Elect. Comm. in Probab. 10 (2005), 125–136 ELECTRONIC COMMUNICATIONS in PROBABILITY

ON HOMOGENIZATION OF NON-DIVERGENCE FORM PARTIAL DIFFERENCE EQUATIONS

JOSEPH G. CONLON^1 University of Michigan, Department of Mathematics, Ann Arbor, MI 48109-1109 email: conlon@umich.edu

IAN F. PULIZZOTTO University of Michigan, Department of Mathematics, Ann Arbor, MI 48109-1109 email: ifpulizz@umich.edu

Submitted 6 July 2004, accepted in final form 12 May 2005

AMS 2000 Subject classification: 35R60, 60H30, 60J60 Keywords: pde with random coefficients, homogenization

Abstract In this paper a method for proving homogenization of divergence form elliptic equations is extended to the non-divergence case. A new proof of homogenization is given when the coefficients in the equation are assumed to be stationary and ergodic. A rate of convergence theorem in homogenization is also obtained, under the assumption that the coefficients are i.i.d. and the elliptic equation can be solved by a convergent perturbation series,

1 Introduction.

In [3] we introduced a new method for proving the homogenization of elliptic equations in divergence form. The purpose of this paper is to extend the method to non-divergence form equations. As in [3] we shall be able to obtain a rate of convergence in situations where the problem is perturbative.

Let (Ω, F, μ) be a probability space and for i = 1, ..., d, let a_i : Ω → R be bounded measurable functions on Ω satisfying the inequality

λ_i < a_i(ω) ≤ Λ_i, ω ∈ Ω, i = 1, ..., d, (1.1)

where the λ_i, Λ_i are positive constants. We assume that Z^d acts on Ω by translation operators τ_x : Ω → Ω, x ∈ Z^d, which are measure preserving and satisfy the properties τ_xτ_y = τ_{x+y}, τ_0 = identity, x, y ∈ Z^d. Let f : R^d → R be a smooth function with compact support. We shall be

1RESEARCH SUPPORTED BY THE NSF GRANT DMS-0138519 125 interested in solutions u_ε(x, ω) of the elliptic equation on the scaled lattice Z^d_ε = εZ^d given by d∑ i=1 a_i(τ_{x/ε} ω) [2u_ε(x, ω) − u_ε(x + εe_i, ω) − u_ε(x − εe_i, ω)] / ε^2

+ u_ε(x, ω) = f(x), x ∈ Z^d_ε , ω ∈ Ω, (1.2)

where the e_i ∈ R^d are unit vectors with 1 in the ith entry. It is evident that (1.2) has a unique bounded solution which is bounded by the L^∞ norm of f. Letting ⌊ ⌋ denote integer part, it is clear that for x ∈ R^d, lim_{ε→0} ε⌊x/ε⌋ = x. We shall show that as ε → 0 the solution u_ε(ε⌊x/ε⌋, ω) of (1.2) converges with probability 1 in Ω to the solution u(x) of a homogenized equation,_d ∑ i=1 q_i

∂^2u ∂x^2_i

+ u(x) = f(x), x ∈ R^d, (1.3)

where the coefficients q_i satisfy the inequality

λ_i ≤ q_i ≤ Λ_i, i = 1, ..., d. (1.4)

We prove the following:

Theorem 1.1 Assume the translation operators τ_x, x ∈ Z^d, are ergodic. Then with probability 1, lim_{ε→0} sup_{x∈Rd} |u_ε(ε⌊x/ε⌋, ·) − u(x)| = 0 . (1.5)

Theorem 1.1 proves that with probability 1 the solution u_ε(ε⌊x/ε⌋, ω) of the random equation (1.2) converges uniformly on R^d to the solution u(x) of the homogenized equation (1.3). One should note that a theorem of Lawler [7] implies that lim_{ε→0} u_ε(0, ·) = u(0) with probability 1. Lawler’s theorem [7] (see also [2]) shows that symmetric random walk in random environment converges at large time to Brownian motion. Lawler’s proof follows the same lines as the continuum version of the result obtained by Papanicolaou and Varadhan [8]. An independent proof for the continuum version was also carried out by Zhikov and Sirazhudinov [11]. The papers [7, 8, 11] make use of some central theorems of probability theory, in particular the Birkhoff ergodic theorem and the martingale central limit theorem. In the proof given here of Theorem 1.1 we avoid the use of the martingale theorem. We also only apply the Birkhoff theorem to the translation operators τ_x, x ∈ Z^d.

Another key fact required in the proof of Theorem 1.1 is the Alexsandrov-Bakelman-Pucci (ABP) inequality [2, 5, 6]. If 1 − λ_i/Λ_i is sufficiently small, i = 1, ..., d, one can also avoid the use of this inequality. To see how the ABP inequality occurs we consider the representation for the homogenized coefficients q_i of (1.3). Let < · > denote expectation w.r. to (Ω, F, μ). Then q_i = ⟨ a_i(·)Φ(·) ⟩ , i = 1, .., d, (1.6)

where Φ(ω) is the invariant measure for a Markov chain on Ω. The generator of the chain is −L where the operator L on functions v : Ω → R is given by

Lv(ω) = d∑ i=1 a_i(ω) [2v(ω) − v(τ_{ei} ω) − v(τ_{−e i} ω)] . (1.7)

The adjoint L^∗ of L is the operator satisfying ⟨ u(·)Lv(·) ⟩ = ⟨ L^∗ u(·)v(·) ⟩ , u, v ∈ L^2(Ω).

The function Φ of (1.6) is the unique solution in L^1(Ω) to the equation

L^∗ Φ(ω) = 0, ω ∈ Ω, < Φ(·) >= 1. (1.8)

The ABP inequality enables us to prove existence and uniqueness of the solution to (1.8) by constructing the solution Φ in L^{d/(d−1)} (Ω).

We turn now to the situation where (1.2) can be solved by a converging perturbation expansion. Homogenization using this method was proved in [1]. Here we obtain a rate of convergence result.

Theorem 1.2 Suppose the a_i(τ_x ·), x ∈ Z^d, i = 1, ..., d are independent and γ = sup_{1≤i≤d} [1− λ_i/Λ_i] is sufficiently small. Then if g : R^d → R is C^∞ of compact support, there exists β > 0 and a constant C such that ⟨{∫ Z^d_ε

g(x) [u_ε(x, ·) − ⟨u_ε(x, ·)⟩] dx

}_2⟩

≤ Cε^β ,

where β > 0 is a constant depending only on γ, and C only on γ, g, f. The number β can be taken arbitrarily close to d if γ > 0 is taken sufficiently small.

Theorem 1.2 is the analogue of Theorem 1.3 of [3]. The proof follows the same lines as the proof in [3]. In Section 3 we outline the argument and refer the reader to [3] for further details.

2 Proof of Theorem 1.1

We first state a discrete version of the ABP inequality. The proof can be found in [2, 6, 7]. Let a_i : Z^d → R, i = 1, ..., d, be functions satisfying the inequality,

λ_i ≤ a_i(x) ≤ Λ_i, x ∈ Z^d, i = 1, ..., d. (2.1)

Suppose D ⊂ Z^d is a finite set of lattice points. An interior point of D is a point, all of whose nearest neighbors are also in D. Let Int(D) be the set of interior points of D and the boundary of D be ∂D = D\Int(D). Consider now the Dirichlet problem on D, d∑ i=1 a_i(x) [ 2u(x) − u(x + e_i) − u(x − e_i) ] = f(x), x ∈ Int(D), u(x) = 0, x ∈ ∂D. (2.2)

It is easy to see by the maximum principle that (2.2) has a unique solution u(x) and it satisfies the inequality,

‖u‖_∞ ≤ C[diam(D)]^2 ‖f‖_∞

/^d∑ i=1 λ_i, (2.3)

where diam(D) is the diameter of D and C is a universal constant. The ABP inequality for (2.2) is given by ‖u‖_∞ ≤ C_d[diam(D)] ‖f‖_d / (λ_1 · · · λ_d)^{1/d}, (2.4) where C_d is a constant depending only on the dimension d, and ‖f‖_d is the norm of f on L^d(Z^d). Evidently (2.4) implies (2.3) modulo the ratio of the arithmetic mean of the λ_i, i = 1, ...d, to the geometric. The fact that the geometric mean occurs in (2.4) illustrates some of the subtlety of the inequality.

Let L be the operator (1.7) on functions on Ω. For any η > 0 we define an operator T_η on functions f : Ω → R by T_η f(ω) = η [L + η]^{−1} f(ω), ω ∈ Ω. (2.5)

It is easy to see that T_η is a bounded operator on L^∞(Ω) with norm at most 1. We also define for n ∈ Z^d the operator τ_n on L^∞(Ω) induced by the translation τ_n on Ω by

τ_nf(ω) = f(τ_nω), ω ∈ Ω. (2.6)

Lemma 2.1 Suppose f ∈ L^∞(Ω) and R ≥ 1. Then there is a constant C depending only on d, λ_i, Λ_i, i = 1, ...d, such there is the inequality,

lim sup η→0 [ sup{‖τ_nT_η f‖_∞ : n ∈ Z^d, |n| ≤ R/ √ η } ] ≤ CR ‖f‖_d . (2.7)

Proof. Define a continuous time random walk on Ω as follows:

(a) The waiting time at ω ∈ Ω is exponential with parameter 2

∑_d j=1 a_j (ω).

(b) The particle jumps from ω to τ_{ei} ω or τ_{−e i} ω with equal probability

a_i(ω) / 2 ∑_d j=1 a_j (ω), i = 1, ..., d.

If ω(t), t > 0, is the position of the walk at time t > 0 then one has

[L + η]^{−1} f(ω) = E [∫_∞ 0 e^{−ηt} f ( ω(t) ) dt | |ω(0) = ω ] . Consider now the random walk on Z^d with transition probabilities depending on ω ∈ Ω:

(a) The waiting time at x ∈ Z^d is exponential with parameter 2

∑_d

j=1 a_j (τ_x ω).

(b) The particle jumps from x to x + e_i or x − e_i with equal probability

a_i(τ_x ω) / 2 ∑_d

j=1 a_j (τ_x ω), i = 1, ..., d.

Let X_ω(t), t > 0, denote the random walk on Z^d starting at 0 with these transition probabilities. Then it is easy to see that

E [f(ω(t))|ω(0) = ω] = E [ f ( τ_{Xω (t)} ω )] . For r = 1, 2, ... let τ_{r,η} be the first exit time for the walk X_ω(t) from the ball |x| < r/ √ η. Then by (2.4) there is the inequality, E [∫_∞ 0 e^{−ηt} f ( τ_{Xω (t)} ω ) dt ] ≤

C ∞∑ r=0 E [ e^{−ητ r,η}

] (r + 1) √ η ∑ |x|<(r+1)/ √ η |f(τ_xω)|^d 1/d , for a constant C depending only on d, λ_1, ..., λ_d. Now one can see that E [ e^{−ητ r,η} ] ≤ exp[−Kr], r = 0, 1, 2, .., (2.8)

where the constant K depends only on d, Λ_1, .., Λ_d. In fact the left hand side of (2.8) is bounded above by the same expectation, but with the stopping time τ_{r,η} replaced by the time τ^′_{r,η} for the walk to exit the the cube {x : |x_j | < r/ √ dη, 1 ≤ j ≤ d}. If τ^′_{r,η,j} denotes the time for the walk to exit the region {x : |x_j | < r/ √ dη}, then there is the inequality,

E [ e^{−ητ ′r,η} ] ≤ d∑ j=1 E [ e^{−ητ ′r,η,j} ] . (2.9)

Each term on the RHS of (2.9) is bounded above by the same expectation, but with the parameter in (a) for the waiting time replaced by 2(Λ_1 + .. + Λ_d). This new expectation is the solution to a one dimensional explicitly solvable finite difference problem, which is bounded above by the right hand side of (2.8). It follows from (2.8) that

sup{|τ_nT_η f(ω)| : n ∈ Z^d, |n| ≤ R/ √ η } ≤ C ∞∑ r=0 exp[−Kr] (r + 1) √ η ∑ |x|<(r+R+1)/ √ η |f(τ_xω)|^d 1/d , ω ∈ Ω.

The result follows now from the last inequality by the Birkhoff ergodic theorem [4] on letting η → 0. □

Lemma 2.2 There is a unique (up to scalar multiplication) non-trivial solution to the equation L^∗ Φ = 0 in L^1(Ω). The function Φ ∈ L^{d/(d−1)} (Ω) and can be chosen such that Φ(ω) > 0 with probability 1 in ω.

Proof. We can assume wlog that the sigma field F is the smallest sigma field such that the functions a_i, 1 ≤ i ≤ d, are measurable on (Ω, F) and the translation operators τ_x, x ∈ Z^d, on Ω are also measurable. Then there is a countable set S of subsets E ⊂ Ω such that the span of the characteristic functions χ_E , E ∈ S, is dense in L^d(Ω). Since the norm of T_η on L^∞(Ω) is at most 1, we can choose a sequence η_k, k ≥ 1, with lim_{k→∞} η_k = 0 such that the limit, T (f) = lim_{k→∞} ⟨T_{η k} f(·)⟩ (2.10)

exists provided f = χ_E with E ∈ S. Now by (2.7) the linear functional T can be uniquely extended to a bounded linear functional on L^d(Ω). Hence by the Riesz representation theorem [9] there is a unique Φ ∈ L^{d/(d−1)} (Ω) such that

T (f) = ⟨fΦ⟩ , f ∈ L^d(Ω). (2.11)

Now it follows from (2.7) that the limit (2.10) holds for all f ∈ L^∞(Ω). Hence by (2.11) we have for any h ∈ L^∞(Ω),

⟨(Lh)Φ⟩ = lim_{k→∞} [ η_k < h > −η^2_k ⟨ [L + η_k]^{−1} h ⟩] = 0.

We conclude that L^∗ Φ = 0. Since T (1) = 1 we also have < Φ >= 1 whence Φ is non-trivial. It is evident that T is a positive functional whence Φ(ω) ≥ 0 with probability 1 in ω. To see that Φ(ω) > 0 with probability 1 in ω we just observe that the set E = {ω ∈ Ω : Φ(ω) = 0} is invariant under translation whence μ(E) = 0. The invariance follows from L^∗ Φ(ω) = 0, ω ∈ E, which implies τ_{ei} E ⊂ E, i = 1, ..., d.

To get uniqueness, suppose Φ ∈ L^1(Ω) such that L^∗ Φ = 0. Let Φ = Φ^+ − Φ^− where Φ^+ = sup{Φ, 0} and assume Φ^+, Φ^− are not identically zero. Arguing as before, there is a sequence η_k → 0 such that

lim_{k→∞} ⟨ T_{η k} f(·)Φ^+(·) ⟩ = ⟨ f(·)Ψ^+(·) ⟩ , f ∈ L^∞(Ω),

for some unique Ψ^+ ∈ L^{d/(d−1)} (Ω) satisfying Ψ^+ ≥ 0, ⟨Ψ^+⟩ = ⟨Φ^+⟩ and L^∗ Ψ^+ = 0. We can assume that for the same subsequence η_k, k ≥ 1,

lim_{k→∞} ⟨ T_{η k} f(·)Φ^− (·) ⟩ = ⟨ f(·)Ψ^− (·) ⟩ , f ∈ L^∞(Ω),

for unique Ψ^− ∈ L^{d/(d−1)} (Ω) satisfying Ψ^− ≥ 0, ⟨Ψ^− ⟩ = ⟨Φ^− ⟩, L^∗ Ψ^− = 0. Since one also has that ⟨T_η f(·)Φ(·)⟩ = ⟨f(·)Φ(·)⟩ , f ∈ L^∞(Ω),

it follows that Φ = Ψ^+ − Ψ^− . Now we have already observed that Ψ^− > 0 with probability 1 since L^∗ Ψ^− = 0 and Ψ^− ≥ 0. Hence Ψ^+ > Φ^+ with positive probability whence ⟨Ψ^+⟩ > ⟨Φ^+⟩ contradicting the identity ⟨Ψ^+⟩ = ⟨Φ^+⟩. □

For ζ ∈ [−π, π]^d we define an operator L_ζ on functions Ψ : Ω → C by

L_ζ Ψ(ω) = d∑ i=1 a_i(ω) [ 2Ψ(ω) − e^{−ie i·ζ}Ψ(τ_{ei} ω) − e^{iei·ζ}Ψ(τ_{−e i} ω) ] . Evidently for ζ = 0, L_ζ coincides with the operator L of (1.7). We generalize the operator T_η , η > 0 on L^∞(Ω) of (2.5) to an operator T_{η,ζ} , η > 0, ζ ∈ [−π, π]^d on L^∞(Ω) defined by

T_{η,ζ} f(ω) = η [L_ζ + η]^{−1} f(ω), ω ∈ Ω. (2.12)

Evidently T_{η,0} = T_η and T_{η,ζ} is a bounded operator on L^∞(Ω) with norm at most 1.

Lemma 2.3 Let Φ ∈ L^{d/(d−1)} (Ω) be the unique solution of L^∗ Φ = 0 satisfying Φ ≥ 0, < Φ >= 1. Suppose f ∈ L^∞(Ω) and < fΦ >= 0. Then there is the limit, lim (η,ζ)→(0,0) [ sup{‖τ_nT_{η,ζ} f‖_∞ : n ∈ Z^d, |n| ≤ R/ √ η } ] = 0 . (2.13)

Proof. Observe that f ∈ L^d(Ω) is orthogonal to the null space of L^∗ as an operator on L^{d/(d−1)} (Ω). Hence [9] for any δ > 0 there exists g_δ ∈ L^d(Ω) such that ‖f − Lg_δ ‖_d < δ. Since L^∞(Ω) is dense in L^d(Ω) we may assume wlog that g_δ ∈ L^∞(Ω). Writing

T_{η,ζ} Lg_δ = ηg_δ + T_{η,ζ} [ (L − L_ζ )g_δ − ηg_δ ] ,

we see that lim (η,ζ)→(0,0)

‖T_{η,ζ} Lg_δ ‖_∞ = 0 .

The result follows from the previous inequality and Lemma 2.1 by observing that for any h ∈ L^∞(Ω), |T_{η,ζ} h(ω)| ≤ T_η |h|(ω), ω ∈ Ω. □ Lemma 2.4 Suppose f : Z^d_ε → R has finite support in the set {x = (x_1, ..., x_d) ∈ Z^d_ε : |x| < R}. Let u_ε(x, ω) be the solution to (1.2) and α(k) be defined by α(k) = 2{cosh kε − 1}/ε^2 .

Then if 1 ≤ j ≤ d and k > 0 satisfies Λ_j α(k) < 1, there is the inequality, |u_ε(x, ω)| ≤ exp[ kR − k|x_j | ] ‖f‖_∞/[1 − Λ_j α(k)] x ∈ Z^d_ε , ω ∈ Ω. (2.14) Proof. We may assume wlog that the function f is nonnegative whence u_ε(x, ω) is also nonnegative. We write u_ε(x, ω) = e^{−kx j} u_{ε,k}(x, ω) where 1 ≤ j ≤ d. Then from (1.2) u_{ε,k}(x, ω) satisfies the equation, d∑ i=1 a_i(τ_{x/ε} ω) [2u_{ε,k}(x, ω) − u_{ε,k}(x + εe_i, ω) − u_{ε,k}(x − εe_i, ω)] / ε^2

+ a_j (τ_{x/ε} ω) (e^{kε} − 1){u_{ε,k}(x, ω) − u_{ε,k}(x − εe_j , ω)}/ε^2 − a_j (τ_{x/ε} ω) (1 − e^{−kε} ){u_{ε,k}(x, ω) − u_{ε,k}(x + εe_j , ω)}/ε^2 + [ 1 − a_j (τ_{x/ε} ω)α(k) ]u_{ε,k}(x, ω) = e^{kxj} f(x), x ∈ Z^d_ε , ω ∈ Ω.

Now if Λ_j α(k) < 1 and x ∈ Z^d_ε is the point at which u_{ε,k}(x, ω) takes its maximum then all terms on the LHS of the previous expression are nonnegative except for the third term. This is however less in absolute value than the first term. Hence the last term is less than the RHS. The inequality (2.14) follows. □ Lemma 2.4 enables us to take the Fourier transform of the equation (1.2). Proceeding as in [3] we write u_ε(x, ω) = v_ε(x, τ_{x/ε} ω) whence (1.2) becomes d∑ i=1 a_i(τ_{x/ε} ω) [ 2v_ε(x, τ_{x/ε} ω) − v_ε(x + εe_i, τ_{ei} τ_{x/ε} ω)

− v_ε(x − εe_i, τ_{−e i} τ_{x/ε} ω) ]/ ε^2 + v_ε(x, τ_{x/ε} ω) = f(x), x ∈ Z^d_ε , ω ∈ Ω.

We conclude from the previous equation that v_ε satisfies the equation, d∑ i=1 a_i(ω) [ 2v_ε(x, ω) − v_ε(x + εe_i, τ_{ei} ω) − v_ε(x − εe_i, τ_{−e i} ω) ]/ ε^2

+ v_ε(x, ω) = f(x), x ∈ Z^d_ε , ω ∈ Ω. (2.15) We put now v̂_ε(ξ, ω) = ∫ Z^d_ε

v_ε(x, ω)e^{ix·ξ}dx, ξ ∈ [ −π ε , π ε ]_d , where the integral of a summable function g : Z^d_ε → C is defined by ∫ Z^d_ε

g(x) dx = ∑ x∈Z^d_ε

ε^dg(x).

Then (2.15) yields the equation, 1 ε^2 d∑ i=1 a_i(ω) [ 2v̂_ε(ξ, ω) − e^{−iεe i·ξ}v̂_ε(ξ, τ_{ei} ω)

− e^{iεei·ξ}v̂_ε(ξ, τ_{−e i} ω) ] + v̂_ε(ξ, ω) = f̂_ε(ξ), (2.16)

where f̂_ε denotes the Fourier transform of f as a function on Z^d_ε . It follows from (2.12) and (2.16) that v̂_ε(ξ, ω) = f̂_ε(ξ) T_ε2_{,εξ} 1(ω), ω ∈ Ω, (2.17) where 1 : Ω → R is the constant function with value 1.

Lemma 2.5 Let f ∈ L^∞(Ω), Φ be the unique function of Lemma 2.2 and h : R^d → R be given by the formula,

h(ξ) = 1 / 1 + d∑ j=1 |ξ_j |^2 < a_j Φ >

, ξ ∈ R^d. (2.18)

Then for any R, R^′ ≥ 1 there is the limit,

lim_{ε→0} [ sup{‖τ_nT_ε2_{,εξ} f − h(ξ) < fΦ > ‖_∞ : |n| ≤ R/ε, |ξ| ≤ R^′} ] = 0 . (2.19)

Proof. This follows from Lemma 2.3 once we observe that

[L_{εξ} + ε^2]1 = d∑ j=1 [ 2 − e^{−iεe j ·ξ} − e^{iεej ·ξ} ] a_j + ε^2.

Hence we have 1 = d∑ j=1 1 ε^2 [ 2 − e^{−iεe j ·ξ} − e^{iεej ·ξ} ] T_ε2_{,εξ} a_j + T_ε2_{,εξ} 1.

On writing a_j = [a_j − < a_j Φ > 1]+ < a_j Φ > 1 the result for f ≡ 1 follows from the previous identity and Lemma 2.3. For general f ∈ L^∞(Ω) we write f = [f− < fΦ > 1]+ < fΦ > 1 and use Lemma 2.3 and the fact that we have already established (2.19) for f ≡ 1. □

Proof. [Proof of Theorem 1.1] By the Fourier inversion theorem we have that

u_ε(ε⌊x/ε⌋, ω) = 1 (2π)^d ∫ [−π/ε,π/ε]^d

v̂_ε ( ξ, τ_{⌊x/ε⌋} ω ) exp [−iε⌊x/ε⌋ · ξ] dξ. (2.20)

For x ∈ R^d let u(x) be given by,

u(x) = 1 (2π)^d ∫ R^d

f̂(ξ)e−ix·ξ ∑_d

j=1 |ξ_j |^2 < a_j Φ > +1 dξ.

By Lemma 2.4 it is sufficient to prove that for any R ≥ 1 one has with probability 1 the limit,

lim_{ε→0} sup_{|x|≤R} |u_ε(ε⌊x/ε⌋, ·) − u(x)| = 0 . (2.21)

Since f : R^d → R is C^∞ of compact support there is for any δ > 0 an R^′ ≥ 1 such that

lim sup ε→0 ∫ ξ∈[−π/ε,π/ε]^d, |ξ|≥R^′

|f̂_ε(ξ)|dξ ≤ δ.

From (2.17) and the fact that the operator T_{η,ζ} has norm at most 1 on L^∞(Ω) it follows that |v̂_ε(ξ, ω)| ≤ | f̂(ξ)|, ξ ∈ [−π/ε, π/ε]^d, ω ∈ Ω. Hence we may replace the representation (2.20) for u_ε(ε⌊x/ε⌋, ω) by an integral over |ξ| ≤ R^′ at a cost of at most δ/(2π)^d. With this replacement the limit (2.21) follows from Lemma 2.5. Now (2.21) without the cutoff follows by letting δ → 0. □

3 Proof of Theorem 1.2

Proof. As in [3] we decompose the function v̂_ε(ξ, ω) into the sum of its mean and a part orthogonal to the constant,

v̂_ε(ξ, ω) = û_ε(ξ) + ψ̂_ε(ξ, ω), ⟨ ψ̂_ε(ξ, ·) ⟩ = 0.

On taking the expectation in (2.16) we have that d∑ i=1 < a_i(·) > 1 ε^2 [ 2 − e^{−iεe i·ξ} − e^{iεei·ξ} ] û_ε(ξ) + û_ε(ξ)

+ d∑ i=1 ⟨ a_i(·) 1 ε^2 [ 2ψ̂_ε(ξ, ·) − e^{−iεe i·ξ}ψ̂_ε(ξ, τ_{ei} ·) − e^{iεei·ξ}ψ̂_ε(ξ, τ_{ei} ·) ]⟩ = f̂_ε(ξ). (3.1)

If we subtract (3.1) from (2.16) we obtain the equation,

P d∑ i=1 a_i(ω) 1 ε^2 [ 2ψ̂_ε(ξ, ω) − e^{−iεe i·ξ}ψ̂_ε(ξ, τ_{ei} ω) − e^{iεei·ξ}ψ̂_ε(ξ, τ_{−e i} ω) ] + ψ̂_ε(ξ, ω)

+ d∑ i=1 1 ε^2 [ 2 − e^{−iεe i·ξ} − e^{iεei·ξ} ] û_ε(ξ)P a_i(ω) = 0, (3.2)

where P is the projection operator orthogonal to the constant. For 1 ≤ j ≤ d, ζ ∈ [−π, π]^d, η > 0 consider the equation,

P L_ζ Ψ_j (ζ, η, ω) + ηΨ_j (ζ, η, ω) + P a_j (ω) = 0. (3.3)

for the function Ψ_j (ζ, η, ω). If γ = sup_{1≤i≤d} [1 − λ_i/Λ_i] is sufficiently small then (3.3) can be solved uniquely in L^2(Ω) by a convergent perturbation expansion. Evidently < Ψ_j (ζ, η, ·) >= 0. It is also clear that the function

ψ̂_ε(ξ, ω) = û_ε(ξ)^d ∑ j=1 [ 2 − e^{−iεe j ·ξ} − e^{iεej ·ξ} ] Ψ_j (εξ, ε^2, ω) (3.4) is the solution to (3.2). It follows now from (2.17),that

|û_ε(ξ)| ≤ | f̂_ε(ξ)|, ξ ∈ [−π/ε, π/ε]^d. (3.5)

We can assume wlog that Λ_i = 1, i = 1, ..., d. Consider now the equation d∑ i=1 [ 2ψ(ω) − e^{−ie i·ζ}ψ(τ_{ei} ω) − e^{iei·ζ}ψ(τ_{−e i} ω) ] + η ψ(ω) = φ(ω), ω ∈ Ω. (3.6)

Then the solution to (3.6) is given by the formula

ψ(ω) = ∑ x∈Z^d

G_η (x)e^{−ix·ζ} φ(τ_x ω),

where G_η is the Green’s function for the standard random walk on Z^d,

−Δ G_η (x) + η G_η (x) = δ(x), x ∈ Z^d.

For 1 ≤ k ≤ d, ζ ∈ [−π, π]^d, η > 0, we define an operator T_{k,ζ,η} on L^2(Ω) by

T_{k,ζ,η} φ(ω) = 2ψ(ω) − e^{−ie k·ζ}ψ(τ_{ek} ω) − e^{iek·ζ}ψ(τ_{−e k} ω), ω ∈ Ω,

where ψ is the solution to (3.6). It is easy to see that T_{k,ζ,η} is a bounded operator on L^2(Ω) and ‖T_{k,ζ,η} ‖ ≤ 1. Putting b_k(ω) = 1 − a_k(ω), 1 ≤ k ≤ d, we see that equation (3.3) is equivalent to the equations,

φ(ω) − P d∑ k=1 b_k(ω)T_{k,ζ,η} φ(ω) = P b_j (ω), ω ∈ Ω, Ψ_j (ζ, η, ω) = ψ(ω), (3.7)

where ψ is the solution of (3.6) with φ as the solution to the first equation of (3.7). This has a unique solution in L^2(Ω) given by the perturbation expansion,

φ(ω) = ∞∑ m=0 [ P d∑ k=1 b_k(·)T_{k,ζ,η}

]_m P b_j (ω), ω ∈ Ω,

provided_d ∑ k=1 |b_k(ω)|^2 < 1, ω ∈ Ω.

Thus if γ < 1/ √ d then (3.3) is uniquely solvable in L^2(Ω) for Ψ_j (ζ, η, ω).

Now from (3.4) the quantity we need to estimate as ε → 0 is given by ⟨[∫ Z^d_ε

dxg(x)ψ_ε(x, τ_{x/ε} ·)

]_2⟩ ≤ d d∑ k=1 ⟨ | | | ∫ Z^d_ε

dxg(x) 1 (2π)^d ∫ [^{−π}_ε ,^{−π}_ε ]^d dξe^{−ix·ξ}

û_ε(ξ) [ 2 − e^{−iεe k·ξ} − e^{iεek·ξ} ] Ψ_k(εξ, ε^2, τ_{x/ε} ·) | |^2 ⟩ . (3.8)

For n ∈ Z^d, ξ, ξ^′ ∈ [^{−π}_ε ,^π_ε ]^d let h_ε(n, ξ, ξ^′) be the function,

h_ε(n, ξ, ξ^′) = ∫ Z^d_ε

dxg(x)g(x − εn) exp [ix · (ξ^′ − ξ) − iεn · ξ^′] .

Similarly let χ_{ε,k}(n, ξ, ξ^′) be the function

χ_{ε,k}(n, ξ, ξ^′) = ε^4 ⟨ Ψ_k(εξ, ε^2, τ_n ·)Ψ_k(εξ^′, ε^2, ·) ⟩ . Then the RHS of (3.8) is the same as

4dε^d d∑ k=1 ∫ [^{−π}_ε ,^π_ε ]^d dξ ∫ [^{−π}_ε ,^π_ε ]^d dξ^′ û_ε(ξ)[1 − cos εe_k · ξ]/ε^2

û_ε(ξ^′)[1 − cos εe_k · ξ^′]/ε^2 ∑ n∈Z^d

h_ε(n, ξ, ξ^′)χ_{ε,k}(n, ξ, ξ^′). (3.9)

From (3.5) the integral in (3.9) is bounded uniformly as ε → 0, provided we can obtain a bound on the sum over n ∈ Z^d. Since g has compact support it is easy to see that for any r^′, 1 ≤ r^′ ≤ ∞, h_ε is in L^{r′} (Z^d) with norm ‖h_ε‖_r′ ≤ Cε^{−d/r ′} for some constant C. We may argue now exactly as in [3] that χ_{ε,k} is in L^r(Z^d) for some r, 1 < r < ∞, if γ is sufficiently small. In fact r can be taken arbitrarily close to 1 for small γ. Choosing r^′ so that 1/r^′ + 1/r = 1, we have then from (3.9) that the variance on the RHS is bounded by Cε^{d(1−1/r ′)} for some constant C. □

References

[1] Anshelevich, V.V.; Khanin, K.M.; and Sinai, Ya. G. Symmetric random walks in random environments, Comm. Math. Phys. 85 (1982), 449-470, MR 84a:60082.

[2] Bolthausen, Erwin; Sznitman, Alain-Sol. Ten lectures on random media. DMV Seminar 32 Birkhauser Verlag, Basel, 2002, 116 pp. MR 2003f:60183.

[3] Conlon, Joseph G.; Naddaf, Ali. On homogenization of elliptic equations with random coefficients. Electron. J. Probab. 5 (2000), 58pp. MR 2002j:35328.

[4] Durrett, Richard. Probability: theory and examples. Second Edition. Duxbury Press, Belmont CA. 1996. 503 pp. MR 98m:60001.

[5] Gilbarg, David; Trudinger, Neil S. Elliptic partial differential equations of second order.

Reprint of the 1998 edition. Classics in Mathematics, Springer-Verlag, Berlin 2001. 517 pp. MR 2001k:35004.

[6] Kuo, Hung Ju; Trudinger, Neil S. Linear elliptic difference inequalities with random coefficients. Math. Comp. 55 (1990), 37-53. MR 90m:65176.

[7] Lawler, Gregory F. Weak convergence of a random walk in a random environment. Comm.

Math. Phys. 87 (1982/82), 81-87. MR 84b:60093.

[8] Papanicolaou, George C.; Varadhan, S.R.S. Diffusions with random coefficients. Statistics and probability: essays in honor of C.R. Rao, pp. 547-552, North-Holland, Amsterdam, 1982. MR 85e:60082.

[9] Reed, Michael; Simon, Barry. Methods of modern mathematical physics I. Functional analysis. Academic Press, New York-London, 1972, 325 pp. MR 58#12429a.

[10] Zhikov, V.V.; Kozlov, S.M.; Oleinik, O.A. Homogenization of Differential Operators and Integral Functionals. Translated from the Russian by G.A. Yosifian. Springer-Verlag, Berlin, 1994, 570 pp. MR 96h:35003b.

[11] Zhikov, V.V.; Sirazhudinov, M.M. G compactness of a class of second-order nondivergence elliptic operators. (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 45 (1981), 718-733. MR 83f:35041.