E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 10 (2005), Paper no. 38, pages 1260-1285.

Journal URL http://www.math.washington.edu/∼ejpecp/

Limit Theorems for Self-normalized Large Deviation^1

Qiying Wang

School of Mathematics and Statistics The University of Sydney, Sydney NSW 2006, Australia E-mail: qiying@maths.usyd.edu.au URL: http://www.maths.usyd.edu.au/u/qiying/

Abstract. Let X, X_1, X_2, · · · be i.i.d. random variables with zero mean and £nite variance σ^2. It is well known that a £nite exponential moment assumption is necessary to study limit theorems for large deviation for the standardized partial sums. In this paper, limit theorems for large deviation for selfnormalized sums are derived only under £nite moment conditions. In particular, we show that, if EX^4 < ∞, then

P (S_n/V_n ≥ x)

1 − Φ(x)

= exp { − x^3EX^3 3 √ nσ^3 } [ 1 + O

( 1 + x √ n )] , for x ≥ 0 and x = O(n^{1/6}), where S_n =

∑_n i=1 X_i and V_n = (

∑_n i=1 X^2_i )^{1/2}.

Key Words and Phrases: Cramér large deviation, limit theorem, self-normalized sum.

AMS Subject Classi£cation (2000): Primary 60F05, Secondary 62E20.

Submitted to EJP on September 24, 2004. Final version accepted on September 16, 2005.

1This research is supported in part by ARC DP0451722

1 Introduction and main results

Let X, X_1, X_2, · · · , be a sequence of non-degenerate independent and identically distributed (i.i.d.) random variables with zero mean. Set

S_n = n∑ i=1 X_i, V^2_n = n∑ i=1 X^2_i , n ≥ 1.

The self-normalized version of the classical central limit theorem states that, as n → ∞,

sup_x | P (S_n ≥ xV_n) − { 1 − Φ(x) }| → 0,

if and only if the distribution of X is in the domain of attraction of the normal law, where Φ(x) denotes the standard normal distribution function. This beautiful self-normalized central limit theorem was conjectured by Logan, Mallows, Rice and Shepp (1973), and latterly proved by Gine, Götze and Mason (1997). For a short summary of developments that have eventually led to Gine, Götze and Mason (1997), we refer to the Introduction of the latter paper.

The self-normalized central limit theorem is useful when x is not too large or when the error is well estimated. There are two approaches for estimating the error of the normal approximation. One approach is to investigate the absolute error in the self-normalized central limit theorem via Berry-Esseen bounds or Edgeworth expansions. This has been done by many researchers. For details, we refer to Slavova (1985), Hall (1988) and Bentkus and Götze (1996) for the Berry-Esseen bounds, Wang and Jing (1999) for an exponential nonuniform Berry-Esseen bound, Hall (1987) as well as Hall and Jing (1995) for Edgeworth expansions. See also van Zwet (1984), Friedrich (1989), Bentkus, Bloznelis and Götze (1996), Bentkus, Götze and van Zwet (1997), Putter and van Zwet (1998) and Wang, Jing and Zhao (2000). Another approach is to estimate the relative error P (S_n ≥ xV_n)/(1 − Φ(x)). In this direction, Jing, Shao and Wang (2003) re£ned Shao (1999), Wang and Jing (1999) as well as Chistyakov and Götze (2003), and obtained the following result: if 0 < σ^2 = EX^2 < ∞, then there exists an absolute constant A > 0 such that exp { −A (1 + x)^2Δ̃_{n,x} } ≤ P ( S_n ≥ xV_n ) 1 − Φ(x)

≤ exp { A (1 + x)^2Δ̃_{n,x} } , (1.1)

for all x ≥ 0 satisfying Δ̃_{n,x} ≤ 1/A, where

Δ̃_{n,x} = σ^{−2} EX^2I_{|X|≥} √_{nσ/(1+x)} + (1 + x)σ^{−3} n^{−1/2} E|X|^3I_{|X|≤} √_{nσ/(1+x)} .

Jing, Shao and Wang (2003) actually established (1.1) for independent random variables that are not necessarily identically distributed. It follows from (1.1) that if E|X|^3 < ∞, then P (S_n ≥ xV_n) 1 − Φ(x)

= 1 + O(1) (1 + x)^3 n^{−1/2} σ^{−3} E|X|^3, (1.2)

for 0 ≤ x ≤ An^{1/6}σ/(E|X|^3)^{1/3}.

Result (1.2) is useful in statistics because it provides not only the relative error but also a Berry-Esseen type rate of convergence. Indeed, as a direct consequence of this result, it has been shown in Jing, Shao and Wang (2003) that bootstrapped studentized t-statistics possess large deviation properties in the region 0 ≤ x ≤ o(n^{1/6}) under only a £nite third moment condition. However, (1.1) as well as (1.2) does not capture the term with n^{−1/2} explicitly. This short has limited further applications of the self-normaized large deviation.

In this paper we investigate the limit theorems for self-normalized large deviation. Under £nite moment conditions, a leading term with n^{−1/2} in (1.1) and (1.2) is obtained explicitly.

THEOREM 1.1. Assume that EX^4 < ∞. Then, for x ≥ 0 and x = O(n^{1/6}), P ( S_n ≥ xV_n ) 1 − Φ(x)

= exp { − x^3EX^3 3 √ nσ^3 } [ 1 + O

( 1 + x √ n )] , (1.3) P ( S_n ≤ −xV_n ) Φ(−x)

= exp { x^3EX^3 3 √ nσ^3 } [ 1 + O

( 1 + x √ n )] . (1.4)

If in addition EX^3 = 0, then, for |x| = O ( n^{1/6} ) , P ( S_n ≤ xV_n ) − Φ(x) = O ( n^{−1/2} e^{−x 2/2} ) . (1.5)

Write L_{n,x} = (1 + x)ρ_n + Δ_{n,x}, where ρ_n = E|X|^3/( √ nσ^3) and

Δ_{n,x} = (1 + x)^3σ^{−3} n^{−1/2} E|X|^3I_{{|X|>}^√_{nσ/(1+x)}} + (1 + x)^4σ^{−4} n^{−1} EX^4I_{{|X|≤}^√_{nσ/(1+x)}} .

Furthermore, we obtain the following bounds which re£ne (1.1) under £nite third moment condition in the region 0 ≤ x ≤ cρ^{−1/2}n , where c is an absolute constant.

THEOREM 1.2. Assume that E|X|^3 < ∞. Then, there exists a positive absolute constant c such that, for 0 ≤ x ≤ c ρ^{−1/2}n , exp ( − x^3EX^3 3 √ nσ^3

− AL_{n,x} ) ≤ P ( S_n ≥ xV_n ) 1 − Φ(x)

≤ exp ( − x^3EX^3 3 √ nσ^3

+ AL_{n,x} ) . (1.6)

where A is an absolute positive constant.

REMARK 1.1. Similar results to those in Theorem 1.1 hold for the standardized mean under much stronger conditions. For instance, it follows from Section 5.8 of Petrov (1995) that, for x ≥ 0 and x = O(n^{1/6}), P ( S_n ≥ x √ nσ ) 1 − Φ(x)

= exp { x^3EX^3 6 √ nσ^3 } [ 1 + O

( 1 + x √ n )] , P ( S_n ≤ −x √ nσ ) Φ(−x)

= exp { − x^3EX^3 6 √ nσ^3 } [ 1 + O

( 1 + x √ n )] . hold only when Cramér’s condition is satis£ed, i.e., Ee^{tX} < ∞ for t being in a neighborhood of zero. We also notice that there are different formulae for the self-normalized and standardized cases.

REMARK 1.2. It is readily seen that L_{n,xn} = o(x^3_n/ √ n) for x_n → ∞ and x_n = O(ρ^{−1/2}n ).

Hence −^{x3EX3}_3^√_{nσ 3} in (1.6) provides a leading term in this case. However it remains an open problem for more re£ned results.

This paper is organized as follows. The proofs of main results will be given in Section 3. Next section we present two auxiliary theorems that will be used in the proofs of main results. The proofs of these auxiliary theorems will be postponed to Sections 4 and 5 respectively. Without loss of generality, throughout the paper, we assume σ^2 = EX^2 = 1 and denote by A, A_1, A_2, · · · and c, C, C_1, C_2, · · · absolute positive constants, which may be different at each occurrence. If a constant depends on a parameter, say u, then we write A(u). In addition to the notation for L_{n,x} and Δ_{n,x} de£ned in Theorem 1.2, we always let

ρ_n = n^{−1/2} E|X|^3 and Ψ_n(x) = [ 1 − Φ(x) ] exp ( − x^3EX^3 3 √ n ) . 2 Two auxiliary theorems

Throughout the section we assume that X, X_1, X_2, · · · , are i.i.d. random variables satisfying EX = 0, EX^2 = 1 and E|X|^3 < ∞. Two theorems in this section are established under quite general setting, which will be interesting in themselves. The proofs of these two theorems will be given in Sections 4 and 5 respectively.

THEOREM 2.1. Let h = x/B_n, where B_n is a sequence of positive constants with

|B^2_n − n| ≤ C_1 nEX^2I_{{|X|≥}^√_{n/(1+x)}}. (2.1)

Suppose that η_j := η_n(x, X_j ), 1 ≤ j ≤ n, satisfy the conditions: | |Ee^{hηj} − 1 − x^2 2B^2_n + x^3 3B^3_n

EX^3 | | ≤ C 2 n^{−1} Δ n,x, (2.2) | |Eηje^{hηj} − x B_n | | ≤ C 3 x^2 n^{−1/2} ρn, (2.3) | |Eη^2_j e^{hηj} − 1 | | ≤ C 4 x ρn, (2.4)

E|η_j|^3e^{hηj} ≤ C_5 E|X|^3. (2.5)

Then, for 2 ≤ x ≤ cρ^{−1}_n with c suf£ciently small and for any |b| ≤ x^2/4, P (^n∑ j=1 η_j ≥ (x + bx^{−1} )B_n ) ≤ (1 + 2|b|x^{−2} )e^{−b} Ψ_n(x) exp(A L_{n,x}); (2.6)

for 2 ≤ x ≤ c_1ρ^{−1/2}n with c_1 suf£ciently small, P (^n∑ j=1 η_j ≥ x B_n ) ≥ Ψ_n(x) exp(−A L_{n,x}). (2.7)

THEOREM 2.2. Write, for 1 ≤ m ≤ n,

T_m = 1 √ n m∑ j=1 ζ_j and Λ_{n,m} = 1 n^2 m−1∑ k=1 n∑ j=k+1

ψ_{k,j},

where ζ_j := ζ_n(x, X_j ) and ψ_{k,j} := ψ_n(x, X_k, X_j ) satisfy the conditions: | |Eζ^2_j − 1 + x √ n EX^3 | | ≤ C 6 Δ n,x/(1 + x)^2, (2.8) | |Eζ^3_j − EX^3 | | ≤ C 7 √ n Δ_{n,x}/(1 + x)^3, (2.9)

Eζ_j = 0, |ζ_j| ≤ C_8 √ n/(1 + x), Eζ^4_j ≤ C_9 EX^4I_{{|X|≤}^√_{n/(1+x)}}, (2.10)

E(ψ_{k,j}|X_k) = E(ψ_{k,j}|X_j) = 0, for k ≠ j, (2.11)

E|ψ_{k,j}| ≤ C_{10} |x|, E|ψ_{k,j}|^{3/2} ≤ C_{11} |x|^{3/2} ( E|X|^3

)_2

. (2.12)

Then, for 2 ≤ x ≤ c ρ^{−1}_n with c suf£ciently small, and for any constants sequence λ_n(x)

satisfying |λ_n(x)| ≤ C Δ_{n,x}/(1 + x), P ( T_n + Λ_{n,n} ≥ x + λ_n(x) ) ≤ Ψ_n(x) ( 1 + AL_{n,x} ) + A_1 ( xρ_n

)_{3/2}

. (2.13)

3 Proofs of main results

Proof of Theorem 1.1. Note that L_{n,x} ≍ (1 + x)/ √ n for x ≥ 0 and x = O(n^{1/6}). Theorem 1.1

follows immediately from Theorem 1.2. We omit the details.

Proof of Theorem 1.2. Without loss of generality, assume x ≥ 2. If 0 ≤ x < 2, the results

are direct consequences of the Berry-Esseen bound (cf. Bentkus and Götze (1996)) | |P (Sn ≥ xV n) − { 1 − Φ(x) }| |≤ A ρ n.

We £rst provide four lemmas. For simplicity of presentation, de£ne τ = √ n/(1 + x) and

assume 2 ≤ x ≤ c ρ^{−1/2}n with c suf£ciently small throughout the section except where we point

out.

LEMMA 3.1. We have, P ( S_n − x 2 √ n (V^2_n − n) ≥ x √ n ) ≥ Ψ_n(x) exp(−A L_{n,x}); (3.1)

and for 2 ≤ x ≤ c ρ^{−1}_n with c suf£ciently small and for arbitrary |δ| ≤ x^2/4, P ( S_n − x 2 √ n (V^2_n − n) ≥ ( x + δx^{−1} )√ n ) ≤ (1 + 2|δ|x^{−2} )e^{−δ} Ψ_n(x) exp(A L_{n,x}). (3.2)

Proof. We £rst prove (3.2). Let h = x/ √ n and η_j = X_j −^x_2^√_n (X^2_j − 1). It follows from

(4.12)-(4.14) in Wang and Jing (1999) that | |Eη1e^{hη1} − x √ n | | ≤ 16 x^2 n^{−1/2} ρn, | |Eη^2_1e^{hη1} − 1 | | ≤ 30 x ρ n,

E|η_1|^3e^{hη1} ≤ 30 E|X|^3.

Thus (3.2) follows immediately from (2.6) in Theorem 2.1 with B^2_n = n if we prove | |Ee^{hη1} − 1 − x^2 2n + x^3 3n^{3/2}

EX^3 | | ≤ C n^{−1} Δ n,x . (3.3)

Without loss of generality, assume x ≤ ρ^{−1}_n /16. By noting E|X|^3 ≥ (EX^2)^{3/2} = 1,

we get h ≤ 1/4. This implies that hη_1 = h^2/2 + hX_1 − (hX_1)^2/2 ≤ 1 and |hη_1|^ke^{hη1} ≤

sup_{s≤1} |s|^ke^s ≤ e for k = 0, 1, . . . , 4. Therefore, using Taylor’s expansion | |e^x − k∑ j=0 x^j j! | |≤ |x|^{k+1} (k + 1)!

e^{x∨0}, for k ≥ 1, we obtain that

Ee^{hη1} = E [ 1 + hη_1 +^1_2 (hη_1)^2 +^1_6 (hη_1)^3 +^θ_{24} (hη_1)^4 ] I_{(|X1|≤τ)} + E ( 1 + hη_1 +^{θ1}_2 ) I_{(|X1|>τ)} = 1 +^1_2 E(hη_1)^2I_{(|X1|≤τ)} +^1_6 E(hη_1)^3I_{(|X1|≤τ)} +^{θ1}_2 P (|X_1| > τ) +^θ_{24} E(hη_1)^4I_{(|X1|≤τ)} , (3.4)

where |θ| ≤ e and |θ_1| ≤ e. Since EX^2 = 1, it is readily seen that | |E(hη1)^2I(|X_1|≤τ) − h^2 + E(hX)^3 | | ≤ 8 n^{−1} Δ n,x, | |E(hη1)^3I(|X_1|≤τ) − E(hX)^3 | | ≤ 32 n^{−1} Δ n,x, E(hη_1)^4I_{(|X1|≤τ)} ≤ 16 n^{−1} Δ_{n,x}.

Taking these estimates back into (3.4), we obtain (3.3), and hence (3.2).

The proof of (3.1) is similar by using (2.7). We omit the details. The proof of Lemma 3.1 is now complete.

The next lemma is from Lemma 6.4 in Jing, Shao and Wang (2003).

LEMMA 3.2. Let {ξ_i, 1 ≤ i ≤ n} be a sequence of independent random variables with Eξ_i = 0 and Eξ^2_i < ∞. Then P [^n∑ i=1 ξ_i ≥ a { 4D_n +

(^n∑ i=1 ξ^2_i

)_{1/2}}] ≤ 8e^{−a 2/2} (3.5)

where D_n = (∑_n i=1 Eξ^2_i

)_{1/2} . In Lemmas 3.3-3.4, we use the notation:

X̄_i = X_iI_{{|Xi|≤τ}} , S̄_n =^n ∑ i=1 X̄_i, V̄^2_n =^n ∑ i=1 X̄^2_i , B^2_n =^n ∑ i=1 EX̄^2_i

S^{(i)}_n = S_n − X_i, V^{(i)}_n = (V^2_n − X^2_i )^{1/2}.

LEMMA 3.3. We have P ( S_n ≥ xV_n ) ≤ A Ψ_n(x) exp(A L_{n,x}). (3.6)

Proof. Let Ω_n = (1 − x^{−1} /2, 1 + x^{−1} /2). Recalling 2 ≤ x ≤ cρ^{−1/2}n with c suf£ciently small, it follows from (2.27)-(2.29) in Shao (1999) that P ( S_n ≥ xV_n, V^2_n /n /∈ Ω_n ) ≤ P ( S_n ≥ xV_n, V^2_n ≥ 9n ) + P { S_n ≥ xV_n, n(1 + x^{−1} /2) ≤ V^2_n ≤ 9n } + P { S_n ≥ xV_n, V^2_n ≤ n(1 − x^{−1} /2) } ≤ 4 exp ( −x^2/2 − x/8 + Ax^3ρ_n ) ≤ A Ψ_n(x).

This, together with (3.2), implies that P ( S_n ≥ xV_n ) = P ( S_n ≥ xV_n, V^2_n /n ∈ Ω_n ) + P ( S_n ≥ xV_n, V^2_n /n /∈ Ω_n ) ≤ P { S_n − x 2 √ n (V^2_n − n) ≥ (x − x^{−1} /4) √ n } + P ( S_n ≥ xV_n, V^2_n /n /∈ Ω_n ) ≤ AΨ_n(x) exp(A L_{n,x}),

as required. The proof of Lemma 3.3 is complete.

LEMMA 3.4. We have P ( S_n ≥ xV_n ) ≤ Ψ_n(x) exp(A L_{n,x}) + A_1e^{−3x 2} ; (3.7) P ( S_n ≥ xV_n ) ≤ Ψ_n(x) exp(A L_{n,x}) + A_1 (xρ_n)^{3/2} . (3.8)

Proof. As in Wang and Jing (1999), for x ≥ 2,

P (S_n ≥ xV_n) ≤ P ( S̄_n ≥ x V̄_n) + n∑ i=1 P [ S^{(i)}_n ≥ (x^2 − 1)^{1/2}V^{(i)}_n ] P (|X_i| > τ).

= K_n + I_n, say. (3.9)

It follows easily from Lemma 3.3 that for all i P [ S^{(i)}_n ≥ (x^2 − 1)^{1/2}V^{(i)}_n ] ≤ AΨ_n(x) exp(A L_{n,x}).

This, together with P (|X_i| > τ) ≤ n^{−1} Δ_{n,x}, implies that

I_n ≤ A Δ_{n,x} Ψ_n(x) exp(A L_{n,x}) (3.10)

In view of (3.9) and (3.10), the inequalities (3.7) and (3.8) will follow if we prove

K_n ≤ Ψ_n(x) exp(A L_{n,x}) + A_1e^{−3x 2} , (3.11)

K_n ≤ Ψ_n(x) exp(A L_{n,x}) + A_1 (xρ_n)^{3/2} , (3.12)

for 2 ≤ x ≤ cρ^{−1}_n with c suf£ciently small.

We £rst prove (3.11). Let D^2_n =

∑_n

i=1 EX̄^4_i and ξ_i = X̄^2_i − E X̄^2_i . By the inequality

(1 + y)^{1/2} ≥ 1 + y/2 − y^2 for any y ≥ −1 and Lemma 3.2,

K_n = P [ S̄_n ≥ x { B^2_n + n∑ i=1 (X̄^2_i − E X̄^2_i )

}_{1/2}]

≤ P [ S̄_n ≥ xB_n { 1 + 1 2B^2_n n∑ i=1 ξ_i − 1 B^4_n

(^n∑ i=1 ξ_i )_2}]

≤ P [| | n∑ i=1 ξ_i | |≥ √ 6x { 4D_n +

(^n∑ i=1 ξ^2_i

)_{1/2}}]

+ P [ S̄_n ≥ xB_n { 1 + 1 2B^2_n n∑ i=1 ξ_i − 1 B^4_n

(^n∑ i=1 ξ_i

)_2} , | | n∑ i=1 ξ_i | |≤ √ 6x { 4D_n +

(^n∑ i=1 ξ^2_i

)_{1/2}}]

≤ 8e^{−3x 2} + K_{n,1}, (3.13)

where, after some algebra (see, Jing, Shao and Wang (2003), for example),

K_{n,1} ≤ P

(^n∑ j=1 η_j ≥ xB_n ) ,

with η_i = X̄_i − 2^{−1} xB^{−1}_n (X̄^2_i − E X̄^2_i ) + 24x^3B^{−3}_n (X̄^4_i + 16EX̄^4_i ). As in the proof of Lemma

3.1, tedious but elementary calculations show that the inequalities (2.1)-(2.5) hold true for B^2_n = ∑_n

i=1 EX̄^2_i and the η_i de£ned above. Therefore it follows from (3.2) in Theorem 2.1 that

K_{n,1} ≤ Ψ_n(x) exp(A L_{n,x}), (3.14)

for 2 ≤ x ≤ cρ^{−1}_n with c suf£ciently small. Take this estimate back into (3.13), we get the

desired (3.11).

We next prove (3.12). Note that

(V̄^2_n − n)^2 = n∑ j=1 (X̄^2_i − 1)^2 + ∑ k≠j

(X̄^2_k − 1)( X̄^2_j − 1)

= n∑ j=1 (X̄^2_i − 1)^2 + ∑ k≠j

(X̄^2_k − E X̄^2_k )(X̄^2_j − E X̄^2_j )

+ (n − 1)(E X̄^2_j − 1) n∑ j=1 (2X̄^2_j − 1 − E X̄^2_j ).

By the inequality (1 + y)^{1/2} ≥ 1 + y/2 − y^2 for any y ≥ −1 again, we have

K_n = P [ S̄_n ≥ x √n { 1 + 1 n n∑ i=1 (X̄^2_i − 1)

}_{1/2}]

≤ P [ S̄_n ≥ x √n { 1 + 1 2n (V̄^2_n − n) − 1 n^2

(V̄^2_n − n)^2 }]

= P ( 1 √ n n∑ j=1 ζ_j + 1 n^2 n−1∑ k=1 n∑ j=k+1

ψ_{k,j} ≥ x − λ_n(x) ) , (3.15)

where

ζ^∗_j = X̄_j − x 2 √ n (X̄^2_j − 1) + x n^{3/2}

(X̄^2_j − 1)^2 + (n − 1)x n^{3/2}

(EX̄^2_1 − 1) n∑ j=1 (2X̄^2_j − 1 − E X̄^2_j ),

ζ_j = ζ^∗_j − Eζ^∗_j

= X̄_j − E X̄_j − x 2 √ n ( 1 + 2 n + 2(n − 1) n EX^2I_{(|X|≥τ)} ) (X̄^2_j − E X̄^2_j ) + x n^{3/2}

(X̄^4_j − E X̄^4_j ),

ψ_{k,j} = 2x(X̄^2_k − E X̄^2_k )(X̄^2_j − E X̄^2_j ),

λ_n(x) = √ nEζ^∗_1 = √ nEXI_{(|X|≥τ)} − x 2 EX^2I_{(|X|≥τ)} + x n E(X̄^2_1 − 1)^2 −

(n − 1)x n ( EX^2I_{(|X|≥τ)}

)_2 . It is easy to see that ζ_j satisfy the conditions (2.8)- (2.10), ψ_{k,j} satisfy the conditions (2.11)- (2.12) in Theorem 2.2 and |λ_n(x)| ≤ 3xn^{−1} + 3(1 + x)^{−1} Δ_{n,x} ≤ 6(1 + x)^{−1} Δ_{n,x}. Hence, in view of (3.15), (3.12) follows immediately Theorem 2.2. This also completes the proof of Lemma 3.4.

After these preliminaries, we are now ready to prove Theorem 1.2.

As is well-known (see Wang and Jing (1999) for example),

P (S_n ≥ xV_n) ≥ P ( S_n − x 2 √ n (V^2_n − n) ≥ x √ n ) . The left hand inequality of (1.6) follows from Lemma 3.1 immediately.

To prove the right hand inequality of (1.6), we use Lemmas 3.4. If Ψ_n(x) ≥ (xρ_n)^{1/2}, then by (3.12),

P (S_n ≥ xV_n) ≤ Ψ_n(x) exp(A L_{n,x}) ( 1 + A_1xρ_n ) ≤ Ψ_n(x) exp ( A_2L_{n,x} ) . (3.16)

Recall we may assume that 2 ≤ x ≤ ρ^{−1}_n /16. It is readily seen that { 1 − Φ(x)

}_{−3} exp { x^3EX^3 √ n } ≤ (2π)^{3/2}x^3e^{2x2} .

This implies that, when Ψ_n(x) ≤ (xρ_n)^{1/2},

e^{−3x 2} ≤ A { 1 − Φ(x)

}_3 exp { − x^3EX^3 √ n } ≤ A xρ_n Ψ_n(x).

Therefore, by (3.7),

P (S_n ≥ xV_n) ≤ Ψ_n(x) exp(A L_{n,x}) ( 1 + A_1xρ_n ) ≤ Ψ_n(x) exp(A L_{n,x}). (3.17)

Collecting the estimates (3.16) and (3.17), we get the right hand inequality of (1.6). The proof of Theorem 1.2 is now complete.

4 Proof of Theorem 2.1

The proof of Theorem 2.1 is based on the conjugate method. To employ the method, let ξ_1, · · · , ξ_n be independent random variables with ξ_j having distribution function V_j(u) de£ned by V_j(u) = E { e^{hηj} I(η_j ≤ u) }/ Ee^{hηj} , for j = 1, · · · , n,

Also de£ne M^2_n(h) =

∑_n

j=1 V ar(ξ_j),

G_n(t) = P

{∑^n_{j=1}(ξ_j − Eξ_j) M_n(h) ≤ t } and R_n(h) =

(x + bx^{−1} )B_n −

∑_n j=1 Eξ_j M_n(h) .

Since EX^2 = 1, we have E|X|^3 ≥ 1 and there exists a positive constant c_0 such that EX^2I_{(|X|≥τ)} ≤ 1/(4C_1) for 2 ≤ x ≤ c_0 ρ^{−1}_n . Let c_1 = 2^8 max{1, C_1, . . . , C_5} and c_2 = min{c_0, c^{−1}_1 }. Taking account of the conditions (2.1)-(2.5), it can be shown by a elementary method that, for 2 ≤ x ≤ c_2 ρ^{−1}_n ,

Ee^{hηj} = 1 + x^2 2n − EX^3 3 ( x √ n )_3

+ O_1n^{−1} Δ_{n,x}

= exp { x^2 2n − EX^3 3 ( x √ n )_3

+ O_2n^{−1} Δ_{n,x} } , (4.1)

Eξ_j = Eη_je^{hηj} / Ee^{hηj} = x √ n + O_3 x^2 n^{−1/2} ρ_n, (4.2)

V ar(ξ_j) = Eη^2_j e^{hηj} / Ee^{hηj} − (Eξ_j)^2 = 1 + O_4 x ρ_n, (4.3)

E|ξ_j|^3 ≤ E|η_j|^3e^{hηj} / Ee^{hηj} ≤ 2 C_5 n^{1/2} ρ_n, (4.4)

where |O_j| ≤ 1/(2c_2), for j = 1, . . . , 4.

Using (4.3)-(4.4) and (2.1), we get, for 2 ≤ x ≤ c_2 ρ^{−1}_n ,

n/2 ≤ M^2_n(h) = n + O_4 n x ρ_n ≤ 3n/2, (4.5)

|R_n(h)| = | | (x + bx^{−1} )B_n −

∑_n

j=1 Eξ_j M_n(h) | | ≤ (3/2)|b|x^{−1} + 2(C_1 + |O_3|) x^2 ρ_n, (4.6)

|hM_n(h) − x| ≤ 1 x | h^2M^2_n(h) − x^2 |

≤ x { | |M^2_n(h) n − 1 | |+ | | 1 B^2_n − 1 n | |M^2_n(h) }

≤ (4C_1 + |O_4|) x^2 ρ_n. (4.7)

Let A_n(h) = R_n(h) + hM_n(h), c_3 =^1_4 (6C_1 + 2|Q_3| + |O_3|)^{−1} and c_4 = min{c_2, c_3}. It follows from (4.6)-(4.7) that, for 2 ≤ x ≤ c_4 ρ^{−1}_n ,

|A_n(h) − x| ≤ |R_n(h)| + |hM_n(h) − x|

≤ (3/2)|b|x^{−1} + ( 6C_1 + 2|O_3| + |O_4| ) x^2 ρ_n (4.8)

and (recall |b| ≤ x^2/4),

x/2 ≤ A_n(h) ≤ 3x/2. (4.9)

After these preliminaries, we next give the proof of Theorem2.1.

Write δ_n(x) = (x + bx^{−1} )B_n. By the conjugate method, P (^n∑ j=1 η_j > δ_n(x) ) = (^n∏ j=1 Ee^{hηj} ) ∫ ∞ δ_n(x)

e^{−hu} dP

(^n∑ j=1 ξ_j ≤ u ) ,

= (^n∏ j=1 Ee^{hηj} ) ∫ ∞ 0 e^{−hδ n(x)−hM n(h)v}dG_n { v + R_n(h) } ,

= (^n∏ j=1 Ee^{hηj} ) e^{−x 2−b} ( ∫ ∞ 0 e^{−hM n(h)v}d [ G_n { v + R_n(h) } − Φ { v + R_n(h) }]

+ ∫_∞ 0 e^{−hM n(h)v}dΦ { v + R_n(h) }) := I_0(h) e^{−x 2−b} ( I_1(h) + I_2(h) ) . (4.10)

It follows from (4.1) that, for 2 ≤ x ≤ c_4 ρ^{−1}_n , exp {x2 2 − x^3 3 √ n EX^3 − AΔ_{n,x} } ≤ I_0(h) = ( Ee^{hηj}

)_n

≤ exp {x2 2 − x^3 3 √ n EX^3 + AΔ_{n,x} } . (4.11)

Next we estimate I_2(h). We have

I_2(h) = 1 √ 2π ∫_∞ 0 e^{−hM n(h)v− 12 (v+Rn(h))2} dv = e^{−R 2n(h)/2} √ 2π ∫_∞ 0 e^{−(hM n(h)+Rn(h))v− 12 v2} dv := e^{−R 2n(h)/2} √ 2π I_3(h). (4.12)

Write ψ(x) = { 1 − Φ(x) } /Φ^′(x) = e^{x2/2}

∫_∞ x e^{−y 2/2}dy. Clearly, ψ{A_n(h)} = I_3(h), and for

x ≥ 2, 1 2x ≤ ψ(x) ≤ 1 x and |ψ^′(x)| = |xψ(x) − 1| ≤ x^{−2} .

These estimates, together with (4.8) and (4.9), imply that for 2 ≤ x ≤ c_4 ρ^{−1}_n ,

I_3(h) = ψ(x) + ψ^′(θ) { A_n(h) − x } , [where θ ∈ (x/2, 3x/2)]

= ψ(x) [ O_5 + O_6 x ρ_n ] , where |O_5 − 1| ≤ 2|b|x^{−2} and |O_6| ≤ A. Therefore, for 2 ≤ x ≤ c_4 ρ^{−1}_n ,

I_2(h) = e^{x2/2} { 1 − Φ(x) } e^{−R 2n(x)/2} ( O_5 + O_6 x ρ_n ) . (4.13)

As for I_1(h), by (4.4)-(4.5), integration by parts and Berry-Esseen theorem, we get

|I_1(h)| ≤ 2 sup_v |G_n(v) − Φ(v)| ≤ 4M^{−3}_n (h) n∑ j=1 E|ξ_j|^3 ≤ 16 C_5 ρ_n.

This implies that for x ≥ 2,

I_1(h) = O_7 x ρ_n e^{x2/2} { 1 − Φ(x) } , (4.14)

where |O_7| ≤ A.

It follows easily from (4.10)-(4.11) and (4.13)-(4.14) that for 2 ≤ x ≤ c_4 ρ^{−1}_n , P (^n∑ j=1 η_j ≥ δ_n(x) ) ≤ (1 + 2|b|x^{−2} )e^{−b} Ψ_n(x) exp ( A Δ_{n,x} ) (1 + A_1xρ_n)

≤ (1 + 2|b|x^{−2} )e^{−b} Ψ_n(x) exp ( A L_{n,x} ) . This proves (2.6). Similarly, by letting b = 0, it follows from (4.10)-(4.11) and (4.13)-(4.14)

that P (^n∑ j=1 η_j ≥ x B_n )

≥ Ψ_n(x) exp { −AΔ_{n,x} − R^2_n(h)/2 } [ 1 − { |O_6| + |O_7|e^{R2n(h)/2} } x ρ_n ]

≥ Ψ_n(x) exp {−AΔ_{n,x}} [ 1 − A_1 x ρ_n ] ≥ Ψ_n(x) exp {−A_2 L_{n,x}} ,

for 2 ≤ x ≤ c_4 ρ^{−1/2}n , where we have used the fact that |R_n(h)| ≤ 1 by (4.6), and also

R^2_n(h) ≤ 4(C_1 + |O_3|)^2x^4n^{−1} (E|X|^3)^2 ≤ 8(C_1 + |O_3|)^2Δ_{n,x}

since ( E|X|^3

)_2 ≤ 2 { E|X|^3I_{(|x|>τ)}

}_2 + 2EX^4I_{(|x|≤τ)} . This proves (2.7) and hence complete

the proof of Theorem 2.1.

5 Proof of Theorem 2.2

The idea for the proof of Theorem 2.2 is similar to Proposition 5.4 in Jing, Shao and Wang (2002), but we need some different details. Throughout this section, we use the following notations: g(t, x) = Ee^{itζ1/√n} and

Ω_n(x, t) = { (x, t) : 1 + x ≤ 1 3 (1 + C_6)^{−1} /ρ_n, |t| ≤ 1 6 (1 + C_7)^{−1} /ρ_n } . The proof of Theorem 2.2 is based on the following lemmas.

LEMMA 5.1. If (x, t) ∈ Ω_n(x, t), then | g(t, x) | ≤ e^{−t 2/6n}, (5.1) | |g^n(t, x) − e^{− t22} | | ≤ A (1 + x) ρ n (t^2 + |t|^3) e^{−t 2/6}, (5.2) | |g^n(t, x) − e^{− t22} [ 1 + n { g(t, x) − 1 } + t^2 2 ]| | ≤ A (1 + x)^2 ρ^2_n (|t|^3 + |t|^8) e^{−t 2/6}. (5.3)

Proof. It follows from Taylor’s expansion of e^{ix} that | |g(t, x) − 1 + t^2Eζ^2_1 2n | | ≤ 1 6 |t|^3 n^{−3/2} E|ζ_1|^3. (5.4)

In view of (2.8) and (2.9), we have that

|Eζ^2_1 − 1| ≤ (1 + C_6)(1 + x)ρ_n and E|ζ_1|^3 ≤ (1 + C_7)E|X|^3. (5.5)

Taking these estimates back into (5.4), we obtain for (x, t) ∈ Ω_n(x, t), | g(t, x) | ≤ 1 − t^2 2n + t^2 2n | Eζ^2_1 − 1 | + 1 6 |t|^3 n^{−3/2} E|ζ_1|^3

≤ 1 − t^2 2n + t^2 6n + t^2 6n ≤ e^{−t 2/6n}.

This proves (5.1).

Using (5.1), we have that for (x, t) ∈ Ω_n(x, t) and |t|^3 ≥ (1 + C_7)^{−1} /ρ_n, | |g^n(t, x) − e^{− t22} | | ≤ 2e^{−t 2/6} ≤ 2(1 + C 7)ρn|t|^3e^{−t 2/6}. (5.6)

On the other hand, by using (5.5), we get that for (x, t) ∈ Ω_n(x, t) and |t|^3 ≤ (1 + C_7)^{−1} /ρ_n,

g(t, x) = 1 − r_1(t, x), (5.7)

where r_1(t, x) = t^2 2n Eζ^2_1 + η

|t|^3 6n^{3/2}

E|ζ_1|^3, |η| ≤ 1,

having |r_1(t, x)| ≤ 1/4 and | |r_1(t, x) | |^2 ≤ t^4

2n^2 ( E|ζ_1|^3

)_{4/3} + |t|^6 18n^3 ( E|ζ_1|^3

)_2 ≤ 5 9 (1 + C_7)|t|^3n^{−1} ρ_n. (5.8)

Therefore, it follows from ln(1 + z) = z + η_1z^2, whenever |z| < 1/2, where |η_1| ≤ 1, that for (x, t) ∈ Ω_n(x, t) and |t|^3 ≤ (1 + C_7)^{−1} /ρ_n,

ln g(t, x) = − t^2 2n Eζ^2_1 + θ |t|^3 n^{−1} ρ_n, |θ| ≤ 1 + C_7, (5.9)

ln g^n(t, x) = − t^2 2 Eζ^2_1 + θ |t|^3ρ_n = − t^2 2 + r(t, x), (5.10)

where, by using (5.5) again,

|r(t, x)| ≤ t^2 2 |Eζ^2_1 − 1| + |θ| |t|^3ρ_n ≤ t^2/3.

Also, we have

|r(t, x)| ≤ t^2 2 |Eζ^2_1 − 1| + |θ| |t|^3ρ_n ≤ A(t^2 + |t|^3)(1 + x)ρ_n.

These estimates, together with |e^z − 1| ≤ |z|e^{|z|}, imply that for (x, t) ∈ Ω_n(x, t) and |t|^3 ≤ (1 + C_7)^{−1} /ρ_n, | |g^n(t, x) − e^{− t22} | | ≤ e^{− t22} | |e^{r(t,x)} − 1 | | ≤ A(1 + x)ρ n(t^2 + |t|^3)e^{−t 2/6}. (5.11)

Now, (5.2) follows from (5.6) and (5.11).

If we instead the estimate of r_1(t, x) in (5.8) by

|r_1(t, x)|^2 ≤ t^4 2n^2 ( Eζ^2_1

)_2 + |t|^6 18n^3 ( E|ζ_1|^3

)_2 ≤ 2 n^{−2} t^4 ,

we can rewrite (5.9) and (5.10) as

ln g(t, x) = g(t, x) − 1 + θ_1 n^{−2} t^4, |θ_1| ≤ 2,

ln g^n(t, x) = n { g(t, x) − 1 } + θ n^{−1} t^4.

Therefore, by using (5.5) and (5.7), we obtain for (x, t) ∈ Ω_n(x, t), | |ln g^n(t, x) + t^2 2 | | ≤ | |n { g(t, x) − 1 } + t^2 2 | |+ 2n^{−1} t^4 ≤ t^2 2 |Eζ^2_1 − 1| +

|t|^3 6 √ n E|ζ_1|^3 + 2n^{−1} t^4 ≤ t^2/3

(recalling |t| ≤^1_6 ρ^{−1}_n ≤ √ n/6). Also, we have | |ln g^n(t, x) + t^2 2 | | ≤ t^2 2 |Eζ^2_1 − 1| +

|t|^3 6 √ n E|ζ_1|^3 + 2n^{−1} t^4

≤ A(1 + x)ρ_n(t^2 + t^4).

Now, by using |e^z − 1 − z| ≤^{z2}_2 e^{|z|}, we obtain that for (x, t) ∈ Ω_n(x, t),

g^n(t, x) − e^{− t22} = e^{− t22} { e^{ln gn(t,x)+ t22} − 1 }

= e^{− t22} [ n { g(t, x) − 1 } + t^2 2 + r^∗(t, x) ] , where

|r^∗(t, x)| ≤ 2n^{−1} t^4 + 1 2 | |ln g^n(t, x) + t^2 2 | |^2 exp {| |ln g^n(t, x) + t^2 2 |} ≤ A (1 + x)^2 ρ^2_n (|t|^4 + |t|^8) e^{t2/3}.

This implies (5.3). The proof of Lemma 5.1 is now complete.

LEMMA 5.2. If (x, t) ∈ Ω_n(x, t), then | |EΛ n,ne^{itTn} | | ≤ Axρ^2_n t^2e^{−t 2/6}, (5.12) | |Ee^{it(Tn+Λ n,n)} − g^n(t, x) | | ≤ Axρ^2_nt^2e^{−t 2/6} + A1x^{3/2}ρ^2_n|t|^{3/2} (5.13)

and for any 1 ≤ m ≤ n, | |Ee^{it(Tn+Λ n,n)} | |≤ ( 1 + A x |t| ) e^{−(m−2)t 2/(12n)} + A_1 m n^{−1} x^{3/2} ρ^2_n |t|^{3/2}. (5.14)

Proof. It follows from (2.11), (2.12), (5.5) and Holder’s inequality that | |Eψ 1,2e^{it(ζ1+ζ2)/√n} | | = | |Eψ 1,2 ( e^{itζ1/√n} − 1 )( e^{itζ2/√n} − 1 )| | ≤ ( |t| √ n )_2

E {|ψ_{1,2}|ζ_1||ζ_2|} ≤ t^2 n { E|ψ_{1,2}|^{3/2}

}_{2/3} { E|ζ_1|^3

}_{2/3}

≤ Axρ^2_nt^2.

Therefore, it follows from independence of ζ_j and Lemma 5.1 that | |EΛ n,ne^{itTn} | |≤ | |Eψ 1,2e^{it(ζ1+ζ2)/√n} | ||g(t, x)|^{n−2} ≤ Axρ^2_nt^2e^{−t 2/6}.

This proves (5.12).

To prove (5.13) and (5.14), put

Λ^∗_{n,m} = Λ_{n,n} − Λ_{n,m} = 1 n^2 n−1∑

k=m+1 n∑ j=k+1

ψ_{k,j} and Λ^∗_{n,m} = 0, m ≥ n.

By (2.12) and |e^{iz} − 1 − iz| ≤ 2|z|^{3/2}, | |Ee^{it(Tn+Λ n,n)} − Ee^{it(Tn+Λ ∗n,m)} − itEΛ n,me^{it(Tn+Λ ∗n,m)} | | ≤ 2|t|^{3/2}E|Λ_{n,m}|^{3/2} ≤ A|t|^{3/2}mn^{−2} E|ψ_{1,2}|^{3/2} ≤ Amn^{−1} x^{3/2}ρ^2_n|t|^{3/2}. (5.15)

Therefore, (5.13) follows easily from (5.12) and (5.15) with m = n. In view of independence of ζ_j, on the other hand, (5.15) implies that for any 1 ≤ m ≤ n, | |Ee^{it(Tn+Λ n,n)} | | ≤ |g^m(t, x)| + Ax|t| | |g^{m−2} (t, x) | |+ Amn^{−1} x^{3/2}ρ^2_n |t|^{3/2} ≤ ( 1 + Ax|t| ) e^{−(m−2)t 2/(6n)} + Amn^{−1} x^{3/2}ρ^2_n |t|^{3/2}

where we have used the estimate (recalling (2.12)):

E|Λ_{n,m}e^{it(Tn+Λ ∗n,m)}| = E | | 1 n^2 m∑ k=1 n∑ j=k+1

ψ_{k,j}e^{it(Tn+Λ ∗n,m)} | | ≤ |g(t, x)|^{m−2} E|ψ_{1,2}| ≤ A x |g(t, x)|^{m−2} .

This gives (5.14). The proof of Lemma 5.2 is now complete.

LEMMA 5.3. Let F be a distribution function with the characteristic function f. Then for all y ∈ R and T > 0 it holds that

lim_{z↓y} F (z) ≤ 1 2 + V.P.

∫_T −T exp(−iyt) 1 T K ( t T ) f(t)dt. (5.16)

lim_{z↑y} F (z) ≥ 1 2 − V.P.

∫_T −T exp(−iyt) 1 T K ( − t T ) f(t)dt, (5.17)

where V.P.

∫_T −T = lim_{h↓0} ( ∫ −h −T + ∫_T h ) , and 2K(s) = K_1(s) + iK_2(s)/(πs),

K_1(s) = 1 − |s|, K_2(s) = πs(1 − |s|)cot πs + |s|, for |s| < 1,

and K(s) ≡ 0 for |s| ≥ 1.

Proof of Lemma 5.3 can be found in Prawitz (1972).

LEMMA 5.4. It holds that if 0 ≤ x ≤ cρ^{−1}_n with c ≤^1_6 (1 + C_6)^{−1} , then for any y ∈ R,

|I^+(y)|, |I^− (y)| ≤ Aρ_ne^{−y 2/2} + A_1(1 + x^{3/2})ρ^2_n, (5.18)

where K_1(s) is de£ned as in Lemma 5.3,

I^+(y) = 1 T ∫_T −T e^{−iyt} K_1 ( t T ) Ee^{it(Tn+Λ n,n)}dt,

I^− (y) = 1 T ∫_T −T e^{−iyt} K_1 ( − t T ) Ee^{it(Tn+Λ n,n)}dt, T = 1 6 (1 + C_7)^{−1} /ρ_n.

Proof. We only prove (5.18) for I^+(y). Without loss of generality, we assume ρ_n ≤ 12^{−3} . This assumption implies that 1 + x ≤^1_3 (1 + C_6)^{−1} /ρ_n for 0 ≤ x ≤ cρ^{−1}_n with c ≤^1_6 (1 + C_6)^{−1} . Let I^+ = I^+(y) and T_1 = ρ^{−1/3}n . We have that

I^+ =

∫_{T1}

−T_1

· · · + ∫ T_1≤|t|≤T

· · · := I_1 + I_2.

It is easy to see that [12nt^{−2} log |t|] ≤ n − 2 if |t| ≥ 12 and n ≥ 6. Hence, recalling |T_1| ≥ 12 and √ n ≥ 12/E|X|^3 ≥ 12, by (5.14) with m = [12nt^{−2} log |t|] + 2,

|I_2| ≤ 1 T ∫ T_1≤|t|≤T | Ee^{it(Sn+Λ n,n)} | dt ≤ A(1 + x^{3/2})ρ^2_n. (5.19)

Noting K_1(s) = 1 − |s|, for |s| < 1, we obtain |I_1| ≤ |I_{11}| + |I_{12}|, where

I_{11} = 1 T ∫_{T1}

−T_1

e^{−iyt} Ee^{it(Sn+Λ n,n)}dt, I_{12} = 2 T^2

∫_{T1} 0 t | Ee^{it(Sn+Λ n,n)} | dt. It follows from (5.14) with m = [12nt^{−2} log |t|] + 2 again that

|I_{12}| ≤ 2 T^2 { ∫ 12 0 tdt +

∫_{T1} 12 t | Ee^{it(Sn+Λ n,n)} | dt } ≤ A(1 + x^{3/2})ρ^2_n. (5.20)

On the other hand, noting that 1 √ 2π ∫_∞ −∞ e^{−iyt−t 2/2}dt = e^{−y 2/2},

it follows from Lemmas (5.1)-(5.2) (i.e, (5.2) and (5.13)) that

|I_{11}| ≤ 1 T | | ∫_∞ −∞ e^{−iyt−t 2/2}dt | |+ 1 T ∫ |t|≥T_1

e^{−t 2/2}dt + 1 T ∫_{T1}

−T_1 | |Ee^{it(Sn+Λ n,n)} − e^{−t 2/2} | |dt ≤ Aρ_ne^{−y 2/2} + A_1(1 + x^{3/2})ρ^2_n.

Collecting all these estimates, we conclude the proof of Lemma 5.4.

LEMMA 5.5. The integral

J^+(y) = i π V.P.

∫_T −T e^{−iyt} K_2 ( t T ) Ee^{it(Sn+Λ n,n)} dt t , J^− (y) = i π V.P.

∫_T −T e^{−iyt} K_2 ( − t T ) Ee^{it(Sn+Λ n,n)} dt t , T = 1 6 (1 + C_7)^{−1} /ρ_n,

satisfy that, for any y ∈ R and 0 ≤ x ≤ cρ^{−1}_n with c ≤^1_6 (1 + C_6)^{−1} , | |J^+(y) + 1 − 2Φ(y) − 2L n(y) | | ≤ A(1 + x^{3/2})ρ^{3/2}_n , (5.21) | |J^− (y) + 1 − 2Φ(y) − 2L n(y) | | ≤ A(1 + x^{3/2})ρ^{3/2}_n , (5.22)

where K_2(s) is de£ned as in Lemma 5.3 and

L_n(y) = n { EΦ ( y − ζ_1 √ n ) − Φ(y) } − 1 2 Φ^{(2)}(y).

Proof. We only prove (5.21). Similar to the proof of Lemma 5.4, we assume ρ_n ≤ 12^{−3} , which implies 1 + x ≤^1_3 (1 + C_6)^{−1} /ρ_n for 0 ≤ x ≤ cρ^{−1}_n with c ≤^1_6 (1 + C_6)^{−1} . Write J^+ = J^+(y) and f_n(t, x) = [ 1 + n { g(t, x) − 1 } +^{t2}_2 ] e^{−t 2/2}. The J^+ can be rewrite as

J^+ = J_{11} + J_{12} + J_{13} + J_2,

where J_{11} = i π V.P.

∫_{T1}

−T_1

e^{−iyt} f_n(t, x) dt t , J_{12} = i π V.P.

∫_{T1}

−T_1

e^{−iyt} { Ee^{it(Sn+Λ n,n)} − f_n(t, x) }dt t , J_{13} = i π V.P.

∫_{T1}

−T_1

e^{−iyt} { K_2 ( t T ) − 1 } Ee^{it(Sn+Λ n,n)} dt t , J_2 = i π V.P. ∫ T_1≤|t|≤T

e^{−iyt} K_2 ( t T ) Ee^{it(Sn+Λ n,n)} dt t and T_1 = ρ^{−1/3}n . Similar to (5.19), it follows that |J_2| ≤ A(1 + x^{3/2})ρ^2_n. By using (5.3) and

(5.13), we have

|J_{12}| ≤

∫_{T1}

−T_1 | |Ee^{it(Sn+Λ n,n)} − g^n(t, x) | | dt |t| + ∫_{T1}

−T_1 | |g^n(t, x) − f n(t, x) | | dt |t| ≤ A { (1 + x)^2ρ^2_n + x^{3/2}ρ^{3/2}_n } . Noting that |K_2(s) − 1| ≤ As^2, for |s| ≤ 1/2 (cf., e.g., Lemma 2.1 in Bentkus (1994), similar

to (5.20), it can be easily shown that

|J_{13}| ≤ AT^{−2}

∫_{T1}

−T_1 |t| | |Ee^{it(Sn+Λ n,n)} | |dt ≤ A(1 + x^{3/2})ρ^2_n.

On the other hand, simple calculation shows that i 2π V.P.

∫_∞ −∞ e^{−iyt} f_n(t, x) dt t = − 1 2 + Φ(y) + L_n(y).

Therefore, it follows from all these estimates and x ≤ cρ^{−1}_n that | |J^+ + 1 − 2Φ(y) − 2L n(y) | | ≤ | |J11 + 1 − 2Φ(y) − 2L n(y) | |+ |J12| + |J13| + |J2| ≤ ∫ |t|≥T_1 1 |t| | |fn(t, x) | |dt + A { (1 + x)^2ρ^2_n + x^{3/2}ρ^{3/2}_n }

≤ A { (1 + x)^2ρ^2_n + x^{3/2}ρ^{3/2}_n } ≤ A (1 + x^{3/2}) ρ^{3/2}_n .

This also completes the proof of Lemma 5.5.

LEMMA 5.6. For any |y| ≤ A(1 + x), | |Ln(y) −

EX^3 √ 2πn ( y2 6 − yx 2 ) e^{−y 2/2} | | ≤ A { ρ_n + Δ_{n,x}/(1 + x) } e^{−y 2/2}, (5.23)

where L_n(y) is de£ned as in Lemma 5.5. For 0 ≤ x ≤ cρ^{−1}_n with c suf£ciently small, and

y_0 = x + λ_n(x), where |λ_n(x)| ≤ C Δ_{n,x}/(1 + x), | |e^{−y 20 /2} − e^{−x 2/2} | | ≤ A ρ n, (5.24) | |Φ(y 0) − Φ(x) | | ≤ A { ρ_n + Δ_{n,x}/(1 + x) } e^{−x 2/2} + A_1ρ^2_n, (5.25) | |Ln(y0) +

EX^3 3 √ n x^2 √ 2π e^{−x 2/2} | | ≤ A { ρ_n + Δ_{n,x}/(1 + x) } e^{−x 2/2} + A_1(1 + x^2)ρ^2_n. (5.26)

Proof. We £rst note that

Φ^{(2)}(y) = − y √ 2π e^{−y 2/2}, Φ^{(3)}(y) = y^2 − 1 √ 2π e^{−y 2/2} (5.27) and |Φ^{(4)}(y)| ≤ A(1 + |y|^3)e^{−y 2/2}. (5.28)

Using (5.28), |y| ≤ A(1 + x) and |ζ_1| ≤ A √ n/(1 + x), it can be easily seen that for |θ| ≤ 1, | |Φ^{(4)} ( y + θ

|ζ_1| √ n )| |≤ A(1 + |y|^3) exp { − y^2 2 + |y||ζ_1| √ n } ≤ A(1 + x)^3e^{−y 2/2}.

This, together with Taylor’s expansion and Eζ^4_1 ≤ C_9EX^4I_{(|X|≤τ)} , implies that

Q_n := | |EΦ ( y − ζ_1 √ n ) − Φ(y) −

Eζ^2_1 2n Φ^{(2)}(y) +

Eζ^3_1 6n^{3/2}

Φ^{(3)}(y) | | ≤ 1 24n^2

E ζ^4_1 Φ^{(4)} ( y + θ

|ζ_1| √ n ) (|θ| ≤ 1)

≤ A EX^4I_{(|X|≤τ)} (1 + x)^3n^{−2} e^{−y 2/2}.

Therefore, taking account of (2.8)-(2.9) and (5.27), we have | |Ln(y) −

EX^3 √ 2πn ( y2 6 − yx 2 ) e^{−y 2/2} | | ≤ | |Ln(y) − xEX^3 2 √ n Φ^{(2)}(y) −

EX^3 6 √ n Φ^{(3)}(y) | |+ ρ_n 6 √ 2π e^{−y 2/2}

≤ nQ_n + 1 2 |Φ^{(2)}(y)| | |Eζ^2_1 − 1 − αx √ n EX^3 | | + 1 6n^{1/2}

|Φ^{(3)}(y)| | |Eζ^3_1 − βEX^3 | |+ ρ_n 6 √ 2π e^{−y 2/2} ≤ A { ρ_n + Δ_{n,x}/(1 + x) } e^{−y 2/2}.

This concludes (5.23).

We next prove (5.24)-(5.26). It can be easily seen that Δ_{n,x} ≤ (1+x)^3ρ^{−1}_n , and for x ≤ cρ^{−1}_n

with c small enough,

|y^2_0 − x^2| ≤ 2x|λ_n(x)| + λ^2_n(x) ≤ (2C + C^2)Δ_{n,x} ≤ x^2/3,

−(x − |y_0 − x|)^2 ≤ −x^2 + 2x|λ_n(x)| ≤ −x^2 + 2C Δ_{n,x} ≤ −3x^2/4.

These estimates imply that | |e^{−y 20 /2} − e^{−x 2/2} | | ≤ 1 2 |y^2_0 − x^2|e^{−x 2/2+|y20 −x 2|/2} ≤ A 2 ρ_n(1 + x)^3e^{−x 2/3} ≤ Aρ_n, (5.29) | |Φ(y 0) − Φ(x) | | ≤ |y 0 − x| Φ^′(x) +

(y_0 − x)^2 2 | |Φ^{(2)}(x + θ|y0 − x|) | | (|θ| ≤ 1) ≤ A Δ_{n,x} 1 + x e^{−x 2/2} + ρ^2_n 2 (1 + x)^7e^{−(x−|y 0−x|) 2/2} ≤ A Δ_{n,x} 1 + x e^{−x 2/2} + A_1ρ^2_n. (5.30)

This proves (5.24) and (5.25). On the other hand, we have | |− y^2_0 6 + y_0x 2 − 1 3 x^2 | |≤ 1 6 | y^2_0 − x^2 | + x 2 |y_0 − x| ≤ A Δ_{n,x}.

This, together with (5.27)-(5.24), implies that | |Ln(y0) +

EX^3 3 √ n x^2 √ 2π e^{−x 2/2} | | ≤ Aρ nΔ n,xe^{−y 20 /2} + A1 { ρ_n + Δ_{n,x}/(1 + x) } e^{−y 20 /2} ≤ A { ρ_n + Δ_{n,x}/(1 + x) } e^{−x 2/2} + A_1(1 + x^2)ρ^2_n.

This gives (5.26). The proof of Lemma 5.6 is now complete.

After these lemmas, we are now ready to prove Theorem 2.2.

By using (5.17) and Lemmas 5.4-5.5, we obtain for 2 ≤ x ≤ cρ^{−1}_n with c suf£ciently small, P ( T_n + Δ_{n,n} ≥ x + λ_n(x) ) ≤ 1 2 [ I^− (y_0) + 1 − J^− (y_0) ] ≤ 1 − Φ(y_0) + L_n(y_0) + Aρ_ne^{−y 20 /2} + A_1x^{3/2}ρ^{3/2}_n ,

where y_0 = x + λ_n(x). Furthermore, it follows from Lemma 5.6 that P ( T_n + Δ_{n,n} ≥ x + λ_n(x) )

≤ 1 − Φ(x) −

EX^3 3 √ n x^2 √ 2π e^{−x 2/2} + A ( ρ_n + Δ_{n,x}/x ) e^{−x 2/2} + A_1 x^{3/2}ρ^{3/2}_n . (5.31)

Using the well-known inequality 1 √ 2π ( 1 x − 1 x^3 ) e^{−x 2/2} ≤ 1 − Φ(x) ≤ 1 √ 2πx e^{−x 2/2}, x > 0, we have for x ≥ 2, | |x_3{1 − Φ(x) } − x^2√ 2π e^{−x 2/2} | |≤ 1 √ 2π e^{−x 2/2}

and e^{−x 2/2} ≤ Ax { 1 − Φ(x) } . Taking these estimates back into (5.31), we get for 2 ≤ x ≤ cρ^{−1}_n with c suf£ciently small, P ( T_n + Δ_{n,n} ≥ x + λ_n(x) ) ≤ { 1 − Φ(x) }[ 1 − x^3EX^3 3 √ n + AL_{n,x} ] + A_1 x^{3/2}ρ^{3/2}_n .

Now we conclude the result if we prove 1 − x^3EX^3 3 √ n + AL_{n,x} ≤ exp { − x^3EX^3 3 √ n } [ 1 + A_1 L_{n,x} ] . (5.32)

In fact, (5.32) is obvious for EX^3 < 0. In the case that EX^3 > 0, if^{x3EX3}_3^√_n ≤ 2, then 1 − x^3EX^3 3 √ n + A L_{n,x} ≤ exp { − x^3EX^3 3 √ n } + A L_{n,x}

≤ exp { − x^3EX^3 3 √ n } [ 1 + Ae^2 L_{n,x} ] . On the other hand, it follows easily from the de£nition of Δ_{n,x} that for 2 ≤ x ≤ cρ^{−1}_n ,

A(xρ_n + Δ_{n,x}) ≤ (1 + x^3EX^3/ √ n)/9,

by choosing c suf£ciently small. Therefore, if^{x3EX3}_3^√_n ≥ 2, then 1 − x^3EX^3 3 √ n + A L_{n,x} ≤ 0 ≤ exp { − x^3EX^3 3 √ n } [ 1 + A L_{n,x} ] . Collecting all these estimates, we get the desired (5.32). This also completes the proof of Theorem 2.2.

REFERENCES

Bentkus, V., Bloznelis, M. and Götze, F. (1996). A Berry-Esseen bound for Student’s statistic in the non-i.i.d. case. J. Theoret. Probab. 9, 765-796.

Bentkus, V. and Götze, F. (1996). The Berry-Esseen bound for Student’s statistic. Ann. Probab.

24, 491-503.

Bentkus, V., Götze, F. and van Zwet, W.R. (1997). An Edgeworth expansion for symmetric statistics. Ann. Statist. 25, 851-896.

Chistyakov, G. P., Gtze, F. (2003). Moderate deviations for Student’s statistic. Theory Probab.

Appl. 47, 415–428.

Friedrich, K. O. (1989). A Berry-Esseen bound for functions of independent random variables, Ann. Statist., 17 170-183.

Gine, E., Götze, F. and Mason, D.M. (1997). When is the Student t-statistic asymptotically standard normal? Ann. Probab. 25, 1514-1531.

Hall, P. (1987). Edgeworth expansion for student’s t-statistic under minimal conditions. Ann.

Probab. 15, 920-931.

Hall, P. (1988). On the effect of random norming on the rate of convergence in the central limit theorem. Ann. Probab. 16, 1265–1280.

Hall, P. and Jing, B.-Y. (1995). Uniform convergence bounds for con£dence Intervals and Berry-Esseen Theorems for Edgeworth Expansion. Ann. Statist. 23, 363-375.

He, X. and Shao, Q.M. (2000). On parameters of increasing dimensions. J. Multivariate Anal.

73, 120-135.

Jing, B.-Y., Shao, Q.-M. and Wang, Q. (2003). Self-normalized Cramér-type large deviation for independent random variables. Ann. Probab. 31, 2167-2215.

Logan, B.F., Mallows, C.L., Rice, S.O. and Shepp, L.A. (1973). Limit distributions of selfnormalized sums. Ann. Probab. 1, 788–809.

Petrov, V.V. (1995). Limit Theorems of Probability Theory: Sequences of Independent Random Variables. Oxford Science Publications.

Prawitz, H. (1972). Limits for a distribution, if the characteristic function i s given in a £nite domain. Skand. Aktuar. Tidskr. 138-154.

Putter, H. and van Zwet, W.R. (1998). Empirical Edgeworth expansions for symmetric statistics. Ann. Stat. 26, 1540-1569.

Slavova, V.V. (1985). On the Berry-Esseen bound for Student’s statistic. In: Stability Problems for Stochastic Models, Eds. V.V. Kalashnikov and V.M. Zolotarev. Lecture Notes in Math. 1155, 355–390. Springer, Berlin.

Shao, Q. M. (1999). Cramér-type large deviation for Student’s t statistic. J. Theorect. Probab.

12, 387-398.

van Zwet W. R. (1984). A Berry-Esséen Bound for symmetric statistics. Z-wahrsch. verw.

Gebiete, 66, 425-440.

Wang, Q. and Jing, B.-Y. (1999). An exponential non-uniform Berry-Esseen bound for selfnormalized sums. Ann. Probab. 27, 2068-2088.

Wang, Q., Jing, B.-Y. and Zhao, L. C. (2000). The Berry-Esséen bound for studentized statistics. Ann. Probab., 28 511-535.