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Abstract
We provide a simple proof of the result on the Hausdorff dimension of the range of a Lévy
process in a recent paper by Khoshnevisan, Xiao, and Zhong [1].
Let Xt be a Lévy process in IRd with the Lévy exponent Ψ. There was an“open question”which
did not garnered lots of attention until a recent paper on multiparameter Lévy processes by
Khoshnevisan et al. [1] showed the simplification of Pruitt’s formula in [2] as one of the main
applications of their long-proof theorems. Khoshnevisan et al. [1] obtained:

dimH X([0, 1]) = sup{α < d :
∫
|y|α−dRe

(
1

1 + Ψ(y)

)
dy < ∞} a.s. (1.1)

where X([0, 1]) = {Xs : s ∈ [0, 1]} with the notation dimH for the Hausdorff dimension. The
present author is still puzzled by why Pruitt himself did not reach the same conclusion whereas
he made some interesting remarks about the difficulty of this issue. We show that Pruitt’s
elegant proof in [2] also yields (1.1).

Proof of (1.1). Let ζ be an exponential random variable with mean 1 independent of Xt,
suggesting that we are dealing with a killed process at rate 1. Observe that E[

∫ ζ

0
1(|Xt| ≤

r)dt] =
∫∞
0

e−tE[
∫ ζ

0
1(|Xs| ≤ r)ds|ζ = t]dt =

∫∞
0

∫ t

0
e−tP (|Xs| ≤ r)dsdt =

∫∞
0

e−tP (|Xt| ≤
r)dt. Define

γ := sup{α ≥ 0 : lim sup
r→0

r−α

∫ ∞
0

e−tP (|Xt| ≤ r)dt < ∞}. (1.2)

Conditioned on ζ, Theorem 1 of Pruitt [2] implies that

dimH X([0, ζ]) = γ a.s. (1.3)

Clearly, dimH X([0, 1]) = dimH X([0, ζ]) a.s. It remains to show that

γ = sup{α < d :
∫
|y|α−dRe

(
1

1 + Ψ(y)

)
dy < ∞}. (1.4)
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Let g(r) =
∫∞
0

e−tP (|Xt| ≤ r)dt, r > 0. Clearly g(r) is nondecreasing bounded by 1. For
α > 0,

E|Xt|−α = α

∫ ∞
0

x−α−1P (|Xt| ≤ x)dx,

∫ ∞
0

e−tE|Xt|−αdt = α

∫ 1

0

x−α−1g(x)dx + α

∫ ∞
1

x−α−1g(x)dx,

which shows that
∫∞
0

e−tE|Xt|−αdt < ∞ if and only if
∫ 1

0
x−α−1g(x)dx < ∞. This fact and a

standard argument imply that

γ = sup{α ≥ 0 :
∫ ∞

0

e−tE|Xt|−αdt < ∞}.

Clearly, γ ≤ d. Also note that if
∫ 1

0
x−d−1g(x)dx < ∞ then

∫ 1

0
x−α−1g(x)dx < ∞ for all α < d

as well. Thus, we can write

γ = sup{α < d :
∫ ∞

0

e−tE|Xt|−αdt < ∞}.

There are quite a few ways to compute the integral
∫∞
0

e−tE|Xt|−αdt in terms of Ψ. Since
γ ≤ 2, we decide to stick to Pruitt’s original idea although it works only for α ≤ 2. So, let
α < d and α ∈ (0, 2]. Choose a symmetric α-stable process ξt in IRd with Lévy exponent |x|α.
Let pαd(t, ·) be the density of ξt. Note that both

∫∞
0

pαd(t, x)dt = c|x|α−d for some constant
c ∈ (0,∞) and Re[(1 + Ψ(x))−1] > 0. Following the calculations given by Pruitt [2], p. 375,
we find that ∫ ∞

0

e−tE|Xt|−αdt

=
∫ ∞

0

∫ ∞
0

∫
pαd(t, x)e−s(1+Ψ(x))dxdsdt

=
∫ ∞

0

∫
pαd(t, x)

∫ ∞
0

e−s(1+Ψ(x))dsdxdt

=
∫ ∞

0

∫
pαd(t, x)Re

(∫ ∞
0

e−s(1+Ψ(x))ds

)
dxdt

=
∫ ∞

0

∫
pαd(t, x)Re

(
1

1 + Ψ(x)

)
dxdt

= c

∫
|x|α−dRe

(
1

1 + Ψ(x)

)
dx

where the second equality holds because for fixed t > 0,∫ ∞
0

∫
pαd(t, x)|e−s(1+Ψ(x))|dxds ≤

∫
pαd(t, x)dx

∫ ∞
0

e−sds = 1,

recalling that pαd(t, ·) is a density function. (1.4) has been proved. �
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