Elect. Comm. in Probab. 13 (2008), 10–23

ELECTRONIC COMMUNICATIONS in PROBABILITY

LARGE DEVIATION PRINCIPLES FOR MARKOV PRO- CESSES VIA Φ-SOBOLEV INEQUALITIES

LIMING WU Department of Math., Wuhan University, 430072 Hubei, China Université Blaise Pascal, 24 Avenue des Landais 63117 Aubière email: Li-Ming.Wu@math.univ-bpclermont.fr

NIAN YAO Department of Math., Wuhan University, 430072 Hubei, China email: laduoduo@msn.com

Submitted February 28, 2007, accepted in final form October 19, 2007

AMS 2000 Subject classification: 60F15 Keywords: large deviations; functional inequalities; Orlicz space.

Abstract Via Φ-Sobolev inequalities, we give some sharp integrability conditions on F for the large deviation principle of the empirical mean^1_T

∫_T 0 F (X_s)ds for large time T , where F is unbounded with values in some separable Banach space. Several examples are provided.

1 Introduction

Let (Ω, (F_t)_{t∈R}+ , (X_t)_{t∈R}+ , (P_x)_{x∈E} ) be a conservative càdlàg Markov process with values in a Polish space E, with semigroup of transition probability P_t(x, dy). We assume that μ is a probability measure on E (equipped with the Borel σ-field B),which is invariant with respect to (w.r.t.) (P_t). We assume throughout this paper that P_s is ergodic w.r.t. μ for some s > 0, i.e., if a bounded measurable function f satisfies P_sf = f, μ − a.e., then f is μ − a.e. constant. For any initial measure ν on E, write P_ν := ∫ E P_xν(dx).

Given a measurable function F : E → B, μ-integrable where (B, ‖ · ‖) is some separable Banach space, we are interested in the probability of large deviation of the empirical mean

L_T (F ) := 1 T ∫_T 0 F (X_s)ds from its space mean μ(F ) := ∫ E F dμ, i.e.

P_ν (‖ ‖ ‖ ‖ 1 T ∫_T 0 F (X_s)ds − μ(F ) ‖ ‖ ‖ ‖ ‖ > r ) . In [26, Corollary 5.4], the following uniform integrability criterion is proved: if

{f^2; f ∈ D_2(L), ⟨−Lf, f⟩_μ + ⟨f, f⟩_μ ≤ 1} (1.1) 10 is μ-uniformly integrable, then the law of the occupation measure L_t :=^1_t

∫_t 0 δ_{Xs} ds under P_ν satisfies the large deviation principle (LDP in short) on the space of probability measures M_1(E) on E with respect to the τ-topology (i.e., the weak topology σ(M_1(E), bB), here bB is the space of real bounded and B-measurable functions on E), for every initial measure ν ≪ μ with dν/dμ ∈ L^{1+δ}(μ). Here L with domain D_p(L) is the generator of the transition semigroup (P_t) in L^p(μ) := L^p(E, B, μ), 1 ≤ p ≤ ∞. The symmetrized Dirichlet form is given by

E(f, g) = 1 2 (⟨−Lf, g⟩_μ + ⟨−Lg, f⟩_μ), ∀f, g ∈ D_2(L). (1.2)

Furthermore the uniform integrability condition above becomes necessary for that LDP in the symmetric case ([26, Corollary 5.5]).

When F is bounded, the mapping ν → ν(F ) is continuous from M_1(E) (equipped with the τ-topology) to B ([7]). By the contraction principle, P_ν (L_t(F ) ∈ ·) satisfies the LDP for all bounded measurable F : E → B under the uniform integrability condition (1.1). Our main purpose is to extend the last result for unbounded observable F . It turns out that this question is intimately related with the Φ-Sobolev inequality studied in Gong-Wang [13]: ∫ E Φ(f^2)dμ ≤ C_1⟨−Lf, f⟩_μ + C_2, ∀f ∈ D_2(L), ∫ E f^2dμ = 1 (1.3)

for some even function Φ : R → R ∪ {+∞}, convex on R^+ such that Φ(0) = 0 and lim r→+∞

Φ(r) r = +∞. (1.4)

The Φ-Sobolev inequality (1.3), giving a quantitative measurement of the uniform integrability of the set (1.1), is stronger than the more classical Φ-Sobolev inequality below

‖f^2‖_Φ ≤ C_1⟨−Lf, f⟩_μ + C̃_2⟨f, f⟩_μ, ∀f ∈ D_2(L) (1.5)

where C̃_2 = max{C_2, 1}, ‖ · ‖_Φ denotes the Orlicz norm of the Orlicz space L^Φ(μ) associated with Φ. This last inequality is studied by Roberto-Zegarlinski [19], who proved in further that a tight version of (1.5) implies (1.3) (this was due to Bobkov-Götze [2] when Φ(x) = x log x). See also Chafai [4] for related Φ-entropy Sobolev inequality.

Obviously the Φ-Sobolev inequalities (1.3) and (1.5) imply (1.1), and the inverse is true for some such Φ as shown by Gong-Wang [13]. Two typical examples are

(i) Φ(x) = |x| log |x|: the Φ-Sobolev inequality (1.3) becomes the defective logarithmic Sobolev inequality.

(ii) Φ(x) = |x|^p for some p ∈ (1, +∞), (1.5) is exactly the classical Sobolev inequality.

Our objective is to derive the LDP of L_t(F ) under sharp integrability condition on F via the Φ-Sobolev inequality (1.3) or (1.5). This becomes important and very practical because of recent great progress on functional inequalities, see the textbooks by M.F. Chen [5], M. Ledoux [16], F.Y. Wang [21], and the recent works by Barthe, Cattiaux and Roberto [1] and Cattiaux-Guillin [3] and the references therein.

Our question is motivated directly by the well-known Donsker-Varadhan’s theorem: for a sequence (ξ_k )_{k≥1} of independent and identically distributed (i.i.d.) random variables valued in B, if

Ee^{λ‖ξ1 ‖} < +∞, ∀λ > 0, (1.6)

then^1_n

∑_n k=1 ξ_k satisfies the LDP on B. Furthermore if B is of infinite dimension, the condition (1.6) can not be weakened to

Ee^{δ‖ξ1 ‖} < +∞, for some δ > 0. (1.7)

This last condition is the necessary and sufficient condition in the finite dimension case B = R^d (well known), and for general separable Banach space B see F.Q. Gao [10] for a necessary and sufficient condition.

It is striking that for continuous time Markov processes, the exponential integrability conditions (1.6) and (1.7) can be sometimes largely weakened as shown in this paper. We mention also another important application of the Φ-Sobolev inequalities (1.3) and (1.5) to the concentration inequalities for

P_ν (L_t(V ) − μ(V ) ≥ r)

where V is real valued. Indeed the first named author [25] proved that for every measurable function V : E → R,

P_ν (L_t(V ) − μ(V ) ≥ r) ≤ ‖ ‖ ‖ dν dμ ‖ ‖ ‖ 2 e^{−tIV (μ(V )+r)}, ∀r > 0, t > 0 (1.8)

where

I_V (r) := inf{⟨−Lf, f⟩_μ | f ∈ D_2(L) ∩ L^2(|V |dμ), ∫ E f^2V dμ = r}, (1.9)

(this is sharp in the large deviation scale in the symmetric case) and derived a Cramer-Chernoff type concentration inequality under the log-Sobolev inequality. Lezaud [17] established a Cramer-Chernoff exponential inequality, which is sharp in the scale of moderate deviations, for real bounded V from the Poincaré inequality

λ_1⟨f, f⟩_μ ≤ ⟨−Lf, f⟩_μ, ∀f ∈ D_2(L), μ(f) = 0.

Recently P. Cattiaux and A. Guillin [3] study thoroughly the concentration inequalities under various functional inequalities.

For literatures on large deviations of Markov processes the reader is referred to [9, 7, 8, 26] etc. For preceding works on applications of Φ-Sobolev inequality in large deviations, see F.Q. Gao [11]. See also the first named author [27] for LDP of L_t(F ) with unbounded F under the Lyapunov function condition.

This note is organized as follows. The main results are stated in the next section. Several examples are provided in §3, based on recent progresses on functional inequalities. Finally we prove the main results in the last sections, by means of approximation techniques in large deviations and convex analysis : the key being the inequality (1.8) and the theory of Orlicz spaces.

2 Main results

2.1 Orlicz space

A Young function Φ is a convex even function Φ : R → R^+ ∪ {+∞}, left continuous on R^+ such that:

i) Φ(0) = 0; ii) lim_{x→∞} Φ(x) = +∞. iii) sup{x > 0; Φ(x) < +∞} > 0.

Any Young function Φ admits an integral representation, i.e., Φ(x) =

∫_x 0 φ(t)dt x ∈ [0, ∞) where φ : [0, ∞) → [0, ∞] is nondecreasing, right continuous. Let ψ be the generalized inverse of φ, that is

ψ(s) = inf{t| φ(t) > s}, ∀s ∈ [0, +∞)

(inf ∅ := +∞), then the conjugate function of Φ is the Young function Ψ = Φ^∗ defined by its Legendre transformation:

Ψ(y) = sup_{x∈R} (xy − Φ(x)) =

∫_{|y|} 0 ψ(t)dt, y ∈ R. (2.1)

It follows from the definition that Ψ(0) = 0, Ψ(−y) = Ψ(y), and, what is important, Ψ(·) is a convex increasing function satisfying lim_{y→∞} Ψ(y) = +∞.

From (2.1) it is evident that the couple (Φ, Ψ) satisfies Young’s inequality:

|xy| ≤ Φ(x) + Ψ(y), x, y ∈ R, (2.2)

and the equality holds if y = φ(x) or x = ψ(y)( see [18, theorem 3, p10]). Let (E, B, μ) be a probability space. The Orlicz space L^Φ(μ) associated with the Young function Φ is the space of all real measurable functions u : E → R ∪ {+∞} such that Φ(α|u|) is μ-integrable for some α > 0. Thus

L^Φ(μ) = {u : E → R ∪ {+∞}| ∫ E Φ(α|u|)dμ < +∞, for some α > 0}.

Define the gauge norm

N_Φ(u) := inf { K > 0| ∫ E Φ ( |u| K ) dμ ≤ 1 } (2.3)

Then [18, Theorem 3, p54] tells us that (L^Φ(μ), N_Φ(·)) is a Banach space when μ-equivalent functions are identified. Moreover N_Φ(u) ≤ 1 iff ∫ E Φ(u)dμ ≤ 1.

Define the Orlicz norm ‖ · ‖_Φ as:

‖f‖_Φ = sup {∫ E |fg|dμ; ∫ E Ψ(|g|)dμ ≤ 1 } (2.4)

Then [18, Proposition 4, p61] gives a useful relation between the Orlicz and gauge norms, i.e.

N_Φ(f) ≤ ‖f‖_Φ ≤ 2N_Φ(f), ∀f ∈ L^Φ(μ).

2.2 Main results

Now recall the modified Donsker-Varadhan’s level-2 entropy functional J_μ : M_1(E) → [0, +∞], introduced in [26]. It is given by (see [26, Proposition B.10(B.26)])

J_μ(ν) := sup_{1≤u∈D∞(L)} ∫ E − Lu u dν, if ν ≪ μ;

+∞, otherwise.

(2.5)

Here we say that u ∈ D_∞(L) and v = Lu if u, v ∈ L^∞(μ) and P_tu − u =

∫_t 0 P_svds, μ − a.s. for every t ≥ 0.

The main result of this note is

Theorem 2.1. Assume either ∫ E Φ(f^2)dμ ≤ C_1⟨−Lf, f⟩_μ + C_2, ∀f ∈ D_2(L), ∫ E f^2dμ = 1 (2.6)

where Φ : R → R ⋃ {+∞} is even, convex on R^+ and satisfies (1.4); or

‖f^2‖_Φ ≤ C_1⟨−Lf, f⟩_μ + C_2μ(f^2), ∀f ∈ D_2(L), (2.7) where Φ is a Young function satisfying (1.4).

Let Ψ = Φ^∗ be its conjugate function given in the first equality of (2.1) and (B, ‖·‖) a separable Banach space. Then for every measurable B-valued function F : E → B verifying ∫ E Ψ(λ‖F ‖)dμ < +∞, ∀λ > 0 (2.8)

P_ν (L_t(F ) ∈ ·) satisfies as t goes to infinity the large deviation principle (LDP in short) on B with speed t and with the rate function given

J^F_μ (z) = inf { J_μ(β); β ∈ M_1(E), ∫ E ‖F ‖dβ < +∞, ∫ E F dβ = z } , z ∈ B (2.9)

uniformly over initial measures ν in

A_L := {ν ∈ M_1(E); ν ≪ μ; ‖ ‖ ‖ ‖ dν dμ ‖ ‖ ‖ ‖_2 ≤ L}

for every L ≥ 1. More precisely, the following three properties hold:

(i) J^F_μ : B → [0, +∞] is inf-compact, i.e., [J^F_μ ≤ l] is compact in B for every l ∈ R^+;

(ii) (lower bound) for all L ≥ 1 and each open subset O of B,

lim inf t→∞ 1 t log inf_{ν∈AL} P_ν (L_t(F ) ∈ O) ≥ − inf_O J^F_μ ;

(iii) (upper bound) for all L ≥ 1 and each closed subset C of B,

lim sup t→∞ 1 t log sup_{ν∈AL} P_ν (L_t(F ) ∈ C) ≤ − inf_C J^F_μ .

By means of the super-Poincaré inequality due to Wang [23], we can deduce from Theorem 2.1, Theorem 2.2. Let Φ be some finite Young function satisfying (1.4) and the Δ_2−growth condition sup_{x≫1} Φ(2x)/Φ(x) < ∞. (2.10) Assume the following super Φ-Sobolev inequality: for every ε > 0, there is some constant C(ε) ≥ 1 such that ∫ E Φ(f^2)dμ ≤ ε⟨−Lf, f⟩_μ + C(ε), ∀f ∈ D_2(L), ∫ E f^2dμ = 1. (2.11)

Let Ψ, B be as in Theorem 2.1. Then for every measurable B-valued function F : E → B satisfying ∫ E Ψ(δ‖F ‖)dμ < +∞, for some δ > 0, (2.12) the LDP for L_t(F ) in Theorem 2.1 holds true.

2.3 Several corollaries

Corollary 2.3. Assume the defective log-Sobolev inequality: ∫ E f^2 log f^2dμ − ⟨f^2⟩_μ log⟨f^2⟩_μ ≤ C_1⟨−Lf, f⟩_μ + C_2 ∫ E f^2dμ, f ∈ D_2(L) (2.13)

for some constants C_1, C_2 > 0. If F : E → B verifies ∫ E e^{λ‖F ‖}dμ < +∞, ∀λ > 0, (2.14) then the LDP for L_t(F ) in Theorem 2.1 holds true. Proof. By (2.13), the Φ-Sobolev inequality (2.6) holds with Φ(t) = (|t| + 1) log(|t| + 1) − |t|, ∀t ∈ R for Φ(t) ≤ C(|t| log |t| + 1) over R for some C > 1. By easy calculus the conjugate function of Φ is given by Ψ(s) = e^{|s|} − |s| − 1 for all s ∈ R. Thus the corollary follows by Theorem 2.1. Corollary 2.4. Assume the super log-Sobolev inequality: ∀ε > 0, ∃C(ε) > 0 such that ∫ E f^2 log f^2dμ − ⟨f^2⟩_μ log⟨f^2⟩_μ ≤ ε⟨−Lf, f⟩_μ + C(ε) ∫ E f^2dμ, f ∈ D_2(L). (2.15)

If F : E → B satisfies the exponential integrability condition of type (1.7), i.e., ∫ e^{δ‖F ‖}dμ < +∞ for some δ > 0,

then the LDP for L_t(F ) in Theorem 2.1 holds true.

Proof. By the proof of Corollary 2.3, the super Φ-Sobolev inequality (2.11) holds with Φ(t) = (|t| + 1) log(|t| + 1) − |t|. The corollary follows by Theorem 2.2.

Remarks 2.5. When (P_t) is symmetric on L^2(μ), then the defective log-Sobolev inequality (2.13) is equivalent to the hypercontractivity of e^{−C2t}P_t, due to Gross [14], and super log- Sobolev inequality (2.15) is equivalent to the supercontractivity of (P_t) below: for all t > 0, 1 < p < q < +∞, ‖P_t‖_Lp_{(μ)→L}q_{(μ)} < +∞, see E. Davies [6] and Kavian, Kerkyacharian and Roynette [15].

Remarks 2.6. Under the defective log-Sobolev inequality, we re-find the sharp integrability condition (1.6) to the classical LDP of Donsker-Varadhan’s theorem in [9] in the i.i.d. case, recalled in the introduction. But our condition (2.15) in the super log-Sobolev inequality case is much weaker, but it coincides with the necessary and sufficient condition (1.7) to the LDP of empirical mean in the finite dimension case B = R^d.

A surprise in the continuous time case is : the strong exponential integrability condition (2.14) can be largely weakened in the case of Sobolev inequality:

Corollary 2.7. Assume the Sobolev inequality: for some p ∈ (1, +∞] and constants C_1, C_2 > 0 ‖f^2‖_p ≤ C_1⟨−Lf, f⟩_μ + C_2 (2.16)

for any f ∈ D(L) with ∫ E f^2dμ = 1. If F : E → B verifies ‖F ‖ ∈ L^q (μ) where 1/p + 1/q = 1, then the LDP for L_t(F ) in Theorem 2.1 holds true.

Proof. It follows directly by Theorem 2.1 with Φ(t) = |t|^p when p < +∞ and with Φ(t) = +∞1_{(1,+∞)}(|t|) when p = +∞.

3 Several Examples

In this section, basing on recent progresses on functional inequalities we present several Markov processes which satisfy the Φ-Sobolev inequalities in our assumptions. Example 3.1. As a well known fact (see Saloff-Coste [20]), the Brownian Motion (B_t) on a compact connected Riemannian manifold M of dimension n with the invariant measure μ given by the normalized Riemannian measure dx V (M)

(where V (M) is the volume of M), the Dirichlet form ∫ |∇f|^2dμ satisfies the Φ-Sobolev inequality (2.7) with

Φ(t) =

+∞I_{(1,∞)}(|t|), if n = 1,

exp(C|t|) − 1, if n = 2,

|t|^{2nn−2} , if n ≥ 3.

Then the corresponding integrability condition for the LDP of L_t(F ) in Theorem 2.1 (and Corollary 2.7) becomes

‖F ‖ ∈

L^1(μ), if n = 1,

L^1 log L^1, if n = 2,

L^{2nn+2} (μ), if n ≥ 3.

Those still hold for diffusions generated by Δ + b · ∇ with smooth vector field b on connected compact manifolds.

Example 3.2. Consider the measure μ_β (dx) = exp(−|x|^β )

Z_β

(where Z_β is the normalized con-

stant), and β > 1. For the diffusion process corresponding to the Dirichlet form ⟨−Lf, f⟩_μ = 1 2 ∫ |∇f|^2dμ, it satisfies Φ-Sobolev inequality (2.7) with

Φ_α(x) = x log^α(1 + x), α = 2(1 − 1/β)

according to Barthe, Cattiaux and Roberto [1, section 7]. Our integrability condition for F in Theorem 2.1 becomes ∫ exp ( λ‖F ‖^{β/(2β−2)} ) dμ < +∞, ∀λ > 0. (3.1)

Example 3.3. (Φ-Sobolev inequalities for one-dimensional diffusion process, see [1, 2, 5, 19]) Let L = a(x)d^2/dx + b(x)d/dx be an elliptic operator on an interval (−∞, +∞)( i.e. E = (−∞, +∞)), where a > 0 and b are locally bounded Borel measurable function and 1/a is also locally bounded. Set C(x) =

∫_x 0 b/adx. Let dμ := e^C /adx, assume Z :=

∫_{+∞} 0 e^C /adx < ∞ (i.e. the invariant measure is finite).

A function Φ : R → R is called a N-function if it is non-negative, continuous, convex, even and satisfies the following conditions:

Φ(x) = 0 ⇔ x = 0, lim_{x→0} Φ(x)/x = 0, lim_{x→∞} Φ(x)/x = ∞.

Assume that Φ is a N-function and satisfies the △_2-condition (2.10). Let θ ∈ (−∞, +∞) be a reference point. Define h^{1θ}(x) =

∫_x θ e^{−C} dx, h^{2θ}(x) =

∫_θ x e^{−C} dx and let

B^{1θ}_Φ = sup

x∈(θ,+∞)

h^{1θ}(x)‖I_{(x,+∞)}‖_Φ, B^{2θ}_Φ = sup_{x∈(−∞,θ)} h^{2θ}(x)‖I_{(−∞,x)}‖_Φ (3.2)

the modified Muckenhoupt’s constants corresponding to the intervals (θ, +∞) and (−∞, θ). According to [1] or [5, Chapiter 6] or [19] (which is a combination of Muckenhoupt’s generalized Hardy inequality together with the theory of Orlicz spaces), the Φ-Sobolev inequality (2.7) holds iff B^{1θ}_Φ ∨ B^{2θ}_Φ < ∞.

Example 3.4. Let E = M be a noncompact, connected, complete Riemannian manifold. Consider L = Δ + Z with some C^1-vector field Z such that the L-diffusion process has an invariant probability measure μ. Let E(f, g) = ⟨−Lf, g⟩_μ with D(E) being the closure of C^∞_0 (M) under the H^1-norm √ μ(f^2) + ⟨−Lf, f⟩_μ. We assume that there exists K ≥ 0 such that Ric(X, X) − ⟨∇_X Z, X⟩ ≥ −K|X|^2, X ∈ T M. (3.3)

Let ρ(x) denote the Riemannian distance between x and a fixed point o ∈ M.

1) If μ(exp[δρ^2]) < ∞ for some δ > K/2, then μ satisfies the log-Sobolev inequality (Wang’s criterion, [23]). Thus Corollary 2.3 is applicable.

2) If μ(exp[λρ^2]) < ∞ for any λ > 0, then by [22, Theorem 5.4, p283], μ satisfies the super log-Sobolev inequality. That’s a nice example for application of our Corollary 2.4.

3) ([22, Corollary 5.3, p285]) For α ∈ (1, 2), the Φ-Sobolev inequality (2.6) holds with Φ(r) = r[log(1 + r)]^α ⇐⇒ μ(exp[cρ^{2/(2−α)}]) < ∞ for some c > 0. In such case, the integrability condition for F in Theorem 2.1 becomes ∫ e^{λ‖F ‖1/α} dμ < +∞, ∀λ > 0.

This gives again an interesting example for which our integrability condition on F for the LDP is much weaker than the i.i.d. case.

4 Proofs of the mains results

4.1 Proof of Theorem 2.1

We need the following powerful result from convex analysis ([12, Theorem 8,p.110]).

Lemma 4.1. Let Λ : X → R ∪ {+∞} be a convex function where X is a locally convex topological space. If Λ is bounded above on a neighborhood of zero, then Λ is continuous in the interior of [Λ < +∞].

Proof of Theorem 2.1. Step 1. By [26, Corollary 5.4], P_ν (L_t ∈ ·) satisfies as t goes to infinity the LDP on M_1(E) equipped with the τ-topology, with speed t and with the rate function J_μ, uniformly over ν ∈ A_L. Now for every measurable F : E → B which is bounded, since the mapping β → ∫ E F (x)dβ(x) =: β(F ) is continuous from (M_1(E), τ) to B (by [7, Lemma 3.3.8]), hence the result in the theorem holds true for F which is bounded by the contraction principle.

Step 2. Now for unbounded F , let F_R(x) = F (x)I_{[‖F ‖≤R]}. By Step 1 and the approximation lemma in the theory of large deviations [8, Theorem 4.2.16], for the LDP in the theorem it is enough to establish

lim_{R→∞} lim_{T →∞} 1 T log sup_{ν∈AL} P_ν ( 1 T ∫_T 0 ‖(F − F_R)(X_t)‖dt > δ ) = −∞, ∀ δ > 0. (4.1)

The following two steps are devoted to the proof of the key (4.1). Step 3. For every V : E → R consider the Feynman-Kac semigroup

P^V_t f(x) := E^xf(X_t) exp

∫_t 0 V (X_s)ds. Set ‖P^V_t ‖_2 := sup {‖P^V_t f‖_L2_{(μ)} : f ≥ 0, ⟨f^2⟩_μ ≤ 1}

and consider the Cramer functional Λ : L^Ψ(μ) → R ∪ {+∞} given by

Λ(V ) = lim_{t→∞} 1 t log ‖P^V_t ‖_2, ∀V ∈ L^Ψ(μ) (4.2)

(the last limit exists for log ‖P^V_t ‖_2 is sub-additive in t). The aim of this step is to show that Λ is continuous at 0 in the norm topology of L^Ψ(μ). By [25, Theorem 1] we have

Λ(V ) ≤ sup {∫ E V f^2dμ − ⟨−Lf, f⟩_μ| ∫ E f^2dμ = 1, f ∈ D_2(L) } .

Under the Φ-Sobolev inequality (2.6), we have

Λ(V ) ≤ sup {∫ E V f^2dμ − 1 C_1 ∫ E Φ(f^2)dμ| ∫ E f^2dμ = 1, f ∈ D_2(L) } + C_2 C_1 = 1 C_1 sup{ ∫ E C_1V f^2dμ − ∫ E Φ(f^2)dμ| ∫ E f^2dμ = 1, f ∈ D_2(L)} +

C_2 C_1 . Since C_1V f^2 − Φ(f^2) ≤ Ψ(C_1V ) by (2.2), we get

Λ(V ) ≤ 1 C_1 ∫ E Ψ(C_1V )dμ +

C_2 C_1

. (4.3)

On the other hand if we assume the second assumption (2.7), we have

Λ(V ) ≤ sup {∫ E V f^2dμ − 1 C_1

‖f^2‖_Φ| ∫ E f^2dμ = 1, f ∈ D_2(L) } + C_2 C_1 = 1 C_1 sup{ ∫ E C_1V f^2dμ − ‖f^2‖_Φ| ∫ E f^2dμ = 1, f ∈ D_2(L)} +

C_2 C_1

Now if ∫ Ψ(C_1V )dμ ≤ 1 (which is equivalent to N_Ψ(V ) ≤^1_{C 1}), by the definition of ‖ · ‖_Φ we have ∫ E C_1V f^2dμ ≤ ‖f^2‖_Φ, and the inequality above yields to

Λ(V ) ≤

C_2 C_1 . Consequently Λ(·) is upper-bounded in the neighborhood {V |N_Ψ(V ) ≤^1_{C 1}} of zero in L^Ψ(μ), in both the two cases. Thus it is continuous on the interior of [Λ < +∞] by Lemma 4.1. Step 4. By our assumption on F , V_R := ‖F − F_R‖ ∈ L^Ψ(μ). By Chebyshev inequality we have for any λ > 0,

P_ν ( 1 T ∫_T 0 ‖(F − F_R)(X_t)‖dt > δ ) ≤ e^{−λδT} E^ν exp ( λ ∫_T 0 V_R(X_t)dt ) .

As ν ∈ A_L, the r.h.s. above is bounded from above by L‖P^{λVR}_T ‖_2. Therefore we get:

the l.h.s. of (4.1) ≤ lim_{R→∞}(−λδ + Λ(λV_R)), ∀ λ > 0.

Then (4.1) will be proved if we show lim_{R→∞} Λ(λV_R) = 0, ∀ λ > 0. By Step 3, we have only to show that V_R → 0 in L^Ψ(μ).

To that end, notice that E_μΨ(λV_R) converges to 0 as R → ∞ for every λ > 0 by the dominated convergence theorem and our integrability assumption of ‖F ‖. So for every λ ∈ N we can find a constant R_λ > 0 such that E_μΨ(λV_R) ≤ 1 for any R ≥ R_λ. That is N_Ψ(V_R) ≤^1_λ for all R ≥ R_λ by the definition of the gauge norm, the desired claim.

4.2 Proof of Theorem 2.2

Our main idea is to deduce from the super Φ-Sobolev inequality (2.11) some Φ̃-Sobolev inequality (2.6), for some convex function Φ̃ ≫ Φ, i.e., lim_{t→∞}

Φ̃(t) Φ(t)

= ∞. (4.4)

Then Ψ̃ = (Φ̃)^∗ verifies lim_{t→∞}

Ψ̃(t) Ψ(t)

= 0. So our condition (2.12) implies ∫ Ψ̃(λ‖F ‖)dμ < +∞, ∀λ > 0,

which allow us to conclude Theorem 2.2 by Theorem 2.1.

For the construction of the new function Φ̃, we need the super-Poincaré inequality of Wang [23]:

μ(f^2) ≤ rE(f, f) + β(r)μ(|f|)^2, r > 0, f ∈ D(E) (4.5) where β : (0, +∞) → R^+ is some non-increasing function; and

Lemma 4.2. Let (E, F, μ) be a measure space and (E, D(E)) a Dirichlet form on L^2(μ).

(a) ([23, Theorem 3.3.1])) If the Φ-Sobolev inequality (2.6) is true, then the super-Poincaré inequality (4.5) holds with

β(r) = ( 1 + rC_2 2C_1

)_2

F^{−1} ( C_2 +

2C_1 r ) . (4.6)

where F (t) = Φ(t)/t, F^{−1}(r) = inf{s ≥ 0|F (s) > r} (inf ∅ := +∞ as usual).

(b) ([22, Theorem 1.2]) Conversely if the super P oincaré inequality (4.5) holds, then for any nondecreasing F verifying

F (r) ≤ 1 β^{−1}(r/2)

, β^{−1}(r) := inf{s > 0|β(s) ≤ r},

there are constants C_1, C_2 ≥ 0 so that

μ(f^2F (f^2)) ≤ C_1E(f, f) + C_2, f ∈ D(E), μ(f^2) = 1 (4.7)

Remarks 4.3. The explicit version (4.6) is important for us. Though it is not written explicitly in [23], but it is given by the proof therein.

Proof of Theorem 2.2. As said before it is enough to construct some Φ̃ ≫ Φ in the sense of (4.4) so that the Φ-Sobolev inequality (2.6) holds for Φ̃.

For any ε ∈ (0, 1), thanks to our condition (2.11) and Lemma 4.2(a), the super Poincaré inequality (4.5) holds with

β_ε(r) = (1 + rC(ε) 2ε )^2F^{−1}(C(ε) + 2ε r ),

then by monotonicity it holds with β̃_ε(r) = inf_{s<r} β_ε(s), where F (x) =

Φ(x) x . As that is true for any ε > 0, the super Poincaré inequality (4.5) continues to hold with β(r) := inf_{ε>0} β̃_ε(r) = inf_{s<r} inf_{ε>0} β_ε(s), r > 0.

β is non-increasing and left-continuous. By Lemma 4.2(b), the inequality (4.7) holds for the non-decreasing function F̃ (t) = 1/β^{−1}(t/2). Let us prove that

lim_{t→∞}

F (t) F̃ (t) = 0. (4.8)

Indeed for any fixed ε ∈ (0, 1), if r > 0 satisfies

rC(ε) 2ε ≤ 1, (4.9)

we obtain β(r) ≤ β_ε(r) = 4F^{−1}(C(ε) + 2ε r ). (4.10)

Let r = β^{−1}(t/2), then β(r) ≥ t/2, F̃ (t) = 1 r and r satisfies (4.9) as t → ∞. Now (4.10) turns to F ( t 8 ) ≤ C(ε) + 2ε r . (4.11)

Then we have lim sup_{t→∞}^{F (t/8)}_{F̃ (t)} ≤ 2ε. Thus (4.8) follows since F (t) =

Φ(t) t satisfies also △_2-condition (2.10) as Φ.

Finally let Φ̃(t) be the greatest left continuous convex function ≤ tF̃ (t) for all t ≥ 0, it satisfies Φ̃(t) ≫ Φ(t) in the sense of (4.4) and the inequality (4.7) for F̃ implies the Φ̃-Sobolev inequality (2.6). Thus Theorem 2.2 follows by Theorem 2.1, as said at the beginning.

References

[1] F. Barthe, P. Cattiaux and C. Roberto, Interpolated inequalities between exponential and Gaussian, Orlicz hypercontractivity and isoperimetry, Rev. Mat. Iberoamericana 22 (2006), no. 3, 993–1067. MR2320410

[2] S. Bobkov and F. Götze, Exponential integrability and transportation cost related to logarithmic Sobolev inequalities, J. Funct. Anal. 163 (1999), no. 1, 1–28. MR1682772

[3] P. Cattiaux and A. Guillin, Deviation bounds for additive functionals of Markov process, Preprint 2006.

[4] D. Chafaï, Entropies, convexity, and functional inequalities: on Φ-entropies and Φ-Sobolev inequalities, J. Math. Kyoto Univ. 44 (2004), no. 2, 325–363. MR2081075

[5] M.F. Chen, Eigenvalues, Inequalities and Ergodic Theory, Springer-Verlag London, Ltd., London, 2005. MR2105651

[6] E.B. Davies, Heat kernels and spectral theory, Cambridge Tracts in Mathematics, 92. Cambridge University Press, Cambridge, 1990. MR1103113

[7] J.D. Deuschel and D.W. Stroock, Large deviations, Pure and Appl. Math., Vol. 137, Academic Press, Inc., Boston, MA, 1989. MR0997938

[8] A. Dembo and O. Zeitouni, Large Deviations Techniques and Applications, 38. Springer- Verlag, New York, 1998. MR1619036

[9] M.D. Donsker and Varadhan, S.R.S., Asymptotic evaluation of certain Markov process expectations for large time, I-IV, Comm. Pur. Appl. Math., 28(1975),1–47 and 279–301; 29(1976), 389–461; 36(1983), 183-212. MR0386024

[10] F.Q. Gao, A Note on Cramér’s Theorem, Lecture Notes in Mathematics, 1655. Séminaire de Probabilités XXXI, 77-79, Springer, 1997.

[11] F.Q. Gao and Q.H. Wang, Upper Bound Estimates of Cramér Functionals for Markov Processes, Potential Analysis 19 (2003), 383–398. MR1988112

[12] Giles and John R., Convex analysis with application in the differentiation of convex functions, Research Notes in Mathematics, 58. Pitman (Advanced Publishing Program), Boston, Mass.-London, 1982. MR0650456

[13] F.Z. Gong and F.Y. Wang, Functional inequalities for uniformly integrable semigroups and applications, Forum Math. 14 (2002), 293–313. MR1880915

[14] L. Gross, Logarithmic Sobolev inequalities, Amer. J. Math.,97 (1975), no. 4, 1061–1083.

MR0420249

[15] O. Kavian, G. Kerkyacharian and B. Roynette, Quelques remarques sur l’ultracontractivit . (French) [Some remarks about ultracontractivity] J. Funct. Anal. 111 (1993), no. 1, 155– 196. MR1200640

[16] M. Ledoux, The concentration of measure phenomenon, 89, Mathematical Surveys and Monographs, American Mathematical Society, 2001. MR1849347

[17] P. Lezaud, Chernoff and Berry-Essen’s inequalities for Markov processes, ESAIMS: Probability and Statistics 5 (2001), 183–201. MR1875670

[18] M.M. Rao and Z.D. Ren, Theory of Orilicz Space, 146, Marcel Dekker, Inc. New York, 1991. MR1113700

[19] C. Roberto and B. Zegarliński, Orlicz-Sobolev inequalities for sub-Gaussian measures and ergodicity of Markov semi-groups, J. Funct. Anal. 243 (2007), no. 1, 28–66. MR2289793

[20] L. Saloffe-Coste, Aspects of Sobolev-Type Inequlities, London Mathmatical Society Lecture Note Series, 289, Cambridge University Press, Cambridge, 2002. MR1872526

[21] F.Y. Wang, Functional inequalities for empty essential spectrum, J.Funct. Anal. 170 (2000), no. 1, 219–245. MR1736202

[22] F.Y. Wang, Functional inequalities, semigroup properties and spectrum estimates, Infinite Dimensional Analysis, Quantum Probability and Related Topics, 3 (2000), no. 2, 263–295. MR1812701

[23] F.Y. Wang, Functional inequalities, Markov Semigroup and Spectral Theory, Chinese Sciences Press, Beijing/New York, 2005.

[24] L.M. Wu, An introduction to large deviations, in: Yan J.A., Peng S., Wu L.(Eds), Several Topics in Stochastic Analysis, Academic Press of China, Beijing, 1997, 225–336 (in Chinese).

[25] L.M. Wu, A deviation inequality for non-reversible Markov processes, Ann. Inst. Henri.

P oincaré, P robabilités et Statistiques 36 (2000), no. 4, 435–445. MR1785390

[26] L.M. Wu, Uniformly integrable operators and large deviations for Markov processes, J.

Funct. Anal. 172 (2000), no. 2, 301–376. MR1753178

[27] L.M. Wu, Large and moderate deviations and exponential convergence for stochastic damping Hamilton systems, Stoch. Proc. and Appl. 91 (2001), no. 2, 205–238. MR1807683