Seventh Mississippi State - UAB Conference on Differential Equations and Computational Simulations, Electronic Journal of Differential Equations, Conf. 17 (2009), pp. 39–49. ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu ftp ejde.math.txstate.edu

A BOUNDARY CONTROL PROBLEM WITH A NONLINEAR REACTION TERM

JOHN R. CANNON, MOHAMED SALMAN

Abstract. The authors study the problem u_t = u_{xx} − au, 0 < x < 1, t > 0; u(x, 0) = 0, and −u_x(0, t) = u_x(1, t) = ϕ(t), where a = a(x, t, u), and ϕ(t) = 1 for t_{2k} < t < t_{2k+1} and ϕ(t) = 0 for t_{2k+1} < t < t_{2k+2}, k = 0, 1, 2, . . . with t_0 = 0 and the sequence t_k is determined by the equations

R_1 0 u(x, t_k)dx = M, for k = 1, 3, 5, . . . , and

R_1 0 u(x, t_k )dx = m, for k = 2, 4, 6, . . . , where 0 < m < M. Note that the switching points t_k , are unknown. A maximum principal argument has been used to prove that the solution is positive under certain conditions. Existence and uniqueness are demonstrated. Theoretical estimates of the t_k and t_{k+1} −t_k are obtained and numerical verifications of the estimates are presented.

1. Introduction In this paper, we consider the problem u_t = u_{xx} − a(x, t, u)u, 0 < x < 1, t > 0, −u_x(0, t) = u_x(1, t) = ϕ(t), t ≥ 0, u(x, 0) = 0, 0 ≤ x ≤ 1,

(1.1)

where a(x, t, u) is a continuous function and 0 ≤ α ≤ a(x, t, u) ≤ β (1.2) for (x, t) ∈ [0, 1] × [0, T ] and u ∈ R, and

ϕ(t) = { 1, t_{2n} ≤ t ≤ t_{2n+1}, 0, t_{2n+1} ≤ t ≤ t_{2n+2},

(1.3)

where {t_n} depends on

μ(t) =

∫_1 0 u(x, t)dx, (1.4)

where 2μ(t_{2n}) = m, n = 1, 2, . . . , μ(t_{2n+1}) = M, n = 0, 1, . . . ,

2000 Mathematics Subject Classification. 35K57, 35K55.

Key words and phrases. Reaction-diffusion, Parabolic, Nonlocal boundary conditions. © 2009 Texas State University - San Marcos. Published April 15, 2009. 39

with 0 < m < M.

2. Existence of solutions We study the existence of a solution u(x, t) to (1.1) for a given stepwise boundary conditions ϕ(t). We assume that |ua_u(x, t, u)| ≤ C, (2.1) uniformly for all x, t, u, which ensures that the source term F (x, t, u) = −a(x, t, u)u is uniformly Lipschitz with respect to u; i.e., |F (x, t, u_1) − F (x, t, u_2)| ≤ C|u_1 − u_2|, for all x, t, u_1, u_2. The constants C’s in the above inequalities or that come in the sequel aren’t necessarily the same.

Under certain smoothness conditions on u(x, t), a(x, t, u), problem (1.1) is equivalent to

u(x, t) = 2

∫_t 0 [θ(x, t − τ) + θ(1 − x, t − τ)]ϕ(τ)dτ + ∫_t 0 ∫_1 0 [θ(x − ξ, t − τ) + θ(x + ξ, t − τ)]F (ξ, τ, u(ξ, τ))dξdτ.

(2.2)

Let us show that the integral equation (2.2) has a solution by considering the operator

Hu = 2

∫_t 0 [θ(x, t − τ) + θ(1 − x, t − τ)]ϕ(τ)dτ + ∫_t 0 ∫_1 0 [θ(x − ξ, t − τ) + θ(x + ξ, t − τ)]F (ξ, τ, u(ξ, τ))dξdτ,

on the set of functions B_η = {u(x, t) ∈ C([0, 1] × [0, η]), ‖u‖_η < ∞}, where ‖u‖_η = sup

0≤x≤1, 0≤t≤η

|u(x, t)| .

The set B_η is a Banach space. The mapping H maps B_η into into itself [1]. Furthermore, |Hu_1 − Hu_2| ≤ Ct ‖u_1 − u_2‖_t , which implies ‖Hu_1 − Hu_2‖_η ≤ Cη ‖u_1 − u_2‖_η .

If we select η < 1/C, then H is a contraction map on B_η, Thus H has a unique fixed point u ∈ B_η , which solves (2.2). Since F is uniformly Lipschitz, the solution u can be extended on any time interval [0, T ] (see [1]).

3. Maximum Principle In this section, we use the maximum principle to prove that problem (1.1) has a nonnegative solution. To achieve this, we establish the following lemmas. Lemma 3.1. Let D = {(x, t) : 0 < x < 1; 0 < t ≤ T } and a(x, t, u) satisfy condition (1.2). The solution u of u_t = u_{xx} − a(x, t, u)u, in D, u(x, 0) ≥ 0, u(x, 0) ≥ 0, 0 ≤ x ≤ 1, −u_x(0, t) = u_x(1, t) = 1, 0 ≤ t ≤ T,

(3.1)

is nonnegative on D.

Proof. To prove that u(x, t) ≥ 0 in D, let us assume the converse, i.e., u(x, t) < 0 at some point in D. The continuity of u(x, t) on D implies the existence of a negative minimum in D. If min_D u = u(0, t), for some 0 < t ≤ T , then the boundary condition u_x(0, t) = −1 implies u_x < 0 in neighborhood of (0, t), so u(x, t) < u(0, t) for some small x, which contradicts the fact that u(0, t) is the minimum.

A similar argument can be used to prove that the minimum can never happen at x = 1. So, u has its negative minimum at (x, t) in the interior of D. This implies u_t(x, t) ≤ 0 and u_{xx}(x, t) ≥ 0. Therefore, u_t − u_{xx} + au is negative at (x, t), which is a contradiction. Thus, we proved the lemma. □

Next, we consider the problem u_t = u_{xx} − a(x, t, u)u, (x, t) = D, u_x(0, t) = u_x(1, t) = 0, 0 ≤ t ≤ T, u(x, 0) ≥ 0, 0 ≤ x ≤ 1,

(3.2)

and a(x, t, u) satisfies condition (1.2). We establish the following lemma for a closely related problem.

Lemma 3.2. For a positive constant γ, the solution v(x, t; γ) of v_t = v_{xx} − γv, in D, v_x(0, t) = v_x(0, t) = 0, t ≥ 0, v(x, 0) > 0, 0 ≤ x ≤ 1

is positive for all (x, t) ∈ D where γ is a positive constant. Proof. Let w = e^{γt}v. Then w_t = w_{xx}, in D, w_x(0, t) = w_x(1, t) = 0, t ≥ 0, w(x, 0) = v(x, 0) > 0, 0 ≤ x ≤ 1.

If w ≤ 0, then w has a minimum that’s not positive either at x = 0 or x = 1 for some t = t_0 ∈ (0, T ], which implies by the strong maximum principle [15], w_x(0, t_0) > 0 or w_x(1, t_0) < 0, which is a contradiction. Hence, w > 0, and therefore, v > 0. □

Lemma 3.3. The solution z(x, t, ϵ) of z_t = z_{xx} in D, z_x(0, t) = ϵ, 0 ≤ t ≤ T, z_x(1, t) = −ϵ, 0 ≤ t ≤ T, z(x, 0) = 0, 0 ≤ x ≤ 1, satisfies the inequality −Cϵ < z(x, t) ≤ 0 in D, where the positive constant C is a linear function of G.

Proof. This is a straightforward application of the strong minimum principle and a simple comparison with u(x, t) = −2ϵt + ϵx(1 − x). □ Lemma 3.4. The solution u of (3.2) satisfies the inequality 0 < v(x, t; β) ≤ u(x, t) ≤ v(x, t; α) in D, where α and β are the lower and upper bound of a(x, t, u), respectively. Proof. First consider v(x, t; β) + z(x, t; ϵ). For a fixed T , we can chose ϵ sufficiently small so that v + z > 0 in D. Consider w = u − v − z. Clearly, w satisfies w_t = w_{xx} − aw − (a − β)v in D, w_x(0, t) = −ϵ, 0 ≤ t ≤ T, w_x(1, t) = ϵ, 0 ≤ t ≤ T, w(x, 0) = 0, 0 ≤ x ≤ 1.

Suppose w < 0 somewhere in D. Then the boundary conditions force a negative minimum in D, where w_t − w_{xx} + aw + (a − β)v < 0, which contradicts the equation w_t − w_{xx} + aw + (a − β)v = 0 in D.

Thus, w ≥ 0 which implies that u(x, t) ≥ v(x, t, β) + z(x, t, ϵ) for all ϵ > 0 sufficiently small. Hence, u(x, t) ≥ v(x, t; β).

Likewise, by considering w = v − z − u, the inequality v(x, t; α) ≥ u(x, t), follows by a similar argument. □ Theorem 3.5. The solution u of (1.1) is nonnegative.

Proof. By applying, successively, Lemma 3.1 and 3.4 on each time stage where we keep the flux u_x either zero or one, and the conclusion follows. □

4. Existence of the Time Switches If we formally differentiate (1.4), we obtain

μ^′(t) = 2ϕ(t) −

∫_1 0 a(x, t, u)udx. (4.1) To prove the existence of t_1, let ϕ(t) = 1 for t > 0. In view of hypothesis (1.2), equation (4.1) implies the estimate

μ^′(t) ≥ 2 − β

∫_1 0 u dx;

that is, μ^′(t) ≥ 2 − βμ(t), t ≥ 0.

By applying Gronwal’s inequality, we get μ(t) ≥ 2 β [1 − e^{−βt}].

Since μ(t) is continuous, then there exists a t_1 > 0 such that μ(t_1) = M, for any 0 < M <^2_β .

Next, we prove the existence of t_2 by taking ϕ(t) = 0 for t > t_1. This implies

μ^′(t) = −

∫_1 0 a(x, t, u)u(x, t)dx, t > t_1.

Using the estimate on a(x, t, u), we obtain μ^′(t) ≤ −αμ(t), t ≥ t_1.

Gronwal’s inequality implies μ(t) ≤ μ(t_1)e^{−α(t−t1 )} = Me^{−α(t−t1)}, t ≥ t_1.

Since μ(t) is continuous, then there exists a t_2 > t_1 such that μ(t_2) = m, where 0 < m < M.

For t > t_2, we take ϕ(t) = 1. This gives the estimate μ^′(t) ≥ 2 − βμ(t), t ≥ t_2.

Using the condition μ(t_2) = m and Gronwal’s inequality, we get μ(t) ≥ 2 β − ( 2 β − m ) e^{−β(t−t2)}, t ≥ t_2.

Note that the coefficient^2_β − m is positive, which implies the existence of t_3 > t_2 such that μ(t_3) = M.

We inductively get for t > t_{2n} and ϕ(t) = 1, μ(t) ≥ 2 β − ( 2 β − m ) e^{−β(t−t2n)}, t ≥ t_{2n}, (4.2) which implies the existence of t_{2n+1} such that μ(t_{2n+1}) = M.

Also, for t > t_{2n+1} and ϕ(t) = 0, we have, μ(t) ≤ Me^{−α(t−t2n+1)}, t ≥ t_{2n+1}, (4.3) which ensures the existence of t_{2n+2} such that μ(t_{2n+2}) = m.

Estimate (4.2) implies

M = μ(t_{2n+1}) ≥ 2 β − ( 2 β − m ) e^{−β(t2n+1−t2n)},

which gives rise to t_{2n+1} − t_{2n} ≤ 1 β ln 2 − mβ 2 − Mβ

. (4.4) Similarly, if we employ (4.3), we can get

t_{2n+2} − t_{2n+1} ≤ 1 α ln M m . 5. Numerical Example In this section, we consider a finite difference method to discretize the problem u_t = cu_{xx} − sin u, 0 < x < 1, 0 < t ≤ T, −u_x(0, t) = u_x(1, t) = ϕ(t), 0 < t ≤ T, u(x, 0) = 0, 0 < x < 1, where the boundary control function is

ϕ(t) = { 10, t_{2n} ≤ t ≤ t_{2n+1}, 0, elsewhere,

(5.1)

and {t_n} depends on μ(t) =

∫_1 0 u(x, t)dx, (5.2) where 2μ(t_{2n}) = 1, n = 1, 2, . . . , μ(t_{2n+1}) = 2, n = 0, 1, . . . .

The time limit and the diffusivity constant are taken as T = 40 and c = 0.05.

Let’s consider the space and time discretization

(i) Δx =^1_J , x_j = jΔx, j = 0, 1, . . . , J (ii) Δt =^T_N , τ_n = nΔt, n = 0, . . . , N where J = 50 and N = 400 . The integer N is chosen large enough so that the time step Δt is much smaller than an estimated differences between two consecutive values of the time switches.

We consider the backward implicit finite difference scheme U^{n+1}_j − U^n_j Δt = c U^{n+1}_{j−1} − 2U^{n+1}_j + U^{n+1}_{j+1} (Δx)^2

− sin U^n_j ,

which can be written as −νU^{n+1}_{j−1} + (1 + 2ν)U^{n+1}_j − νU^{n+1}_{j+1} = U^n_j − Δt sin U^n_j , (5.3) n T_n T_n − T_{n−1} n T_n T_n − T_{n−1} 1 5.2000 5.1000 8 21.6000 1.2000 2 6.4000 1.2000 9 25.5000 3.9000 3 10.2000 3.8000 10 26.7000 1.2000 4 11.4000 1.2000 11 30.6000 3.9000 5 15.3000 3.9000 12 31.8000 1.2000 6 16.5000 1.2000 13 35.6000 3.8000 7 20.4000 3.9000 14 36.8000 1.2000 Table 1. The Time switches T_n and the differences T_n − T_{n−1}. Note the differences between any two consecutive times tend to alternate between 1.2 and 3.8 or 3.9.

where ν = cΔt/(Δx)^2, j = 1, . . . , J −1 and n = 0, 1, . . . , N −1. The initial condition is U^0_j = 0 for j = 1, . . . , J − 1, and the boundary conditions are − U^n_1 − U^n_0 Δx = U^n_J − U^n_{J−1} Δx = ϕ(τ_n), (5.4)

for n = 0, 1, . . . , N. The total mass integral is calculated by the following trapezoidal rule

μ_n = h 2 N−1∑ j=0 ( U^{n+1}_j + U^n_{j+1} ) . (5.5)

The numerical experiment is carried out in the following way. We start by setting the flux at ϕ = 10 then we solve a tridiagonal system coming out of the difference method. We evaluate the total mass μ_n and compare it with the upper threshold M = 2. We move to the next time step while keeping the flux at ϕ = 10, if μ_n < M, or switch it to ϕ = 0, if μ_n ≥ M . At the moment, say τ_{n1} , for some integer n_1, when the total mass exceeds M for the first time, we take T_1 = τ_{n1} as an approximation for the first time switch. With ϕ = 0, we move on our solution through the time, as long as μ_n does not fall below the threshold m = 1. By the moment, when μ_{n2} ≤ m, for some integer n_2, we set T_2 = τ_{n2} , and we switch the flux back to ϕ = 10 at the next step. We keep switching the flux on (ϕ = 10) and off (ϕ = 0) and calculating the time switches T_k until the end of the run when τ_n = 40.

Table (1) shows the times switches T_n. As we can see there, the difference between any two consecutive time switches has a tendency to alternate between 3.8, 3.9 and 1.2. For the same set of data, graphs (1) through (5) show the concentration versus the space at consecutive time steps. The graphs are obtained for different stages, where at each stage the flux is kept constant at the end points. A profile of the concentrations at x = 0.5 for various times is shown in graph (6) with the same specified data. Graph (7) shows the total mass computed through (5.5) versus the time. Note the slow increase and the sharp fall in the graph due to the sink term sin U^n_j .

References

[1] J. R. Cannon; The one-dimensional heat equation, Encyclopedia of Mathematics and its Applications 23 (1984).

Figure 1. The first stage where the flux ϕ is held at 10 at the end points. Each curve shows the concentration profile at various discrete time steps τ_n = nΔt. As the time goes on, the level of concentrations gets higher

Figure 2. The second stage where the flux ϕ is held at 0 at the end points. As the time goes on, the level of concentrations decreases. Notice the fluctuations when the concentration is dropped suddenly to 0 at the beginning of the stage.

[2] J. R. Cannon; Yapping Lin and Shuzhan Xu, Numerical procedures for the determination of an unknown coefficient in semi-linear parabolic differential equation. Inverse Problems 10 (1994), 227-243.

[3] J. R. Cannon and J. Van der Hoek; The existence and a continuous dependance result for the solution of the heat equation subject to the specification of energy. Boll. Uni. Math. Ital. Suppl. 1(1981), 253-282.

Figure 3. The third stage where the flux ϕ is switched to 10 at the end points. Each curve shows the concentration profile at various discrete time steps. Notice the fluctuations due to the sudden change on the concentrations. After a little while, the concentrations levels increase monotonically.

Figure 4. The fourth stage where the flux ϕ is switched to 0 at the end points. Notice the similarity with the second stage.

[4] J. R. Cannon and J. Van der Hoek; An implicit finite difference scheme for the diffusion equation subject to the specification of mass in a portion of the domain. Numerical solutions of partial differential equations (Parkville, 1981), pp. 527–539, North-Holland, Amsterdam- New York, 1982.

[5] J. R. Cannon and J. Van der Hoek; Diffusion subject to a specification of mass. J. Math.

Anal. Appl. 115 (1986), No.2, 517-529 [6] W. A. Day; Existence of a property of solutions of the heat equation to linear thermoelasticity and other theories. Quart. Appl. Math., 40, (1982) 319-330.

Figure 5. The fifth stage where the flux ϕ is switched to 10 at the end points. Notice the similarity with the third stage.

Figure 6. The concentration profile U at x = 0.5 versus the time shows periodic behavior due to the periodic change of the boundary conditions

[7] W. A. Day; A decreasing property of solutions of a parabolic equation with applications to thermoelasticity. Quart. Appl. Math., 41, (1983) 468-4475.

[8] J. Kevorkian; Partial differential equations, analytical solution techniques. 2nd edition. Texts in Applied Mathematics 35 (2000).

[9] Pao, C. V.; Blowing-up of solution for a nonlocal reaction-diffusion problem in combustion theory. J. Math. Anal. Appl. 166 (1992), no. 2, 591-600.

[10] Pao, C. V.; Dynamics of reaction-diffusion equations with nonlocal boundary conditions.

Quart. Appl. Math. 53 (1995), no. 1, 173-186.

[11] Pao, C. V.; Reaction diffusion equations with nonlocal boundary and nonlocal initial conditions. J. Math. Anal. Appl. 195 (1995), no. 3, 702-718.

Figure 7. The total mass computed via equation (5.5) versus the time. Note the slow increase and the sharp fall in the graph due to the sink term sin U^n_j .

[12] Pao, C. V.; Dynamics of weakly coupled parabolic systems with nonlocal boundary conditions. Advances in nonlinear dynamics, 319-327, Stability Control Theory Methods Appl., 5, Gordon and Breach, Amsterdam, 1997.

[13] Pao, C. V.; Asymptotic behavior of solutions of reaction-diffusion equations with nonlocal boundary conditions. Positive solutions of nonlinear problems. J. Comput. Appl. Math. 88 (1998), no. 1, 225-238.

[14] Pao, C. V.; Numerical solutions of reaction-diffusion equations with nonlocal boundary conditions. J. Comput. Appl. Math. 136 (2001), no. 1-2, 227-243.

[15] Protter, Murray H.; Weinberger, Hans F.; Maximum principles in differential equations.

Prentice-Hall, Inc., Englewood Cliffs, N.J. 1967 x+261 pp.

John R. Cannon University of Central Florida, Department of Mathematics, Orlando, FL 32816, USA E-mail address: jcannon@pegasus.cc.ucf.edu

Mohamed Salman Tuskegee University, Department of Mathematics, Tuskegee, AL 36088, USA E-mail address: msalmanz@gmail.com