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SOLUTION TO A SYSTEM OF EQUATIONS MODELLING
COMPRESSIBLE FLUID FLOW WITH CAPILLARY STRESS
EFFECTS

DIANE L. DENNY

ABSTRACT. We study the initial-value problem for a system of nonlinear equa-
tions that models the flow of a compressible fluid with capillary stress effects.
The system includes hyperbolic equations for the density and for the velocity,
and an algebraic equation (the equation of state) for the pressure. We prove
the existence of a unique classical solution to an initial-value problem for this
system of equations under periodic boundary conditions. The key to the proof
is an a priori estimate for the density and velocity in a high Sobolev norm.

1. INTRODUCTION

We begin by considering a system of equations which arises from a model of
the multi-dimensional flow of a compressible fluid with capillary stresses. When
viscosity is neglected, the model consists of the following equations:
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where p is the density, p is the pressure, and v is the velocity. Here c is a coef-
ficient of capillarity which is a small, positive constant. The material derivative
D/Dt =090/0t+v-V. The term ¢VAp is due to capillary stresses, from the theory
of Korteweg-type materials described by Dunn and Serrin [5]. The fluid’s thermo-
dynamic state is determined by the density p, and the pressure p is then determined
from the density by an equation of state p = p(p). A derivation of the model’s equa-
tions appears in [4]. Anderson, McFadden and Wheeler [I] have reviewed related
theories, as well as applications to diffuse-interface modelling. Other researchers
have proven the existence of solutions to other versions of this model which include
viscosity and an evolution equation for temperature (see, e.g., [2] 8, [0 [10]). To our
knowledge, this system of equations for inviscid fluid flow with capillary stresses
has not been previously studied.
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With the change of variables

u=pv,
the system of equations becomes
Ip
F__y. 1.1
5 u (L.1)
du —1 -2
- =- -Vu+ -V
5 = P w Vutp(u-Vpu (12)

—p NV -u)u— Vp+cpVAp

Let p=p—|Q7t Jo pdx. We assume that p is small. Since the capillary coefficient
c is very small, we assume that cp is neglibly small, and we will approximate the
capillary stress term as follows:

CpVAp:C<ﬁ+|Q‘71/deX)VAp%C(|Q‘71/deX)VAp

Then using the equation of state for the pressure, we make the following approxi-
mation to equation (1.2)):
Ou
S5 = P wVutp i (u- Vpju—pnH(V-wu—p'(p)Vp
+c (1917 [, pdx) VAp (1.3)

The purpose of this paper is to prove the existence of a unique classical solution
u, p to the initial-value problem for equations , , for 0 <t < T, using
periodic boundary conditions. Hence, we choose for our domain the N-dimensional
torus TV, where N = 2 or N = 3. We will show that a unique solution exists,
provided that T||Dugl|s and T||Vpo||s+1 are sufficiently small, where ug, po is the
given initial data.

2. EXISTENCE THEOREM

In this section, we prove the existence of a unique classical solution to the initial-
value problem for equations 7 with periodic boundary conditions.

We will be using the Sobolev space H*(2) (where s > 0 is an integer) of real-
valued functions in L?(2) whose distribution derivatives up to order s are in L?(Q),
with norm given by | f|1? = 32, <, Jo [D* f|?dx. We use the standard multi-index
notation. We will be using the standard function spaces L>([0,T], H*(€)) and
C([0,T),H?(2)). L*°([0,T], H?(9)) is the space of bounded measurable functions
from [0, T] into H*(), with the norm || f||2 ; = esssupg<,<p || f(£)]2.

The set C([0,T], H*(R2)) is the space of continuous functions from [0, 7] into
H*(€2). We will also be using the notation |f|re 7 = esssupg<;<r |f(t)|1(0)-

Theorem 2.1. Let po(x) = p(x,0) € H*T2(Q), up(x) = u(x,0) € H*TL(Q) be
the given initial data, with s > % +1, and Q = TN, with N =2 or N = 3. Let
maz {|po|Lee, |uo|r=} < Lo, for some positive constant Lo. Let p = p(p) be a given
equation of state for the pressure p as a function of p. We assume that p is a
sufficiently smooth function of p for any p € G, where G C R is an open set. We
assume that in G, p is positive and p'(p) is positive. We fix convez, bounded open
sets Go and G1 such that Gy C G1 and G1 C G, and we require that the initial data

satisfy po(x) € Go, for all x € Q. Then the initial-value problem for (1.1]), (1.3)
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with Q = TN has a unique, classical solution p, u for 0 < t < T, where p € Gy,
and

p € C([0,T],C3(Q)) N L>([0,T], H**(2))
ue O([0, 7], C*(Q) N L=([0, 7], H ()
provided T||Dug||s and T||Vpolls+1 are sufficiently small.

Proof. The proof of the theorem is based on the method of successive approxima-
tions, in which an iteration scheme, based on solving a linearized version of the
equations, is designed and convergence of the sequence of approximating solutions
is sought. Convergence of the sequence is proven in two steps: first, we prove the
uniform boundedness of the approximating sequence {p*}, {u*}, in a high Sobolev
norm, and then we prove contraction of the sequence in a low Sobolev norm. Stan-
dard compactness arguments complete the proof. ([

We will construct the solution of the initial-value problem for (1.1)), (1.3)) with
Q = T¥ through the following iteration scheme. Set p°(x,t) = po(x), and u®(x,t) =

ug(x). For k =0,1,2,.... construct p**1, uf*! from the previous iterates p*, u®

by solving
apk+l &
=-V.ut! 2.1
5 u (2.1)
dutt! Ey—1. k k+1 ky—2_ k k41 k ky—1 k+1y, .k
5 = () T Va4 (pF) Put - vt e — () (V- 02)
2.2

— (PR C(L/ pkdX)VApk+1
€2 Ja

with initial data p*+1(x,0) = po(x), u¥T1(x,0) = ug(x).

Existence of a solution to equations , for fixed k is proven in Appendix
A. The a priori estimates used in the proof are proven in Appendix B. We proceed
now to prove convergence of the iterates as k — 0o to a unique, classical solution
of (1), (3

Since p*(x,0) = po € Gy, where Gy C G and G| C G, we fix § = S(Gl) so that
if |p— polr=.17 < 6, then p € G1. And we fix ¢; = ¢1(G1) > 0 and ca = é2(G1) > 0,
where ¢; < 1, so that ¢; < p < ¢z and ¢; < p(p) < ¢z for p € G.

Next, we proceed with the proof of uniform boundedness of the approximating
sequence in a high Sobolev norm.

Proposition 2.2. Assume that the hypotheses of Theorem hold. Let 0, R
be given positive constants. Then there are constants L1, Lo, such that for k =
0,1,2,3... the following estimates hold

(a) [IVo*lls,r < La, [Ap*[lsr < Ly, |[DU*|lsr < Li;

() 1p* = polr=r <6, [u¥ —uglr~ 1 < R;

(©) ¥l < Lu, 0¥l < Lu;

k k

(d) H%HS,T < Ly, | %Hs—l,T < Lo

provided T'||Dugl|s and T||Vpol|s+1 are sufficiently small.

Proof. The proof is by induction on k, of which we show only the inductive step. We
will derive estimates for p**! and u**!, and then use these estimates to prescribe
Ly and Ly a priori, independent of k, so that if p* and u* satisfy (a)-(d), then pF+1
and uf*1! also satisfy (a)—(d).
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From the statement of the theorem, we have max {|po|p~,|uo|r~} < Lo, for
some positive constant L. By the induction hypothesis, we have |uk7u0|Loo,T <R.
It follows that |uk|Loo7T < |uglp~ + R < Lo + R < c¢3, for some constant ¢z > 1
which depends on Ly and R. Then applying Lemma [B.2] from Appendix B to

equations (2.1)—(2.2), where we let F = 0 and Qg = 0 in equation (B.2)) of Lemma
yields the estimate

D Y2+ [V 2+ A

(2.3)
< Cy(1+ C4E4Te " T (| Dug||2 + [V pol241)

where Cy = Cy(s, ¢, c1,c2,c3), where s > % + 1 with N = 2 or N = 3, so that
s > 3, and where from Lemma [B2]

Ky ZmaX{l, H(pk)_l||§+1,T|‘uk||§+1,T7 HP’(P’C)”LLT, H(pk)_2”§+1,THuk||§+1,T7

(o 20 16" BBy 10 ez, ||(p'(Pk))t||2,T}

%,T”uk

We estimate Ky < Cg, where the constant Cg = C’ﬁ(cl,Ll,Lg), by the induction
hypothesis. Then after using this estimate for K4 in equation (2.3)), we obtain

[ DA |2 + [V |2 + | AphTH 2
< Cy(1 + C4CTe T (|| Duoll2 + [[Vpol|241) (2.4)
= (Ca+ C7Te“ ™) (| Dug |12 + ([ Vpol241)

where C; = 6’7(3, ¢, c1,C2,¢3, L1, La). Recall that Cy does not depend on Ly or L.
Therefore, it follows that

DU 2 7 + (VM HE 7+ 12052 7 < L3
provided that we choose L large enough so that

L2
5 = Call Dwoll? + 1V poll40), (2.5)
and provided that T||Dug||s and T'||Vpgl|s4+1 are sufficiently small so that
CrT 2 2 L
CrTe™™ ([ Duolls + [V pollsr) < - (2.6)

Thus, either the time interval 0 < ¢ < T is chosen to be sufficiently small, or the
norms of the initial gradients, ||Dugl|s and ||V pol|s+1, are sufficiently small, or both
are small. This completes the proof of part (a).

Next, from for p*+1, we have

t T
P =l < [l < C [Vt s
0 0

< CT||Dut o r (2.7)

1/2
< CT((Ca+ O ) (| Dug 12 + Vo [241) )
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Similarly, from equation ([2.2]), we obtain

t
|uk+1—u0\§/ |uf+1|LoodT
0
T
<c / 16%) o[l ot [ DUy dr
T
[ 108 P 2 VA aadr
0
T

ky—1 k k1
4 [ el a9 2.8

T
e / 18 (01 IV sl
T
1
+C c —/ prdx ) VAP || _1dr
0 | (|Q| Q ) o1

< GT(IDU o + [V oz + 1805 )
1/2
< 3CST((Ca + CrTe ) (| Duol2 + [Vpol12,1))

where Cs = Cs(s, ¢, ¢1, ¢, Ly). It follows from (2.7)), ([2.8) that
|ph

|uk+1

— polr=r <0,
—wlper <R
provided that T||Dug||s and T'||Vpo|ls+1 are small enough to satisfy

1/2
CT ((Cy + CrTe ) (| Do 2 + [ Vpoll2,1)) <6 (2.9)

and provided that T||Dugl|s and T'||Vpol|s+1 are small enough to satisfy

1/2
3CST((Ca + T )(|[ Dugl2 + |V pol124)) < R (2.10)

This completes the proof of part (b).

Using the fact that max {|po|r=,|uo|r=} < Lo, and the result just obtained
for part (b), it follows that |p**!e 7 < |polre~ + 30 < Lo+ 6 and |[ub e 7 <
|ug|r~ + R < Lo + R. Therefore, we have

1P o < 120" oo < QY2 (Lo +6) < Ly

and
||uk+1|

o < QY2 pe 7 < QY2 (Lo + R) < Iy
provided that we choose L; large enough so that

Ly > |Q)Y2(Lo + 0) (2.11)
and we choose L; large enough so that

Ly > |QY%(Lo 4+ R) (2.12)

This completes the proof of part (c¢). Since ||[Vp*|2,, , < C|Ap*||Z, when
Q0 = TV (a proof appears in [3]), it follows from parts (a) and (c) that p**! €
L (0, T), H™+2).
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Finally, using equations (2.1)), (2.2), and using the results just obtained in parts
(a) and (c), we can directly estimate

lpE ™ ls,r < Coy  Juf ™ ls—17 < Cro
where Cg = C’g(s,Ll) and C1g = C’lo(s,c7 c1,L1). Therefore, ||pt+1||5 7 < Ly and
[uf T s_17 < Ly provided we choose Ly large enough so that
Ly > Cy, Lo >Chy (2.13)
This completes the proof of part (d).
Summarizing, if we fix Ly, Lo, a priori and independent of k, so that , ,

@.9), @.10), @-11), 2.12), [2.13) are satisfied, then p¥ and u* satisfy (a)—(d) for
all k > 0. This completes the proof. (I

Next, we give the proof of contraction in low norm.

Proposition 2.3. Assume that the hypotheses of Theorem[2.1 hold. Then it follows
that

S P = oM l5r + 0 —u¥)3 1) < oo
k=1
Proof. Subtracting (2.1)), (2.2) for p*, u* from ([2.1)), (2.2) for p*+1, u**+! yields
E+1 _ ok
w = -V (uF! —ub), (2.14)
o uk+1 _ uk B B
( o ) _ 7(pk) luk . v(ukJrl _ uk) + (pk) 2ulc . v(karl _ pk)uk
— (") THV - (@M =)k = () V(- b (2.15)

el [ Fax)VAGHT = o) +F

where (pk+1 — k)(x 0) =0, and (uf*! — u¥)(x,0) = 0, and where

—((p") (Pk_l)_luk‘l) - Vu*
+ (((pF) 2k = (PP 2 R 4 () TP (0 V) (uf - T
-V )(( BTtk = (M T = (0 (0F) = 0 (0P ) V"

+C(IQI‘1/(pk—p’“‘l)dX)VAp’“
Q

From Lemma in Appendix B, using r = 1, where we let Qrg = 0 in equation
(B.2)) of Lemma we obtain the following inequality

t
DMt —u®)[F+ [V (" = pM) T+ 1A = p") 1T < Cu/o IF|3dr  (2.16)
where Cj; = 011(6, c1,Ca,¢3, L1, Lo, T), and where we have used the results from
Proposition [2.2]
From Lemma in Appendix B, where we let Qrg = 0 in equation (B.2)) of
Lemma and using the results from Proposition we obtain the L? estimate

L R e R AV ]

t - - ) (2.17)
<O / (D" —u*)|2 + [F(2)dr
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where C1y = élz(c, c1,¢9,¢3, L1, Lo, T). After adding (2.16), (2.17)), and putting
additional terms on the right-hand side, we obtain
[ — a5+ (1o = G+ IV (" = o)1
D@ — )3+ [V = o)1+ 1AM = )R
t
< 013/ ("t =™ [I§ 4+ 125 = PF (I + IV (0" = pM)5)dr
0 (2.18)
t
+Ci [ (IDEH = a[ £ [V = pl)ar

t
+Cia [ (16 = )1 + [FIE)ar
where Ci3 = 6'13(0, 1,2, ¢3, L1, Lo, T). From the definition of F, and using Propo-
sition [2.2] we obtain the estimate
IF)I3 < Cra(Ju® — o™ 3+ [Ip* — p*113) (2.19)

where Ci4 = 6'14(0, c1,L1). Here, we used the fact that s > % + 1, so that s > 3,
and we used the Sobolev inequality |f|re < C||f|ls, (see, e.g., ], [6]), where
so = [§]+ 1 =2, when we estimated the term

el /Q(p’c — PN dx) VAPF|5 < elp® = p* T IV ARRIS < CLY||p" — 713
in the definition of F. Applying Gronwall’s inequality to (2.18]), and using (2.19)),
yields

[t —aP [ = PRI+ V(R = M)

DM =) T+ V(5 = oM+ A = )T

t
< Cys / |F|2dr (220)
0

t
< Crg / (16" = p* Y2 + u* — ub=Y2)dr
0

where 015 = 6’15(6, C1,C2,C3, Ll, L27 T), 016 = 016(6, C1,C2,C3, Ll, Lg, T) It follows
that

t
1P = oM I3 + [l — |} < 017/ (lo" = p* M3 + lu® = u*H|5)dr (2.21)
0

where C17 = Ci7(c,c1,¢2,¢3, L1, Ly, T). Here we used the fact that ||[V(pF+1 —
o) < CIAGHT — ph)[2 when 0] = TV (a proof appears in []).

Repeatedly applying (2.21) yields
(CirT)*

o™ = 5+ = b5 < =

(lp" = P"l3 2 + llu* = u®ll3 1)

It follows that
o0
SO = 3 + [l — a3 1) < oo
k=1

This completes the proof. [
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Using Propositions [2.2] and [2.3] we now complete the proof of Theorem [2.1] by
using a standard argument (see, for example, [6], [I1]). From Proposition m we
conclude that there exist p € C([0,T], H3(Q)), and u € C([0,T], H*(Q)) so that
llp* = pllsr — 0, and [[u¥ —u||a,r — 0 as k — oco. Using the standard interpolation
inequalities (see, e.g., [0])

P = pFllorva < ClFT = IS 110E T — pF |8

"t = ufggr < Ol —u¥ Gt - ut] Y

’

with = 2=%-, and Propositionsand we can conclude that || p* —p||s o7 —
0, and [[u* — uly41,7 — 0 as k — oo for any s’ < s. For s’ > & 4 1, Sobolev’s
lemma implies that p* — p in C([0,T],C3(Q)), and u* — u in C([0,T],C?(Q)).
From the linear system of equations (2.1)), it follows that ||pf —p;||s» 7 — 0, and
luf —ulls—1.7 — 0 as k — oo, so that pf — p, € C([0,T],CL(R)), and uf — u,
in C([0,T],C(R2)), and p, u is a classical solution of the system of equations ,
w3).

The additional facts that p € L*([0,7], H*T2(Q)), u € L*>([0,T], H*TY(Q)),
can be deduced from the uniform boundedness of {p*} in L>([0,T], H**+2(£2)) and
of {u*} in L*([0,T], H**1(Q)) from Proposition and from the weak-* com-
pactness of bounded sets in L>([0,T], H"(Q2)), i.e., by Alaoglu’s theorem (see, for
example, [0], [I1]). The uniqueness of the solution follows by a standard proof,
using estimates similar to the proof of Proposition [2.3

APPENDIX A. EXISTENCE FOR THE LINEAR PROBLEM

We now present a proof of the existence of a classical solution p, u to the linear

equations (2.1}), (2.2):

%:—V-u (A1)
U v Vu—a (Y T2(v-Vp)v —aV
o = a1 vV Vu-a (V-u)v+a;“(v-Vp)v —a2Vp

(A.2)
+c(\Q|_l/ aldx)VAp
Q
Lemma A.1. Given
v e ([0, 7], H°(Q)) N L=([0,T], H*1(Q)),
ay € C([0,T), H*(Q)) N L>([0, T), H*T%(Q)),
ag € C([OvT]vHO(Q)) n LOO([OaT]aHS+2 Q))v
vi € L=([0,T], H*1(Q)),
(a1)e, (az)e € L=([0, T, H*(92)),
where s > %Jrl, Q=TN, with N =2 or N =3, and where 0 < ¢; < a;1(x,t) < ca,

0 <1 < ag(x,t) < co, and [v(x,t)| < c3 for some constants ¢y, co, ¢z, with ¢; < 1,
c3>1and 0 <t <T, there is a classical solution p, u of the initial value problem

for , , with initial data p(x,0) = po(x) € H*T2(Q), u(x,0) = up(x) €
Hs(Q), and

(
(

p € C([0,T],C3(Q)) N L=([0,T], H***(2)),
u € C([0,T],C%()) N L=([0,T], HT1(Q)).
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Proof. Since we are solving the initial-value problem under periodic boundary con-
ditions, we will use Galerkin’s method, with the standard orthonormal basis in L?
of trigonometric functions {w; }$2,, to construct the solution. Here w; has the form
cos(2mm; - x) or sin(2mn; - x) with n; € ZY. The proof by Galerkin’s method is a
standard one, and is included here for the sake of completeness.

We will write the system of equations , equivalently as follows:

dp
ot
= —a;'v-Vu; — a7 (V-u)v; +a72(v- Vp)ui

JOp 1 / 0
8a:i <|Q| Q (],1dX> aii (Ap),

where 7 = 1,..., N. Here w; is the ith component of the vector u and v; is the ith
component of the vector v.
Let P, denote the orthogonal projection of L? onto the finite dimensional sub-

=-V . u, (A.3)

Oui
ot

— as

space Vj, = span{wi, ..., wy}. The finite-dimensional approximation p* € Vj, and
uf € Vj,, where uf is the ith component of u*, is the solution of the equations
ap* k
R v A.
O P(ar™V V) = Pula (7w + Pular (v - V)0,
o = Delar vV (@] -u)y; k(= (v - Vp©)u;
" P . (A.6)
G R C ey R P EVE
kCLZaxi'l‘kcll Qalxaxi(P)
with p*(x,0) = Prp(x,0), and u¥(x,0) = Pyu;(x,0), for i = 1,..., N.
Because p’C € Vi and uf € Vi, we can write
k
Z ’UJ], (A7)
k
Z (A.8)

After substltutmg into (A.5) and (A.6]) we take the L? inner product
of ( and ( w1th wl for l =1,. k which transforms (A.5)) and (A.6)) into

the following equivalent linear system of ordinary differential equations for the
coefficients oy (t) and 7, ;(t), where i =1,...,N,and I =1,... k:

dal = Z Z’Ym,j 7w)7

j=1 m=1

dry;, _
dt

M»

((al A\ vw]awl)%g al Z’ij Uz’;“’l))

<.
Il
i

ow;

+ > ((ar?(v - Vuy)vssw)a (1) - <aza—xj,wz>aj<t>)

IR

<
I
—
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0
+ ]; ((c(12™ /Q aldx>8—xi(ij),wl))aj(t)).
Also a4 (0) = (p(x,0),w;), and v;,1(0) = (u;(x,0),wy).

The coefficients in this system of equations are continuous, and it has a unique
solution {ay(t)}r_, € C1([0,T)) and {v;,(t)}}-, € C}([0,T)), fori =1,...,N. It
follows that p* € C1([0,T], H"(Q)) and u¥ € C1([0,T], H"(£2)) for any r > 0.

Next, we obtain estimates for p*, u* in high Sobolev norm. Let Q, = I — P,
where [ is the identity operator. Then we write , equivalently as follows:

ap* k
- _V. A.
5 V-u (A.9)
out k -1 k -2 k k
B = U v-Vu® —a; (V-u)v+a;*(v-Vp¥)v —aaVp

(A.10)
+ c(|Q|_1 / aldX>VApk — Qkg
Q
where
Qrg = —Qu(ay v - V") — Qr(ay (V- u)v) + Qr(ay (v - Vp")v) — Qu(a2Vp")
Note that by the orthogonality of the projections Py, and Qy, we have (Qxg, u*) = 0,
(V- (Qr8)a, V- uk) =0, and (V x (Qr8)a,V x uk) = 0 for %2 0. Also, note

that Qk(c (|Q|’1 fQ a1dx) VApF) = 0. Then applying Lemma [B.2|in Appendix B
to equations (A.9)), (A.10) yields the following estimates

DU 2+ V"2 4+ 120" 12 < Ca(1+CaKyTe S L) (|| Duo |3+ Vpol[311) (A.11)
and
(13 + (12" (15 + 172" 13
< Cs(1+ CsKyTe“ T ([|uo||§ + [lpoll§ + IV polI3)

t
+ a1+ CaRATe T [ Du far
0

< Cs(1+ Cs KT ) (Jluollg + llpollg + 11V poll3)

+ C5(1 + Cs Ky Te® T Oy (1 + CalaTe™ ) (| Dug |2 + [V pol[21)
(A.12)
where the constants Cy, C5, K4 are defined in Lemma[B.2] Here, we used the fact
that || Pepollr < |lpollr and || Pruol|, < ||uol|-. And we used estimate in the
right-hand side of estimate (A.12)).
From (A.T1)), (A.12) it follows that {p*} is bounded in L>([0,T], H*T2(Q)) and
{u*} is bounded in L>([0,T], H**(€2)). Here we used the fact that ||Vp*[|2,, , <

C’||Apk||§7T when Q = TV (a proof appears in [3]). From equations (A.9), (A.10),
it follows that ||pf|lo and |[uf|lo are bounded for all k > 1. Here we used the fact
that ||Qrgllo < |lgllo- It follows that {p*} and {u*} are bounded and equicontinu-
ous in C([0, 7], H°(Q2)). Using the Arzela-Ascoli theorem together with the weak-*
compactness of bounded sets in L>([0, 7], H"(£2)), it follows that there exist sub-
sequences p*i of p¥ and u* of u¥, and there exist functions p € C([0, 7], H°(Q2)) N
Le2([0,T], H72(2)), u € C([0,T], H°(2)) N L*([0,T], H*T*()), such that as

J — o0,

ph — p  strongly in C([0,T], H°(2)),
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Pt — p  weak-* in L°°([0,T], H*T2(Q)),
u" —u strongly in C([0,T], H°(Q)),
u" —u  weak-* in L°°([0,T], H**1(Q))
Using the standard interpolation inequalities (see, e.g., [0]),

b —u® gy < Cflubort — a5t luf —u® |

) ) ) ) P S 111—6
|pki+1 — pFi || gsa < Ol M+ — pka |02 || pRir — pPi || 282

with 6, = “’;51/, Oy = "‘:Tszl, it follows that p¥ — p in C([0,T], H* T2(Q)) and
ufi — uin C([0,T], H* t1(Q)) for any s’ < s.

From applying the Lebesgue dominated convergence theorem to equations (A.9),
and using a standard argument (see, for example, Embid [6] and Majda [I1]),

it follows that p, u is a classical solution of (A.1)), (A.2). O

APPENDIX B. A PRIORI ESTIMATES

To obtain a priori estimates, we will be using the Sobolev space H*(£?) (where
s > 0is an integer) of real-valued functions in L?(2) whose distribution derivatives
up to order s are in L*(Q2), with norm given by || f||7 = 3, <, Jo [D* f|*dx. We use
the standard multi-index notation. For convenience, we will be denoting derivatives
by fo = D%f. And we will be letting D f denote the gradient of f. In addition, we
will be denoting the L? inner product by (f,g) = fQ f g dx. We will also be using
the notation |f|re 7 = esssupg<;<r |f(t)|L> (). The following lemmas will yield
the a priori estimates needed for the proof of Theorem

Lemma B.1 (Low-Norm Commutator Estimate). If Df € H™(Q), g € H"1(Q),
where 11 = max{r — 1,50}, so = [%] + 1, then for any v > 1, f, g satisfy the
estimate | D*(fg) — fD%gllo < C||Dfllr|lgllr—1, where r = ||, and the constant
C depends on r, ).

The proof of the above lemma is based on standard Sobolev calculus inequalities
and appears in [3]. The next lemma provides the key a priori estimate for the
existence proof.

Lemma B.2. Let a1, as, v, F be sufficiently smooth given functions in the system
of equations

dp
A v B.1
5 = VU (B.1)
@ -1 -1 —2
=V Vu—a; (V-u)v+a;“(v-Vp)v—a2Vp

(B.2)
+ c(mrl /Q aldx)VAp +F- Qg

where Qy, is the orthogonal projection operator from LemmalA1] in Appendiz A and

Qrg = —Qr(ay 'v-Vu) = Qi (a7 (V-u)v) +Qx(a; *(v-Vp)v) —Qr(asVp)  (B.3)

and where (Qrg,u) =0, (V- (Qkg)a, V- ua) =0, (V X (Qk8)a: V X ua) = 0 for
la] > 0. And 0 < ¢1 < a1(x,t) < co, 0 < ¢1 < ag(x,t) < ¢a, and |v(x,t)| < c3 for
some constants c1, ca, c3, where ¢y <1, cg3 > 1. Here, 0 <t < T, and the domain
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Q =TN. Let po(x) = p(x,0), up(x) = u(x,0) be the given initial data, which is
assumed to be sufficiently smooth.
Then p, u satisfy the following two inequalities

| Dulf? + [ Voll? + | Aplf7 < Ca(1 + Cal4Te™ ) (| Dulf? + [ Vool741)

t
+C4(1+C4K4T€C4K4T)/ HFHE_HCZT
0

and

lall§ +Nol3 + 1Voll5 < Cs(1 + CsKyTe“ ) ([uo||§ + [lpoll5 + IV poll3)

t
+ a1+ GGTe ) [ (|Dulf + [F[B)ar.
0

where Cy = 6’4(7“, ¢, c1,C2,03), Cs = 6'5(0, c1,¢2), and r > 1, and where

|

Ky :max{l, ||a;1||3+17T||V||3+1,T’ ||a2||3+17T7 llay 3+1,THV||3+1,T’

1@ el 2 IvIE 2, a3 2 lvell3 o ll(an)ell2r, ||(a2)t||2,T}
where ¢ = max{r,so}, where r > 1, and where so = [§]+1 =2 for N =2 or
N =3.

Proof. First, we will obtain an L? estimate. Then we will obtain estimates for V-u
and for V x u, which will be combined to obtain an estimate for Du.
Using the fact that (Qrg,u) = 0, we obtain an L? estimate as follows:

1d

5l = (i, w)

= —(a;'v-Vu,u) — (a7 YV -u)v,u) + (a7 3(v - Vp)v,u)

(Vo) + (2 /Q a1dx)VAp,u) + (F,u) - (Qug, u)

= LV (07') ) — (a7 (V- wv,w) + (a7 (v - Vp)v, )

+ (pVag,u) + (azp,V - u) — c((|Q|_1/ a1dx)Ap,V -u) + (F,u)
Q
< C(lay |z |V - vz + [D(ay ") Lo [z ulf3
+Clay L |[V]L= |V - ullollullo + Cla7 | e [V IV pllo][ullo
+ClDazlu=lplolalo = (aap. o) + (91" [ 1802001
+ C[[Fllo[[ullo
< C(1+ Jay |z | DV|ze +[D(ag )|z vz ull3

+C(lay [T v[Eoe + lag?[Foe [VILoe + [Dazfi)llullf + CIV - ul§

1d 1
— 5 ar(@2p.p) + S ((@2)ep,p) + Cllpll3 + ClIV Il + CIIFE
cd

~ 530 [ @V Vo + 5907 [ (@dx)Ve ) (B4
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where C is a generic constant, and where we used equation to substitute for
V - u. Here, we have used Holder’s inequality (f,g) < || fllollgllo- Also, we used
Cauchy’s inequality fg < %(f2 +g%).
Integrating with respect to time, and using the fact that 0 < ¢; < a;(x,t) <
co and 0 < ¢1 < as(x,t) < cg yields
lall§ + llell3 + VoI5

< Ca(Jluoll3 + ool + 1 V003) (B.5)

t t
+01K1/0 (HUII3+||,0||(2>+IIV/J‘II(Q))dTJrCl/O (1Dul[§ + [1FI)dr

where C; = C4 (¢, c1,¢2), and where we define Ky, which is an upper bound for the
coefficients in (B.4)), as follows:

Ky = max {1, a7 o DV 1, DG e Ve s 07 o VIR 7

lay |70 2lVI Lo s |Da2l7oe pv [(a2)ilL .7, [(a1)elLr}
(B.6)

where in K; we have used Cauchy’s inequality fg < 1(f2? + ¢?), with g = 1 for
some of the terms. Applying Gronwall’s inequality to (B.5|) yields

[allg + lloll§ + IV oll§ < Ci(1 4+ CLEGTe T ([luo 1§ + [lpoll§ + 1V p0ll13)

t
L1+ QLR T AT / (I Dul2 + [F|2)dr
0

Next, we will obtain estimates for V - u and for V x u. Recall that we use the
notation f, = D*f. We will let C' denote a generic constant which may change
from one instance to the next, but which will depend only on r, where |a| < 7.

After applying the operator D¢ to (B.1)), , we obtain

0pa
—= =_-V-u, B.
or — v i
M ' Vg — a7 (v 4072V )y
) (B.9)
—aaVp, + C(@ /Q aldX>VApa - (ng>a + Ga

where we define G, as follows:

Go=F, —[(a;'v-Vu), —a7'v-Vu,] — [(a; ' (V- u)v)e — a7 H(V - u,)V]

+[(@ (v - Vp)V)a — a; 2(v - Vpa)v] = [(a2Vp)a — a2V pal
(B.10)
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Next, we will obtain an estimate for V - u. We apply the divergence operator to
equation , and obtain
oV -u, _ _ _
3tu = 2a7'v-V(V-u,) - V(') (v-Vu,) —a; ' (VvT : Vu,)

—(V-u)v-V(arh) —a; Y (V-u)V-v+ (v-Vpa)v - Via;?)
+a7V(v-Vpa) - v+ar2(v-Vpa)V-v =V (aaVps)

1
+C(|Q/a1dx> A%py =V - (Qrg)a + V- Gy
Q

(B.11)
From equation (B.11)), and using the fact that (V - (Qr8)a, V - us) = 0 we obtain
the estimate
1d 9
§£||V “Uallg
oV - u,
= ) V-u,
(—%; u)

= 2(a;'v-V(V-u,),V-u,) —
— (a7 H (VT :Vu,),V-u,) — (
— (a7 (V- ua)V-v,V-u,) + (
+ (a7?V(V - Vo) v,V -uy) +

V(a') (v-Vu,),V-u,)

V-u,)v-V(a ),V - u,)

V- Vpa)v-V(a7?),V -u,)

a;?(v-Vpa)V-v,V-uy,)

(V- (a2Vpa), V- 1) + (c(|Q|_1/ﬂa1dx)A2pa,V~ua)

— (V- (@r8)a, V- ua) + (V- Go, V- u,)

(V- (a;'V)V-u,,V-u,) — (V(e;!) - (v-Vu,),V-u,)

— (a7 (VT :Vu,), V- u,) — (V-ua)v-V(ar!),V-u,)

— (a7 (V ua)V v,V ug) + (V- Vpo)v - V(a7 %),V - ug)
(a72V(V-Vpa) v,V -u,) + (a7 32(v - Vpa)V - v,V - ug)

_l’_

(V- (02Vpa)s pra) — (e / a1dx)A%pa, pr.o)
Q

+(V-Gy,V-uy)

C

— =~

—~

(B.12)

+ C(ID(ay ") |z |VILe + lay L |DV|L) |V - uallol Duallo
+ C(Iv[E<|D(ar?) L + a3 | Lo | DV [v] L) [V pallol|V - uallo
+ Cla?| L= [v[Z<IVpall IV - usllo = (a2Vpa; Vor.a)
- (C(lﬁlfl/ a1dx)Apa; Apra) + IV - Gallo[|V - uallo
Q
< C(L+[D(ay )i [vIie + lar i [ DVIE) IV - uall
+ C(IV[p |D(ar ) [ + a7 27| DV|Toc [V]7) IV - uallf

OVl + Clar? R VI IV - wall 4 Cll APl + Cl Dua
1d 1
Lo / a1d%) Apa, Apa) + (e / (01)18%) Ao, Ap)
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1d 1
= 57:(02VPa, Vo) + 5 ((2)Vpa; Vo) + ClIDGalG (B.13)

where we used Cauchy’s inequality fg < %( f? + ¢%), and where for some of the
terms, we let ¢ = 1. We also used the fact that |Vp.||? < C||Apa |2 when Q = TV
(a proof appears in [3]). And we used equation to substitute for V - u,.
Next, we estimate the term [|[DG,|3 in (B.12). We apply the D7 differentiation
operator, where the multi-index |y| = 1, to equation for G, which yields

DY(Gq) = Foty —[(a7 'V V)aty — a7 'v- Vg,
+ (a7 "), v - Vu, +a;'v, - Vu,
~ (@7 (V- W) V)ary = a7 (V- Uags)V]
+ (a7 )5 (V- ua)v + a7 (V- ua)v,
+(ar*(v - Vp)V)asry — a7 (V- Voass)V]
—(a7)4(v - Vpa)v — a7 (vy - Vpa)V = a; *(v - Vpa ) v,
— [(a2Vp)aty — a2V patq] + (a2)4Vpa

For |y =1 and |a] = k — 1, where 0 < k — 1 < r, and by applying Lemma to
the terms of the form |(fg)a+~y — fga+~ |3, we obtain the estimate

IDY(Ga)ll§ < ClFarqlls + Cli(ar v - V) — ay'v - Vua, I3
+Cll(ar )y - Vua§ + Cllay vy - Va3
+ (a7 (V- W) V)aty — a7 (V- Uaps) V][5
+Oll(ar (V- ua) V|5 + Cllay (V- ua)v4 |13
+Cl[(a (V- Vo)V)ary — a7 2(V - Vpaiq)VI[3
+Oll(a7 )5 (v - Vpa)VII§ + Cllay*(v4 - Voa )V
+Cllay*(v - Voa) Vo lls + Cll(aVp)aty — a2Vpaiqyll
+ Cll(a2)Vpallg
< C|[F|7 + Clllay I, IDVIE, + 1Dy HIE, IVIZ) I Dullf-y
+O(ID(ay Y Fe V[T + a7 7o | DV[7 ) | Dua 3
+C(llar I NIDVIE, + 1P DR IVIEDIY - ulli_,
+O(ID(ay Y7 V[T + a7 7o [DV[7) IV - uallf
+ (1D )7 vl + a1 DV IVIED VAl
+ C(ID(a; )7 V[T + a7 2|3 [ DV[7 e [v]7 ) [ Va3
+ C||Dazll}, [Vplli-1 + ClDas|] <V pallp
< CIF[; + Cllay M7, 1DVIE, + 1D I IVIE) I Dullf—y
+C(ID(ar )7 VI, + a7, 1DV IVIEDIV el
+ || Das|[3, Vol -1

(B.14)

where ki = max{k — 1,50} and so = [§]+1 =2 for N =2 or N = 3. Here, we
used the Sobolev inequality |f|r~ < C||flls,- We also used the Sobolev calculus
inequality [ fglls < CIIf|ls llglls for s > 5 (see, e.g., [6]).
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We integrate equation (B.12)) with respect to time, and use estimate (B.14) on
the right-hand side, and then add over 0 < |a| < r, where r > 1, which yields the
estimate

IVl + [Vpl7 + Al

t
< GV wll + [Vl + 1800+ Co [ B2t g

t
+ Csz/O (IDul? + Vo7 + | A7) dr

where Cy = C’g(r, ¢, c1,c2), and where we define K5, which is an upper bound for

the coefficients in (B.12]), , as follows:

Ky = max {1, lla; |2 £1DVI2 7, [D(ar )22 IVI2
1D )15V Iz Ny 152 1DV I 2 V15 o (B.16)

laz®[1~ 2 VL 2 1Dazlfz,  Ha0)dlo= 1z, I(az)tle,T}

where ¢ = max{r, so}, where r > 1, and where sg = [%H—l =2for N =2o0r N =3.
Here we have used the fact that 0 < ¢; < a1(x,t) < ¢ and 0 < ¢1 < az(x,t) < ca.
We also used the Sobolev inequality |f|re= < C||f|ls,-

Next, we obtain an estimate for V x u. Applying the curl operator to equation

yields

ava% = —a;'v-V(V xu,) — (V-u,)V x (a;'v)
V(Y- ua) % (a7 V) + V x (a72(v - Vpa)V) (B.17)
—Vas X Vps =V X (Qrg)a +V X G, + H,
where
H, = —[V x (a;'v-Vu,) —a;'v-V(V x u,)] (B.18)
and where we estimate |[H, |2 as follows:
H,|2= |V x (a7'v-Vuy) —a; v -V(V x up,)||?
H = 19 % (a5"v - V) = a7 v 99 x w) o)

< C(lay 1o [DV]7 + [ D(ag ) e [VI7 ) | DualI3
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From (B.17), and using the fact that (V X (Qxg)a,V X uy) = 0, we obtain the
estimate

= (T>7V X Ugy)
—(a7'V - V(V x1u,),V x1u,) — (V-ua)V x (a7'v),V x u,)
—(V(V-u,) x (a7'v),V x u,)
+(V x (a73(v - Vpa)V),V x uy) — (Vag X Vpa,V X ug)
— (VX (Qr8)asV X Un) + (VX Gy, V Xuy) + (Hy,V X uy) (B.20)
< Cllay 1=V - V]p= +[D(ag )= |v]L=) |V x ua
+C(ID(ar )T v Ii + a7 7|V % v[7) IV % uallg
+ OV - uallf = (V(V - ua) x (a7'v), V x ug)
+C(lay (L V[T [DVIT e + D (a7 ) 1 [VIL) IV % uall3
+ a7 22 V]2 IV X uall§ + ClIVpall§ + ClIVpalli
+C|Daz|1= [V pall§ + ClIV x uall§ + C| DGallg + ClHall

where we used the fact that —(a;'v - V(V x u,), V x us) = 2((V - (a7 'v))(V x
Uy),V X ug).

Next, we estimate the term —(V(V -u,) x (a7 'v), V x u,) from (B.20) above.
When |a| = 0, we obtain the estimate

~(V(V-ua) x (a7'v),V x u,) < Cla _1\2 V7=V > ull§ + C|V-ulf (B.21)
When |a] > 1, we substitute equation (B.8)) for V - u,, to obtain the estimate
—(V(V-u,) x (a7'v),V x u,)

= (Vpra x (a7'v),V x uy)

= S (pa x (@7'V), % ) — (Voo ¢ (a7 )iv). ¥ x )

—(Vpa x (a7've), V x ) — (Vpa X (a7'V),V X U.4) (B.22)

d _
< 2 (pa x (7). ¥ x ) 4 Ol(ar e [v i[9 %
+Clay oo [Vel2 IV x ual[§ + ClIVpallg
— (Vpa x (a7'v),V x uz4)
and then we integrate by parts once to estimate the term —(Vpg x (a7 'v), V x u.4)
from (B.22)) above as follows:
—(Vpa x (a7'v),V x us4)
= (Vpa % ((a71)4v), V X W ay) + (Vpa X (a7 V), V X g a-sy)
+ (Voaiy X (a7'V), V X Wy 0y (B.23)
< C(ID(ag )T [VITe + a1 [Foe [ DVIE) [V pallf
+Clay [ V2 IV Pasy I + ClIV X tra—s 5
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where |y| = 1. From (B.17)), we obtain the estimate

IV X 04[5 < Clay 7w v]Z< IV X ua—s |7
+C(ID(ay )L V[T + Clar 2 [V X v[2) [V - ta—s |13
+Clar ! [ VI IV - tas [T + Clay [ VI IV pa—r 17
+C(ID (a7 *) |2 [VI7 + lag?[Loe [DV[7 [VITo) [ VP01 [
+ C|Das| 1 [V pa—r I5 + ClIV % (Qkg)a—rls + ClIDGa— I3

+ C[Ha—s I3
(B.24)
Note that if |a] = 1, then we choose v = a.

When we estimate the term C||V x (Qrg)|>_; < C||Qrg||?, which comes from
adding inequality over 1 < |a] < r, where |y| = 1, we will use the fact that
|QxEl? < |If||?, for any function f € H"(Q), which follows by the definition of the
projection operator Qy in Lemma And we will use the definition of Qrg.

Integrating equation with respect to time, and using the estimates ,

(B.19), (B.21)-(B.24)) on the right-hand side, and using the definition (B.3) of Qg,
and adding over 0 < |a| < r, where r > 1, yields

1
SV < ul?
1 2 ! 1 1 2
< IV xwl+ € [ (ar [V vl +1Dlar e vl |V x uldr
0
t
+C D@ BV + o |7 vIE) |V  uldr

t
+C/O UVl 4y + IV -l + [Vl )dr

+ > ot z= vIz=lIVpallollV x uall

0< | <r

+ > aa(x,0) 7z [Vol = 1V (p0)allol|V < (uo0)allo

0<al<r

* C/Ot((all)t%eol‘f%w +lay Foe Vel 1) [V x ulZdr

+ C/Ot(a1_2 Lol DV[Teo V[T + | D(a1?) [Foo V1) |V x uZdr
+ C/Ot(af2%oo|VI4Loo +lay Lo [VIZ ) IV ¢ ulRdr

+ C/Ot(Dazl%oo +|D(ar ) Ee V[T + lar [ | DVIL) IV pl[2dr
* C/Ot(afliool‘flioollvﬂllfﬂ IV w2y + [V < u?)dr

t
o Y / (DG 2 + [Ha|2)dr

0<a|<r
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1 1 _
< (5 + OV x o7 + -lar(x,0) T Vol [Vooll7

1, _
4 ellV <l + golar e V<[Vl
t t
+CEa [ (1Dl + [Vl + 8ol +C [ B dr (B.25
0 0

where we used Cauchy’s inequality with €, namely fg < - f?+e€g?, where we choose
e = 1/4, and where we define K3, which is an upper bound for the coefficients, as
follows

1y = mas {1, a2 IDVIE £, DG )2 2 V12, 1 Dasl2

1D )3 2lvllg.rs a3 21DV 2lIVIZ 2,

1912 2 2 212 4 12 2 (B.26)
lay Mg rIvlgr llazllyr a7 IvIg 7 lag 1= 7|VITe 7
|af2|2L°°,T V|%°°,T7 ‘(afl)t‘%x,ﬂv‘%w,% |af1|%w,T|Vt|%w,T}
where ¢ = max{r, so}, where 7 > 1, and where 5o = [§]+1 =2 for N = 2 or

N =3.

After multiplying estimate by 8, where 0 < 3 < 1 is a constant, and then
adding the resulting inequality to the estimate for V - u, and using the fact
that € = 1/4, and using the fact that ||Dul|2 = ||V - u? + ||V x u||?, which follows
from the identity Au, = V(V - u,) — V x (V X u,), we obtain

B
ZIPulZ + IVpll7 + [ An]?
1
= B(5 = IV x ullZ + [V -ull?) + [VolZ + [1A0])7
< Cs([IV x oI + IV - wo |2+ [IVpoll7 + |1 2p0][7) (B.27)

B _ 8, _
+ 2 a0, 0) B Vo3 V0012 4 Ly B [V 3 V12
4e 4e
t t
LK / (IDull? + | Vol2 + | Ap]2)dr + Cs / IF|2, ydr
0 0

where C3 = Cs(r, ¢, ¢1, ¢2), and where we define

K, :max{l» |\af1||2+1,T||V|‘3+1,T, Ha2”2+1,T7 ||af2||3+1,T||V|I3+1,T7 28)
1@ el 2lvIE 2, lar 3 2lvel3r, Nay)llzmr, ||(a2)t|2,T}
where ¢ = max{r, so}, where 7 > 1, and where so = [§]+1 =2 for N =2 or

N = 3. Here, we used the Sobolev inequality |f|r~ < C||f|ls,- Note that Ky < K4
and K3 < Kj4.

Next, using the fact that 0 < ¢; < a1(x,t) < c2 where ¢; < 1, and using the fact
that |v(x,t)| < c3, where c3 > 1, we define 8 = ¢3/(2¢3) (so that we have 3 < 1),
and we have already defined e = 1/4. We obtain the following estimate for one of

the terms from (B.27):

g

2
L s
4e

_ _ 1
i VIZ= IVolI7 = 55lar 2w [VIE= [ VoII7 < 51V oll7
3
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Similarly, we obtain the estimate
p _ 1
11006 0) L Vol 2= [ VpollZ < SV poll?

Using these estimates in the right-hand side of (B.27) and then moving the term
1[|Vpl|? to the left-hand side, and applying Gronwall’s inequality yields the desired
estimate

[Dull? + [|Vpll2 + |1Ap]17 < Ca(l + C4E4T e T (| Dugll? + [|VpolI741)

t (B.29)
+C4(1+C4K4TeC4K4T)/ |F(12, dr
0

where Cy = C'4(T, ¢,c1,ca,c3). From (B.7), we obtain the L? estimate
[l + 1ol + [IVolls < Cs(1 + Cs KT ) (|luoll§ + [lpolls + 1V e0ll3)

t
+ C5(1 + G5 K4 TeCoT) / (IDull? + |F|2)dr
0

where Cy = 05(0, c1,¢2), and where we used the fact that K; < CKy, where K;
was defined in . The preceding two estimates are the desired result. ([
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