.7) Of > prae.

from the estimate (4.6). If (4.7) is false, there exists some D' € B with

0 < u(D") < oo and € > 0 such that ®F < ¢ 'WE —¢ p-a.e. on D'. Let
D={reD |V < exsesiDr}f\Ilé( + ce/2}.

Then p(D) > 0 and ®K < cLessinf,ep WK — &/2 p-a.e. on D. This is
contradictory to (4.6).
Combining (4.7) with (4.5), we obtain

1 ek e - L
Sl (h) < (=7 + &F + U5 h) < (2 c7)op' )

for every h € Up2; Dg, p+. The claim follows by the same argument
after Eq. (4.5). O

By the iterated use of Lemma 4.5, we obtain that ¢y < d%/2 p-a.e.
and, therefore, ®y < d%/2 u-a.e.

Now, Lemmas 2.13 and 2.14 in [4] are valid in the present setting
(by replacing p with v suitably in the proof), and we know that ®,
converges both in weak L?(v) sense and in weak* L°°(u) sense as t — 0
and the limit @ is equal to ®(d%/2).

Lemma 4.6. Let 7 > 0 and B € B with u(B) < oco. Then,
lim(T;—¢1p, @,) = (Tr13, ®y) = (T, 15, ®(d%/2)).

Proof. Let f(t) = (Tr—t1p, P — P(c0)), t > 0. If we check the following
two conditions:

(i) 771 f3 f(t)dt — (Tr1p, B — ®(00)) as T — 0,
(ii) there exist M > 0and ¢y > 0such that f(t)—f(s) < M(t—s)/s
for any 0 < s <t < tp,

then we can apply the Tauberian theorem (Lemma 3.11 in [7]) to obtain
that lim; .o f(t) = (T;1p, P9 — ®(00)), which implies the assertion.
Condition (i) is proved as follows:

‘% /OT F(t)dt — (1, B — ‘MOO))‘

1 /T e T T
S‘T/o f(t)dt_f/o (TTlg,q)t—q)(OO))dt’+’(T7—1B7(I)T_q)0)‘

2LK ([T L
— | 15 = Tilsllo dt + |(Tr 1, Br — @)

— 0 as T — 0.

<
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Regarding (ii), for § € (0,1), Lemma 4.2 implies
(T 1, @3 — B(e))[1

=S

t t
_ / (T, 15, 0,0%) dr — / (T, 15, 0,0(e%)) dr
S . S
+/‘anqmﬂf—w£»m
t
= [Tt = ) dr — [ S L g (6P T 1) dr
t
+/ T, TlB)dr—/ (TT_T1B,1x1/(e£))dr
s T

+/ T 15, ®0 — ®(c)) dr
= —J1—Jo+J3— Js+ J5.
We have

Ty < /t Mdr < KLu(B)(t — s)/s, Ji>0,

Q/MM <Wﬂ@W+/hMWMW%W

> __/ Lo ((6)0)°T 1) dr + J.
Ift <ty:= K/(2C), then J; > —Jy + J5. Therefore,
(Tr—r1p, B — ®(e)))}=h < KLu(B)(t — s)/s
for s <t <ty. By letting § — 0, condition (ii) follows. O
In the identity

/B Sy dp = (@4, Tr—y1p) + (P4, 15 — Tr41p),

the first term of the right-hand side converges to [ ®odu as t — 0,
then 7 — 0, by the lemma above. The modulus of the second term
is dominated by KL|1p — T;_¢1p|[11(,), which also converges to 0 as
t — 0 and 7 — 0. Therefore,

Ilfir%/ O, dy — / By dpp = / (d%/2) dp
for any B € B with pu(B) < oco. Now, by the exactly same argument
as the end of Section 2.6 of [4], it follows that

d(A, B)?
limsup —tlog P,(A, B) < %
t—0

Combining Theorem 4.1, we finish the proof of Theorem 2.7.
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5. ADDITIONAL RESULTS

Proposition 5.1. For everyt > 0 and A € B with 0 < pu(A) < oo, it
holds that {T;14 = 0} = {da = oo} p-a.e. Moreover, the following are
equivalent for A, B € B with 0 < pu(A) < 0o, 0 < u(B) < oc.

e d(A, B) = 0.

e P,(A,B) =0 for everyt > 0.

e P,(A,B) =0 for somet > 0.

Proof. This is almost the same as Lemma 2.16 in [4]. By Theorem 4.1,
it holds that {T;14 = 0} D {d4 = oo} p-a.e. Let 0 < s < t and suppose
P,(A, B) = 0. Then we have

0= ‘Pt(A7B) = (1A7E—3TslB) Z (1A : TslBaﬂ—S(]‘A ) TSlB))
= 1 T—s)/2(1a - Tslp) |l 22

Therefore, 14 - Ts1p = 0, in particular, Ps(A, B) = 0. By Theorem 2.7,
we obtain {7314 = 0} C {d4 = oo} p-a.e. The second assertion follows
from the first one. O

The proof of Theorem 1.3 of [4] is also valid in our setting here with
slight modification, and we have the following counterpart.

Theorem 5.2. Let A € B with 0 < u(A) < oo take any probability
measure v which s mutually absolutely continuous with respect to pu.
Then, the functions u; = —tlogT;i14 converges to d%4/2 ast — 0 in the
following senses.

(1) wg - Ly,<o0p converges to d%/2 - 1qg, <00} in v-probability.
(i) If F is a bounded function on [0,00| that is continuous on
[0,00), then F(u;) converges to F(d%/2) in L*(v).
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