E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y Vol. 14 (2009), Paper no. 68, pages 1992–2010.

Journal URL

http://www.math.washington.edu/~ejpecp/

On the Small Deviation Problem

for Some Iterated Processes

Frank Aurzada^∗ and Mikhail Lifshits^†

Abstract

We derive general results on the small deviation behavior for some classes of iterated processes. This allows us, in particular, to calculate the rate of the small deviations for n-iterated Brownian motions and, more generally, for the iteration of n fractional Brownian motions. We also give a new and correct proof of some results in [24].

Key words: Small deviations; small ball problem; iterated Brownian motion; iterated fractional Brownian motion; iterated process; local time.

AMS 2000 Subject Classification: Primary 60G18; 60F99; 60G12; 60G52.

Submitted to EJP on July 3, 2008, final version accepted August 17, 2009.

∗Technische Universität Berlin, Institut für Mathematik, Sekr. MA 7-5, Straße des 17. Juni 136, 10623 Berlin, Germany, aurzada@math.tu-berlin.de †St. Petersburg State University, 198504 Stary Peterhof, Dept of Mathematics and Mechanics, Bibliotechnaya pl., 2, Russia, lifts@mail.rcom.ru

1 Introduction

This article is concerned with the small deviation problem for iterated processes. We consider two independent, real-valued stochastic processes X and Y (precise assumptions are given below), define the iterated process by (X ∘Y )(t) := X (Y (t)), t ∈ [0, 1], and investigate the small deviation function

− log � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň , (1)

when ϵ → 0.

The goal of this article is

• to provide general results concerning the order of (1) – given that we know the small deviation probabilities for the processes X and Y , respectively, and that Y has a continuous modification;

• to study some illuminating examples of processes to which this technique can be applied, among them the iteration of n (fractional) Brownian motions; and

• to show how the technique can be modified if Y has jumps. This is illustrated by several examples, among them the α-time Brownian motion, previously studied in [24]. Here, we give a correct proof of (a weaker version of) the results from [24].

Small deviation problems, also called small ball problems, were studied intensively during recent years, which is due to many connections to other subjects such as the law of the iterated logarithm of Chung type, strong limit laws in statistics, metric entropy properties of linear operators, quantization, and several other approximation quantities for stochastic processes. For a detailed account, we refer to the surveys [18] and [16] and to the literature compilation [19]. The interest in iterated processes, in particular iterated Brownian motion, started with the works of Burdzy (cf. [8] and [9], see also [31]). Iterated processes have interesting connections to higher order PDEs, cf. [1] and [25] for some recent results. Small deviations of iterated processes or the corresponding result for the law of the iterated logarithm are treated in [11] (X and Y Brownian motions, see also [29]), [12] (X Brownian motion, Y = |Y^′| with Y^′ being Brownian motion), [24] (see Section 5 below), [21] (X fractional Brownian motion, Y a subordinator), and, most recently, [22] (X fractional Brownian motion, Y a subordinator, and the sup-norm is taken over a possibly fractal index set).

In Section 2, we give general results under the assumption that the small deviation probabilities of X and Y , respectively, are known to some extent and that Y has a continuous modification. The proofs for these results are given in Section 3 and the results are illustrated with several examples in Section 4. In Section 5, we treat examples where Y has jumps, in particular, the so-called α-time Brownian motion, studied earlier in [24].

2 General results

Before we formulate our main results, let us define some notation. We write f ⪯ g or g ⪰ f if lim sup f /g < ∞, while the equivalence f ≈ g means that we have both f ⪯ g and g ⪯ f .

Moreover, f ≲ g or g ≳ f say that lim sup f /g ≤ 1. Finally, the strong equivalence f ∼ g means that lim f /g = 1.

We say that a process X is H-self-similar if (X (ct))^d= (c^H X (t)) for all c > 0, where^d= means that the finite-dimensional distributions coincide. Recall that, for example, fractional Brownian motion with Hurst parameter H is H-self-similar. However, there are many interesting self-similar processes outside the Gaussian framework, e.g. a strictly α-stable Lévy process is 1/α-self-similar ([28], [10], [27]).

Let us consider stochastic processes (X (t))_{t≥0} and (Y (t))_{t≥0} that are independent and such that X (0) = 0 and Y (0) = 0 almost surely. We extend X for t < 0 in the usual manner using an independent copy: namely, let X^′ be an independent copy of X , and set X (t) := X^′(−t) for all t < 0. We call this process two-sided.

Recall that if X is a classical fractional Brownian motion, it has dependent “wings” (X (t))_{t≥0} and (X (t))_{t≤0}; hence it does not fit in the scope of the present section. Nevertheless we will show below how the technique can be adjusted by using the stationarity of increments instead of the independence.

In this section, we assume that

• X is an H-self-similar, two-sided process and • Y has a continuous modification.

If we know the weak asymptotic order of the small deviation probability of the processes X and Y , respectively, we can determine that of the process X ∘ Y . Theorem 1. Let θ, τ > 0. Then, under the above assumptions, the relations

− log � Ć sup t∈[0,1]

|X (t)| ≤ ϵ Ň ≈ ϵ^{−θ}

− log � Ć sup t∈[0,1]

|Y (t)| ≤ ϵ Ň ≈ ϵ^{−τ} (2)

imply − log � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň ≈ ϵ^{−1/(1/θ +H/τ)}.

The implication also holds if ≈ is replaced by ⪯ or ⪰, respectively. For translating lower bounds (i.e. ⪯ in the relations above), the assumption that Y is continuous can be dropped.

Remark 2. Note that the resulting exponent is always less than θ. Therefore, the small deviation probability of X ∘ Y is always larger than the one of X . Remark 3. In fact, for the proof it is sufficient to know that

− log � Ć sup t∈[0,T]

|X (t)| ≤ ϵ Ň ≈ T^{θ H} ϵ^{−θ} , when ϵ → 0,

for all T > 0, instead of the self-similarity property and the given small deviations of X .

Furthermore, provided we know the strong order of the small deviation functions, we can prove a result for the strong asymptotic order for that of the iterated process. Theorem 4. Let τ > 0 and θ := 1/H > 0. Then, under the above assumptions, the relations

− log � Ć sup t∈[0,1]

|X (t)| ≤ ϵ Ň ∼ kϵ^{−θ}

− log � Ć sup s,t∈[0,1]

|Y (s) − Y (t)| ≤ ϵ Ň ∼ κϵ^{−τ} (3)

imply

− log � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň ∼ κ^{1/(1+τ)}τ^{−τ/(1+τ)}(1 + τ)k^{τ/(1+τ)}ϵ^{−θ τ/(1+τ)}.

The implication also holds if ∼ is replaced by ≲ or ≳, respectively. For translating lower bounds (i.e. ≲ in the relations above), the assumption that Y is continuous can be dropped.

It is easy to check that this theorem recovers the results from [11], where X and Y are Brownian motions, and [12], where X is a Brownian motion and Y = |Y^′| with Y^′ being a Brownian motion. Remark 5. As in Remark 3, it is sufficient to know that

− log � Ć sup t∈[0,T]

|X (t)| ≤ ϵ Ň ∼ kT^{θ H} ϵ^{−θ} , when ϵ → 0,

for all T > 0, instead of the self-similarity property and the given small deviations of X . Remark 6. A careful reader would wonder why the self-similarity index of X and the small deviation index of X should be related by θ := 1/H. In fact, this relation is rather typical for the supremum norm. We refer to [17] for the explanation of this fact in the context of small deviations of general norms. Also see [27; 3].

One may argue that, typically, not the probability in (3) is given but rather the small deviation probability. The following lemma translates from the small deviation probability into (3) (and backwards) if we know that a process satisfies the Anderson property.

Recall that the Anderson property for a random vector Y taking values in a linear space E means that � (Y ∈ A) ≥ � (Y ∈ A + e) (4) for any e ∈ E and any measurable symmetric convex set A ⊆ E, cf. [2]. It is known that any centered Gaussian vector has this property. Another example is given by symmetric α-stable vectors since their distributions can be represented as mixtures of Gaussian ones.

Lemma 7. Let (Y (t))_{t∈T} be a stochastic process with Y (t_0) = 0 a.s. for some t_0 ∈ T . Furthermore, assume that Y satisfies the Anderson property. Let τ > 0 and ℓ be a slowly varying function. Then we have − log � Ć sup_{s,t∈T} |Y (s) − Y (t)| ≤ ϵ Ň ∼ κϵ^{−τ}ℓ(ϵ) if and only if − log � „ sup_{t∈T} |Y (s)| ≤ ϵ « ∼ κ2^{−τ}ϵ^{−τ}ℓ(ϵ).

Note that the applicability of Lemma 7 depends on the use of the Anderson property. We now state that if X satisfies the Anderson property so does X ∘ Y . This makes it possible to use Theorem 4 iteratively.

Lemma 8. Let T be some non-empty index set and let (X (u))_{u∈�} and (Y (t))_{t∈T} be independent stochastic processes, where X satisfies the Anderson property. Then the process (X (Y (t)))_{t∈T} satisfies the Anderson property.

This shows that, in particular, iterated Brownian motion, the iteration of two (or more general n) fractional Brownian motions, α-time Brownian motion (defined below), and many other non- Gaussian processes satisfy the Anderson property.

3 Proofs of the general results

Before we prove Theorem 1, we recall a result that translates the small deviation probability into a corresponding result for the Laplace transform. Lemma 9. Let Y (0) = 0 almost surely, p > 0, and τ > 0. Then

− log � Ć sup t∈[0,1]

|Y (t)| ≤ ϵ Ň ≈ ϵ^{−τ}, ϵ → 0,

implies − log � exp Ć −λ sup

s,t∈[0,1]

|Y (t) − Y (s)|^p Ň ≈ λ^{1/(1+p/τ)}, λ → ∞.

The relation also holds if ≈ is replaced by ⪯ (⪰ in the assertion) or ⪰ (⪯ in the assertion), respectively.

Proof: This follows simply from the fact that 1 2 sup s,t∈[0,1]

|Y (t) − Y (s)| ≤ sup_{t∈[0,1]} |Y (t)| = sup_{t∈[0,1]} |Y (t) − Y (0)| ≤ sup_{s,t∈[0,1]} |Y (t) − Y (s)|.

and the de Bruijn Tauberian Theorem (Theorem 4.12.9 in [5]). □ Now we can prove Theorem 1.

Proof of Theorem 1: By assumption, for some constants C_1, C^′_1, C_2, C^′_2 > 0 and all ϵ > 0,

C^′_1 e^{−C1ϵ−θ} ≤ � Ć sup t∈[0,1]

|X (t)| ≤ ϵ Ň ≤ C^′_2 e^{−C2ϵ−θ} . (5)

Let N := inf_{t∈[0,1]} Y (t) and M := sup_{t∈[0,1]} Y (t).

Note that, since Y is continuous, Y ([0, 1]) = [N, M].

Therefore, by independence of X and Y and by independence of X for positive and negative arguments, we have � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň = � Ć sup s∈[N,0]

|X (s)| ≤ ϵ, sup_{s∈[0,M]} |X (s)| ≤ ϵ Ň

= � 2 4� sup s∈[N,0]

|X (s)| ≤ ϵ ˛ ˛ ˛ ˛ ˛ Y ! � sup s∈[0,M]

|X (s)| ≤ ϵ ˛ ˛ ˛ ˛ ˛ Y !3 5 . (6)

Now we use the H-self-similarity of X to see that the last expression equals � 2 4� sup s∈[0,1]

|(−N)^H X (s)| ≤ ϵ ˛ ˛ ˛ ˛ ˛ Y ! � sup s∈[0,1]

|M^H X (s)| ≤ ϵ ˛ ˛ ˛ ˛ ˛ Y !3 5 . (7)

By (5), we have � sup s∈[0,1]

|(−N)^H X (s)| ≤ ϵ ˛ ˛ ˛ ˛ ˛ Y ! = � sup s∈[0,1]

|X (s)| ≤ ϵ (−N)^H ˛ ˛ ˛ ˛ ˛ Y ! ≤ C^′_2e^{−C2ϵ−θ (−N)Hθ} .

Analogously one can argue for the second term in (7), which yields that the whole expression in (7) is less than

C^{′2}_2 �e^{−C2ϵ−θ ((−N)Hθ +M Hθ )} ≤ C^{′2}_2 �e^{−C̃2ϵ−θ (M−N)Hθ} = C^{′2}_2 �e^{−C̃2ϵ−θ (sups,t∈[0,1] |Y (t)−Y (s)|)Hθ} .

By Lemma 9, the logarithmic order of this Laplace transform, when ϵ → 0, is ϵ^{−θ /(1+Hθ /τ)}, which proves the upper bound in the assertion. The lower bound is established in exactly the same way using the lower bound in (5). Note that this argument fails when Y is not continuous, because we only have Y ([0, 1]) ⊊ [N, M]. □

Now let us prove the strong asymptotics result.

Proof of Theorem 4: Let δ > 0. By assumption, for all 0 < ϵ < ϵ_0 = ϵ_0(δ),

e^{−k(1+δ)ϵ−θ} ≤ � Ć sup t∈[0,1]

|X (t)| ≤ ϵ Ň ≤ e^{−k(1−δ)ϵ−θ} .

This implies that there are constants C_1, C_2 > 0 (depending on ϵ_0) such that for all ϵ > 0,

C_1e^{−k(1+δ)ϵ−θ} ≤ � Ć sup t∈[0,1]

|X (t)| ≤ ϵ Ň ≤ C_2e^{−k(1−δ)ϵ−θ} . (8)

By repeating the previous proof with (5) replaced by (8), we arrive at � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň ≤ C^2_2 �e^{−k(1−δ)ϵ−θ ((−N)Hθ +M Hθ )}.

By using the assumption Hθ = 1, we clearly have

C^2_2 �e^{−k(1−δ)ϵ−θ ((−N)Hθ +M Hθ )} = C^2_2 �e^{−k(1−δ)ϵ−θ (M−N)} = C^2_2 �e^{−k(1−δ)ϵ−θ sups,t∈[0,1] |Y (t)−Y (s)|}.

Next, by the de Bruijn Tauberian Theorem (Theorem 4.12.9 in [5]), the strong asymptotic logarithmic order of this Laplace transform, when ϵ → 0, is

κ^{1/(1+τ)}τ^{−1/(1+1/τ)}(1 + τ)(k(1 − δ))^{1/(1+1/τ)}ϵ^{−θ /(1+1/τ)}.

Letting δ → 0 proves the upper bound in the assertion. The lower bound follows in exactly the same way using the lower bound in (8). As in the previous theorem, the proof fails when Y is not continuous, because we only have Y ([0, 1]) ⊊ [N, M]. □

Proof of Lemma 7: Clearly, sup_{s,t} |Y (s) − Y (t)| ≤ 2 sup_t |Y (t)|

and therefore − log � Ć sup_{s,t} |Y (s) − Y (t)| ≤ 2ϵ Ň ≤ − log � „ sup_t |Y (t)| ≤ ϵ « , which implies the inequality in one direction.

On the other hand, let N := inf_t Y (t) and M := sup_t Y (t). Fix h > 1 and 0 < ϵ < 1. Assume sup_{s,t} |Y (s) − Y (t)| ≤ 2ϵ. (9)

Then since Y (t_0) = 0 we have M ≤ 2ϵ and N ≥ −2ϵ. Moreover, Q :=^{M+N}_2 must satisfy |Q| ≤ ϵ. Furthermore, we have

sup_s |Y (s) − Q| ≤ max{M − Q,Q − N} =

M − N 2 ≤ ϵ.

Let m be the point in {kϵ^h, k ∈ �} closest to Q. There are at most 2(ϵ + ϵ^h)/ϵ^h possible values for m. Additionally, we have sup_s |Y (s) − m| = sup_s ˛ ˛Y_s − Q + Q − m ˛ ˛ ≤ ϵ + ϵ^h.

Therefore, � Ć sup_{t,s} |Y (s) − Y (t)| ≤ 2ϵ Ň

= X {k∈�, |kϵ^h|≤ϵ+ϵ^h} � Ć sup_{t,s} |Y (s) − Y (t)| ≤ 2ϵ, m = kϵ^h Ň

≤ X {k∈�, |kϵ^h|≤ϵ+ϵ^h} � „ sup_s |Y (s) − m| ≤ ϵ + ϵ^h, m = kϵ^h «

≤ X {k∈�, |kϵ^h|≤ϵ+ϵ^h} � „ sup_s |Y (s) − kϵ^h| ≤ ϵ + ϵ^h «

≤ X {k∈�, |kϵ^h|≤ϵ+ϵ^h} � „ sup_s |Y (s)| ≤ ϵ + ϵ^h «

≤ 2(ϵ + ϵ^h)

ϵ^h � „ sup_s |Y (s)| ≤ ϵ + ϵ^h «

≤ 4ϵ^{1−h}� „ sup_s |Y (s)| ≤ ϵ + ϵ^h « , where we used the Anderson property in the fourth step.

Taking logarithms, multiplying with −(2ϵ)^τℓ(2ϵ)^{−1}, taking limits, and using that ℓ is a slowly varying function implies that

lim_{ϵ→0} ϵ^τℓ(ϵ)^{−1} Ć − log � Ć sup_{s,t} |Y (s) − Y (t)| ≤ ϵ ŇŇ

≥ 2^τ lim_{ϵ→0} ϵ^τℓ(ϵ)^{−1} „ − log � „ sup_s |Y (s)| ≤ ϵ + ϵ^h ««

= 2^τ lim_{ϵ→0} „ ϵ ϵ + ϵ^h

«_τ

(ϵ + ϵ^h)^τℓ(ϵ + ϵ^h)^{−1} „ − log � „ sup_s |Y (s)| ≤ ϵ + ϵ^h ««

= 2^τ lim_{ϵ→0} ϵ^τℓ(ϵ)^{−1} „ − log � „ sup_s |Y (s)| ≤ ϵ «« , which finishes the proof. □ Proof of Lemma 8: It is sufficient to check (4) for cylinder sets. Fix d ≥ 1 and let B be a symmetric convex set in �^d . Let t_1, . . . , t_d ∈ T and fix any function e : T → �^1. Define a cylinder

A := ˘ a : T → � : (a(t_1), . . . , a(t_d )) ∈ B ¯ and the corresponding random cylinders

A_{Y,e} := ˘ f : � → � : ( f (Y (t_1)) − e(t_1), . . . , f (Y (t_d )) − e(t_d ) ∈ B ¯ . Then we have

� (X ∘ Y ∈ A + e) = � ` (X (Y (t_1)) − e(t_1), . . . , X (Y (t_d )) − e(t_d )) ∈ B ´ = � � Ă X ∈ A_{Y,e}|Y Ł = � � Ă X ∈ A_{Y,0} + (e(t_1), . . . , e(t_d ))|Y Ł ≤ � � Ă X ∈ A_{Y,0}|Y Ł = � (X ∘ Y ∈ A) . □ 4 Examples

4.1 Iterated Brownian motions

As a first example let us consider n-iterated Brownian motions:

X^{(n)}(t) := X_n(X^{(n−1)}(t)), X^{(1)}(t) = X_1(t), (10) where the X_i are independent (two-sided) Brownian motions. This process is 2^{−n}-self-similar. The small deviation problem can be solved by using (n − 1)-times Theorem 4 and Lemmas 7 and 8. We summarize the result in the following corollary. A simulation for X^{(1)}, X^{(2)}, and X^{(4)} can be seen in Figure 4.1.

Corollary 10. Let X^{(n)} be the process given by (10), where the X_i are independent two-sided Brownian motions. Then − log � Ć sup t∈[0,1]

|X^{(n)}(t)| ≤ ϵ Ň ∼ π^2

1 − 2^{−n} 2^{(n+1)/(2n −1)} ϵ^{−1/(1−2−n )}.

Figure 4.1: typical sample paths of iterated Brownian motions

4.2 Iterated two-sided fractional Brownian motions More generally, one can consider n-iterated fractional Brownian motions, given by (10), where this time X_1, . . . , X_n are independent (two-sided) fractional Brownian motions with Hurst parameters H_1, . . . , H_n, respectively. The process X^{(n)} is H_1 ·. . .· H_n-self-similar. Its small deviation order is given by − log � Ć sup t∈[0,1]

|X^{(n)}(t)| ≤ ϵ Ň ∼ c_nϵ^{−τn} , where 1 τ_n = nX j=1 H_j · . . . · H_n (11)

and c_n is defined iteratively by

c_n := (1 + τ_{n−1}) » c^{1/τn−1} n−1 2c(H_n) τ_{n−1}

–_{τn−1/(1+τn−1)} , c_1 = c(H_1),

and c(H) is the small deviation constant of a fractional Brownian motion with Hurst parameter H.

Even for n = 2, i.e. fractional Brownian motions X_1 and X_2 with Hurst parameters H_1, H_2, respectively, this leads to the new result that the small deviation order is

− log � Ć sup t∈[0,1]

|X_2(X_1(t))| ≤ ϵ Ň ∼ „ 1 + 1 H_1 « Ť c(H_1)^{H1} 2H_1c(H_2)

Ů_{1/(1+H1)} ϵ^{− 1H2(1+H1)} .

4.3 The ‘true’ iterated fractional Brownian motion

Note that in the last subsection we obtained the small deviation order for ‘iterated fractional Brownian motion’ X ∘ Y , where X was a two-sided fractional Brownian motion, i.e. a process consisting of two independent branches for positive and negative arguments, and Y was another fractional Brownian motion (independent of the two branches of X ). We shall now calculate the small deviation order for the ‘true’ iterated fractional Brownian motion, namely, using Y as above but X being a centered Gaussian process on � with covariance

�X (t)X (s) = 1 2 Ă |s|^{2H} + |t|^{2H} − |t − s|^{2H} Ł , t, s ∈ �. (12)

The general result is as follows.

Theorem 11. Let X be a fractional Brownian motion with Hurst index H as given in (12) and Y be a continuous process independent of X satisfying

− log � Ć sup t∈[0,1]

|Y (t) − Y (s)| ≤ ϵ Ň ∼ κϵ^{−τ}. (13)

Then

− log � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň ∼ κ^{1/(1+τ)}τ^{−τ/(1+τ)}(1 + τ)c(H)^{τ/(1+τ)}ϵ^{−τ/(H(1+τ))},

where c(H) is the small deviation constant of a fractional Brownian motion.

This theorem can be applied to many processes Y . We recall that (13) can be obtained e.g. via Lemma 7 from the small deviation order. In particular, if Y is also a fractional Brownian motion we get the following result for the ‘true’ iterated Brownian motion.

Corollary 12. Let X be a fractional Brownian motion with Hurst index H_2 as given in (12) and Y be a (continuous modification of a) fractional Brownian motion with Hurst index H_1 (independent of X ). Then

− log � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň ∼ „ 1 + 1 H_1 « Ť c(H_1)^{H1} 2H_1c(H_2)

Ů_{1/(1+H1)} ϵ^{− 1H2(1+H1)} .

Recall that we obtain the same logarithmic small deviation order as for a two-sided fBM. Moreover, the iteration of n ‘true’ fractional Brownian motions provides the same asymptotics as obtained in (11) for the two-sided fBM.

Note that, in spite of the identity of the assertions, Theorem 11 does not follow from Theorem 4, since X is not two-sided. We will show now how the stationarity of increments of the ‘true’ fBM replaces the independence property of the two-sided process. For the proof of Theorem 11, we need the following lemma.

Lemma 13. For any δ ∈ (0, 1) there exists K_δ > 0 such that for all N ≤ 0 ≤ M, for all ϵ > 0, and for any centered Gaussian process X (t), t ∈ �, with stationary increments it is true that � Ć sup 0≤t≤M+|N|

|X (t)| ≤ (1 − δ)ϵ Ň � ` |X (N)| ≤ ϵ/K_δ ´

≤ � Ć sup N≤t≤M

|X (t)| ≤ ϵ Ň

≤ � Ć sup 0≤t≤M+|N|

|X (t)| ≤ (1 + δ)ϵ Ň � ` |X (N)| ≤ ϵ/K_δ

´_{−1} .

Proof: To see the upper bound observe that the stationarity of increments and weak correlation inequality (Theorem 1.1 in [15]) yield � Ć sup 0≤t≤M+|N|

|X (t)| ≤ (1 + δ)ϵ Ň = � Ć sup N≤t≤M

|X (t) − X (N)| ≤ (1 + δ)ϵ Ň

≥ � Ć sup N≤t≤M

|X (t)| ≤ (1 + δ/2)ϵ, |X (N)| ≤ δϵ/2 Ň

≥ � Ć sup N≤t≤M

|X (t)| ≤ ϵ Ň � ` |X (N)| ≤ ϵ/K_δ ´ .

For the lower bound, using the same arguments in inverse order we get � Ć sup N≤t≤M

|X (t)| ≤ ϵ Ň = � Ć sup N≤t≤M

|X (t) − X (N) + X (N)| ≤ ϵ Ň

≥ � Ć sup N≤t≤M

|X (t) − X (N)| ≤ (1 − δ/2)ϵ; |X (N)| ≤ δϵ/2 Ň

≥ � Ć sup N≤t≤M

|X (t) − X (N)| ≤ (1 − δ)ϵ Ň � ` |X (N)| ≤ ϵ/K_δ ´

= � Ć sup 0≤t≤|N|+M

|X (t)| ≤ (1 − δ)ϵ Ň � ` |X (N)| ≤ ϵ/K_δ ´ . □ Proof of Theorem 11: Let δ > 0 and define as before N := inf_{t∈[0,1]} Y (t) and M := sup_{t∈[0,1]} Y (t). Then Lemma 13 yields that, for some constant K_δ > 0, � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň

= � Ű � Ć sup N≤t≤M

|X (t)| ≤ ϵ ˛ ˛ ˛ ˛ Y ŇŹ

≥ � 2 4� sup 0≤t≤M+|N|

|X (t)| ≤ (1 − δ)ϵ ˛ ˛ ˛ ˛ ˛ Y ! � Ć |X (N)| ≤ ϵ K_δ ˛ ˛ ˛ ˛ Y Ň3 5

= � Ű � Ć sup 0≤t≤1

|X (t)| ≤

(1 − δ)ϵ (M + |N|)^H ˛ ˛ ˛ ˛ Y Ň � Ć |X (1)| ≤ ϵ K_δ|N|^H ˛ ˛ ˛ ˛ Y ŇŹ

≥ � Ű � Ć sup 0≤t≤1

|X (t)| ≤

(1 − δ)ϵ (M + |N|)^H ˛ ˛ ˛ ˛ Y Ň � Ć |X (1)| ≤ ϵ K_δ(M + |N|)^H ˛ ˛ ˛ ˛ Y ŇŹ

=: � ^ f (M + |N|)g(M + |N|) ~ . Note that f , g ≥ 0 are non-increasing functions. Thus, by the FKG inequality (cf. e.g. [20], p. 65), the last term is bounded from below by

� f (M + |N|) · �g(M + |N|) = � Ű � Ć sup 0≤t≤1

|X (t)| ≤

(1 − δ)ϵ (M + |N|)^H ˛ ˛ ˛ ˛ Y ŇŹ · � � „ |X (1)| ≤ ϵ K_δ(M + |N|)^H « . The first term can be handled as in the proof of Theorem 4, the resulting order is

− log � � Ć sup 0≤t≤1

|X (t)| ≤

(1 − δ)ϵ (M + |N|)^H ˛ ˛ ˛ ˛ Y Ň

∼ κ^{1/(1+τ)}τ^{−τ/(1+τ)}(1 + τ)c(H)^{τ/(1+τ)}((1 − δ)ϵ)^{−τ/(H(1+τ))}.

On the other hand, one easily proves that � � „ |X (1)| ≤ ϵ K_δ(M + |N|)^H «

admits a lower bound of order ϵ, as ϵ → 0. Therefore,

− log � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň

≲ κ^{1/(1+τ)}τ^{−τ/(1+τ)}(1 + τ)c(H)^{τ/(1+τ)}((1 − δ)ϵ)^{−τ/(H(1+τ))}.

Letting δ → 0 finishes the proof. The upper bound can be proved along the same lines or by using the Hölder inequality instead of the FKG inequality. □

5 The example of α-time Brownian motion

5.1 Motivation

Let X be a Brownian motion and Y be a symmetric α-stable Lévy process.

In [24], the small deviation problem for X ∘ Y , called α-time Brownian motion there, is studied and further applied to the LIL of Chung type and results for the local time for that processes. However, the method of proof in [24] is essentially the same as for our Theorem 4. Note that this proof is wrong in the case of α-time Brownian motion, since the inner process Y is not continuous, which is a main ingredient of the proof. In fact, it is used that Y ([0, 1]) = [N, M], with as above N := inf_t Y (t) and M := sup_t Y (t), which is not true for this Y .

However, trivially Y ([0, 1]) ⊊ [N, M], and thus the proof in [24] does give a lower bound for the small deviation probability. The purpose of this section is, among other things, to give a correct proof of the upper bound.

More precisely, the case β = 2 in the following theorem provides a weaker version of Theorem 2.3 in [24].

Theorem 14. Let X be a two-sided strictly β-stable Lévy process (0 < β ≤ 2) and Y be a strictly α-stable Lévy process (0 < α ≤ 2, independent of X ) that is not a subordinator. Then

− log � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň ≈ ϵ^{−βα/(1+α)}.

This result implies weaker versions of the results in [24]. In particular, the existence of the small deviation constant and its value are not assured. The same concerns the constants in the law of the iterated logarithm. This should be subject to further investigation.

Note furthermore that we prove the result for general strictly α-stable Lévy processes Y , symmetry (assumed in [24]) is not a feature that would be required here. The only property that is used is self-similarity.

For the sake of completeness let us mention that in the case that Y is an α-stable subordinator (0 < α < 1) and, say β = 2, the result becomes wrong. Namely, in that case X ∘ Y is in fact a symmetric (2α)-stable Lévy process itself, so that we then get that

− log � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň ≈ ϵ^{−2α}.

Remark 15. The assertion in Theorem 14 is also true if we take an H-fractional Brownian motion or H-Riemann-Liouville process as X . Then of course, β = 1/H.

The proof of Theorem 14 is given in several steps. First note that the lower bound follows from our Theorem 1 and Prop. 3, Section VIII, in [4] (the result actually dates back to [30], [23], and [7]). The upper bound follows from Proposition 17 below, as explained there.

5.2 Handling the outer Brownian motion

In order to prove Theorem 14, we shall proceed as follows. In a first step, we show that the small deviation problem of processes that are subordinated to Brownian motion (or more generally, to a strictly β-stable Lévy process) are closely connected to the (random) entropy numbers of the range of the inner process (i.e. K = Y ([0, 1])). This technique was previously used in [21] and [22] for fractional Brownian motion. Then we estimate the entropy numbers of the range of the inner process, in our case a strictly α-stable Lévy process (the subordinator case was studied in [21]). This requires completely new arguments.

To formulate the first step, let us define the following notation. For given ϵ > 0 and a compact set K ⊆ �, let N(K, ϵ) := min ˘ n ≥ 1, ∃x_1, . . . , x_n ∈ � : ∀x ∈ K∃i ≤ n : |x − x_i| ≤ ϵ ¯ . These quantities are usually called covering numbers of the set K and characterize its metric entropy. We can get rid of the randomness of the outer process X in the following way. We remark that the following result is inspired by Proposition 3.1 in [22], where it was shown for X being fractional Brownian motion.

Proposition 16. Let X be a (two-sided) strictly β-stable Lévy process, 0 < β ≤ 2. Then there is a constant c_0 > 0 such that, for all compact sets K ⊆ � and for all ϵ > 0, � „ sup_{t∈K} |X (t)| ≤ ϵ « ≤ e^{1−N(K,c0ϵβ )}.

Proof: Let c_0 be chosen large enough such that sup_{t≥c0} � (|X (t)| ≤ 2) ≤ e^{−1}. For N = N(K, c_0ϵ^β ) find an increasing sequence t_1, ..., t_N in K such that t_{i+1} − t_i ≥ c_0ϵ^β for all i = 1, ..., N − 1. Then by independence of increments and strict stability of X we have � „ sup_{t∈K} |X (t)| ≤ ϵ « ≤ � Ć sup 1≤i≤N

|X (t_i)| ≤ ϵ Ň ≤ � Ć sup 1≤i≤N−1

|X (t_{i+1}) − X (t_i)| ≤ 2ϵ Ň

= N−1Y i=1 � ` |X (t_{i+1}) − X (t_i)| ≤ 2ϵ ´ = N−1Y i=1 � ` |X (t_{i+1} − t_i )| ≤ 2ϵ ´

= N−1Y i=1 � „ |X „ t_{i+1} − t_i ϵ^β « | ≤ ϵ « ≤ e^{−(N−1)}. □ Recall that in order to prove Theorem 14 we want to get an upper bound for � Ć sup t∈[0,1]

|X (Y (t))| ≤ ϵ Ň = � Ű � Ć sup_{t∈K} |X (t)| ≤ ϵ ˛ ˛ ˛ ˛ Y ŇŹ ≤ � h e^{1−N(K,c0ϵβ )} i , where we let K = Y ([0, 1]). Since for any R > 0 we have � h e^{−N(K,c0ϵβ )} i ≤ e^{−R} + � Ă N(K, c_0ϵ^β ) ≤ R Ł , the upper bound in Theorem 14 follows immediately from the next result.

Proposition 17. Let Y be a strictly α-stable Lévy process and set K = Y ([0, 1]). Then there exist small c and δ depending on the law of Y such that

� (N(K, ϵ) < δk) ≤ e^{−ck}, (14)

for all ϵ > 0 and k = ă ϵ^{−α/(1+α)} č . The proof of Proposition 17 is given in the next subsection. In Section 5.4, we provide an alternative proof, which is much shorter but involves local times and thus only works for α > 1.

Remark 18. Actually, the investigation of the small deviation probabilities for covering numbers such as � (N(Y ([0, 1]), ϵ) < k) is an interesting problem in its own right; and we hope to handle it elsewhere extensively. Here, we just notice that the order of the estimate (14) is sharp and that it is a particular case of a more general fact that can be obtained similarly:

− log � (N(Y ([0, 1]), ϵ) < k) ≈ (kϵ)^{−α},

which is valid for 1 ≤ k ≤ ϵ^{−1}, 1 < α < 2, and for 1 ≤ k ≤ δϵ^{− α1+α} , 0 < α < 1. More efforts are needed to understand the remaining cases, e.g. ϵ^{− α1+α} ≪ k ≪ ϵ^{−α}, 0 < α < 1. We remark here that much is known about the Hausdorff dimension of the range of e.g. Lévy processes, cf. e.g. [13] for a recent survey or [26]. However, in our case, we require an estimate for the covering numbers N(Y ([0, 1]), ϵ) on a set of large measure, which is a related question but requires different methods.

5.3 Proof of Proposition 17

We will now prove inequality (14). For this purpose, let us introduce the notation

N_{[0,t]}(ϵ) := N(Y ([0, t]), ϵ), t ≥ 0.

For a given t ≥ 0, N_{[0,t]}(ϵ) counts how many intervals are needed in order to cover the range of the process when only looking at the path until time t. A similar quantity was studied in [26], but the results do not seem directly applicable. Let T = ϵ^{−α}. By scaling we have � Ă N_{[0,1]}(ϵ) ≤ δk Ł = � Ă N_{[0,T]}(T^{1/α}ϵ) ≤ δk Ł = � Ă N_{[0,T]}(1) ≤ δk Ł . By splitting the time interval [0, T ] in k equal pieces, we get intervals of length L = T /k ≥ k^α, since T ≥ k^{1+α}.

Observe that if N_{[0,T]}(1) ≤ δk, then there are at most ⌈δk⌉ points where the function t �→ N_{[0,t]}(ϵ) increases. Therefore, there are at least ⌊(1 − δ)k⌋ of the intervals, where this function does not increase. Thus, there exists a set of integers J ⊆ {0, . . . , k − 1} such that |J| ≥ ⌊(1 − δ)k⌋ and there is no increase of covering numbers

N_{[0,( j+1)L]}(1) = N_{[0, j L]}(1), ∀ j ∈ J. (15)

Let δ < 1/2. Notice that the number of choices for J satisfying |J| ≥ ⌊(1 − δ)k⌋ can be expressed as 2^k� ` B_k ≥ ⌊(1 − δ)k⌋ ´ where B_k is a sum of k Bernoulli random variables attaining the values 0 and 1 with equal probabilities. By the classical Chernoff bound for the large deviations of B_k we see that this number is smaller than: Ă δ^{−δ}(1 − δ)^{−(1−δ)}

Ł_k =: exp(δ_1k),

where δ_1 satisfies δ_1 → 0, as δ → 0.

For a while, we fix an index set J. We enlarge the events from (15) as follows:

Ω_j := ę N_{[0,( j+1)L]}(1) = N_{[0, j L]}(1) ≤ k ľ

⊆ ę Y (( j + 1)L) ∈ Y [0, j L] + [−1, 1], N_{[0, j L]}(1) ≤ k ľ = ę Y (( j + 1)L) − Y ( j L) ∈ Y [0, j L] + [−1, 1] − Y ( j L), N_{[0, j L]}(1) ≤ k ľ =: Ω^′_j.

Let, as usual, �_t denote the filtration generated by the process Y up to time t. We have, by stationarity and independence of increments,

esssup �(Ω^′_j|�_{j L}) ≤ sup_A {�(Y (L) ∈ A + [−1, 1]), N(A, 1) ≤ k}

≤ sup_{A′} ˘ �(Y (L) ∈ A^′), N(A^′, 2) ≤ k ¯ ≤ sup_{A′} ˘ �(Y (L) ∈ A^′), |A^′| ≤ 2k ¯ ≤ sup_{A′′} ˘ �(Y (1) ∈ A^{′′}), |A^{′′}| ≤ 2 ¯ =: c_1 < 1.

By a standard conditioning argument, we find

� 0 B @ \ j∈J Ω_j 1 C A ≤ � 0 B @ \ j∈J Ω^′_j 1 C A ≤ Y j∈J esssup � “ Ω^′_j |�_{j L} ” ≤ c^{|J|}_1 ≤ c^{(1−δ)k}_1 .

By summing up over all sets J, we have

�(N_{[0,1]}(ϵ) < δk) ≤ X J:|J|≥⌈(1−δ)k⌉ � 0 B @ \ j∈J Ω_j 1 C A ≤ |{J : |J| ≥ ⌈(1 − δ)k⌉}| c^{(1−δ)k}_1 ≤ exp(δ_1k)c^{(1−δ)k}_1 ;

and we are done with (14) if δ is chosen so small that exp(δ_1)c^{1−δ}_1 < 1.

5.4 Alternative proof via local times

Here, we give an alternative proof for Proposition 17 when α > 1. In this case, the strictly α-stable process Y possesses a continuous local time L: Z B L(x) dx =

Z_1 0 1l_B(Y (t)) dt, for all Borel sets B.

We define L^∗ = sup_x L(x), the maximum of local time of the α-stable Lévy process considered on the time interval [0, 1]. It was shown by Lacey ([14]) that

log �(L^∗ > u) ∼ −cu^α, as u → ∞,

for some (explicitly known) constant c > 0.

Note that, if N(K, ϵ) < k then 1 = Z_1 0 1l_K (Y (t)) dt = Z K L(x) dx ≤ L^∗ Z K 1 dx ≤ L^∗ · (ϵk).

Therefore, for ϵ small enough,

�(N(K, ϵ) < k) ≤ �(L^∗ > (ϵk)^{−1}) ≤ exp(−c^′(ϵk)^{−α}).

In particular, by letting k = ă ϵ^{−α/(1+α)} č we get

�(N(K, ϵ) < k) ≤ exp(−c^{′′}ϵ^{−α/(1+α)}),

as required in (14).

A similar proof also works for other symmetric Lévy processes, cf. [6], where Lacey’s result is generalized.

Acknowledgement. The first-named author was supported by the DFG Research Center MATHEON “Mathematics for key technologies” in Berlin. The work of the second author was supported by the DFG-RFBR grant 09-01-91331.

References

[1] H. Allouba and W. Zheng. Brownian-time processes: the PDE connection and the halfderivative generator. Ann. Probab. 29 (2001), no. 4, 1780–1795. MR1880242

[2] T. W. Anderson. The integral of a symmetric unimodal function over a symmetric convex set and some probability inequalities. Proc. Amer. Math. Soc. 6 (1955), 170–176. MR0069229

[3] F. Aurzada. Small deviations for stable processes via compactness properties of the parameter set. Statist. Probab. Lett. 78 (2008), no. 6, 577–581. MR2409520

[4] J. Bertoin. Lévy processes. Cambridge Tracts in Mathematics, vol. 121, Cambridge University Press, Cambridge, 1996. MR1406564

[5] N. H. Bingham, C. M. Goldie, and J. L. Teugels. Regular variation. Encyclopedia of Mathematics and its Applications, vol. 27, Cambridge University Press, Cambridge, 1989. MR1015093

[6] R. Blackburn. Large deviations of local times of Lévy processes. J. Theoret. Probab. 13 (2000), no. 3, 825–842. MR1785531

[7] A. A. Borovkov and A. A. Mogul^′skiĭ. On probabilities of small deviations for stochastic processes. Siberian Adv. Math. 1 (1991), no. 1, 39–63. MR1100316

[8] K. Burdzy. Some path properties of iterated Brownian motion. Cinlar, E. (ed.) et al., Seminar on stochastic processes, 1992. Held at the Univ. of Washington, DC, USA, March 26-28, 1992. Basel: Birkhäuser. Prog. Probab. 33, 67-87 (1992), 1992. MR1278077

[9] . Variation of iterated Brownian motion. Dawson, D. A. (ed.), Measure-valued processes, stochastic partial differential equations, and interacting systems. Providence, RI: American Mathematical Society. CRM Proc. Lect. Notes. 5, 35-53 (1994), 1994. MR1278281

[10] P. Embrechts and M. Maejima. Selfsimilar processes. Princeton Series in Applied Mathematics, Princeton University Press, Princeton, NJ, 2002. MR1920153

[11] Y. Hu, D. Pierre-Loti-Viaud, and Z. Shi. Laws of the iterated logarithm for iterated Wiener processes. J. Theor. Probab. 8 (1995), no. 2, 303–319. MR1325853

[12] D. Khoshnevisan and T. M. Lewis. Chung’s law of the iterated logarithm for iterated Brownian motion. Ann. Inst. H. Poincaré Probab. Statist. 32 (1996), no. 3, 349–359. MR1387394

[13] D. Khoshnevisan and Y. Xiao. Lévy processes: capacity and Hausdorff dimension. Ann. Probab.

33 (2005), no. 3, 841–878. MR2135306

[14] M. Lacey. Large deviations for the maximum local time of stable Lévy processes. Ann. Probab.

18 (1990), no. 4, 1669–1675. MR1071817

[15] W. V. Li. A Gaussian correlation inequality and its applications to small ball probabilities. Electron. Comm. Probab. 4 (1999), 111–118 (electronic). MR1741737

[16] W. V. Li and Q.-M. Shao. Gaussian processes: inequalities, small ball probabilities and applications. Stochastic processes: theory and methods. Handbook of Statist., vol. 19, pp. 533–597. MR1861734

[17] M. Lifshits and T. Simon. Small deviations for fractional stable processes. Ann. Inst. H. Poincaré Probab. Statist. 41 (2005), no. 4, 725–752. MR2144231

[18] M. A. Lifshits. Asymptotic behavior of small ball probabilities. Probab. Theory and Math.

Statist. Proc. VII International Vilnius Conference, 1999, pp. 453–468.

[19] . Bibliography compilation on small deviation probabilities, available from http://www.proba.jussieu.fr/pageperso/smalldev/biblio.html, 2008.

[20] T. M. Liggett. Interacting particle systems, Grundlehren der Mathematischen Wissenschaften, vol. 276, Springer-Verlag, New York, 1985. MR0776231

[21] W. Linde and Z. Shi. Evaluating the small deviation probabilities for subordinated Lévy processes. Stochastic Process. Appl. 113 (2004), no. 2, 273–287. MR2087961

[22] W. Linde and P. Zipfel. Small deviation of subordinated processes over compact sets. Probab.

Math. Statist. 28 (2008), no. 2, 281–304.

[23] A. A. Mogul^′skiĭ. Small deviations in the space of trajectories. Teor. Verojatnost. i Primenen. 19 (1974), 755–765. MR0370701

[24] E. Nane. Laws of the iterated logarithm for α-time Brownian motion. Electron. J. Probab. 11 (2006), no. 18, 434–459 (electronic). MR2223043

[25] I. Nourdin and G. Peccati. Weighted power variations of iterated Brownian motion. Electron.

J. Probab. 13 (2008), 1229–1256 (electronic). MR2430706

[26] W. E. Pruitt. The Hausdorff dimension of the range of a process with stationary independent increments. J. Math. Mech. 19, 1969/1970, 371–378. MR0247673

[27] G. Samorodnitsky. Lower tails of self-similar stable processes. Bernoulli 4 (1998), no. 1, 127– 142. MR1611887

[28] G. Samorodnitsky and M. S. Taqqu, Stable non-Gaussian random processes, Stochastic Modeling, Chapman & Hall, New York, 1994. MR1280932

[29] Z. Shi. Lower limits of iterated Wiener processes. Statist. Probab. Lett. 23 (1995), no. 3, 259– 270. MR1340161

[30] S. J. Taylor. Sample path properties of a transient stable process. J. Math. Mech. 16 (1967), 1229–1246. MR0208684

[31] W. Vervaat. Sample path properties of self-similar processes with stationary increments. Ann.

Probab. 13 (1985), 1–27. MR0770625