Elect. Comm. in Probab. 2 (1997) 53–58 ELECTRONIC COMMUNICATIONS in PROBABILITY

THE DISTRIBUTION OF TIME SPENT BY A STANDARD EXCURSION ABOVE A GIVEN LEVEL, WITH APPLICATIONS TO RING POLYMERS NEAR A DISCONTINUITY IN POTENTIAL

KALVIS M. JANSONS

Department of Mathematics, University College London, Gower Street, London WC1E 6BT, England e-mail: Kalvis@math.ucl.ac.uk

submitted August 25, 1997; revised November 4, 1997

AMS 1991 Subject classification: 60J35 (60J65) Keywords and phrases: Standard Brownian Excursions, Brownian Bridges, Ring Polymers, End-Attached Polymers.

Abstract The law for the time τ_a spent by a standard Brownian excursion above a given level a > 0 is found using Itô excursion theory. This is achieved by conditioning the excursion to have exactly one mark of an independent Poisson process. Various excursion rates for excursions conditioned to have exactly n ∈ ZZ^+ marks are also given in terms of generating functions. This work has applications to the theory of ring polymers and end-attached polymers near a discontinuity in potential.

1 Introduction

Let X = (X_t, 0 ≤ t ≤ 1) denote the standard Brownian excursion (or scaled Brownian excursion). In fact [3] X is a BES^3(0, 0), i.e. a standard Bessel 3 bridge process. The quantity of interest is ϕ(a, α) ≡ IE[exp(−^1_2 α^2τ_a)], α ≥ 0,

where τ_a is the time spent by X above level a > 0. However, it is difficult to determine ϕ directly. It is convenient to stretch the process X, and consider instead a Brownian excursion Y of duration T , i.e. Y_t = √ T X_{t/T} , 0 ≤ t ≤ T. In terms of Y , we find ϕ(a/ √ T , α √ T ) = IE[exp(−^1_2 α^2T_a)],

where T_a is the time spent by Y above level a > 0. The quantity that we shall determine is ψ(a, α, ν) = IE[ϕ(a/ √ T , α √ T )], 53 where T has a gamma(^1_2 ,^1_2 ν^2) distribution, ν > 0. Note that mixing with a gamma distribution is, at least in principle, invertible using inverse Laplace transforms. Theorem 1 The time T_a spent above level a > 0 by a Brownian excursion Y with a single mark of an independent Poisson marking process of rate^1_2 ν^2 satisfies

IE[exp(−^1_2 α^2T_a)] =

−α^2ν(1 + aγ) + νγ^2 cosh(2νa) + (ν^2 +^1_2 α^2)γ sinh(2νa) γ(ν cosh(νa) + γ sinh(νa))^2 , where γ = (α^2 + ν^2)^{12} . The duration T of the excursion Y , conditioned on having exactly one mark, has a gamma(^1_2 ,^1_2 ν^2) distribution.

2 Excursion Rates

All excursion rates, n_+{·} and n_−{·} for upward and downward excursions from the origin, are for standard Brownian motion, and are with respect to local time in semi-martingale normalization. The following list of well-known excursion rates are for a Brownian motion marked by the points of an independent Poisson process of rate^1_2 ν^2 [3]: n_+{·} = n_−{(·)^−}, n_+{hits a > 0} =^1_2 a^{−1}, n_+{marked} =^1_2 ν, n_+{hits a > 0 or marked} =^1_2 ν coth νa, n_+{hits a > 0 before any mark} =^1_2 ν cosech νa,

n_+{H_0 ≥ t > 0} = (2πt)^{− 12} , where H_0 is the duration of the excursion.

Proposition 1 (Generating functions for excursion rates) Define for n ∈ ZZ^+ A_n(a, ν) = n_+{exactly n marks, and does not hit a} and B_n(a, ν) = n_+{exactly n marks before hitting a, and does hit a}, then A(a, θ, ν) ≡ ∞∑ n=1 θ^nA_n(a, ν) =^1_2 ν coth νa −^1_2 ν(1 − θ)^{12} coth ν(1 − θ)^{12} a and B(a, θ, ν) ≡ ∞∑ n=1 θ^nB_n(a, ν) =^1_2 ν(1 − θ)^{12} cosech ν(1 − θ)^{12} a −^1_2 ν cosech νa.

Proof. Consider a standard Brownian motion marked by the points of an independent Poisson process of rate^1_2 ν^2, and suppose that each mark is independently ‘good’ or ‘bad’ with probabilities θ and 1 − θ. Thus θ^nA_n(a, ν) is the rate of upward excursions with exactly n good marks and no bad marks, which gives A(a, θ, ν) ≡ ∞∑ n=1 θ^nA_n(a, ν) as the rate of upward marked excursions that do not hit a > 0 for which all the marks are good. From the above list of excursion rates we find n_+{marked, but does not hit a > 0} =^1_2 ν coth νa −^1_2 a^{−1}.

Now we need to remove any excursions that contain any bad marks and do not hit a ≥ 0. Since bad marks occur at (real-time) rate^1_2 ν^2(1 − θ), this gives A(a, θ, ν) = (_1 2 ν coth νa −^1_2 a^{−1} ) − (_1 2 ν(1 − θ)^{12} coth ν(1 − θ)^{12} a −^1_2 a^{−1} ) . We can use a similar argument for B(a, θ, ν). From the above excursion rates we find n_+{marked before hitting a, and does hit a} =^1_2 a^{−1} −^1_2 ν cosech νa.

Again conditioning on good marks gives the required generating function, and completes the proof.

Using the generating functions from proposition 1, we can extract the required rates for single marks, given below.

Corollary 1 (Rates for single marks) For a > 0, n_+{single mark} =^1_4 ν, A_1(a, ν) = n_+{single mark and does not hit a} =^1_4 ν coth νa −^1_4 ν^2a cosech^2νa, B_1(a, ν) = n_+{single mark before hitting a} =^1_4 ν^2a coth νa cosech νa −^1_4 ν cosech νa.

Lemma 1 The duration T of an excursion with a single mark has a gamma(^1_2 ,^1_2 ν^2) distribution, i.e. it has density IP[T ∈ dt] = ν (2πt)^12 exp(−^1_2 ν^2t)dt.

(Alternatively, T is distributed as the square of a N (0, ν^{−2}) random variable.) Proof. From above, the rate of upward excursions with duration greater than T is

n_+{T ≥ t > 0} = (2πt)^{− 12} , the probability that an excursion of duration T has exactly one mark is^1_2 ν^2T exp(−^1_2 ν^2T ), and the rate of upward Brownian excursions with a single mark is^1_4 ν. Combining these gives the required result.

3 Proof of Theorem 1

From lemma 1, we know that a Brownian excursion with a single mark has a gamma(^1_2 ,^1_2 ν^2) distribution.

Suppose that in addition to the marking at rate^1_2 ν^2 (ν marks) there is an independent Poisson marking process of rate^1_2 α^2 (α marks), then

IE[exp(−^1_2 α^2T_a)] = n_+{single ν mark, and no α marks above a} n_+{single ν mark} . Let H_a be the first hitting time of a > 0, with H_a = ∞ if the excursion does not hit a, and let K_a be the last exit time from [a, ∞). We can now split the numerator as follows:

n_+{single ν mark, and no α marks above a} = n_+{single ν mark, and does not hit a} +n_+{single ν mark, no α marks above a, and does hit a}.

Using the excursion rates of corollary 1, we find n_+{single ν mark, and does not hit a} = A_1(a, ν).

On the event that the excursion hits a, the part of the excursion before H_a is independent of the remainder; thus n_+{single ν mark, no α marks above a, and does hit a} = n_+{single ν mark before H_a < ∞}IP^a[no ν marks, and no α marks above a] +n_+{no ν marks before H_a < ∞}IP^a[single ν mark and no α marks above a] = B_1(a, ν) IP^a[no ν marks, and no α marks above a] +^1_2 ν cosech νa IP^a[single ν mark and no α marks above a], using the excursion rates given in the last section. To determine the remaining probabilities we consider excursions from a. Thus

IP^a[no ν marks, and no α marks above a] = n^a_−{no ν marks, and hits 0} n^a_−{ν marked or hits 0} + n^a_+{marked} = 1 2 ν cosech νa 1 2 ν coth νa +^1_2 γ , where we have used the up-down and translational symmetries of Brownian excursion rates. Similarly, since the excursions from a are independent, we find IP^a[single ν mark and no α marks above a] = IP^a[single ν mark before K_a, no ν marks after K_a and no α marks above a] +IP^a[no ν marks before K_a, single ν mark after K_a, and no α marks above a] = A_1(a, ν) +^1_4 ν^2γ^{−1} 1 2 ν coth νa +^1_2 γ 1 2 ν cosech νa 1 2 ν coth νa +^1_2 γ + B_1(a, ν) 1 2 ν coth νa +^1_2 γ , where we have used

n^a_+{single mark, and the mark is of type ν} = n_+{single α or ν mark}IP[ν mark| mark]

=^1_4 (α^2 + ν^2)^{12} 1 2 ν^2 1 2 α^2 +^1_2 ν^2

=^1_4 ν^2γ^{−1}.

Putting the pieces together, we find

n_+{single ν mark, and no α marks above a} = A_1(a, ν) + B_1(a, ν) 1 2 ν cosech νa 1 2 ν coth νa +^1_2 γ

+^1_2 ν cosech νa

A_1(a, ν) +^1_4 ν^2γ^{−1} 1 2 ν coth νa +^1_2 γ 1 2 ν cosech νa 1 2 ν coth νa +^1_2 γ

+^1_2 ν cosech νa B_1(a, ν) 1 2 ν coth νa +^1_2 γ , After a little straightforward, but tedious, algebra, the required result follows.

4 Special Case

A known special case of theorem 1 is in the limit α → ∞. Corollary 2 IP [ sup 0≤t≤T Y_t ≤ a ] = coth νa − νa cosech^2νa, a > 0.

The right-hand side of the last equation is simply, in terms of excursion rates, equal to A_1(a, ν)/(^1_4 ν).

By expanding the last equation in terms of exponentials, and ‘unmixing’ T (which involves an inverse Laplace transform) to recover the corresponding result for X we find the following. Theorem 2 (Kennedy (1976) [1]) For a standard Brownian excursion X, IP [ sup 0≤t≤1 X_t ≤ a ] = 1 − 2 ∞∑ n=1 (4a^2n^2 − 1) exp(−2a^2n^2), a ≥ 0.

We could perform the same procedure to produce an explicit version of theorem 1 for the process X, although it is rather messy in this form.

5 Applications to Ring Polymers and to End-Attached Polymers

The relationship between Brownian excursions and Brownian bridges, and therefore their relationship to flexible ring polymers is given in the next theorem.

Theorem 3 (Vervaat (1979) [2]) Let (W_t, 0 ≤ t ≤ 1) be a standard Brownian bridge and τ the location of its absolute minimum. For 0 ≤ t ≤ 1, let (τ + t)_1 denote τ + t reduced mod 1. Then (W ((τ + t)_1) − W_τ , 0 ≤ t ≤ 1) = X in distribution, where X is the standard Brownian excursion.

Modeling a ring polymer (of ‘duration’ 1) X by a Brownian bridge [4], then leads to the conclusion that Z ≡ ϕ(a, α) ≡ IE[exp(−^1_2 α^2τ_a)]

is the partition function for a flexible ring polymer in solution near a plane interface between two regions of constant potential. This could then be used to determine the structure of the depletion layer at the interface of a ‘hostile’ region.

If instead we model a ring polymer by the process Y , it is easy to show that this corresponds to a ring polymer in equilibrium with a bath that contains linear polymers with an exponential distribution of ‘durations’ (or ‘lengths’) which are marked with occasional ‘special monomers’. However, the distribution of durations in three dimensions for ring polymers with two marks corresponds to the distribution of durations for a single mark in one dimension. Thus the onedimensional process Y is the projection of a three-dimensional ring polymer with two special monomers.

For a d dimensional Brownian motion W with a duration T having a gamma(n,^1_2 ν^2) distribution, after conditioning on W_0 = W_T , the distribution of durations is gamma(n −^1_2 d,^1_2 ν^2). This leads to the following result.

Proposition 2 (Ring Polymers) For a d-dimensional ring polymer (Brownian ring) W = (W^{(1)}, W^{(2)}, . . ., W^{(d)}) with a duration T having a gamma(n −^1_2 d,^1_2 ν^2) law

IP^0[ sup_{0≤t≤T} W^{(i)}_t ≤ a] =

A_{n−} 1_{2 d+} 1_2 (a, ν) A_{n−} 1_{2 d+} 1_2 (∞, ν)

, for any i, odd d > 0, and n >^1_2 d.

The distribution of T corresponds to conditioning on exactly n special monomers (marks).

Proof. After projecting down to 1 dimension, the required result follows directly from the definition of A_{n−} 1_{2 d+} 1_2 .

The corresponding result for d even could be derived by considering the excursions of a Bessel 2 process.

Also, the Brownian excursion can be used directly to model a linear polymer that is attached at its ends to a plane surface.

References

[1] Douglas P. Kennedy (1976): The distribution of the maximum Brownian excursion. J.

Appl. Probability 13 no. 2, 371–376

[2] Wim Vervaat (1979): A relation between Brownian bridge and Brownian excursion. Ann.

Probab. 7, no. 1, 143–149

[3] L.C.G. Rogers and David Williams (1987): Diffusions, Markov Processes and Martingales:

Vol. 2, Itô Calculus, John Wiley & Sons

[4] Kalvis M. Jansons and L.C.G. Rogers (1991): Probability theory and polymer physics, J.

Stat. Phys. 65, 139–165