Elect. Comm. in Probab. 13 (2008), 187–193 ELECTRONIC COMMUNICATIONS in PROBABILITY

CORNERS AND RECORDS OF THE POISSON PRO- CESS IN QUADRANT

ALEXANDER V. GNEDIN Department of Mathematics, Utrecht University, Postbus 80010, 3508 TA Utrecht, The Netherlands.

email: gnedin@math.uu.nl

Submitted November 3, 2007, accepted in final form March 10, 2008

AMS 2000 Subject classification: Primary 60G70, Secondary 60G5 Keywords: k-records, k-corners, self-similar Poisson process, Ignatov’s theorem

Abstract

The scale-invariant spacings lemma due to Arratia, Barbour and Tavaré establishes the distributional identity of a self-similar Poisson process and the set of spacings between the points of this process. In this note we connect this result with properties of a certain set of extreme points of the unit Poisson process in the positive quadrant.

1 Introduction

For fixed k > 0 let T^{(k)} be the self-similar (or scale-invariant) Poisson point process on R_+, with intensity function k/t. Let S^{(k)} be the point process of spacings in T^{(k)}, meaning that the generic point of S^{(k)} is a difference t − s, where t > s are some consequitive points of T^{(k)} (so [s, t] ∩ T^{(k)} = {s, t}). The scale-invariant spacings lemma due to Arratia, Barbour and Tavaré [2, Lemma 7.1] asserts that

the ABT lemma : S^{(k)} =_d T^{(k)}. (1)

In this note we re-derive this remarkable result from the perspective of the theory of records, and connect it with the circle of ideas around Ignatov’s theorem [7, 10, 11, 15, 17]. We choose the framework of the Poisson point process in the positive quadrant since this setting is very geometric and allows us to exploit various symmetry properties of the Lebesgue measure. The connection between k-records and k-corners in Proposition 6 and the intensity formula (5) are new.

See [2, 3, 13, 14] for other occurrences of the self-similar Poisson process in combinatorial probability. 187

2 Corners and records

Let P be the Poisson point process in R^2_+ with unit intensity. All point processes considered here have no multiple points, a feature which enables us to treat these processes as random sets rather than counting measures. We shall interpret an atom a = (t, x) ∈ P as the value x observed at time t. With probability one no two atoms of P lie on the same vertical or horizontal line, hence there is a one-to-one correspondence between observation times and observed values. The coordinate projections will be denoted τ(a) = t and ξ(a) = x. The process P is locally finite, however this does not apply to its projections: for every interval ]s, t[ (0 < s < t) there are infinitely many atoms with τ(a) ∈ ]s, t[ , and for every interval ]x, y[ (0 < x < y) there are infinitely many atoms with ξ(a) ∈ ]x, y[ . For k a positive integer, a point a ∈ R^2_+ is said to be a k-corner of P if

(I) either a ∈ P and there are k − 1 points b ∈ P strictly south-west from a,

(II) or a /∈ P, there are k − 2 points b ∈ P strictly south-west from a (i.e. in the open south-west quadrant with apex a), a point c ∈ P strictly west from a and a point d ∈ P strictly south from a.

To interpret the definition geometrically, suppose a light source allocated at point a ∈ R^2_+ illuminates the area south-west from a including the edges. Generate a rectangular grid, dense in the quadrant, by drawing all vertical and horizontal lines through atoms of P. The k-corners are the points a of the grid which illuminate exactly k atoms of P.

We denote C^{(k)} the set of k-corners and denote R^{(k)} its subset defined by the condition (I) alone. Obviously, C^{(1)} = R^{(1)}, but for k > 1 the inclusion R^{(1)} ⊂ C^{(1)} is strict almost surely. Following [15] we call the points a ∈ R^{(k)} k-records. For a ∈ P the initial rank of a is one bigger the number of atoms b ∈ P strictly south-west from a, hence a k-record is an observation of initial rank k.

Notably, τ(C^{(k)}) =_d ξ(C^{(k)}) and τ(R^{(k)}) =_d ξ(R^{(k)}). This is seen from the fact that the reflection (t, x) → (x, t) about the bisectrix preserves both the coordinatewise partial order and the Lebesgue measure, hence preserves the law of P.

Let M^{(k)}_t be the k-th smallest value observed before t, which is the k-th minimal point of the Poisson process {ξ(a) : a ∈ P ∩ ([0, t] × [0, ∞[)}. It is easily seen that (M^{(k)}_t , t > 0) is a nonincreasing piecewise-constant càdlàg process, whose flats start at the k-corners of P. Indeed, M^{(k)}_t < M^{(k)}_{t−} means that there is an atom (t, x) ∈ P with t ∈ τ(∪_{i≤k} R^{(i)}); then x = M^{(k)}_t if (t, x) is a k-record, and M^{(k)}_t = M^{(k−1)}_{t−} if the initial rank of (t, x) is less than k. Furthermore, if (t, x) ∈ P is a j-record for j < k then M^{(k)}_t > x and M^{(k)}_s = x for s the time of the (k − j)th observation in ]t, ∞[ ×[0, x]. It follows that ξ(∪_{j≤k} R^{(j)}) = ξ(C^{(k)}), and by symmetry also that τ(∪_{j≤k} R^{(j)}) = τ(C^{(k)}). However, despite the coincidence of projections, the point processes C^{(k)} and ∪_{j≤k} R^{(k)} are very different.

Remark 1. The term ‘k-record’ in the existing literature is ambiguous. By some authors

(see e.g. [16]) a k-record is a new value of the kth minimum caused by an observation of the initial rank at most k, and this corresponds to the historically first usage of the term in [9]. By other authors (especially in the work on Ignatov’s theorem, see [7] for a survey) a k-record is an observation of the initial rank exactly k. According to [1], these are k-records of types 2 and 1, respectively. Looking in the earlier work on the order properties of multivariate samples [4], the k-records (in the sense of [7], or of type 1 in [1]) correspond to ‘the kth layer 3rd quadrant admissible points’. Thus our k-records are as in [7, 17] (hence type 1 in [1]), while our k-corners are the ‘k-records’ in the sense of [16] (hence type 2 in [1]).

3 Projections and intensity

The process (M^{(k)}_t , t > 0) is Markovian, with a familiar kind of dynamics [5, 6, 10, 11, 12]. Given M_t = x, the residual life-time in x is E/x and the new state when the transition occurs is Bx, where the random variables E and B are independent, E is exponential(1), and B is beta(k, 1) with density P(B ∈ dz) = kz^{k−1}dz z ∈ [0, 1]. (2)

The marginal distributions have gamma densities

P(M^{(k)}_t ∈ dx) = e^{−tx}(tx)^{k−1}tdx Γ(k)

, x > 0. (3)

A self-similarity property

(cM^{(k)}_t , t > 0) =_d (M^{(k)}_{t/c} , t > 0), c > 0 (4)

follows from the invariance of the Lebesgue measure under the hyperbolic shifts (t, x) → (t/c, cx). The process ‘enters from infinity’, i.e. has the asymptotic initial value M^{(k)}_{0+} = ∞, and has the asymptotic terminal value M^{(k)}_{∞−} = 0.

In the following result, the assertion about τ(R^{(1)}) is an instance [17, Proposition 4.9], while the last claim is a specialisation of Ignatov’s theorem in the form of [15, Corollary 5.1].

Proposition 2. The point processes τ(R^{(k)}) for k = 1, 2, . . . are iid Poisson, each with

intensity 1/t. The process τ(C^{(k)}) is Poisson with intensity k/t. The analogous facts are true for ξ(R^{(k)}) and ξ(C^{(k)}).

Proof. Fix t and let a_1, a_2, . . . be the points of P ∪ ([0, t] × [0, ∞[) labelled by increase of their x-values M^{(1)}_t , M^{(2)}_t , . . .. Because the initial rank of a_k is equal to #{i : i ≤ k, τ(a_i) ≤ τ(a_k )}, the processes τ(R^{(k)}) ∩ [0, t] for k = 1, 2, . . . are completely determined by the time projections (τ(a_k ), k ∈ N), hence they are jointly independent of the x-projections (M^{(k)}_t , k ∈ N). On the other hand, the initial ranks of observations after t depend on P ∩ ([0, t] × [0, ∞[) only through (M^{(k)}_t , k ∈ N), from which follows that the multivariate point process (τ(R^{(k)}), k ∈ N) on R_+ has independent increments, meaning that its restrictions to disjoint intervals are independent (a property also called complete independence in [8]). The intensity of each τ(R^{(k)}) is readily identified as 1/t since an observation of initial rank k occurs in [t − dt, t] precisely when a_k arrives on this interval, and since the law of τ(a_k ) is uniform[0, t]. It follows that each τ(R^{(k)}) is a self-similar Poisson process with intensity 1/t. The multivariate process (τ(R)^{(k)} , k ∈ N) is simple, hence by a standard result from the theory of point processes [8, p. 205] the component processes τ(R^{(k)})’s are jointly independent.

By symmetry about the bisectrix the above is extended to k-record values. Superposing k iid Poisson processes yields the result about τ(C^{(k)}) = ∪_{j≤k} τ(R^{(j)} ), and finally this is extended to ξ(C^{(k)}) by symmetry.

Remark 3. Ignatov’s theorem in its classical form asserts that the point processes of k-

record values, derived from an iid sequence (with some distribution function F ) are iid. By application of the probability integral transform, the case of arbitrary continuous F is reducible to the instance of F being uniform[0, 1]. In its turn, the uniform case is readily covered by Proposition 2, because the values of the observations in the strip P ∩ ([0, ∞[ ×[0, x]), arranged in their time-order, are iid uniform[0, 1]. For continuous F , this argument for Ignatov’s theorem seems to be the shortest known. Note that the symmetry between record values and record times is lost if the Lebesgue measure dtdx in the quadrant is replaced by any other dt · ν(dx) in R_+ × R with nonatomic, sigma-finite ν such that ν[−∞, x] < ∞ for x ∈ R.

Lemma 4. Conditionally given (M^{(k)}s , s ≤ t), the vector (M^{(1)}_t , . . . , M^{(k−1)}_t ) is independent

of the observation times (τ(R^{(j)} ) ∩ [0, t], j ∈ N) and has the same law as the vector of k − 1 minimal order statistics sampled from the uniform distribution on [0, M^{(k)}_t ].

Proof. Condition on the location of the last k-corner before t, say (u, x). We have P ∩ ( ]u, t[ ×[0, x]) = ∅. The rectangular grid spanned on k points involved in the definition of (u, x) is distributed like the product grid generated by k − 1 order statistics from uniform[0, u] and independent k − 1 order statistics from uniform[0, x]. The grid and the processes P ∩ (]t, ∞] × [0, x]), P ∩ ([0, t]× ]x, ∞]) are jointly independent, which readily yields the result, because (M^{(k)}s , s ≤ t) is determined by P ∩ ([0, u]× ]x, ∞]), and (τ(R^{(j)}) ∩ [0, t], j ∈ N) is determined by P ∩ ([0, u]× ]x, ∞]) and the τ-projection of the grid.

Remark 5. The kth sample from the uniform distribution hits each of the k spacings

generated by k − 1 order statistics with probability 1/k. Thus Lemma 4 implies that each τ(R^i) is a pointwise Bernoulli thinning with probability 1/k of the process τ(C^{(k)}), for any k ≥ i. Once the independence of increments of the superposition process τ(C^{(k)}) = ∪_{i≤k}τ(R^{(i)}) is acquired, these facts can be used to avoid the most subtle part of our proof of Proposition 2: the reference to the general result that the independence of increments of a multivariate process and simplicity imply independence of the marginal point processes.

We compute next the density p_m(a_1, . . . , a_m) of the event that there are m k-corners at locations a_1 = (t_1, x_1), . . . , a_m = (t_m, x_m), with t_1 < . . . < t_m, x_1 > . . . > x_m, and no further k-corners occur between t_1 and t_m. This event occurs when M_{t1−} = x for some x > x_1 and the process at time t_1 decrements to x_1, then spends the time t_2 − t_1 at x_1, then decrements to x_2 and so on, hence the infinitesimal probability of the event in focus is 1 Γ(k)

∫_∞

x_1

(t_1x)^{k−1}e^{−t1x}t_1dx (xdt_1) k

(x_1 x )_{k−1} dx_1 x x_1e^{−(t2−t1)x1} dt_2 k ( x_2 x_1

)_{k−1} dx_2 x_1

· · ·

x_{m−1}e^{−(tm−tm−1)xm−1} dt_m k ( x_m x_{m−1}

)_{k−1} dx_m x_{m−1} , which after massive cancellation results in

p_m(a_1, . . . , a_m) = k^m Γ(k)

(t_1x_m)^{k−1} exp [ −x_1t_1 − (t_2 − t_1)x_1 − . . . − (t_m − t_{m−1})x_m) ] . (5)

The expression in the right-hand side is invariant under the substitution t_1 ↔ x_m, . . . , t_m ↔ x_1, which is equivalent to our observation that the law of C^{(k)} is preserved by the reflection about the bisectrix.

The m = 1 instance of (5) is the intensity of C^{(k)},

p_1(t, x) = k Γ(k)

(tx)^{k−1}e^{−tx}, (6)

which being compared with the (obvious) intensity function (tx)^{k−1}e^{−tx}/Γ(k) of the k-record process R^{(k)} makes us wonder where the factor k is coming from. The structure of the processes R^{(k)} (which are neither independent nor identically distributed) is apparently more complex than that of C^{(k)}’s. In particular, the process (R^{(k)}_t , t > 0) of the value of the last k-record observed before t is not even Markovian for k > 1: the law of the life-time at value x is that of the (infinite-mean) random sum x^{−1}(E_1 + . . . + E_N ), where all variables are independent, E_j ’s are unit exponential, and N is the first success time in a series of Bernoulli trials with ‘harmonic’ success probabilities 1/k, 1/(k + 1), . . . (explicitly, P(N = n) = 1/((n + 1)(n + 2)) for k = 2, but no simple formula exists for k > 2). Still, R^{(k)} can be accessed through C^{(k)}:

Proposition 6. The law of R^{(k)} is that of a pointwise Bernoulli thinning of C^{(k)} with

probability 1/k.

Proof. Like the thinning argument in Remark 5, this is a consequence of Lemma 4.

This explains, of course, the factor k in (6).

4 An argument for the ABT lemma

By Proposition 2 we can identify T^{(k)} with τ(C^{(k)}) and S^{(k)} with the set of life-times of (M^{(k)}_t , t > 0). Let J^{(k)} be a planar process having points (s, x) where x ∈ ξ(C^{(k)}) and s is the life-time of (M^{(k)}_t , t > 0) at x. Because the projection ξ(C^{(k)}) is a Poisson process, we conclude that J^{(k)} is a marked Poisson process (same as the one denoted R in [2, p. 47]) with intensity (k/x)(xe^{−sx}) = ke^{−sx}; therefore by symmetry of the intensity τ(J^{(k)}) =_d ξ(J^{(k)}) =_d ξ(C^{(k)}), and (1) now follows from Proposition 2.

A novelty of this argument is in exploiting the distributional identity of two projections of C^{(k)}. This allowed us to avoid the computational part of the proof in [2], where one needed to derive the Poisson character of the process T^{(k)} from its definition by partial summations over J^{(k)}.

Our proof of (1) based on the k-corners of the unit Poisson process in R^2_+ works only for integer k. For general k > 0 one can argue by interpolation from the integer values, since all distributions involved depend on the parameter k analytically.

An alternative approach for arbitrary k > 0 is to directly define a self-similar Markov process (M^{(k)}_t , t > 0) with transitions as described in Section 3 and marginal distributions (3), see [6] (to fit exactly in the framework of [6], one should consider the reciprocal process 1/M^{(k)}_t which ‘enters from 0+’). The consistency of such definition amounts to checking, by means of a moments formula (see e.g. [12, Equation 8]), that beta(k, 1) distribution for B indeed corresponds to the gamma marginals (3). From this description of the process, one can derive (5) and from this conclude about the t ↔ x symmetry of the graph of t → M^{(k)}_t .

Analogous self-similar processes can be constructed for more general distributions of the stickbreaking factor like our B. The case of beta distribution (2) is, in fact, very special in that only for this distribution of B the set of jump-times (and the range) of a self-similar process is Poisson, see [12, Proposition 8].

Acknowledgement The author is indebted to a referee for helpful remarks.

References

[1] Arnold, B.C., Balakrishnan, N. and Nagaraja, H.N. (1998) Records, Wiley, New York.

MR1628157

[2] Arratia, R., Barbour, R.D. and Tavaré, S. (2006) A tale of three couplings: Poisson- Dirichlet and GEM approximations for random permutations, Combin. Probab. Comput. 15, 31-62. MR2195574

[3] Arratia, R., Barbour, R.D. and Tavaré, S. (1999) The Poisson-Dirichlet distribution and the scale invariant Poisson process, Combin. Prob. Comp. 8, 407-416. MR1731976

[4] Barndorff-Nielsen, O. and Sobel, M. (1966) On the distribution of the number of admissible points in a vector random sample, Th. Probab. Appl. 11, 283-305. MR0207003

[5] Bertoin, J. (2006) Random fragmentation and coagulation processes, Cambridge Univ.

Press. MR2253162

[6] Bertoin, J. and Caballero, M.-E. (2002) Entrance from 0+ for increasing semi-stable Markov processes, Bernoulli 8, 195-205. MR1895890

[7] Bunge, J. and Goldie, C.M. (2001) Record sequences and their applications, In Handbook of Statistics vol. 19 (Shanbhag, D.N. and Rao, C.R. eds) 277-308. MR1861727

[8] Dayley, D.J. and and Vere-Jones, D. (1988)An introduction to the theory of point processes, Springer, NY. MR0950166

[9] Dziubdziela, W. and Kopocinsky, B. (1976) Limiting properties of the kth record values, Zastos. Mat. 15, 187-190. MR0420788

[10] Gnedin, A. (2004) Best choice from the planar Poisson process, Stoch. Proc. Appl. 111, 317-354. MR2056541

[11] Gnedin, A. (2007) Recognising the last record of a sequence, Stochastics 79, 199-209.

MR2308071

[12] Gnedin, A. (2007) The chain records, Elec. J. Probab. 12, 767-786. MR2318409

[13] Gnedin, A. and Pitman, J. (2005) Markov and selfsimilar composition structures, Zapiski POMI (St. Petersburg Dept. Steklov Math. Inst. 326, 59-84. MR2183216

[14] Gnedin, A. and Pitman, J. (2007) Poisson representation of a Ewens fragmentation process, Combin. Probab. Comput. MR2351686

[15] Goldie, C.M. and Rogers, L.C.G. (1984) The k-record processes are iid, Prob. Th. Rel.

Fields 67, 197-211. MR0758073

[16] Nevzorov, V.B. (2001) Records: mathematical theory, Transl. Math. Monographs 194, Amer. Math. Soc., Providence RI. MR1791071

[17] Resnick, S.I. (1987) Extreme values, regular variation, and point processes, Springer, NY.

MR0900810