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Abstract

We consider a class of continuous-time stochastic growth models on d-dimensional lattice with
non-negative real numbers as possible values per site. The class contains examples such as binary
contact path process and potlatch process. We show the equivalence between the slow popula-
tion growth and localization property that the time integral of the replica overlap diverges. We
also prove, under reasonable assumptions, a localization property in a stronger form that the
spatial distribution of the population does not decay uniformly in space.
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1 Introduction

We write N=1{0,1,2,..}, N*={1,2,..} and Z = {#x ; x € N}. For x = (xq,..,x5) € R?, |x| stands
for the ¢!-norm: |x| = Zle |x;]. For n = (Ny)yezd € de, Inl = X cpe Ikl Let (2, F,P) be a
probability space. For events A,B C Q, A C B a.s. means that P(A\B) = 0. Similarly, A= B a.s. mean
that P(A\B) = P(B\A) = 0. By a constant, we always means a non-random constant.

We consider a class of continuous-time stochastic growth models on d-dimensional lattice Z< with
non-negative real numbers as possible values per site, so that the configuration at time t can be writ-
ten as 1, = (M y)yezd> Nex = 0. We interpret the coordinate 7, , as the “population” at time-space
(t, x), though it need not be an integer. The class of growth models considered here is a reasonably
ample subclass of the one considered in [Lig85, Chapter IX] as “linear systems”. For example, it
contains examples such as binary contact path process and potlatch process. The basic feature of
the class is that the configurations are updated by applying the random linear transformation of the
following form, when the Poisson clock rings at time-space (t,2):

Kon,_ if x =32,
Nex ={ 0fe- (1.1)

Ne—x T Kx—zMi— 2 if x # 2,

where K = (K,,),.cz¢ is a random vector with non-negative entries, and independent copies of K are
used for each update (See section[1.1]for more detail). These models are known to exhibit, roughly
speaking, the following phase transition [Lig85, Chapter IX, sections 3-5]:

i) If the dimension is high d > 3, and if the vector K is not too random, then, with positive probabil-
ity, the growth of the population is as fast as its expected value as time the t tends to infinity,
as such the regular growth phase.

ii) If the dimension is low d = 1,2, or if the vector K is random enough, then, almost surely, the
growth of the population strictly slower than its expected value as the time t tends to infinity,
as such the slow growth phase.

We denote the spatial distribution of the population by:

e,
Pt x ﬁl{lml>0}> t>0,xe 74, (1.2)

B 7l
In [NY09a; INYO9b]], we investigated the case (i) above and showed that the spatial distribution
(1.2) obeys the central limit theorem. We also proved the delocalization property which says that
the spatial distribution ID decays uniformly in space like t~¢/? as time t tends to infinity.

In the present paper, we turn to the case (ii) above. We first prove the equivalence between the
slow growth and a certain localization property in terms of the divergence of integrated replica
overlap (Theorem below). We also show that, under reasonable assumptions, the localization
occurs in stronger form that the spatial distribution does not decay uniformly in space as
time t tends to infinity (Theorem [1.3.2] below). These, together with [NY09a}; [NYOOD], verifies the
delocalization/localization transition in correspondence with regular/slow growth transition for the
class of model considered here.

It should be mentioned that the delocalization/localization transition in the same spirit has been dis-
cussed recently in various context, e.g., [[CHOZ; [CHO6; [CSY03; [CYO05); [HY09; [Sh09}; [YoO8al; [Yo08b]].
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In particular, the last paper [[YoO8b] by the second author of the present article can be considered
as the discrete-time counterpart of the present paper. Still, we believe it worth while verifying the
delocalization/localization transition for the continuous-time growth models discussed here, in view
of its classical importance of the model.

1.1 The model
We introduce a random vector K = (K, ),.cz¢ which is bounded and of finite range in the sense that
0 <K, < bglyy|<r} as. for some constants by, g € [0, 00). (1.3)

Let %1, (z € Z%, i € N*) be i.i.d. mean-one exponential random variables and T% =%l 1%,
Let also K*' = (K%!),cza (z € Z%, i € N*) be i.i.d. random vectors with the same distributions as K,
independent of {7*'},.74 ;c- Unless otherwise stated, we suppose for simplicity that the process
(M¢)¢>o starts from a single particle at the origin:

1 ifx=0,
No = (Tlo,x)erda Nox = { 0 ifx#0. 14

At time t = T®!, n,_ is replaced by 7),, where

— Kgint 4 ifX:Z, (1 5)
ex = MNe— x+K zm s ifx#z '

A formal construction of the process (1),).>( can be given as a special case of [Lig85} p.427, Theorem
1.14] via Hille-Yosida theory. In section we will also give an alternative construction of the
process in terms of a stochastic differential equation.

To exclude uninteresting cases from the viewpoint of this article, we also assume that

the set {x € Z¢ ; E[K, ] # 0} contains a linear basis of R?, (1.6)
P(K|=1)<1. 1.7

The first assumption (1.6) makes the model “truly d-dimensional". The reason for the second as-
sumption (1.7) is to exclude the case |n,| =1 a.s.

Here are some typical examples which fall into the above set-up:

e The binary contact path process (BCPP): The binary contact path process (BCPP), originally
introduced by D. Griffeath [Gri83]] is a special case the model, where

(1.8)

K { (5x 0+ 0, e) <z With probability 2dA+1’ for each 2d neighbor e of 0

with probability ST

The process is interpreted as the spread of an infection, with 7, , infected individuals at time t at

the site x. The first line of ll says that, with probability - i =) for each |e| = 1, all the infected
individuals at site x — e are duplicated and added to those on the site x. On the other hand, the
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second line of says that, all the infected individuals at a site become healthy with probability

77 i - A motivation to study the BCPP comes from the fact that the projected process

(nt,x A 1)x€Zd , t20
is the basic contact process [[Gri83]].

e The potlatch process: The potlatch process discussed in e.g. [HL81]] and [Lig85, Chapter IX] is
also a special case of the above set-up, in which

K,=Wk,, xez. 1.9)

Here, k = (ky),ez¢ € [0, oo)Zd is a non-random vector and W is a non-negative, bounded, mean-
one random variable such that P(W = 1) < 1 (so that the notation k here is consistent with the
definition below). The potlatch process was first introduced in [[Spi81]] for the case W =1
and discussed further in [LS81]]. It was in [[HL81]] where case with W # 1 was introduced and
discussed. Note that we do not restrict ourselves to the case |k| = 1 unlike in [[HL81]] and [[Lig85),
Chapter IX].

1.2 The regular and slow growth phases

We now recall the following facts and notion from [ILig85} p. 433, Theorems 2.2 and 2.3], although
our terminologies are somewhat different from the ones in [[Lig85]]. Let &, be the o-field generated
by n,,s <t.

Lemma 1.2.1. We set:
K= (Rpegs = (BIKD e (1.10)
T o= (e, ) . (1.11)
Then,
a) (M|, Z,)e>0 is a martingale, and therefore, the following limit exists a.s.
ool = Jim [7,]. (1.12)
b) Either

E[[M.1=1 or 0. (1.13)
Moreover, E[|7.,|] = 1 if and only if the limit (1.12) is convergent in L!(P).

We will refer to the former case of (1.13)) as regular growth phase and the latter as slow growth phase.

The regular growth means that, at least with positive probability, the growth of the “total number"
In,| of the particles is of the same order as its expectation e!XI=Dt|y,|. On the other hand, the slow
growth means that, almost surely, the growth of |n),| is slower than its expectation.

Since we are mainly interested in the slow growth phase in this paper, we now present sufficient
conditions for the slow growth.
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Proposition 1.2.2. a) Ford =1,2, || =0 a.s. In particular for d = 1, there exists a constant ¢ > 0
such that:
M. =0(e""), ast— oo, as. (1.14)

b) For any d > 1, suppose that:
Z E [K,InK,] > |k| -1 (1.15)

xezd

Then, again, there exists a constant ¢ > 0 such that (1.14) holds.

Proof: Except for (1.14), these sufficient conditions are presented in [Lig85, Chapter IX, sections
4-5]. The exponential decay (1.14) follows from similar arguments as in discrete-time models
discussed in [[YoO8a, Theorems 3.1.1 and 3.2.1]. O

Remarks: 1) For BCPBE is equivalent to A < (2d)™!, in which case it is known that |n,| =0
for large enough t’s a.s. [[Lig85, Example 4.3.(c) on p. 33, together with Theorem 1.10 (a) on p.
267]. Thus, Proposition [1.2.2|(b) applies only in a trivial manner for BCPP. In fact, we do not know
if there is a value A for which BCPP with d > 3 is in slow growth phase, without getting extinct a.s.
For potlatch process,

k| —1-3 k,Ink,
IS

Thus, (1.15) and hence (1.14) is true if W is “random enough".
2) A sufficient condition for the regular growth phase will be given by (1.26)) below.

1.15) < E[WInW] >

1.3 Results

Recall that we have defined the spatial distribution of the population by (1.2). Interesting objects
related to the density would be

p; =maxp,,, and %, = Z pix. (1.16)

xezd
xezd

p; is the density at the most populated site, while 2, is the probability that a given pair of particles
at time t are at the same site. We call £, the replica overlap, in analogy with the spin glass theory.
Clearly, (p’:)2 < Z, < p;. These quantities convey information on localization/delocalization of
the particles. Roughly speaking, large values of p; or %, indicate that the most of the particles are
concentrated on small number of “favorite sites" (localization), whereas small values of them imply

that the particles are spread out over a large number of sites (delocalization).

We first show that the regular and slow growth are characterized, respectively by convergence (de-
(0.0]

localization) and divergence (localization) of the integrated replica overlap: f 0 Zds.

Theorem 1.3.1. a) Suppose that P(|n| > 0) > 0. Then,

o0
f R,ds < o0 a.s.
0
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b) Suppose on the contrary that P(|n| =0) = 1. Then,

{ survival } = { f R,ds = 00 }, a.s. (1.17)
0

where {survival} = {|n,| # 0 for all t > 0}. Moreover; there exists a constant ¢ > 0 such that:
t
.| < exp (—cf %Sds) for all large enough t’s, a.s. (1.18)
0

Results of this type are fundamental in analyzing a certain class of spatial random growth models,
such as directed polymers in random environment [[CHOZ2; [CHO06; [CSYO3}; [CY05]|, linear stochas-
tic evolutions [[YoO8bl], branching random walks and Brownian motions in random environment
[HYO9; [Sh09]]. Until quite recently, however, this type of results were available only when no ex-
tinction at finite time is allowed, i.e., || > 0 for all t > 0, e.g., [[CHO02; [CHO6}; [CSYO03}; [CY05} [HY09;
Sh09]. In fact, the proof there relies on the analysis of the supermartingale In|7,|, which is not
even defined if extinction at finite time is possible. To overcome this problem, we will adapt a more
general approach introduced in [[YoO8b]].

Next, we present a result (Theorem below) which says that, under reasonable assumptions,
we can strengthen the localization property

o0
f Ryds = 00
0

J 1{Z%, > c}ds = oo,
0

in (1.17) to:

where ¢ > 0 is a constant. To state the theorem, we define
Bry = E[(K — 50)x(K — 8,),], x,y€Z". (1.19)
We also introduce:

G(x) = f PY(S, = x)dt, (1.20)
0

where ((S;);>0,P) is the continuous-time random walk on 74 starting from x € 74, with the
generator

Lsf) =3 Y (kaey +kyex) (FOD = (), cf. (TTO0). (1.21)
yezd
Theorem 1.3.2. Referring to (1.19)-(1.20), suppose either of
a) d=1,2.
b) d >3, P(|n,|=0)=1and
D Glx—y)Bey >2. (1.22)
x,yez4
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Then there exists a constant ¢ € (0, 1] such that:
o0
{survival } = {J 1{R, > c}ds =0 } a.s. (1.23)
0

Our proof of Theorem is based on the idea of P Carmona and Y. Hu in [[CHOZ; [CHO06]], where
they prove similar results for directed polymers in random environment. Although the arguments
in [[CHO2} [CHO6] are rather complicated and uses special structure of the model, it was possible
to extract the main idea from [[CHO2|; [CHO6]] in a way applicable to our setting. Also, we could
considerably reduce the technical complexity in the argument as compared with [[CHOZ2|; [CHO6].

Remarks: 1) We see from (1.23)) that:
{survival } = {tlim R >cC } a.s. (1.24)
—00

in consistent with the corresponding result [YoO8b, (1.32)] in the discrete-time case. Note that, in
continuous-time case, the right-hand-side of (1.23) is a stronger statement than that of (1.24).
2) We prove ((1.23) by way of the following stronger estimate:

ft ®3/2ds
{survival } € { lim Ot; > a.s. (1.25)
t,/ o0 fO %sds

for some constant ¢; > 0. The inequality r3/? < 1{r > ¢} + v/cr for r,c € [0,1] can be used to

conclude (1.23) from (1.25).
3) We note that P(|n,| > 0) > 0 if

d >3 and Z G(x = Y)By, < 2. (1.26)
x,y€Z4

This, together with Theorem[I.3.1|(a), shows that the condition (1.22) is necessary, up to the equal-
ity, for ([1.23) to be true whenever survival occurs with positive probability. We see that (1.26]) im-
plies P(|M| > 0) > 0 via the same line of argument as in [Lig85|, p. 464, Theorem 6.16], where the

special case of the potlatch process is discussed. We consider the dual process ¢, € [0, oo)Zd, t>0
which evolves in the same way as (1),),>( except that (1.1) is replaced by its transpose:

Z: _ { ZyeZd Ky—xgt—,y lfx =2z,
t,x —

Cemx if x # 2. (1.27)

By [Lig85| p. 445, Theorem 3.12], a sufficient condition for P(|n,,| > 0) > 0 is that there exists a
function h : Z¢ — (0, 00) such that limj,|_,oo h(x) = 1 and that:

D (e, y)h(y) =0, xez. (1.28)
y

Here, q(x, y) is the matrix given by [[Lig85| p. 445, (3.8)-(3.9)] for the dual process. In our setting,
it is computed as:

0, y) =Koy +hyx = 20kI8 ) + 80 D Pasrys
Z
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so that (1.28) becomes:

(Lsh)(x) + 180, > h(y —2)B,, =0, x€Z’, cof. @2D).
Y,z

Under the assumption (1.26)), a choice of such function h is given by h = 1 4+ c¢G, where
~ EL(K] - 1)?]
1-— %Zx,yezd G(x — y)ﬁx,y

3) Let 1, be the return probability for the simple random walk on Z?. Also, let (-, -) and * be the
inner product of £2(Z%) and the discrete convolution respectively. We then have that

A< m for BCPP,
(1.22) <<= (kal—l)G(O) (1.29)

E[W?] > ‘Gx)  for the potlatch process.

For BCPB (1.29) can be seen from that (cf. [NY09a, p. 965])

 1{x =0} +2A1{|x| = 1} 2dA+1 1

5., and G(0)= .
xy 2dA+ 1 xy» and G0)=—5 =g

To see Il for the potlatch process, we note that %(k +k)*G = |k|G— &, with k, = k_, and that
By =E[W?lkyk, —k.6,0—k, 6,046,050
Thus,

> Glx—y)Bey = EW2(Gxkk)—(G,k+k)+G(0)
x,yezd

= E[W?)(Gxk,k)+2—(2k| —1)G(0),
from which (1.29)) for the potlatch process follows.

1.4 SDE description of the process

We now give an alternative description of the process in terms of a stochastic differential equation
. d
(SDE). We introduce random measures on [0, 00) x [0, 00)%" by

N%(dsd&) = Z 1{(T*,K>) € dsd&}, N?(dsd&) = 1<y N*(dsd&). (1.30)

i>1
Then, N?, z € Z¢ are independent Poisson random measures on [0, c0) x [0, oo)Zd with the intensity
ds x P(K €-).

The precise definition of the process (1,);>¢ is then given by the following stochastic differential
equation:

Nex = MNo,x + Z fo(deg) (gx—z - 5x,z) Ns— - (131)

ze74

By (1.3), it is standard to see that (1.31)) defines a unique process 1, = (1, ), (t > 0) and that (7,)
is Markovian.
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2 Proofs

It is convenient to introduce the following notation:

v=PK e-)eP([0,00)%"), thelaw of K. 2.1)
N*(dsd&) = N*(dsd&) —dsv(dE), NF(dsd&)= 1, N*(dsd&). (2.2)

2.1 Proof of Theorem

The proof of Theorem is based on the following

{Ms| =0, survival } = { f
0

Moreover, there exists a constant ¢ > 0 such that: (1.18) holds a.s. on the event { f;o Ryds = 00 }

Lemma 2.1.1.
o0

R,ds = 00 } , Q.S. 2.3)

Proof: We see from that
Al = |ﬁo|+2fﬁf(dsd£)m_|(|5| ~Dp,_, (. @)
P4

t
= |ﬁo|+J |7 d M
0

where

Mt = ZJ ﬁtz(deg)(lgl - 1)ps—,2'
Z
Then, by the Doléans-Dale exponential formula (e.g., [HWY92| p. 248, 9.39]),

M,| =exp (Mt) Dy,

where
D, = l_[ (1+AM,) exp (—AM;), with AM, =M, —M,_.

s<t

Note also the predictable quadratic variation of M. is given by

t

1) (M), =E[(K| - 1)2]J R ds.

0

Since —1 < AM, < bg — 1 < 0o, we have that (See e.g.[HWY92| p. 222, 8.32])

2) { (M) <0} cC{[M], < o0, M, converges as t /" oo} a.s.
3) {(M)Oozoo}c{lim“w)t:l, lim —o =o} a.s.
t—oo [M], t=00 (M ),
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where

[M], = (AM,)?

s<t

We start with the “D” part of ll Note that (1+u)e™ < e for =1 <u < bx —1, where ¢c; >0
is a constant. We suppose that | =~ %ds = 0o, or equivalently that, (M ), = 0o. Then, for large t,

3) o 1) ‘
exp (M,) D, <exp (M, —¢;[M],) <exp (_E<M>t) <exp|—cy | ZR.ds
0

This shows that f ;o R,ds = oo implies |1y | = 0, together with the bound Il
We now turn to the “C” part of (2.3): We need to prove that

4 { f;o R,ds < oo survival} el { Myl > 0}.
We have
00 1-2)
5) {fo R.ds < oo} C {M, converges as t / oo} a.s.
On the other hand,
e

Z |(1 + AM) exp (—AM;) — 1{ < E[M]t’

s<t
since |(14+u)e ™ — 1| < eu?/2 for u > —1. Thus,
6) { f;o Rds < 0o, survival} C {D, converges to a positive limit as t /" co} a.s.

We now obtain 4) by 5)-6). O

We state one more technical lemma:

Lemma 2.1.2. Suppose that:

P (h_m el > 0) >0, (2.4)
t—00
for some r > 0. Then,
{survival} = {lim r~‘|n,| > 0}, P-as. (2.5)
t—00

Proof: We follow the argument in [[CY10, Lemma 4.3.1], which goes back to [[Gri83, p. 701]. For
(s,y) € [0,00) x Z4, let n}” = (T)s{j/()xezd, t € [0,00) be the process starting from time s, with one
particle at y:
=5 N? dud -0 el
nt,x - x,y+ Z (57s+t]( u g)(gx—z x,z)nu—,p
ze74

where N? = N7 , —Nf. Then, for all t > s,

(s,s+t] s+t

_ S,y _ Y
nt,x - Z ns,ynt—s,x and hence |T)t| - Z T)s,ylnt—s .
y y
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The assumption (2.4) implies that:
P infr¢ > >
(;gor ¢l 0) 0,
and hence that:
1) 5 & p (iggrt|nt| >e) > 0 for some € €(0,1/2).
t=

We now define a sequence of stopping times o; < 04 < ... as follows.
o;=inf{t >0; 0<|n,| <er'}.

Note at this point that:

2) P(oy=00)2>6,

thanks to 1). Suppose that 04,...,0, (£ > 1) have already been defined. If o0, = 0o, we set o, = ©
foralln > £+1. Suppose that 0y < 0o. Then n,, # 0. Let ¥; be the minimum, in the lexicographical
order, of y € Z4 such that Mg,y 7 0. We now define o, by:

i Y,
Oy =0, +inf{t >0; 0< |n<t7£, ‘| <ert).
It is easy to see from the construction that:
3) P(0y < i.0.)=0.

Indeed, we have
P(0y4q <00|F,,)=P(01 < 00) 25) 1-6,
and hence
P(oyy1 <00) = P(oy <00, 0py1 <00)
P(oy <00, P(0¢11 < 0|Z;,))
< (1-6)P(o; <o0)<(1-8)

by induction. Then, 3) follows from the Borel-Cantelli lemma.

By 3), we can pick a random ¢ € N such that P(o, < 00, 0y,; = 00) = 1. Let us focus on the event

Y . Y,
{o, <00, 0441 = 00}. Then, n """ is defined and |n,| > fr)gi,yelnff’aﬁl for all t > o,. Note also that,

on the event of survival, o,,; = oo implies that:

04,Yy t—o
In ol = ert=7 for t > oy.

Thus, a.s. on the event of survival,

Y, _
In = nol,n,lnffaﬁl > Ng, 7 0 fort >0,
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hence s
{survival} C {lim r~|n,| > O}.
t—00

This proves (2.5). O

Proof of Theorem [1.3.1} a): If P(|n| > 0) > 0, then, by Lemma[2.1.2]
{survival} = {|n| > 0} a.s.
We see from this and ll that f;o R.ds < oo a.s. on the event of survival, while f ;o Ryds < 00 is

obvious outside the event of survival.
b): This follows from Lemma|[2.1.1 O

2.2 Proof of Theorem [1.3.2]
Let p be a transition function of a symmetric discrete-time random walk defined by

k,+k_,

P =1 20K=K) if x #0,

ifx=0.
and p,, be the n-step transition function. We set

8a(x) =80+ Y ().
k=1

Lemma 2.2.1. Under the assumptions of Theorem there exists n such that:

D 8n(xx = ¥)Bu,y > 2(IK| — ko). (2.6)
X,y

Proof: Since the discrete-time random walk with the transition probability p is the jump chain of
the continuous-time random walk ((S, )¢, P§') with the generator (1.21)), we have that

1) nhngo g,() = (|k] — ko)G(x) for all x € Z4.
For d > 3, G(x) < oo for any x € Z% and Bx,y 7 0 only when |x|,|y| < rg, we see from 1) that
Tim > ga(x = ¥)Bry = (kI = ko) Y Glx = ¥)Byy-
x7.y X’.y

Thus, (2.6)) holds for all large enough n’s.
To show (2.6) for d = 1,2, we will prove that

I}I_)IEO; g2n—1(x - y)ﬁx,y = 0.
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For f € £1(Z%), we denote its Fourier transform by

FO©) = fx)explix-0), 6e1= [~m,n].

xezd

We then have that

()= —— [ LB ix - 0)d0
&an-1\X _(Zn)d I 1-5(0) exp(ix

and hence that

1 f 1-p(o)*"
I

D 8o (x = ¥)Byy = > lexp(i(x — y) - O)E[(K — 5) (K — 5o),1d6
XY XY

@em)?® J; 1-p(0)
1 1-pOy"
= (2n)dJ, 500 E[IK(0) — 1]*1d6.

Since p(-) is even, we see that p(8) € [—1,1] for all & € I. Also, by (1.6), there exist constants
¢; >0 (i=1,2,3) such that:

0<1-¢|6 <H(B)<1-c|6 for|6] <c.

These imply that

. E[|K(6)— 1]
nli%lo;an—l(x =¥y = @nye LECZ T de.
The integral on the right-hand-side diverges if d < 2, since
E[IR(0) - 11 = E[(IK| - 1)*] #0.
O
We take an n in Lemma and fix it. We then set:
g=gn and # =(g*pe,P¢); 2.7

where the bracket (-, -) and * stand for the inner product of £2(Z%) and the discrete convolution
respectively. In what follows, we will often use the Hausdorff-Young inequality:

(f xRV < [fIIR?M? f et (ZY), he 3 (29). (2.8)

For example, we have that

Schwarz
0<% < llgxp) M)V < Igll(p)? = Ig|%, < co. (2.9)

The proof of Theorem is based on the following

Lemma 2.2.2. Let
S =S+ M+ A,

be the Doob decomposition, where .#. and .</. are a martingale and a predictable process, respectively.
Then,
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a) There is constants ¢y, ¢y € (0, 00) such that:

t
o, > f (19, — c,23?) ds (2.10)
0
b)
% . M,
Rsds =00 p C { lim — =0, a.s. (2.11)
0 oo fo R ds

Proof of Theorem |[1.3.2f By Theorem and the remark after Theorem|[1.3.2} it is enough to prove
that

t
%S/st 00
1) li_mf();Zc a.s. onDd=ef{f %tdt:oo}
0

t

t /o0 fO %Sds

for a positive constant c. It follows from (2.9) and (2.11)) that

lim =0 as.onD

tmo0 fot Rds

and hence from (2.10) that

t »3/2
. f() ‘%s / ds C1
lim —— > — as.onD.
t—00 fo Rds  ©2

This proves 1) and hence Theorem O

2.3 Proof of Lemma[2.2.2]

Proof of part (a): To make the expressions below easier to read, we introduce the following short-
hand notation:

Jt,x,z(g)
jt,x,z(g)

pt,x + (5 - 5O)x—zpt,z:
nt,x + (5 - 60)x—znt,z _ Jt,x,z(g)
Inel + €= 1n, . 1+(&l = Dpy;

We then rewrite % as:

o= Hty J NZ(dud) Y g0 = ¥) (T ea(EW ey o (E) = Puc Py )
z X,y
= S+ M+,

where ¢/, = f Ot A,ds has been defined by

As = Z g(x - .y)J 'V(dg) (js,x,z(g)js,y,z(g) - ps,xps,y)

Xx,Y,%
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To bound A, from below, we note that (1 + x)™2 > 1 — 2x for x > —1. Then,

js,x,z(g)js,y,z(g) - ps,xps,y
= Jt,x,z(g)*]t,y,z(g) - 2(|§| - 1)ps,z']t,x,z(§)Jt,y,z(§) - ps,xps,y

= Us,x,y,z(g) - 2Vs,x,y,z(§) - zvvs,x,y,z(g): (2~12)
where

Us,x,y,z(g) = Js,x,z(g)']s,y,z(g) ~ Ps,xPs,y (2.13)
Vs,x,y,z(g) = (l&l- 1)Us,x,y,z(€)ps,z (2.14)
Vvs,x,y,z(‘:) = (1€l - 1)ps,xps,yps,2‘ (2.15)

We will see that
D sl - y)J Vo2 (EW(dE) < e/, (2.16)

X,Y,%

Here and in what follows, ¢ denotes a multiplicative constant, which does not depends on time
variable s and space variables x, y, .... To prove (2.16)), we can bound the factor |§|—1 by a constant.
We write

Us,x,y,z(g) = (g - 5O)y—zps,xps,z + (g - 50)x—zps,yps,z + (‘S - 60)x—z(g - 50)y—zpsz,z (217)
We look at the contribution from the second term on the right-hand-side of (2.17) to the left-hand-
side of (2.16)).

D8l = Y)E—80)xspZpsy = (8%ps(E—80)%p?)

X,Y,2
< 1 *ps)*IMPI(E = 8) ¥ p2)IM?
< lgl@}PIE = 80V |p?| < ca??

Contributions from the other two terms on the right-hand-side of (2.17) can be bounded similarly.

Hence we get (2.16)).
On the other hand,

Z g(x - .y)f Us,x,y,zdv

X,Y,Z

= Z g(x - y)((k - 50)y—zps,xps,z + (k - 50)x—zps,yps,z + ﬁx—z,y—zpsz’z)

X,Y,2
= (g*(k—60)*P5,Ps ) +<g*(]"(_ 60)*ps;Ps ) +Zg(x _y)ﬁx,y%s: (2.18)
x’y
where Iv<x =k_,. Also,
Z g(x—y)f W x,y2dv = (k| = 1)( g * p5, ps )- (2.19)
X,Y,2

Note that .
(k—0¢) + (k —6¢) — 2(k| — 1)6¢ = 2(|k| — ko)(p — 0),
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and that
g*(p—060) =Ppny1— 89 = —0p.
Thus,
(g#(k—80)*ps,ps )+ (g *(k—80)* ps, ps ) — 2(Ik| — 1)( g * ps, ps )
= 2(lk| —ko)(g*(p — 00) * ps, ps ) = 2(|k| — ko) %s.

By this, (2.18) and (2.19), we get

D glx—y) J (Usxyis = 2oy ) dv = (Z g0 = y)PByy — 201K - ko)) R, (220)
X,y

X%

By (2.12)), (2.16), (2.20) and Lemma [2.2.1] we obtain (2.10) . O

Proof of part (b): The predictable quadratic variation of the martingale .#. can be given by:

1) ()= J dsf F.(£)*v(dE)
Z 0

where

Fs,z(g) = Z g(X - y)(js,x,z(g)js,y,z(g) - ps,xps,y)
X,y

Recall that

(M) <00} C {M, converges ast — oo} a.s.

WM ) =00} C {tlingo<j;t>t ZO} a.s.

Thus, to prove (2.11), it is enough to show that there is a constant ¢ € (0, c0) such that:

t
2) <%>tSCJ %sds.
0

We will do so via two different bounds for |F; ,(&)|:

3) |F, - (&)l < 2[g| foralls,sz,&,

4) |Fs 2 (E) < cps, if psz <1/2.

To get 3), we note that 0 < J, , ,(§) <1and }; J;, =1 for each z. Thus,

Fo(O < (g*J; 2 05.2) + (g %P5, ps)
< (g x s P IMRTE 1M 4 |(g + o) MR 2M?
< lgllJZ | +Igl%; < 2lgl.
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To get 4), we assume p; , < 1/2. Then, 1+(|&|—1)p;, > 1/2 and thus, recalling (2.13) and (2.15)),

, 1+(|€|_1)ps,z
280 = )y 2 (O + W 12 (B,

X,y

Us x,y,z — Wi xyz
Fa@) < Y glc -y (8T oy (6)
X,y

A

By (2.15) and (2.17), it is clear that the last summation is bounded by cp; , for some c.
3)—4) can be used to obtain 2) as follows. For each s, there is at most one z such that p; , > 1 /2,
and Z, > 1/4 if there is such z. Thus,

Z p,, > 1/2} < 4%,
By this and 3)-4), we have

D F(EP <48 1p,, > 1/2b+c2 D 1p,, < 1/2}p%, < (16]g]% + ).
2z Z

Zz

Plugging this into 1), we are done. O
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