Elect. Comm. in Probab. 12 (2007), 161–172 ELECTRONIC COMMUNICATIONS in PROBABILITY

SOME EXTENSIONS OF FRACTIONAL BROWNIAN MOTION AND SUB-FRACTIONAL BROWNIAN MO- TION RELATED TO PARTICLE SYSTEMS

TOMASZ BOJDECKI^1 Institute of Mathematics, University of Warsaw, ul. Banacha 2, 02-097 Warsaw, Poland email: tobojd@mimuw.edu.pl LUIS G. GOROSTIZA^2 Centro de Investigación y de Estudios Avanzados, 07000 México, D.F., Mexico email: lgorosti@math.cinvestav.mx ANNA TALARCZYK^3 Institute of Mathematics, University of Warsaw, ul. Banacha 2, 02-097 Warsaw, Poland email: annatal@mimuw.edu.pl

Submitted January 8, 2007, accepted in final form April 27, 2007

AMS 2000 Subject classification: Primary 60G18, Secondary 60J80.

Keywords: fractional Brownian motion, weighted fractional Brownian motion, bi-fractional Brownian motion, sub-fractional Brownian motion, negative sub-fractional Brownian motion, long-range dependence, particle system

Abstract In this paper we study three self-similar, long-range dependence, Gaussian processes. The first one, with covariance ∫_{s∧t} 0 u^a[(t − u)^b + (s − u)^b]du,

parameters a > −1, −1 < b ≤ 1, |b| ≤ 1 + a, corresponds to fractional Brownian motion for a = 0, −1 < b < 1. The second one, with covariance

(2 − h) ( s^h + t^h − 1 2 [(s + t)^h + |s − t|^h] ) , parameter 0 < h ≤ 4, corresponds to sub-fractional Brownian motion for 0 < h < 2. The third one, with covariance − ( s^2 log s + t^2 log t − 1 2 [(s + t)^2 log(s + t) + (s − t)^2 log |s − t|] ) , is related to the second one. These processes come from occupation time fluctuations of certain particle systems for some values of the parameters.

1RESEARCH SUPPORTED BY MNISW GRANT 1P03A01129 (POLAND). 2RESEARCH SUPPORTED BY CONACYT GRANT 45684-F (MEXICO). 3RESEARCH SUPPORTED BY MNISW GRANT 1P03A01129 (POLAND). 161

1 Introduction

Some types of self-similar, long-range dependence, centered Gaussian processes have been obtained from occupation time fluctuation limits of certain particle systems (they represent the temporal structures of the limits). These processes have parameters whose ranges of possible values are determined by properties of the particle systems. Since they are interesting processes in themselves, it is natural to ask if the ranges of values of the parameters can be extended and what the maximal ranges are, what properties the processes possess, and if the extended processes may also be related to some stochastic models. In this paper we will consider the first two questions for some extensions of fractional Brownian motion (fBm) and sub-fractional Brownian motion (sfBm). The third question, which is of a different kind (weak convergence of processes related to the particle systems), is discussed in [6]. In the remainder of the Introduction we will discuss the motivations behind the present article in connection with particle systems. In the following sections we will study the processes; most of the contents in those sections can be read independently of this discussion. We will study a centered Gaussian process (ξ_t)_{t≥0} with covariance Q(s, t) = Eξ_sξ_t, s, t ≥ 0, given by

Q(s, t) =

∫_{s∧t} 0 u^a[(t − u)^b + (s − u)^b]du. (1.1)

For a = 0, (1.1) becomes 1 b + 1

(t^{b+1} + s^{b+1} − |s − t|^{b+1}), (1.2)

which for −1 < b < 1 corresponds to the covariance of the well-known fBm with Hurst parameter^1_2 (b + 1), Brownian motion (Bm) for b = 0. We call the process ξ with covariance (1.1) a weighted fractional Brownian motion (wfBm), refering to the weight function u^a in the integral. Thus, wfBm’s are a family of processes which extend fBm’s.

The process ξ appeared in [5] in a limit of occupation time fluctuations of a system of independent particles moving in R^d according a symmetric α-stable Lévy process, 0 < α ≤ 2, started from an inhomogeneous Poisson configuration with intensity measure dx/(1 + |x|^γ ), 0 < γ ≤ d = 1 < α, a = −γ/α, b = 1 − 1/α, the ranges of values of a and b being −1 < a < 0 and 0 < b ≤ 1 + a. The homogeneous case (γ = 0, fBm) was studied in [2, 3]. The process ξ also appears in [6] in a high-density limit of occupation time fluctuations of the above mentioned particle system, where the initial Poisson configuration has finite intensity measure, with d = 1 < α, a = −1/α, b = 1 − 1/α. From these results it follows that for −1 < a < 0 and any 0 < b ≤ (1 + a) ∧ (1/2), the kernel (1.1) is positive-definite, because it is a limit of covariances. The question that interests us here is what are the maximal ranges of values of the parameters a and b for which (1.1) is a positive-definite kernel (the conditions a > −1 and b > −1 are obviously necessary). We will show that the maximal ranges are a > −1, −1 < b ≤ 1, and |b| ≤ 1 + a, and we will study some properties of the Gaussian process ξ with covariance (1.1). These properties, which are analogous to those of fBm, are self-similarity, path continuity, behavior of increments, long-range dependence, non-semimartingale, and others. Since wfBm widens the scope of behaviour of fBm, perhaps it may be useful in some applications.

A different extension of fBm is the bi-fractional Brownian motion (bfBm) introduced in [11], with covariance (s^{2H} + t^{2H} )^k − |s − t|^{2Hk}, (1.3) where 0 < H < 1 and 0 < k ≤ 1, corresponding to fBm with Hurst parameter H for k = 1. This process was obtained analytically from the covariance of fBm, not from a specific stochastic model, whereas the process with covariance (1.1) appeared first in connection with a particle system. The process bfBm is also studied in [14, 19]. With H = 1/2, bfBm can be extended for 1 < k < 2, and in this way it plays a role in our next process, which we describe presently. Let (ζ_t)_{t≥0} be a centered Gaussian process with covariance K(s, t) = Eζ_sζ_t, s, t ≥ 0, given by

K(s, t) = (2 − h) ( s^h + t^h − 1 2 [(s + t)^h + |s − t|^h] ) , (1.4)

where 0 < h ≤ 4, which for h = 1 corresponds to Bm. This process was found in [2, 3] for 1 < h ≤ 2 (where the covariance was written without the factor (2 − h), which is irrelevant there) in a limit of occupation time fluctuations of a particle system, which is as the one described above in the homogeneous case (γ = 0), and in addition the particles undergo critical binary branching, i.e., each particle independently, at an exponentially distributed lifetime, disappears with probability 1/2 or is replaced by two particles at the same site with probability 1/2. (See also [12] in the setting or superprocesses with α = 2.) In this model d is restricted to α < d < 2α, and h = 3 − d/α; hence the range of values of h for the particle model is 1 < h < 2. However, existence of the process ζ for all 0 < h < 2 follows from the equality in distribution (ζ_t)_{t≥0} = c(ξ_t + ξ_{−t})_{t≥0}, (1.5)

where ξ is fBm defined for all −∞ < t < ∞ and c = 1/ √ 2 [2]. The process ζ with 0 < h < 2 was called sub-fractional Brownian motion in [2] because it has properties analogous to those of fBm, and it is intermediate between Bm and fBm in the sense that its increments on nonoverlapping intervals are more weakly correlated and their covariance decays faster than for fBm. Properties of sfBm have been studied in [2] and [17, 18]. The process (1.5) with c = 1/2 is called the even part of fBm in [8], where it appears in a different context. We will show that K(s, t) is a covariance also for 2 < h ≤ 4 (degenerate for k = 4). Since the coefficient (2 − h) in K(s, t) changes sign from positive to negative as h passes from below to above 2, we call the process ζ for 2 < h < 4 a negative sub-fractional Brownian motion (nsfBm).

Note that in contrast to this extension of sfBm, in the case of fBm it is not possible to extend the covariance for Hurst parameter > 1 (the kernel is not positive definite). It turns out that nsfBm for any 2 < h < 4 is represented as the integral of the extended bfBm referred to above for k = h − 2 (with H = 1/2), i.e., with covariance

(s + t)^{h−2} − |s − t|^{h−2}. (1.6)

This implies that nsfBm is a semimartingale, as opposed to sfBm, which is not. We will also discuss other properties of nsfBm.

For 2 < h < 5/2, the covariance (1.4) is a limit of covariances of occupation time fluctuations of the branching particle system described above in the homogeneous case for d = 1 < α, with h = 3 − d/α (therefore it is a covariance), but this covariance does not correspond to the occupation time fluctuation limit of the particle system, because the system becomes extinct locally for d ≤ α [10]. For d = α there is a functional ergodic theorem [15]. On the other hand, the high-density occupation time fluctuation limits of the branching particle system obtained in [6] yield both sfBm for α < d < 2α and nsfBm for d < α. In this setup, the case d = α leads to a centered Gaussian process (η_t)_{t≥0} with covariance R(s, t) = Eη_sη_t, s, t ≥ 0, given by

R(s, t) = − ( s^2 log s + t^2 log t − 1 2 [(s + t)^2 log(s + t) + (s − t)^2 log |s − t|] ) (1.7)

[6], and we will also study this process. Although it has a similar interpretation to that of nsfBm regarding the particle system, it is not a semimartingale.

As we have seen, the processes described above arise in the limits of certain particle systems for some values of the parameters. It would be interesting to find particle systems that produce these processes also for the remaining values of the parameters.

We remark that there exist more general models that yield, in the limit, stable, self-similar, long-range dependence processes, which in the Gaussian case coincide with the processes above for some of their parameter values [2, 3].

The present paper was written separately from [5, 6] because it can be read independently. The results and the methods of proof in those papers refer to convergence of occupation times of particle systems.

Self-similar processes with long-range dependence have attracted much attention recently for their applications and their intrinsic mathematical interest (see e.g. [7, 16]). Therefore it seems worthwhile to investigate new processes of this type, and stochastic models where they arise.

2 Weighted fractional Brownian motion

2.1 Results

Let us recall the funtion Q defined by (1.1):

Q(s, t) =

∫_{s∧t} 0 u^a[(t − u)^b + (s − u)^b]du, s, t ≥ 0. (2.1)

We start by discussing conditions under which this function (symmetric, continuous) is the covariance of a stochastic process.

Theorem 2.1. The function Q defined by (2.1) is positive-definite if and only if a and b satisfy the conditions a > −1, −1 < b ≤ 1, |b| ≤ 1 + a. (2.2)

The proof of this theorem will be given in the next subsection.

Definition 2.2. The centered Gaussian process ξ = (ξ_t)_{t≥0} with covariance function (2.1) satisfying conditions (2.2) will be called weighted fractional Brownian motion (wfBm) with parameters a and b.

Remark 2.3. (a) It is immediately seen that for a = 0, ξ is the usual fBm with Hurst parameter^1_2 (b + 1) (up to a multiplicative constant).

(b) Analogously to the case of fBm, in our definition of wfBm we exclude b = 1. It is easy to see that for b = 1 (and a ≥ 0, according to Theorem 2.1), (2.1) is the covariance of the process

ξ_t =

∫_t 0 w_ra dr,

where w is a standard Bm.

(c) For b = 0, ξ is a time-inhomogeneous Bm.

In the next theorem we collect the main properties of wfBm.

Theorem 2.4. The weighted fractional Brownian motion ξ with parameters a and b has the following properties: (1) Self-similarity:

(ξ_{ct})_{t≥0}^d= (c^{(1+a+b)/2}ξ_t)_{t≥0} for each c > 0. (2) Second moments of increments: for 0 ≤ s < t,

E(ξ_t − ξ_s)^2 = 2

∫_t s u^a(t − u)^bdu, (2.3)

E(ξ_t − ξ_s)^2 ≤ C|t − s|^{b+1}, (2.4) if a ≥ 0, s, t ≤ T for any T > 0 with C = C(T ), and also if a < 0, s, t ≥ ε > 0 for any ε > 0, with C = C(ε);

E(ξ_t − ξ_s)^2 ≤ C|t − s|^{1+a+b}, s, t ≥ 0, (2.5) if a < 0, 1 + a + b > 0;

E(ξ_t − ξ_s)^2 ≥ C|t − s|^{b+1}, (2.6) if a > 0, s, t ≥ ε > 0 for any ε > 0 with C = C(ε) and also if a ≤ 0, s, t ≤ T for any T > 0 with C = C(T ).

(3) Path continuity: ξ is a continuous process with the only exception of the case a < 0, b < 0, a + b = −1, where ξ is discontinuous at 0. (4) Covariance of increments: For 0 ≤ r < v ≤ s < t,

Q(r, v, s, t) = E((ξ_t − ξ_s)(ξ_v − ξ_r)) =

∫_v r u^a[(t − u)^b − (s − u)^b]du, (2.7)

hence

Q(r, v, s, t)

> 0 if b > 0, = 0 if b = 0, < 0 if b < 0.

(5) Long-range dependence: For r, v, s, t as in (4),

lim_{T →∞} T^{1−b}Q(r, v, s + T, t + T ) = b a + 1

(t − s)(v^{a+1} − r^{a+1}). (2.8)

(6) Asymptotic homogeneity: The finite-dimensional distributions of the process (T^{−a/2}(ξ_{t+T} − ξ_T ))_{t≥0} converge as T → ∞ to those of fBm with Hurst paramter (1 + b)/2, multiplied by (2/(1 + b))^{1/2}.

(7) Short and long-time asymptotics:

lim_{ε↘0} ε^{−b−1}E(ξ_{t+ε} − ξ_t)^2 = 2 b + 1 t^a, (2.9)

lim_{T →∞} T^{−(1+a+b)}E(ξ_{t+T} − ξ_t)^2 = 2

∫_1 0 u^a(1 − u)^bdu. (2.10)

Hence ξ has asymptotically stationary increments for long time intervals, but not for short time intervals.

(8) ξ is not a semimartingale if b ≠ 0. (9) ξ is not Markov if b ≠ 0.

2.2 Proofs

Proof of Theorem 2.1 Firstly, we prove positive definiteness of Q in the case a > −1, −1 < b ≤ 0, a + b + 1 ≥ 0, (2.11) (see (2.2)). We have from (2.1) Q(s, t) = Q_1(s, t) + Q_2(s, t), where

Q_1(s, t) =

∫_{s∧t} 0 u^a((s ∧ t) − u)^bdu, Q_2(s, t) =

∫_{s∧t} 0 u^a((s ∨ t) − u)^bdu.

It suffices to show that both Q_1 and Q_2 are positive-definite. Q_1 can be written as Q_1(s, t) = (s ∧ t)^{1+a+b}

∫_1 0 u^a(1 − u)^bdu, so it is positive definite by (2.11). Next, since b ≤ 0 we can write Q_2 as

Q_2(s, t) =

∫_∞ 0 u^a[(s − u)^b ∧ (t − u)^b]11_{[0,s]}(u)11_{[0,t]}(u)du,

hence positive definiteness of Q_2 follows easily. Now assume that a > −1, 0 < b ≤ 1, b ≤ 1 + a. (2.12) From (2.1), Q can be transformed into

Q(s, t) = b

∫_s 0 ∫_t 0 (u ∧ r)^a|u − r|^{b−1}drdu, (2.13) hence it is clear that Q is positive-definite for b = 1 (note that (2.12) implies a ≥ 0 in this case).

Assume b < 1; then, from (2.13),

Q(s, t) = b

∫_s 0 ∫_t 0 (u ∧ r)^a(u ∨ r)^{b−1} ( 1 − u ∧ r u ∨ r

)_{b−1}

dudr.

Using the power series expansion of (1 − ·)^{b−1} we obtain

Q(s, t) = ∞∑ n=0 b Γ(1 − b + n) Γ(1 − b)n!

∫_s 0 ∫_t 0 (u ∧ r)^a(u ∨ r)^{b−1}

(u ∧ r)^n (u ∨ r)^n dudr.

Each summand is positive definite, since

(u ∧ r)^a(u ∨ r)^{b−1}(u ∧ r)^n(u ∨ r)^{−n} = u^ar^a(u^{b−1−a} ∧ r^{b−1−a})(u ∧ r)^n(u^{−n} ∧ r^{−n}) (we have used that b − 1 − a ≤ 0, by (2.12)). Hence Q is positive-definite in this case.

We will show that for the remaining values of parameters Q is not positive-definite (recall that Q is infinite if either a or b is ≤ −1). More precisely, we will prove that there exists t > 0 such that the covariance inequality

Q(1, t) ≤ (Q(1, 1)Q(t, t))^{1/2} (2.14)

does not hold. Indeed, for −1 < b < 0, a > −1, a + b + 1 < 0 and t ↘ 0, the left-hand side of (2.14) is of order t^{1+a+b} while the right-hand side is of order t^{(1+a+b)/2}. For a > −1, b > a + 1 and t ↗ ∞ the left-hand side of (2.14) is of order t^b and the right-hand side is of order t^{(1+a+b)/2}.

It remains to consider the case 1 < b ≤ a + 1. We show that (2.14) does not hold for t = 1 + ε, ε ↘ 0. Using convexity of the function x^b for b > 1, we have

Q(1, 1 + ε) ≥ 2

∫_1 0 u^a ( 1 + ε 2 − u )_b du = 2 ( 1 + ε 2 )_{a+b+1} ∫_{(1+ε/2)}−1 0 u^a(1 − u)^bdu ≥ 2 ( 1 + ε + ε^2 4 )_{(a+b+1)/2}[∫_1 0 u^a(1 − u)^bdu − ( ε 2 )_{b+1} 1 b + 1 ] . This implies

Q(1, 1 + ε) − (Q(1, 1)Q(1 + ε, 1 + ε))^{1/2}

= Q(1, 1 + ε) − 2(1 + ε)^{(a+b+1)/2}

∫_1 0 u^a(1 − u)^bdu ≥ 2 [(( 1 + ε + ε^2 4 )_{(a+b+1)/2}

− (1 + ε)^{(a+b+1)/2}

) ∫_1 0 u^a(1 − u)^bdu ]

− 1 2^b(b + 1) ( 1 + ε + ε^2 4 )_{(a+b+1)/2}

ε^{b+1} ≥ Aε^2 − Bε^{b+1} (2.15)

for some positive constants A, B. In the last estimate we have used the fact that a + b + 1 ≥ 2b > 2.

The right-hand side of (2.15) is strictly positive for ε sufficiently small, since b > 1, so (2.14) does not hold for such ε. □

Proof of Theorem 2.4

(1) Self similarity follows immediately from (2.1).

(2) Formula (2.3) is a direct consequence of (2.1), and (2.4) follows from (2.3). To prove (2.5), first observe that if a < 0, b ≥ 0, (2.3) implies

E(ξ_t − ξ_s)^2 ≤ 2 a + 1

|t − s|^b|t^{a+1} − s^{a+1}| ≤ 2 a + 1

|t − s|^{1+a+b}.

Next assume that a < 0, b < 0, 1 + a + b > 0. Fix any θ such that |a|/(1 + b) < θ < 1, and put p = θ/|a| and q = θ/(θ − |a|). For s < t, the Hölder inequality applied to (2.3) yields

E(ξ_t − ξ_s)^2 ≤ 2 (∫_t s u^{ap}du

)_{1/p}(∫_t s (t − u)^{bq} du

)_{1/q}

≤ C(t^{ap+1} − s^{ap+1})^{1/p}(t − s)^{(bq+1)/q} ≤ C(t − s)^{1+a+b},

since 0 < ap + 1 < 1.

The inequality (2.6) follows from (2.3).

(3) Path continuity of ξ is a consequence of (2.4) and (2.5). If a < 0, b < 0, a + b = −1, then

Eξ^2_t = 2

∫_1 0 u^a(1 − u)^bds for t > 0.

(4) Formula (2.7) follows from (2.1).

(5) The limit (2.8) can be easily obtained from (2.7). (6) For 0 ≤ s ≤ t, by (2.3) and (2.7) we have 1 T^a

E((ξ_{t+T} − ξ_T )(ξ_{s+T} − ξ_T )) = 1 T^a

∫_{s+T} T u^a((t + T − u)^b + (s + T − u)^b)du = ∫_s 0 ( u T + 1 )_a ((t − u)^b + (s − u)^b)du → 1 b + 1

(t^{b+1} + s^{b+1} − (t − s)^{b+1}) as T → ∞,

hence the assertion follows because ξ is Gaussian. (7) The proofs of (2.9) and (2.10) are very easy, so we omit them. (8) The non-semimartingale property follows from (2.4), (2.6) and Corollary 2.1 in [1]. (9) It is not hard to see that for b ≠ 0 the covariance (2.1) does not have the triangular property, so ξ is not Markovian (see [13], Proposition 13.7). □

3 Negative sub-fractional Brownian motion

3.1 Results

Let us recall the function K defined by (1.4):

K(s, t) = (2 − h) ( s^h + t^h − 1 2 [(s + t)^h + |s − t|^h] ) . (3.1)

We know that for 0 < h < 2 this is the covariance of a sub-fractional Brownian motion [2]. Now we consider the case h > 2.

Theorem 3.1. For 2 < h ≤ 4 there exists a centered Gaussian process ζ = (ζ_t)_{t≥0} with covariance (3.1). This process has a representation

ζ_t = ( 1 2 h(h − 1)(h − 2)

)_{1/2} ∫_t 0 ϑ_sds, (3.2) where ϑ is a centered continuous Gaussian process with covariance K_0(s, t) = (s + t)^{h−2} − |s − t|^{h−2}. (3.3) Definition 3.2. The process ζ described in Theorem 3.1 for 2 < h < 4 will be called negative sub-fractional Brownian motion (nsfBm) with parameter h.

Remark 3.3. (a) It is not difficult to see that (3.1) is not positive-definite if h > 4. Indeed, for t → ∞, K(1, t) is of order t^{h−2}, while K(t, t)^{1/2} is of order t^{h/2}.

(b) For h = 4, ζ_t = ct^2γ, where γ is a standard Gaussian random variable and c is a constant. (c) It is easy to see by a simple covariance calculation that the process ϑ appearing in Theorem 3.1 is equal in distribution to the process (ξ_t − ξ_{−t})_{t≥0}, where ξ is fBm with Hurst parameter (h − 2)/2 (defined for all −∞ < t < ∞). The process^1_2 (ξ_t − ξ_{−t})_{t≥0} is called the odd part of fBm in [8].

(d) For 2 < h < 4 the covariance of nsfBm can be written as

K(s, t) = h(h − 1)(h − 2)^2

∫_{s∧t} 0 ∫_s r ∫_t r (u + u^′ − 2r)^{h−3}du^′dudr. (3.4)

In the next proposition we gather basic properties of nsfBm.

Proposition 3.4. The negative sub-fractional Brownian motion ζ with parameter h has the following properties:

(1) ζ has continuously differentiable paths, hence it is a semimartingale. (2) Self-similarity:

(ζ_{ct})_{t≥0}^d= (c^{h/2}ζ_t)_{t≥0} for each c > 0. (3) Second moments of increments: for 0 ≤ s < t, E(ζ_t − ζ_s)^2 ≤ C|t − s|^2, if s, t ≤ T , for any T > 0 with C = C(T ); E(ζ_t − ζ_s)^2 ≥ C|t − s|^2, if s, t ≥ ε, for any ε > 0 with C = C(ε); E(ζ_t − ζ_s)^2 ≥ C|t − s|^h, for all s, t ≥ 0.

(4) Positive correlation of increments: For 0 ≤ r < v, 0 ≤ s < t, E((ζ_v − ζ_r )(ζ_t − ζ_s)) > 0.

(5) Long-range dependence: For 0 ≤ r < v ≤ s < t,

lim_{T →∞} T^{3−h}E((ζ_v − ζ_r)(ζ_{t+T} − ζ_{s+T} )) = h(h − 1)(h − 2)^2 2 (t − s)(v^2 − r^2).

(6) ζ is not Markov.

We omit the proof of this proposition, as it is easily obtained from (3.1) and (3.2). Integral representations of sfBm are given in [2]. Analogous results can be obtained for nsfBm from (3.2) and the known integral representations of fBm (see Remark 3.3 (c)). Let us recall the function R defined by (1.7):

R(s, t) = − ( s^2 log s + t^2 log t − 1 2 [(s + t)^2 log(s + t) + (s − t)^2 log |s − t|] ) , s, t ≥ 0; (3.5)

we already know that it is positive-definite.

The proximity of the process η = (η_t)_{t≥0} with covariance (3.5) to nsfBm is seen if we look at formula (3.4), since it easy to verify that (3.5) can be written as

R(s, t) = 2

∫_{s∧t} 0 ∫_s r ∫_t r (u + u^′ − 2r)^{−1}du^′dudr. (3.6)

It is also worthwhile to recall that nsfBm is related to a particle system for d < α, η corresponds to the borderline case d = α, and the case α < d < 2α leads to sfBm (see the Introduction). Some properties of η, such as self-similarity and long-range dependence, are analogous to those of nsfBm and are easy to obtain. Path continuity follows for example from [6]. The long-range dependence is given by

lim_{T →∞} T E((η_v − η_r)(η_{t+T} − η_{s+T} )) = (t − s)(v^2 − r^2),

0 ≤ r < v ≤ s < t. The most interesting property of η is the fact that, unlike nsfBm, η it not a semimartingale, so, in this sense η is closer to sfBm. We state this property as the next proposition.

Proposition 3.5. The process η is not a semimartingale.

3.2 Proofs

Proof of Theorem 3.1 Existence of the process ϑ follows from Remark 3.3 (c). From (3.1) we have

K(s, t) = 1 2 h(h − 1)(h − 2)

∫_t 0 ∫_s 0 K_0(u, v)dudv,

where K_0 is given by (3.3). Hence the theorem is proved. □

It is easy to show that K_0 is not positive-definite for h > 4, so the bfBm with H =^1_2 cannot be extended to k > 2.

Proof of Proposition 3.5 We will show that η has infinite variation on [0, 1], and its quadratic variation is zero.

From (3.6) for s < t, we obtain by elementary calculus

E(η_t − η_s)^2 =

∫_{t−s} 0 ∫_u 0 [log(2s + u + u^′) − log(u − u^′)] du^′du. (3.7)

We put s = k/n, t = (k + 1)/n, e^4 ≤ k ≤ n. Using log(2k/n) ≤ log(2k/n + u + u^′) ≤ log((2k + 2)/n) for 0 ≤ u, u^′ ≤ 1/n, it is not hard to see that (3.7) implies 1 2n^2 log k ≤ E(η_{(k+1)/n} − η_{k/n})^2 ≤ 1 n^2 log k. (3.8)

(The assumption k ≥ e^4 is used in the upper estimate, where we need to have that (log(2k + 2) + 2)/2 ≤ log k. The lower estimate holds for any k ≥ 1.) From the upper estimate in (3.8) we infer that

lim_{n→∞} n−1∑ k=0 E(η_{(k+1)/n} − η_{k/n})^2 = 0,

hence the quadratic variation of η cannot be different from 0. By the Gaussian property of η, (3.8) implies that

E|η_{(k+1)/n} − η_{k/n}| ≥ C

(log k)^{1/2} n . (3.9)

To show that the variation of η is infinite, we repeat the argument of the proof of Lemma 2.1 in [1]. By the 0 − 1 law for Gaussian processes, the variation on [0, 1] is either finite a.s. or infinite a.s. If it were finite a.s. (we denote it by |η|_1), then by the Fernique theorem [9] we would have E|η|_1 < ∞. On the other hand (3.9) implies that

E|η|_1 ≥ 1 n n−1∑ k=1 (log k)^{1/2} → ∞ as n → ∞.

Therefore |η|_1 = ∞ a.s. □

Acknowledgment We thank the hospitality of the Institute of Mathematics, National University of Mexico (UNAM), where this paper was written.

References

[1] T. Bojdecki, L.G. Gorostiza and A. Talarczyk, Fractional Brownian density process and its self-intersection local time of order k, J. Theor. Probab. 17 (2004), 717-793. MR2091558

[2] T. Bojdecki, L.G. Gorostiza and A. Talarczyk, Sub-fractional Brownian motion and its relation to occupation times, Stat. Prob. Lett. 69 (2004), 405-419. MR2091760

[3] T. Bojdecki, L.G. Gorostiza and A. Talarczyk, Limit theorems for occupation time fluctuations of branching systems I: Long-range dependence, Stoch. Proc. Appl. 116 (2006), 1-18. MR2186101

[4] T. Bojdecki, L.G. Gorostiza and A. Talarczyk, A long range dependence stable process and an infinite variance branching system, Ann. Probab. 35, no. 2, (2007), 500–527.

[5] T. Bojdecki, L.G. Gorostiza and A. Talarczyk, Occupation time limits of inhomogeneous Poisson systems of independent particles, Stoch. Proc. Appl. (to appear).

[6] T. Bojdecki, L.G. Gorostiza and A. Talarczyk, Self-similar stable processes arising from high density limits of occupation times of particle systems, in preparation.

[7] P. Doukhan, G. Oppenheim and M.S. Taqqu (eds.), Theory and Applications of Long Range Dependence, Birkhäuser, Boston, 2003. MR1956041

[8] K.O. Dzhaparidze and J.H. van Zanten, A series expansion of fractional Brownian motion, Probab. Theory Rel. Fields 130 (2004), 39-55. MR2092872

[9] X. Fernique, Intégrabilité des vecteurs gaussiens, C.R. Acad. Sci. Paris Sér. A 270 (25) (1970), 1698-1699. MR0266263

[10] L.G. Gorostiza and A. Wakolbinger, Persitence criteria for a class of critical branching particle systems in continuous time, Ann. Probab. 19 (1991), 266-288. MR1085336

[11] C. Houdré and J. Villa, An example of infinite-dimensional quasi-helix, in Stochastic Models, Contemporary Mathematics 366, Amer. Math. Soc., Providence, RI, 2003, pp. 195-201. MR2037165

[12] I. Iscoe, A weighted occupation time for a class of measure branching processes, Probab.

Theory Rel. Fields 71 (1986), 85-116. MR0814663

[13] O. Kallenberg, Foundations of Modern Probability, Second Edition, Springer, 2002.

MR1876169

[14] F. Russo and C. A. Tudor, On bifractional Brownian motion, Stoch. Proc. Appl. 116 (2006), 830-856. MR2218338

[15] A. Talarczyk, A functional ergodic theorem for the occupation time process of a branching system, (submitted).

[16] M.S. Taqqu, Self-similarity and long-range dependence, 10th Brazilian School of Probability and 2006 Annual Meeting of the Institute of Mathematical Statistics, IMPA, Rio de Janeiro, August, 2006.

[17] C. Tudor, Some properties of the sub-fractional Brownian motion, preprint.

[18] C. Tudor, Inner product spaces of integrands associated to sub-fractional Brownian motion, preprint.

[19] C.A. Tudor and Y. Xiao, Sample path properties of bifractional Brownian motion, Math.

ArXiv PR/0606753.