E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 5 (2000) Paper no. 7, pages 1–17.

Journal URL

http://www.math.washington.edu/~ejpecp/

Paper URL

http://www.math.washington.edu/~ejpecp/EjpVol5/paper7.abs.html

TWO COALESCENTS DERIVED FROM THE RANGES OF STABLE SUBORDINATORS

Jean Bertoin Laboratoire de Probabilités Tour 56, 4 Place Jussieu, 75252 Paris Cedex 05, France

jbe@ccr.jussieu.fr

Jim Pitman Department of Statistics, University of California, Berkeley 367 Evans Hall # 3860 Berkeley, CA 94720-3860, USA.

pitman@stat.berkeley.edu

Abstract Let M_α be the closure of the range of a stable subordinator of index α ∈]0, 1[. There are two natural constructions of the M_α’s simultaneously for all α ∈]0, 1[, so that M_α ⊆ M_β for 0 < α < β < 1: one based on the intersection of independent regenerative sets and one based on Bochner’s subordination. We compare the corresponding two coalescent processes defined by the lengths of complementary intervals of [0, 1]\M_{1−ρ} for 0 < ρ < 1. In particular, we identify the coalescent based on the subordination scheme with the coalescent recently introduced by Bolthausen and Sznitman [6].

Keywords stable regenerative set, Bochner’s subordination, Bolthausen-Sznitman coalescent, Poisson covering, zero sets of Bessel processes, two parameter Poisson-Dirichlet distribution, fragmentation

AMS subject classification 60E07, 60G57

Research supported in part by NSF grant DMS97-03961

Submitted to EJP on September 28, 1999. Final version accepted on November 10, 1999.

Contents

1 Introduction 2

2 The Subordination Scheme 5 2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Normalized excursion and meander . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.3 Proof of Theorem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.4 Another construction of the Bolthausen-Sznitman coalescent . . . . . . . . . . . 9

3 The Intersection Scheme 10 3.1 The ranked coalescent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 The partition-valued process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4 The age 14

5 Some Open Problems 15

1 Introduction

A ranked coalescent process describes the evolution of a system of masses which aggregate randomly as time passes. More formally, write S^↓ for the state space of decreasing positive sequences v := (v(n), n ∈ N) with ∑ n v(n) = 1, so each term v(n) can be viewed as the mass of some fragment of a unit mass. In a ranked coalescent process (V_ρ, ρ ∈ I) parameterized by some interval I ⊆ R, for each ρ < ρ^′ V_ρ0(n) = ∑ k∈Π(ρ,ρ0,n) V_ρ(k) where Π(ρ, ρ^′, n) indicates which of the masses present at time ρ have coalesced by time ρ^′ to form the nth largest mass present at time ρ^′. The Π(ρ, ρ^′, n) for n ∈ N are the blocks of some random partition of N, and these partitions are subject to a consistency requirement as ρ and ρ^′ vary. We call the time reversal of a ranked coalescent process a ranked fragmentation process. See [8] for a general framework for the analysis of such processes, and [1, 3, 6, 8, 17] for some specific examples.

Our purpose here is to discuss some instances of the following general construction, where we assume with little loss of generality that I =]0, 1[. Consider a family (M_α, 0 < α < 1) of closed subsets of [0, ∞[ which is nested, meaning that M_α ⊆ M_β for 0 < α < β < 1, and suppose that each M_α has zero Lebesgue measure. Let V (M_α) ∈ S^↓ be the sequence of ranked lengths of component intervals of [0, 1]\M_α. Then (V (M_{1−ρ}), 0 < ρ < 1) is a ranked coalescent process. Kingman [12] gave such a construction of his coalescent using discrete random sets M_α. Here we focus on two natural constructions of nested (M_α, 0 < α < 1) such that

M_α = {σ_α(t), t ≥ 0}^{cl} (1) is a random stable regenerative subset of [0, ∞[ defined by the closure of the range of σ_α := (σ_α(t), t ≥ 0), a stable subordinator of index α. Following [22], the distribution of V (M_α) on S^↓ derived from M_α in (1) will be called Poisson-Dirichlet with parameters (α, 0), denoted P D(α, 0). See also [20, 18] for further background. Our interest in constructions of nested M_α was spurred by the following result:

Theorem 1 (Bolthausen-Sznitman [6]) There exists a (time-inhomogeneous) Markovian ranked fragmentation process (V^{BS}_α , 0 < α < 1) such that (V^{BS}_e�_t ; t > 0) is a time-homogeneous ranked Markovian coalescent with Feller semigroup, and for each α ∈]0, 1[ the law of V^{BS}_α is PD(α, 0).

We recall in Section 2.3 the precise definition of the semigroup of this Bolthausen-Sznitman coalescent (V^{BS}_e�_t ; t > 0). The equality in distribution V^{BS}_α^d= V (M_α), for each fixed α ∈]0, 1[, suggests the possibility of constructing a family of nested stable regenerative sets (M_α, 0 < α < 1) such that (V (M_α), 0 < α < 1) is a realization of (V^{BS}_α , 0 < α < 1). To this end we consider Bochner’s subordination [5]. Recall that if σ_α and σ_α0 are independent stable subordinators, then the subordinate process σ_α ∘ σ_α0 has the same law as σ_{αα}0. By application of Kolmogorov’s extension theorem we can justify the following construction:

Construction 2 Let M^∗_α := {σ^∗_α(t), t ≥ 0}^{cl} , 0 < α < 1

where (σ^∗_α, 0 < α < 1) is a family of stable subordinators such that for every 0 < α_n < . . . < α_1 < 1, the joint distribution of σ^∗_{α1} , . . . , σ^∗_{αn} is the same as that of σ_{α1} , . . . , σ_{αn} defined as follows. Consider a family of n independent stable subordinators, τ_{β1} , . . . , τ_{βn} with indices β_1, . . . , β_n ∈ ]0, 1] such that α_i = β_1 . . . β_i for i = 1, . . . , n, and set σ_{αi} = τ_{β1} ∘ . . . ∘ τ_{βi} .

Our main result, which we prove in Section 2.3 using excursion theory and special properties of Poisson-Dirichlet laws, is the following identity:

Theorem 3 There is the equality of finite-dimensional distributions of ranked fragmentation processes (V (M^∗_α), 0 < α < 1)^d= ( V^{BS}_α , 0 < α < 1 ) . (2)

This result is closely related to another recent construction of the Bolthausen-Sznitman coalescent in [4], based on the genealogy of Neveu’s continuous-state branching process. We explain the connection between the two constructions in Section 2.4. See also [17] for quite a different construction, which yields generalizations of the Bolthausen-Sznitman coalescent. There is another natural construction of nested stable regenerative sets M_α which is implicit in the literature. Recall from [15] that M_α can be constructed for each fixed α ∈]0, 1[ as the zero set of a Bessel process of dimension 2 − 2α started at 0. The additivity property of squares of Bessel processes then justifies the following construction [24, 19]:

Construction 4 Construct on a common probability space the squares of Bessel processes with dimension δ, X_{δ,•}, in such a way that the path-valued process (X_{δ,•}, δ ≥ 0) is a C[0, ∞[-valued process with independent increments and càdlàg paths, and set M^∩_α = {t ≥ 0 : X_{2−2α,t} = 0} .

The Poisson structure of jumps of (X_{δ,•}, δ ≥ 0), described in [19] (see also [16, Proposition 14]), shows that the process created by Construction 4 can be represented by a simpler random covering scheme [10]:

Construction 5 Generate a Poisson point process of triples (a, x, z) in the space ]0, 1[×]0, ∞[^2 with intensity da dx z^{−2}dz, and let M^∩_α be the set left uncovered by intervals ]x, x + z[ corresponding to points (a, x, z) of the Poisson process with a ≤ 1 − α.

That M^∩_α is the closure of the range of a stable subordinator of index α can be read from [10, p. 180]. Implicit in Constructions 4 and 5 is the well known fact that if M_α and M_α0 are independent, then the intersection M_α ∩ M_α0 has the same law as M_{α+α}0_{−1}, where M_α := {0} for α ≤ 0.

Plainly, the set-valued processes (M^∩_α , 0 < α < 1) and (M^∗_α, 0 < α < 1) have the same onedimensional distributions, meaning that M^∩_α and M^∗_α have the same law as M_α in (1) for each fixed α. But these families do not have the same finite-dimensional distributions. Indeed, we will show in Section 3 that the ranked fragmentation processes (V (M^∩_α ), 0 < α < 1) and (V (M^∗_α), 0 < α < 1) do not have the same laws. So Theorem 3 is false with M^∩_α instead of M^∗_α. Nonetheless, there are some striking resemblances between the two families, and it is interesting to investigate the similarities and differences.

One similarity involves the so-called age A_α of M_α at time 1. That is, A_α is the length of the component interval of [0, 1]\M_α that contains 1 (or equivalently, 1 − A_α is the largest point in [0, 1] ∩ M_α). Note that A_α is one of the components of V (M_α). To be more precise [20], A_α is a size-biased pick from the components of V (M_α), meaning that

P (A_α = V (M_α)(n) | V (M_α)) = V (M_α)(n) (n = 1, 2, . . .)

where V (M_α)(n) is the length of the nth longest component interval of [0, 1] ∩ M_α. Here and in the sequel, we develop notation for M_α, and modify by a superscript ∩ or ∗ to replace M_α by M^∩_α or M^∗_α. It is known from [7] that there is a gamma subordinator (Γ_ρ, ρ ≥ 0) such that for each fixed ρ ∈]0, 1[ A^∩_{1−ρ}^d= A^∗_{1−ρ}^d= Γ_ρ/Γ_1. (3) As an extension of this, we obtain the following proposition:

Proposition 6 Let (Γ_ρ; ρ ≥ 0) be a gamma subordinator. There is the equality of finitedimensional distributions

(A^∩_{1−ρ}; 0 < ρ < 1)^d= (A^∗_{1−ρ}; 0 < ρ < 1)^d= (Γ_ρ/Γ_1; 0 < ρ < 1) .

In other words, each of these process has a right-continuous version which is the cumulative distribution function of a Dirichlet random measure on ]0, 1[ governed by Lebesgue measure.

This Proposition is a consequence of [2, Proposition 8], as it is easily checked that for every 0 < α_1 < . . . < α_n < 1, the embeddings M^∩_{α1} ⊆ . . . ⊆ M^∩_{αn} and M^∗_{α1} ⊆ . . . ⊆ M^∗_{αn} are compatible with the regenerative property in the sense [2]. We also give another proof of Proposition 6 in Section 4. Finally, we mention some open problems about the coalescent ( V (M^∩_{1−ρ}), 0 < ρ < 1 ) in section 5.

2 The Subordination Scheme

2.1 Preliminaries

It is known that if V_α = (V_α(1), V_α(2), . . .) has the P D(α, 0) law, meaning V_α^d= V (M_α), then the limit L_{1,α} := lim_{n→∞} n (V_α(n))^α (4)

exists with probability 1. Moreover, if V_α = V (M_α) then L_{1,α} coincides with the local time of the random set [0, 1] ∩ M_α. Alternatively, L_{1,α} can be constructed as the first passage time above level 1 for the stable subordinator σ_α, provided that the latter has been suitably normalized (which induces no loss of generality by the scaling property). See equations (2.c-h) in [20] for details.

Definition 7 [22] For α ∈]0, 1[ and θ > −α, the Poisson-Dirichlet distribution with parameters (α, θ), denoted P D(α, θ), is the law on S^↓ that is absolutely continuous with respect to P D(α, 0), with density proportional to L^{θ/α}_{1,α} .

The rest of this section is organized as follows. In the next subsection, we develop material on the ‘excursions’ of the random set M^∗_α away from M^∗_γ for arbitrary 0 < γ < α < 1 . This is used in the third subsection to prove Theorem 3. In the final subsection, we relate Theorem 3 to a different construction of the Bolthausen-Sznitman coalescent process based on Bochner’s subordination that has been recently obtained in [4], using a multidimensional extension of an identity due to Pitman and Yor [20].

2.2 Normalized excursion and meander

In this subsection, we work in the canonical space Ω of closed subsets ω ⊆ [0, ∞[ with 0 ∈ ω. We give Ω the topology of Matheron [14] and the corresponding Borel field B(Ω). We write n for the operator of normalization of compact sets. That is, if max ω < ∞, then

n(ω) = {x ∈ [0, 1] : x max ω ∈ ω} ,

and k_r for the killing operator at r ≥ 0

k_r(ω) = ω ∩ [0, r] .

For ω ∈ Ω let V (ω) be the sequence of ranked lengths of component intervals of [0, 1]\ω. Note that V (ω) = V (k_1(ω)), and that V (ω) ∈ S^↓ provided the Lebesgue measure of ω equals 0, as it is for almost all ω with respect to the distribution of M_α for each 0 < α < 1. Here as before, M_α := {σ_α(t), t ≥ 0}^{cl} for σ_α a stable subordinator with index α, and we now regard M_α as a random variable with values in Ω. Our analysis relies on the following identity in distribution [20, Theorem 1.1]: V (M_α)^d= V (

n ∘ k_{σα(1)}(M_α)

) (5) where the common distribution of both sides is the Poisson-Dirichlet law P D(α, 0). We focus now on the joint law of (M^∗_γ , M^∗_α) for arbitrary 0 < γ < α < 1. Let β := γ/α, so 0 < β < 1. Suppose that σ_α and τ_β are independent stable subordinators of indices α, β ∈]0, 1[, and that M^∗_α and M^∗_γ are the closed ranges of σ_α and σ_α ∘ τ_β respectively. Consider the random countable subset of [0, ∞[×Ω defined by the points

(t, {σ_α(s) − σ_α(τ_β(t−)), τ_β(t−) ≤ s ≤ τ_β(t)}^{cl}) with τ_β(t−) < τ_β(t). (6)

As both σ_α and τ_β have independent and stationary increments, and τ_β is independent of σ_α, it follows by the argument of Itô [11] that the points (6) are points of a Poisson point process [0, ∞[×Ω with intensity measure dt ν_{α,γ} (dω), for some measure ν_{α,γ} on Ω, call it the law of excursions of M^∗_α away from M^∗_γ . By construction of the point process there is the formula ν_{α,γ}(B) = c ∫_∞ 0

P

(

k_{σα(t)}(M^∗_α) ∈ B

) t^{−β−1}dt , B ∈ B(Ω) . Here ct^{−β−1}dt is the Lévy measure of τ_β, with c > 0 a constant whose value is not relevant. Note that c may change from line to line in the sequel. We define the meander M^∗me_{α,γ} to be a random set distributed according to an excursion conditioned to have length at least 1 and restricted to the unit interval. That is,

P(M^∗me_{α,γ} ∈ B) = c

∫_∞ 0

P (k_1(M^∗_α) ∈ B, σ_α(t) > 1) t^{−β−1}dt , B ∈ B(Ω).

We also define a normalized excursion M^∗ex_{α,γ} to be a random set distributed as the excursion conditioned to have length at least 1 and then normalized in order to have unit length. That is

P(M^∗ex_{α,γ} ∈ B) = c

∫_∞ 0

P

(

n ∘ k_{σα(t)}(M^∗_α) ∈ B, σ_α(t) > 1

) t^{−β−1}dt , B ∈ B(Ω) . Consider now V (M^∗ex_{α,γ} ) and V (M^∗me_{α,γ} ), the ranked lengths of intervals that result from the partition of [0, 1] induced by M^∗me_{α,γ} and M^∗ex_{α,γ} respectively.

Lemma 8 For 0 < γ < α < 1, the two sequences V (M^∗ex_{α,γ} ) and V (M^∗me_{α,γ} ) have the same law, which is P D(α, −γ).

Proof: Recall γ = αβ. First, observe that the scaling property combined with Fubini’s theorem yields that the distribution of the normalized excursion is given for every B ∈ B(Ω) by

P(M^∗ex_{α,γ} ∈ B) = c

∫_∞ 0

P

(

n ∘ k_{σα(t)}(M^∗_α) ∈ B, σ_α(t) > 1

) t^{−β−1}dt = c ∫_∞ 0

P

(

n ∘ k_{σα(t)}(M^∗_α) ∈ B, t^{−1/α}σ_α(t) > t^{−1/α}

) t^{−β−1}dt = c ∫_∞ 0

P

(

n ∘ k_{σα(1)}(M^∗_α) ∈ B, σ_α(1) > t^{−1/α}

) t^{−β−1}dt = c E ( (σ_α(1))^γ ; n ∘ k_{σα(1)}(M^∗_α) ∈ B ) . In particular, the distribution of V (M^∗ex_{α,γ} ) is absolutely continuous with respect to that of V (n ∘ k_{σα(1)}(M^∗_α)) with density proportional to (σ_α(1))^γ . As (σ_α(1))^{−α} coincides with the local time of the normalized set n∘k_{σα(1)}(M^∗_α), we deduce from (5) that the distribution of V (M^∗ex_{α,γ} ) is absolutely continuous with respect to that of V (M^∗_α) with density proportional to L^{−γ/α}_{1,α} , where L_{1,α} stands for the local time of M^∗_α at 1. So by Definition 7, the law of V (M^∗ex_{α,γ} ) is P D(α, −γ). On the other hand, {σ_α(t) > 1} = {L_{1,α} < t} up to a null set, and it then follows that the law of the meander is given for every B ∈ B(Ω) by

P(M^∗me_{α,γ} ∈ B) = c

∫_∞ 0

P (k_1(M^∗_α) ∈ B, σ_α(t) > 1) t^{−β−1}dt

= c ∫_∞ 0

P (k_1(M^∗_α) ∈ B, L_{1,α} < t) t^{−β−1}dt

= c E ( L^{−β}_{1,α} , k_1(M^∗_α) ∈ B ) . In particular, the law of V (M^∗me_{α,γ} ) is absolutely continuous with respect to that of V (M^∗_α) with density proportional to L^{−β}_{1,α}. So the law of V (M^∗ex_{α,γ} ) is also P D(α, −γ). �

Next, following [21, 17], we can associate to any parameters α ∈]0, 1[ and θ > −α an (α, θ)- fragmentation kernel on S^↓ as follows. We introduce first a sequence Y_1, Y_2, . . . of i.i.d. variables with law P D(α, θ). Then for an arbitrary v = (v(n), n ∈ N) ∈ S^↓, we write (α, θ)- FRAG(v, ·) for the distribution of the decreasing rearrangement of the elements of the sequences v(1)Y_1, v(2)Y_2, . . ..

Lemma 9 For each choice of α and γ with 0 < γ < α < 1, the conditional law of V (M^∗_α) given

k_1

( M^∗_γ ) is (α, −γ)-FRAG(V (M^∗_γ ), ·).

Proof: Let I_0 be the right-most interval component of [0, 1]\M^∗_γ , and write (I_k, k ∈ N), for the sequence of the remaining open intervals of this decomposition, ranked according to the decreasing order of lengths. For every integer k ≥ 0, let ℓ_k ∈]0, 1[ be the left-end point of the interval I_k and denote by Z_k the Ω-valued random variable such that Z_k = {x ∈ [0, 1] : ℓ_k + |I_k|x ∈ M^∗_α} . Note that the sequence of the lengths |I_0|, |I_1|, . . . is measurable with respect to k_1(M^∗_γ ) and that its increasing rearrangement is V (M^∗_γ ). Standard arguments of excursion theory using the scaling property imply that Z_0, Z_1, . . . is a sequence of independent variables which is also independent of k_1(M^∗_γ ). Moreover, Z_0 has the law of the meander M^∗me_{α,γ} , and for k ≥ 1, each Z_k has the law of the normalized excursion M^∗ex_{α,γ} . By construction, V (M^∗_α) is the decreasing rearrangement of the elements of the sequences |I_0|V (Z_0), |I_1|V (Z_1), . . . As we know from Lemma 8 that the variables V (Z_0), V (Z_1), . . . all have the P D(α, −γ) distribution, our claim is proven. �

We recall next a basic duality relation between Poisson-Dirichlet fragmentation and coagulation kernels. Associated with each probability distribution Q on S^↓ there is a Markov kernel on S^↓, the Q-coagulation kernel, denoted Q-COAG, which is defined as follows [6, 17]. Let V be a random element of S^↓ with distribution Q, and given V let X_1, X_2, . . . be a sequence of i.i.d.

N-valued random variables with law P(X_i = n|V ) = V (n). For v ∈ S^↓, let Q-COAG(v, ·) be the

distribution on S^↓ of the ranked rearrangement of the sequence ( ∑ n v(n)1(X_n = 1), ∑ n v(n)1(X_n = 2), . . . ) .

For Q = P D(α, θ), this kernel will be denoted simply (α, θ)-COAG.

Lemma 10 [17, Corollary 13] Fix α, β ∈]0, 1[ and θ > −αβ, and let V and V^′ be two S^↓-valued random variables. Then the following are equivalent:

(i) V has the P D(α, θ)-law and the conditional law of V^′ given V is (β, θ/α)-COAG(V, ·). (ii) V^′ has the P D(αβ, θ)-law and the conditional law of V given V^′ is (α, −αβ)-FRAG(V^′, ·).

By Lemma 9, condition (ii) of Lemma 10 holds for V = V (M^∗_α) and V^′ = V (M^∗_γ ), with β = γ/α and θ = 0. So Lemmas 9 and 10 yield:

Lemma 11 For each choice of α and γ with 0 < γ < α < 1, the conditional law of V (M^∗_γ ) given V (M^∗_α) = v is (γ/α, 0)-COAG(v, ·).

2.3 Proof of Theorem 3

As shown in [6], the semigroup of the Bolthausen-Sznitman coalescent (V^{BS}_e�_t ; t > 0) introduced in Theorem 1 is provided by the family of coagulation kernels ( (e^{−t}, 0)-COAG, t > 0 ) . It follows using (5) and Lemma 11 that there is equality of twodimensional distributions in (2). To complete the proof, it remains only to establish the Markov property of ranked fragmentation process (V^∗_α , 0 < α < 1), where we abbreviate V^∗_α := V (M^∗_α). Denote by G_α the sigma field generated by the family of random closed sets

k_1(M^∗_α0) , 0 < α^′ ≤ α .

Because of the way that σ^∗_α0 can be recovered from M^∗_α0, the sigma field G_α coincides with the sigma field generated by the family of processes (σ^∗_α0(t) ∧ 1, t ≥ 0) , 0 < α^′ ≤ α . Combined with Bochner’s subordination, this shows that for every 0 < α^′ < α < 1, the conditional distribution of k_1(M^∗_α) given G_α0 only depends on k_1(M^∗_α0). In other words,

the set-valued process (k_1(M^∗_α), 0 < α < 1) is Markovian with respect to (G_α). (7)

We now fix α, β ∈]0, 1[, set γ = αβ and use the notation of the preceding subsection. Consider the conditional distribution of V^∗_α := V (M^∗_α) given G_γ . Because V^∗_α is measurable with respect to k_1(M^∗_α), we deduce from (7) that this conditional law only depends on k_1(M^∗_γ ). Lemma 9 now shows that

the conditional law of V^∗_α given G_γ is (α, −γ)-FRAG(V^∗_γ , ·) (8)

so the process (V^∗_α , 0 < α < 1) has the Markov property. �

2.4 Another construction of the Bolthausen-Sznitman coalescent

Recently, another simple connection linking the nested family (M^∗_α, 0 < α < 1) to the Bolthausen-Sznitman coalescent has been obtained in [4]. Specifically, fix α_1 ∈]0, 1[, and for α ∈ [α_1, 1[ define T_α by the identity

σ^∗_α(T_α) = σ^∗_{α1} (1) .

Then consider the normalized sets

N^∗_α := { σ^∗_α(t)/σ^∗_{α1} (1), 0 ≤ t ≤ T_α }_{cl} . It is immediately checked that (N^∗_α, α_1 ≤ α < 1) is a nested family of closed subsets of the unit interval with zero Lebesgue measure. Theorem 8 in [4] states the following identity of finite dimensional distributions of ranked fragmentation processes:

(V (N^∗_α), α_1 ≤ α < 1)^d= ( V^{BS}_α , α_1 ≤ α < 1 ) . (9)

It follows from (9) and Theorem 3 that

(V (N^∗_α), α_1 ≤ α < 1)^d= (V (M^∗_α), α_1 ≤ α < 1) . (10)

Observe that identity of one-dimensional distributions in (10) just rephrases (5). The purpose of this subsection is to point out that our approach yields a refinement of (10), and hence enables us to recover (9) via Theorem 3.

We first need some definitions. Fix an integer k ≥ 1 and k real numbers 0 < α_1 < α_2 < . . . < α_k < 1, and consider k arbitrary positive integers, n_1, . . . , n_k. We write V^∗(n_1) for the n_1-th term of the decreasing sequence V^∗_{α1} , that is the length of the n_1-th largest interval component of [0, 1]\M^∗_{α1} . We then denote by V^∗(n_1, n_2) the length of the n_2-th largest interval component of [0, 1]\M^∗_{α2} which is contained into the n_1-th largest interval in [0, 1]\M^∗_{α1} . More generally, we define V^∗(n_1, . . . , n_k) by an obvious induction. Note that ∞∑ n_k=1

V^∗(n_1, . . . , n_k) = V^∗(n_1, . . . , n_{k−1}) .

We define W^∗(n_1, . . . , n_k) analogously by replacing M^∗_{αi} by N^∗_{αi} for i = 1, . . . , k. We can now state the following result which obviously encompasses (10):

Proposition 12 For each k ≥ 1, and each choice of 0 < α_1 < α_2 < . . . < α_k < 1,

(V^∗(n_1, . . . , n_k), n_1, . . . , n_k ∈ N)^d= (W^∗(n_1, . . . , n_k), n_1, . . . , n_k ∈ N) .

Proof: For k = 1, the statement reduces to (5). We will establish the claim for k = 2, the general case follows by an easy iteration of the argument. Set

V^′(n_1, n_2) =

V^∗(n_1, n_2)

V^∗(n_1)

, W^′(n_1, n_2) =

W^∗(n_1, n_2) W^∗(n_1)

, n_1, n_2 ∈ N .

On the one hand, it follows readily from Itô’s excursion theory and the scaling property that the S^↓-valued random variables W^′(1, ·), W^′(2, ·), . . . are i.i.d. and are jointly independent of V (N^∗_{α1} ) = (W^∗(n), n ∈ N). Moreover, using the notation of Section 3.2, each has the same law as V (M^∗ex_{α1,α2} ).

On the other hand, recall that A^∗_{α1} denotes the age for M^∗_{α1} , and work conditionally on A^∗_{α1} = V^∗(p) for an arbitrary p ∈ N. In other words, we work conditionally on the event that the right-most interval component of [0, 1]\M^∗_{α1} has rank p when the interval components are ordered by decreasing lengths. It follows again from Itô’s excursion theory and the scaling property that the S^↓-valued random variables V^′(1, ·), V^′(2, ·), . . . are independent and are jointly independent of V^∗_{α1} = (V^∗(n), n ∈ N). Moreover, in the notation of Section 3.2, the law of V^′(p, ·) is that of V (M^∗me_{α1,α2} ), and for r ≠ p the law of V^′(r, ·) is that of V (M^∗ex_{α1,α2} ). But we know from Lemma 8 that V (M^∗ex_{α1,α2} ) and V (M^∗me_{α1,α2} ) are identical in distribution, and the conclusion follows. �

3 The Intersection Scheme

3.1 The ranked coalescent

In this section, we show that the ranked coalescent based on the intersection scheme is different from the one based on the subordination scheme. First recall Constructions 2 and 5, the definition (4) of the local time, and that we are using superscripts in the obvious notation. For every 0 < α < β < 1 the joint laws of (V^∗_α , V^∗_β ) and (V^∩_α , V^∩_β ) are distinct because

E

( L^∗_{1,α} | V^∗_β = v ) ≠ E ( L^∩_{1,α} | V^∩_β = v ) , (11)

where the generic sequence v belongs to some subset of S^↓ with positive P D(β, 0)-measure. The proof of (11) relies on the following lemma.

Lemma 13 For every 0 < α < β < 1, there is a measurable function f_{α/β} such that

E

( L^∗_{1,α} | M^∗_β ) = f_{α/β} ( L^∗_{1,β} ) (12)

and a real number c_{α,β} > 0 such that

E

( L^∩_{1,α} | M^∩_β ) = c_{α,β} ∫_1 0 s^{α−β}dL^∩_{s,β} . (13) Proof: The identity σ^∗_α = σ^∗_β ∘τ_{α/β} (where τ_{α/β} is a stable subordinator with index α/β which is independent of σ^∗_β) and the fact that local times are inverse of subordinators yield L^∗_{1,α} = λ(L^∗_{1,β}), where (λ(s), s ≥ 0) is the local time process corresponding to τ_{α/β}. The assertion (12) follows immediately.

Next, recall Construction 5. For every ε > 0, write N^{(ε)}_{1+α−β} for the set left uncovered by intervals ]x, x + z[ corresponding to points (a, x, z) of the Poisson process with 1 − β < a ≤ 1 − α and z ≥ ε. It is easily checked that

P

( s ∈ N^{(ε)}_{1+α−β} ) = (s/ε)^{α−β} , s ≥ ε.

We then introduce L^{(ε)}_α (t) := ε^{α−β} ∫_t 0 1_{{s∈N} (ε)_{1+α} �β^} dL^∩_{s,β} and point out the straightforward estimate

0 ≤ E ( L^{(ε)}_α (t) | M^∩_β ) − ∫_t ε s^{α−β}dL^∩_{s,β} ≤ ε^{α−β}L^∩_{ε,β} . Combining this with the fact that ε^{α−β}E ( L^∩_{ε,β} ) = cε^α yields

lim_{ε→0+} E ( L^{(ε)}_α (t) | M^∩_β ) = ∫_t 0 s^{α−β}dL^∩_{s,β} in L^1(P) . (14)

All that we need now is to check that there is some constant number c > 0 such that

lim_{ε→0+} L^{(ε)}_α (t) = cL^∩_{t,α} in L^1(P) . (15)

To see this, observe that for η ∈]0, ε[, one has L^{(η)}_α (t) = (η/ε)^{α−β} ∫_t 0 1_{{s∈N} (η,ε)_{1+α} �β^} dL^{(ε)}_α (s) , where N^{(η,ε)}_{1+α−β} denotes the set left uncovered by intervals ]x, x + z[ corresponding to points (a, x, z) of the Poisson process with 1 − β < a ≤ 1 − α and η ≤ z < ε. Using the elementary identity

P(s ∈ N^{(η,ε)}_{1+α−β}) = (ε/η)^{α−β} , s ≥ ε ,

we deduce that for every fixed 0 < s < t, the process ( L^{(ε)}_α (t) − L^{(ε)}_α (s), ε ∈]0, s[ ) is a reversed martingale.

Standard arguments involving the martingale convergence theorem and (14) show that L^{(ε)}_α (t) converges in L^1(P) as ε → 0+ to, say, L_α(t), and that the increasing process (L_α(t), t ≥ 0) is continuous. It is plain from the construction that L_α(·) is an additive functional that only increases on M^∩_α , and thus is must be proportional to the local time process L^∩_{·,α} on M^∩_α . Thus (15) is established and the proof of (13) is complete. �

Now if (11) failed, then the conditional expectation

E

( L^∩_{1,α} | V^∩_β ) = c_{α,β}E (∫_1 0 s^{α−β}dL^∩_{s,β} | V^∩_β )

would be given by some functional f_{α/β}(L^∩_{1,β}) of the local time of V^∩_β (by Lemma 13, because L^∩_{1,β} is measurable with respect to V^∩_β ). To see that this is absurd, observe that for every η > 0, we would have for a.e. ℓ > 0 c^{−1}_{α,β}f_{α/β}(ℓ) = E (∫_1 0 s^{α−β}dL^∩_{s,β} | V^∩_β , L^∩_{1,β} = ℓ )

≥ η^{α−β}ℓ P ( 1 − A^∩_β ≤ η | V^∩_β , L^∩_{1,β} = ℓ ) , where 1 − A^∩_β = max ( [0, 1] ∩ M^∩_β ) . According to [20, Prop. 6.3], given V^∩_β , A^∩_β is a size-biased

choice from V^∩_β . It follows readily that the random variable P ( A^∩_β ≥ 1 − η | V^∩_β , L^∩_{1,β} = ℓ ) is greater than 1 − η, with positive probability (because the conditional probability given L^∩_{1,β} = ℓ that the first element of V^∩_β being larger than 1 − η is strictly positive). We conclude that we would have f_{α/β}(ℓ) ≥ (1 − η)c_{α,β} η^{α−β}ℓ , and since η > 0 can be chosen arbitrarily small and α − β < 0, that f_{α/β} ≡ ∞. Hence the conditional expectation E ( L^∩_{1,α} | V^∩_β ) cannot be a functional of L^∩_{1,β}, and by (12), this establishes (11).

3.2 The partition-valued process

In this section, we shall investigate the partition-valued process for the intersection scheme. For n ∈ N, let P_n be the finite set of all partitions of the set [n] := {1, . . . , n}. Following [12, 13, 8, 6] a ranked coalescent (V_{1−ρ}; 0 < ρ < 1), defined by V_α := V (M_α) for a family of nested closed sets with zero Lebesgue measure, (M_α, 0 < α < 1), is conveniently encoded as a family of P_n-valued processes with step-function paths (Π_{n,α}; 0 < α < 1), n = 1, 2, . . . as follows. Let U_1, U_2, . . . be i.i.d. uniform [0, 1] variables, independent of (M_α, 0 < α < 1). Let Π_{n,α} be the partition of [n] generated by the random equivalence relation ∼_α where i ∼_α j if and only if U_i and U_j fall in the same component interval of the complement of M_α. It is plain that Π_{n,α} a refinement of Π_{n,α}0 for α > α^′, the distribution of each Π_{n,α} is exchangeable, that is invariant under the natural action of permutations of [n] on P_n, and the Π_{n,α} are consistent as n varies, meaning that Π_{m,α} is the restriction to [m] of Π_{n,α} for n < m. For each α the sequence Π_{n,α}, n = 1, 2, . . . then induces a random partition of the set of all positive integers, each of whose classes has an almost sure limiting frequency; the ranked values of these frequencies define the random vector V_α ∈ S^↓.

Each of the partition-valued processes (Π^{BS}_{n,e}�_t ; t > 0) corresponding to the Bolthausen-Sznitman coalescent is a Markov chain with stationary transition probabilities such that whenever that the state of the process is a partition with b blocks, each k-tuple of these blocks is merging to form a single block at rate λ_{b,k} := ∫_1 0 x^{k−2}(1 − x)^{b−k}dx = (k − 2)!(b − k)!

(b − 1)!

. (16)

As observed in [17], collision rates λ_{b,k} specified by the above integral, with Λ(dx) instead of dx, serve to define a consistent family of coalescent Markov chains and hence an S^↓-valued coalescent process for an arbitrary positive and finite measure Λ on [0, 1]. The case Λ = δ_0, a unit mass at 0, is Kingman’s coalescent in which every pair of blocks coalesces at rate 1. In the remainder of this section, we shall discuss some features of the ranked coalescent ( V^∩_{1−ρ}, 0 < ρ < 1 ) . Let (Π^∩_{n,1−ρ}; 0 < ρ < 1), n = 1, 2, . . . be the partition-valued coalescents derived from (M^∩_{1−ρ}, 0 < β < 1) made by the random covering scheme of Construction 5, and let (V^∩_{1−ρ}, 0 < ρ < 1) denote the associated S^↓-valued coalescent process. As V^∩_{1−ρ}^d= V^{BS}_{1−ρ} for each ρ, it follows that Π^∩_{n,1−ρ}^d= Π^{BS}_{n,1−ρ} for each 0 < ρ < 1 and n = 1, 2, . . .. According to the

Bolthausen-Sznitman description of the homogeneous Markov chain (Π^{BS}_{2,e}�_t ; t ≥ 0), this process starts in state {{1}, {2}} at time 0, holds there for an exponential time T with rate 1, when it jumps to the absorbing state {{1, 2}}. Since 1 − e^{−T} has uniform distribution on [0, 1], it follows from Π^∩_{2,1−ρ}^d= Π^{BS}_{2,1−ρ} that the process (Π^∩_{2,1−ρ}; 0 < ρ < 1) starts in state {{1}, {2}} at time ρ = 0+, holds there for a time with uniform distribution on [0, 1], when it jumps to the absorbing state {{1, 2}}. As a check, this can be verified as follows.

Suppose that I :=]G_I, D_I [ and J :=]G_J , D_J [ are two distinct component intervals of M^∩_{1−ρ} with I to the left of J, that is D_I < G_J . Then in the coalescent process derived from (M_{1−ρ}; 0 < ρ < 1), a collision event involving the merger of I and J occurs at time ρ if and only if there is an interval in the Poisson covering process which contains ]D_I , G_J [. Given D_I = a and G_J = b with 0 < a < b the rate per unit increment of ρ at which such a merger occurs is ∫_a 0 dx b − x = − log ( b − a b ) . For t in the complement of M^∩_α let ]G_{α,t}, D_{α,t}[ denote the interval component of the complement M^∩_α containing t. Let U_{(1)} < U_{(2)} be ordered values of independent uniform variables U_1, U_2 used to generate the process (Π^∩_{2,1−ρ}; 0 < ρ < 1). Set α = 1 − ρ. According to [18, Prop. 16], conditionally given Π^∩_{2,α} = {{1}, {2}} the triple (D_{α,U(1)} , G_{α,U(2)} − D_{α,U(1)} , 1 − G_{α,U(1)} ) has a Dirichlet(1, α, 2 − α) distribution. Therefore, given Π^∩_{2,α} = {{1}, {2}} the rate of transition of the process (Π^∩_{2,1−ρ}; 0 < ρ < 1) into state {{1, 2}} at time ρ = 1 − α is −E [ log ( G_{α,U(2)} − D_{α,U(1)} G_{α,U(2)} )| | | Π_{2,α} = {{1}, {2}} ] = −E [log Z_{α,1}] = 1 α where Z_{a,b} denotes a beta(a, b) variable, and the last equality is checked as follows. Let U = Z_{1,1} be uniform on [0, 1]. Then − log U is exponential with rate 1, and Z_{α,1}^d= U^{1/α}, so

−E [log Z_{α,1}] = −E [ log U^{1/α} ] = 1 α

E [− log U] =

1 α It follows that the time of the transition of (Π^∩_{2,1−ρ}; 0 < ρ < 1) into state {{1, 2}} has uniform distribution on [0, 1], as claimed. A similar application of [18, Prop. 16] yields the following:

Proposition 14 Let U_{(1)} < U_{(2)} < U_{(3)} be the order statistics of three independent uniform variables U_1, U_2, U_3 used to generate the process (Π^∩_{3,1−ρ}; 0 < ρ < 1). Then (i) conditionally given Π^∩_{3,1−ρ} = {{1}, {2}, {3}} as ρ = 1 − α increases the rate of appearance of intervals that would cover ]D_{α,U(1)} , G_{α,U(3)} [, corresponding to a double collision, meaning a jump of the partition of [3] into state {[3]}, is

−E (log Z_{1+α,1}) = 1 1 + α ; (ii) given Π^∩_{3,1−ρ} = {{1}, {2}, {3}} the rate of appearance of intervals that would cover ]D_{α,U(1)} , G_{α,U(2)} [, causing a jump in the P_3-valued process is

−E (log Z_{α,1}) = 1 α ;

(iii) given Π^∩_{3,1−ρ} = {{1}, {2}, {3}} the rate of appearance of intervals that would cover ]D_{α,U(2)} , G_{α,U(3)} [, also causing a jump in the P_3-valued process, is

−E (log Z_{α,2}) =

2α + 1 α(α + 1) . As a check on these rates (i)-(ii)-(iii), the total rate of jumps out of all kinds out of state {{1}, {2}, {3}} is the sum of the rates in (ii) and (iii) minus the rate in (i), that is 1 α + 2α + 1 α(α + 1) − 1 1 + α = 2 α . This calculation is consistent with the case n = 3 of the following consequence of the equality in distribution Π^{BS}_{n,1−ρ}^d= Π^∩_{n,1−ρ} for all ρ: the exit time of (Π^∩_{n,1−ρ}; 0 < ρ < 1) from its initial state has the same distribution as the exit time of (Π^{BS}_{n,1−ρ}; 0 < ρ < 1) from its initial state. We know that the exit time of (Π^{BS}_{n,e}�_t ; t > 0) from its initial state is exponential with rate n − 1, so the exit rate of (Π^{BS}_{n,1−ρ}; 0 < ρ < 1) from its initial state when 1 − ρ = α is (n − 1)/α. In the Bolthausen-Sznitman coalescent, when the P_3-valued process exits from its initial state it does so by a double collision with probability 1/4, independently of the holding time of the initial state. However, the previous calculations show that in the P_3-valued coalescent (Π^∩_{3,1−ρ}; 0 < ρ < 1), if the exit from the initial state occurs at time ρ = 1 − α, then the chance that it occurs by a double collision is 1 1 + α ( 2 α )_{−1} = α 2 + 2α . It follows that (Π^∩_{3,1−ρ}; 0 < ρ < 1) does not have the same distribution as (Π^{BS}_{3,1−ρ}; 0 < ρ < 1), and hence that (V^∩_{1−ρ}; 0 < ρ < 1) does not have the same distribution as (V^{BS}_{1−ρ}; 0 < ρ < 1). The above calculations also show that (Π^∩_{3,e}�_t ; t > 0) is not a time-homogeneous Markov process. Finally, we stress that the partition-valued coalescents (Π^∗_{n,1−ρ}; 0 < ρ < 1), n = 1, 2, . . . derived from (M^∗_{1−ρ}, 0 < β < 1) have the same distributions as the Bolthausen-Sznitman partitionvalued coalescents. The proof is a slight variation of that in Section 2 (replace the present Lemma 10 by [17, Theorem 12]).

4 The age

In this section, we shall give a direct proof of Proposition 6. Recall that the age A_α is defined by A_α = 1 − max (M_α ∩ [0, 1]). Consider first the case of M^∩_α , and suppose that M^∩_α is constructed as in Construction 4 as the zero set of a Bessel process X_{2−2α,•}. If we pick parameters 0 < α_1 < . . . < α_n < 1, set 2 − 2α_i = β_i + . . . + β_n for i = 1, . . . , n, and introduce independent squares of Bessel processes X^{(1)}, . . . , X^{(n)} started at 0 with respective dimensions β_1, . . . , β_n, then X^{(i)} + · · · + X^{(n)} is the square of a Bessel process of dimension (2 − 2α_i), and its zero set is a version of M^∩_{αi} . Consider an exponential time T which is independent of the family of Bessel processes, and write

g^{(i)} = sup{t < T : X^{(i)}_t = · · · = X^{(n)}_t = 0} = sup{t < T : X^{(i)}_t + · · · + X^{(n)}_t = 0} for the last passage time at the origin of ( X^{(i)}, . . . , X^{(n)} ) before T .

On the one hand, the decomposition at a last passage time tells us that for each i = 1, . . . , n, the processes ( (X^{(i)}_t , . . . , X^{(n)}_t ); 0 ≤ t < g^{(i)} ) and ( (X^{(i)}_{g(i)+t}, . . . , X^{(n)}_{g(i)+t}); 0 ≤ t < T − g^{(i)} ) are independent. It follows that

g^{(1)}, g^{(2)} − g^{(1)}, . . . , g^{(n)} − g^{(n−1)}, T − g^{(n)}

are independent random variables.

On the other hand, we know from [7] that there is some gamma process (Γ_t, 0 ≤ t ≤ 1) such that for each i, g^{(i)} has the same distribution as Γ_{αi} . We deduce from above that in fact the (n + 1)-tuples ( g^{(1)}, . . . , g^{(n)}, T ) and ( Γ_{α1} , . . . , Γ_{αn+1} ) have the same law, where α_{n+1} = 1. The scaling property now implies that ( 1 − A^∩_{α1} , . . . , 1 − A^∩_{αn} )_d = ( g^{(1)} T , . . . , g^{(n)} T ) d= ( Γ_{α1} Γ_{αn+1} , . . . , Γ_{αn} Γ_{αn+1} ) , which is equivalent to our statement for A^∩.

A similar argument applies for A^∗. More precisely, if we write

A^∗_{αi} (t) = inf { s ∈]0, t[: t − s ∈ M^∗_{αi} } , t > 0 for the age process related to M^∗_{αi} , then it is easy to check that for each i = 1, . . . , n, the (n − i + 1)-tuple (( A^∗_{αi} (t), . . . , A^∗_{αn} (t) ) , t ≥ 0 ) is a Markov process, and the set of its passage times at the origin coincides with M^∗_{αi} . This enables us to follow the same argument as above. �

5 Some Open Problems

For any S^↓-valued coalescent process, say (V_{1−ρ}, 0 < ρ < 1), we can define an increasing process ( ~V_{1−ρ}, 0 < ρ < 1) with values in [0, 1] be letting ~V_{1−ρ} be the component of V_{1−ρ} that contains a point picked at random from the mass distribution at time 0+. In the present setting, with V_{1−ρ} constructed as V_{1−ρ} = V (M_{1−ρ}), this can be achieved by introducing an independent uniform random variable U on [0, 1], and letting ~V_α be the length of the component interval of [0, 1]\M_α that contains U. It is known [7, 20] that for M_α derived from the stable subordinator of index α, for each fixed α ∈]0, 1[ there is the equality in distribution

~V_α^d= A_α^d= Γ_{1−α}/Γ_1 . (17)

where we use the notation of Proposition 6. According to [17, Corollary 16],

( ~V^{BS}_{1−ρ}; 0 < ρ < 1)^d= (Γ_ρ/Γ_1; 0 < ρ < 1) . (18)

Proposition 6, Theorem 3 and (18) imply the following extension of (17):

( ~V^∗_α ; 0 < α < 1)^d= (A^∗_α; 0 < α < 1) .

We do not believe the same identity should hold for ( ~V ∩_α , 0 < α < 1 ) , but we do not have a

rigorous argument. The problem of specifying the distribution of the process ( ~V^∩_α , 0 < α < 1 ) is open.

More generally, it is a natural problem to describe more explicitly such features of the coalescent process (V^∩_{1−ρ}; 0 < ρ < 1) as the laws of associated partition-valued processes, as considered in [6, 17] for the Bolthausen-Sznitman coalescent. The study of such problems is complicated by the fact in contrast to the Bolthausen-Sznitman coalescent, neither (V^∩_{1−ρ}; 0 < ρ < 1) nor its associated partition-valued processes appear to have the Markov property. While it is easily seen from the Poisson construction that the set-valued process (M^∩_α ; 0 < α < 1) is Markov, this Markov property does not propagate to (V^∩_α ; 0 < α < 1) by Dynkin’s criterion for a function of a Markov process to be Markov, because the way that the restriction of M^∩_α to [0, 1] evolves depends on the ordering of the intervals, not just V^∩_α . It might be that (V^∩_α ) is Markov by the criterion of Rogers-Pitman [23]. According to [20, Prop. 6.3] there is a conditional law for [0, 1] ∩ M^∩_α given V^∩_α which is the same for all α: to reconstruct [0, 1] ∩ M^∩_α from V^∩_α , place an interval whose length is a size-biased choice from V^∩_α at the right end, then precede it by intervals with lengths from the rest of V^∩_α put in exchangeable random order. But to apply the result of [23] there is an intertwining identity of kernels to be verified, and it does not seem easy to decide if this identity holds.

References

[1] D.J. Aldous and J. Pitman. The standard additive coalescent. Ann. Probab., 26:1703–1726, 1998.

[2] J. Bertoin. Renewal theory for embedded regenerative sets. Ann. Probab., 27:1523–1535, 1999.

[3] J. Bertoin. A fragmentation process connected to Brownian motion. Technical Report 487, Laboratoire de Probabilités, Université Paris VI, 1999. To appear in Probab. Th. Rel. Fields.

[4] J. Bertoin and J. F. Le Gall. The Bolthausen-Sznitman coalescent and the genealogy of continuousstate branching processes. To appear in Probab. Theory Relat. Fields, 1999.

[5] S. Bochner. Harmonic analysis and the theory of probability. University of California Press, Berkeley and Los Angeles, 1955.

[6] E. Bolthausen and A.-S. Sznitman. On Ruelle’s probability cascades and an abstract cavity method.

Comm. Math. Phys., 197(2):247–276, 1998.

[7] E. B. Dynkin. Some limit theorems for sums of independent random variables with infinite mathematical expectations. IMS-AMS Selected Translations in Math. Stat. and Prob., 1:171–189, 1961.

[8] S.N. Evans and J. Pitman. Construction of Markovian coalescents. Ann. Inst. Henri Poincaré, 34:339–383, 1998.

[9] P. J. Fitzsimmons, B. Fristedt, and B. Maisonneuve. Intersections and limits of regenerative sets.

Z. Wahrsch. Verw. Gebiete, 70:157–173, 1985.

[10] P. J. Fitzsimmons, B. Fristedt, and L. A. Shepp. The set of real numbers left uncovered by random covering intervals. Z. Wahrsch. Verw. Gebiete, 70:175 – 189, 1985.

[11] K. Itô. Poisson point processes attached to Markov processes. In Proc. 6th Berk. Symp. Math. Stat.

Prob., volume 3, pages 225–240, 1971.

[12] J. F. C. Kingman. The coalescent. Stochastic Processes and their Applications, 13:235–248, 1982. [13] J.F.C. Kingman. On the genealogy of large populations. In J. Gani and E.J. Hannan, editors, Essays in Statistical Science, volume 19A of J.A.P. Special vol., pages 27–43. Applied Probability Trust, 1982.

[14] G. Matheron. Random sets and integral geometry. John Wiley & Sons, New York-London-Sydney, 1975.

[15] S. A. Molchanov and E. Ostrovski. Symmetric stable processes as traces of degenerate diffusion processes. Theor. Prob. Appl., 14, No. 1:128–131, 1969.

[16] J. Pitman. Cyclically stationary Brownian local time processes. Probab. Th. Rel. Fields, 106:299–329, 1996.

[17] J. Pitman. Coalescents with multiple collisions. Technical Report 495, Dept. Statistics, U.C. Berkeley, 1997. To appear in Ann. Probab.

[18] J. Pitman. Partition structures derived from Brownian motion and stable subordinators. Bernoulli, 3:79–96, 1997.

[19] J. Pitman and M. Yor. A decomposition of Bessel bridges. Z. Wahrsch. Verw. Gebiete, 59:425–457, 1982.

[20] J. Pitman and M. Yor. Arcsine laws and interval partitions derived from a stable subordinator.

Proc. London Math. Soc. (3), 65:326–356, 1992.

[21] J. Pitman and M. Yor. Random discrete distributions derived from self-similar random sets. Electronic J. Probability, 1:Paper 4, 1–28, 1996.

[22] J. Pitman and M. Yor. The two-parameter Poisson-Dirichlet distribution derived from a stable subordinator. Ann. Probab., 25:855–900, 1997.

[23] L. C. G. Rogers and J. Pitman. Markov functions. Annals of Probability, 9:573–582, 1981. [24] T. Shiga and S. Watanabe. Bessel diffusions as a one-parameter family of diffusion processes. Z.

Wahrsch. Verw. Gebiete, 27:37–46, 1973.