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ABSTRACT. This paper deals with the coupling of a quasilinear parabolic prob-
lem with a first order hyperbolic one in a multidimensional bounded domain
Q. In a region Q, a diffusion-advection-reaction type equation is set while
in the complementary Q; = Q\Q,, only advection-reaction terms are taken
into account. Suitable transmission conditions at the interface 92, N 02y, are
required. We find a weak solution characterized by an entropy inequality on
the whole domain.

1. INTRODUCTION

We are interested in a coupling of a quasilinear parabolic equation with an hyper-
bolic first-order one in a bounded domain 2 of R", n > 1. The main motivation for
considering this problem is the study of infiltration processes in an heterogeneous
porous media. For instance, in a stratified subsoil made up of layers with differ-
ent geological characteristics, the effects of diffusivity may be negligible in some
layers. Such a coupled problem occurs also in fluid-dynamical theory for viscous-
compressible flows around a rigid profile so that near this profile the viscosity effects
have to be taken into account while at a distance they can be neglected. Another
example arises in heat transfer studies as mentioned in [6].

We consider the case of two layers, that is sufficient. Then, the geometrical
configuration is such that:

Q= Q,UQ,; Q) and Q, are two disjoint bounded domains with Lipschitz
boundaries denoted by I'; = 9y, I € {h,p} and I}, = T, NT,,. In addition we
set @ =]0,T[xQ and for I in {h,p}, Q; =]0,T[x, ¥; =]0, T[xT;. Now, for ¢ in
[0, n+1], HY is the g-dimensional Hausdorff measure over R"*! and for [ in {h, p}, v,
is the outward normal unit vector defined H"™-a.e. on ¥;. So the interface, denoted
by Y, =]0, T[xThp, is such that H™(Zp, N (5,\Xp,)) = 0.
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Now, due to a combination of conservation laws and Darcy’s law, the physical
model is described as follows:

For any positive and finite real T, find a measurable and bounded function u on
@ such that,

O — > 0, (f (W), P) + g(t,x,u) =0 in Qp, (1.1)
=1
Qv =Y O, (f(W)0y, P) + g(t,w,u) = Ad(u) i Qy, (1.2)
=1
u=0 on]0,T[x09, (1.3)
u(0,.) =up on Q. (1.4)

Then, suitable conditions on u across the interface ¥, must be added. As for
the linear problem studied by F. Gastaldi and al. in [0] or for the one dimensional
nonlinear problem studied by G. Aguilar and al. in [2], these transmission con-
ditions include the continuity property of the flux through the interface formally
written here as

—f(W)VPuy, = (Vo(u) + f(u)VP).v, on Zpy,. (1.5)

Let us mention that this problem has already been studied by the authors in [I]
for a nondecreasing flux function f when VP.y, < 0 a.e. on I'y,. Here, we still
consider a nondecreasing flux function f, but we give an existence and uniqueness
result holding even when VP.y;, > 0 a.e. on I'y,.

1.1. Assumptions and notation. The pressure P is a known stationary function
belonging to W2 7°°(Q) and such that AP = 0 which is not restrictive as soon as
(1.1) and (1.2) include some reaction terms. In addition,

VP.yy, has a constant sign all along I'y,;. (1.6)
The reaction function g belongs to W1+°°(]0, T[xQ x R) and we set
M, = €ss sup |Oug(t,z,u)] and My = esssup |gp(t, z,0)|.
(t,2,u)€]0,T[x QxR 10,T[x$2

The initial data ug belongs to L>°(Q2). Thus we can define the nondecreasing time-
depending function

M!t
’ e g9 —]_
M :t € [0,T) = M(t) = Juoll = @e™s '+ Mo—— 77—

g

(1.7)

To simplify we write M = M (T).

Now, we assume local hypotheses on f and ¢.
(i) The flux function f is a nondecreasing Lipschitzian function on [—M, M| with
constant M J’f and such that f(0) = 0. To express the boundary conditions on the

frontier of the hyperbolic area, we introduce the nonnegative function F defined on
[_Mv MP by

F(a,b,c) = %{If(a) —fO) = 1f(e) = FO) + [f(a) = F(O)]}- (1.8)

(ii) ¢ is an increasing Lipschitzian function on [—M, M] such that ¢~! is Holder
continuous and ¢(0) = 0.
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(iii) fo ¢! is Holder continuous with exponent 6 in [1/2, +-o00[ that is there exists
a positive constant C such that

V(z,y) € [-M, M]*, |(fod ")(x) = (foo )y <Clz—yl. (1.9)

Remark 1.1. The monotonicity of f and the condition involve that

ifa.e. on I'yp, VP.vy, <0, then ¥y, is included in the set of outward characteris-
tics for the first-order operator in the hyperbolic domain and along the interface the
information is leaving the hyperbolic domain. This property has been used in [I] to
split the problem by first considering the behavior of a solution in the hyperbolic
area and then in the parabolic one;

ifa.e. onT'yp, VP.y, > 0, then ¥, is included in the set of inward characteristics
for the first-order operator in the hyperbolic domain and along the interface the
information is now entering the hyperbolic domain. This property will also be used
to first consider the behavior of a solution in the parabolic area and then in the
hyperbolic one.

At last, for any positive real p, sgn, is the Lipschitzian approximation of the
function sgn defined by:

Vo € [0, +00], sgn,(z)= min(%, 1), sgn,(—z) = —sgn ,(z). (1.10)

For the rest of this work, o (resp. &) denotes the variable on ¥; (resp. I7),
I € {h,hp,p}. This way, for any ¢ of [0,T], o = (t,7).

1.2. Functional spaces. In the sequel, W(0,T) is the Hilbert space

W(0,T) = {ve L*0,T; H}(Q)); 0pv € L*(0,T; H ()}

)1/2 and

equipped with the norm |[w||lwo,r) = (||8tw||2L2(O7T;H,1(Q)) + ||Vw||%2(Q),,L
V' is the Hilbert space

V={ve H(Q,),v=0ae. on T,\I',}

equipped with the norm [jv|[v = [|[Vvl|L2(q,)n-

We denote (.,.) the pairing between V and V.

At last BV(0O) with O = Q) or O = @y, is the space of summable functions v
with bounded total variation on O where the total variation is given by

TVo (v) = sup { /O o(a)div(x)dz, B € (D(O))P, ]|z~ (oyr < 1}

where p is the dimension of the open set O. Moreover, we denote by ~v the trace
on I'y, or Xj, of a function v belonging to BV (O).

The concept of a weak entropy solution to — is defined in Section 2
through an entropy inequality in the whole domain, the boundary conditions on the
outer frontier of the hyperbolic area being expressed by referring to [8]. Then, we
show some properties of such a solution in the hyperbolic area and in the parabolic
one. The proof of the existence result is given in Section 3 and the uniqueness
property is established in Section 4.



18 G. AGUILAR, L. LEVI7 M. MADAUNE-TORT EJDE/CONF/16

2. THE ENTROPY FORMULATION

2.1. Weak entropy solution. The definition of a weak entropy solution to —
has to include an entropy criterion in ); where the quasilinear first-order
hyperbolic operator is set. Problem — can be viewed as an evolutional
problem for a quasilinear parabolic equation that strongly degenerates in a fixed
subdomain Qp of Q. As in [2] or [I], we propose a weak formulation through a
global entropy inequality in the whole @, the latter giving rise to a variational
equality in the parabolic domain and to an entropy inequality in the hyperbolic
one so as to ensure the uniqueness.

Definition 2.1. A function w is a weak entropy solution to the coupling problem

(1.1)-(1.5) if u € L>=(Q), ¢(u) € L?(0,T;V) and for all ¢ € D(Q), ¢ > 0, for all
k e R,

/ |u — k|Opp dx dt — / Vip(u) — ¢(k)|. Vo dxdt
Q QP (2.1)

—/ [f(u) — f(K)|VP.Vpdxdt —/ sen(u — k)g(t,z,u)pdrdt > 0,
Q Q

for all ¢ € L ($,\Xnp), ¢ > 0, for all k € R,

ess lim F(u(o + mvp),0,k)VP(5).vp dH™ <0, (2.2)
T—0— E}L\Ehp
ess lim/ |u(t, ) — uo(x)|dz = 0. (2.3)
t—0t Jo

2.2. An entropy inequality in the hyperbolic zone. We derive from (2.1} and
(2.2) an entropy inequality in the hyperbolic domain.

Proposition 2.2. Let u be a weak entropy solution to the coupling problem (1.1])-
(1.5). Then for any real k and any ¢ of D(]0, T[xR™), ¢ >0,

- / (lu— kv — |f(u) — F(R)|V PV — sgn(u — k)g(t, z, u)g) de dt

h

< esslim |f(u(o + 1vh)) — f(K)|IVP(G).vpe(o)dH"

T—0~ Shp

s [ WIVPE o)
S\ Zhp

—esslim |f(u(o + Tvh))|VP(5).vpp(o)dH™.
0T JS\Eh,

Proof. From (2.1)) it comes that for ¢ in D(Q4), ¢ > 0,

/ (|lu — k|Owp — | f(u) — f(k)[VP.Vyp —sgn(u — k)g(t,z,u)p)dxdt > 0. (2.5)

h

First, by referring to F.Otto’s works in [§], we deduce from (2.5)) that, for any real
k and any 3 in L'(Z},), the following limit exists:

ess lim |f(u(o +7vR)) — f(B)|VP(3).vpB(0)dH™. (2.6)

T—0~ Sh
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Then, it results from (2.5 (see [8]) that, for any real k and any ¢ in D(]0, T[xR"),
¢ >0,

- / (lu— k|owe — | £(u) — FR)VP.V o — sgn(u — k)g(t, z,u)p) de dt

Qn

< esslim |f(u(o + 7Tvh)) — f(k)|VP(G).vpe(o)dH".

T—0— Sh

To conclude we share the frontier of 0y, into 'y, and I',\I's;, and we use boundary
condition (2.2) on Lp\Zpp. O

2.3. A variational equality in the parabolic zone. We give now some informa-
tion on the regularity for d;u in @, and we derive from ([2.1]) a variational equality
satisfied by any weak entropy solution u to the coupling problem ([1.1)-(|1.5).

Proposition 2.3. Let u be a weak entropy solution to the coupling problem -
. Then Owu belongs to L*(0,T;V'). Furthermore, for any ¢ in L*(0,T;V),

T
/ (Opu, p)dt + / Vo(u).Vodzdt + (W)VP.NVpdxdt
0 , QR
» ® (2.7
+ / g(t, z,u)p dx dt + esslim f(u(o + 7vR))VP(5).vppdH™ = 0.
T—0

Qp Shp

Remark 2.4. This proposition is proved in [I, Proposition 3.4] independently of
any condition on the hyperbolic characteristics on ¥j,,.

3. THE EXISTENCE RESULT

In this section, we will prove the existence of a weak entropy solution.

Theorem 3.1. The coupling problem (1.1))-(1.5)) has at least a weak entropy solu-

tion.

To construct a weak entropy solution to Problem —, we work successively
in the hyperbolic domain and in the parabolic one or vice-versa. Indeed, thanks
to Remark when a.e. on I'y, VP, < 0, we can begin by working in the
hyperbolic zone while, when a.e. on I'y, VP.v, > 0, we can begin by working in
the parabolic area.

3.1. Waves going from (), to @,. In this section we suppose that, a.e. on
I'tp, VP.u, < 0. The existence of a weak entropy solution to Problem -
is already proved in [I] by the viscosity method. Here, we give a different proof of
this result.

First, thanks to [8], there exists one and only one function wy in L*>(Q}) such
that for all ¢ € D(Qr), ¢ > 0, for all k € R,

/ (|lwp —k|Orp— | f(wr) — f(k)[VP.V o —sgn(wy, —k)g(t, x,wp)p) dedt > 0, (3.1)
Qn
for all ¢ € LY(Xy,), ¢ >0, for all k € R,

ess lém F(wp (o + 71141),0,k)VP(G).vp¢dH™ <0, (3.2)
T Uy,
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ess lim |wp (¢, ) —uo(x)|dx = 0. (3.3)

t—0+ Qn

Then, thanks to [5], there exists one and only one function w, in L>°(Q),) such that
d(wy) € L2(0,T; V), dyw, € L2(0,T; V') and for all p € L*(0,T;V),

T
/ (Btwp,@dt—i—/ V(b(wp).V(pdxdt—i—/ f(wp)VP.Npdz dt
0 Qp QP

(3.4)
+ / g(t, x, wp)p da dt + ess lgm fwp(o + 7vp))VP(G).vppdH™ = 0,
P U Xhp
ess lim lwy(t, x) — ug(x)|dx = 0. (3.5)
t—0+ Q,

Indeed the mapping

@ — —esslim fwp (o + Tvp))VP(G).vppdH™

T—0" Shp

belongs to L>°(0,T;V"). Therefore to prove Theorem we are going to establish
the following lemma.

Lemma 3.2. Let u be defined by u = wy, in Qp, and v = w, in Qp,. Then u is a

weak entropy solution to the coupling problem (L.1])-(L.5).
Moreover if uo,, belongs to BV (Qy), then ujq, belongs to BV (Qp) and

esstim | |f(u(o 7)) — flqulo))ar” = 0

where yu(o) is the trace on Xy, in the BV-sense of the BV-function uq, .

Proof. First note that u € L*°(Q) and ¢(u) € L*(0,T;V). Let ¢ be in D(Q),
@ > 0 and let k£ be in R. As in the proof of Proposition we derive from (3.1))
the following inequality

[ (hn — klowe — [ wn) ~ £V P sgntun — Dg(t, o, wn)e) dds
@n (3.6)
> —esslim |f(wr (o + Tvp)) — f(K)|VP(G).vpp(o)dH™.

T—0~ Shp

Then, we choose in (3.4)) the test-function ¢ sgn ,(¢(w,) — ¢(k)). It follows:
T
= [ (@wsn u(6(uy) — o)l
0

sgn u(p(wp) — ¢(k)) V(d(wp) — ¢(k)). Ve dr dt

| | |
ST~
wn
o9
=
E-\
s
S
P—/
|
°
=
=
S
?—/
|
=
=
<]
)
<
Y
QL
IS
QL
~
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+ / sgn, (¢(wp) — @(k))(f (wp) — f(k)) VL.V ($(wp) — d(k))p da dt

p

+ esslim f(wp (o + 7vh)) VP sgn ,(o(wy) — ¢(k))edH™

T—0" Shp

4 / sen . (6(wy) — O(k)) F(K)V Pappd M. (3.7)
>

hp

Thanks to (1.9) and to the Cauchy-Scharwz inequality there exists a positive con-
stant C such that :

/ sgny, ((wp) — d(k)) V(d(wp) — 6(k)).V(d(wy) — ¢(k))p du dt

P

+ / sgny, ((wp) — ¢(k))(f(wp) — f(R) VPV (¢(wp) — ¢(k))ep da dt

p

> ¢ / |6(wp) — S(k) 2 sen’, ($(uwy) — (k) de dt,

p

and the term in the right-hand side goes to 0 with p as § > 1/2 thanks to the
Lebesgue’s bounded convergence theorem.

In the first term of 7 we use an integration by parts formula based on a
convexity inequality (see e.g. [5], the Mignot-Bamberger Lemma) to obtain

_/()T<atwp7sgnu(¢(wp) — ¢(k))p)dt = /QP (/k“’ sgn . (o(r) — qb(k))dr)@tapdm dt.

Therefore, we are able to pass to the limit in (3.7) when M approaches 0% in all the
integrals over @,. For the one on ¥, we argue from and [8] that - is
valid for wy,. Therefore there exists 6 in L (X}, such that for any 6 in L (Zpyp),

ess lgm flwp(o + 7vR))VP(G)vpB(o)dH" = 0(0)B(o)dH™. (3.8)
=07 J%,, Shp
Therefore, we can use that
Jim, . 0(c) sgn (¢(wp) — ¢(k))pdH™ = . 0(c) sgn(p(wp) — ¢(k))pdH".

After all, we obtain

/Q (ltwp — Kldrg — | Fwy) — F(B) VPV — sgn(uy — k)g(t,z,wy)p) da di
- /Q VIo(wp) - 6(k)|. Vo da dt (3.9)

> esslim (f(wn(o+ 7)) — f(k)) sgn(wy(o) — k)VP.uppdH™

T—0— Shp

where in (3.9)), wy(c) is defined as ¢! (¢(wy(0))) and belongs to L>(Z,). By
adding the inequalities (3.6) and (3.9), we obtain

/|ufk|6tg0dxdt7/ Vip(u) — ¢(k)|. Vo dzdt

P

/ |f(u |VPVg0d9:dtf/ sgn(u — k)g(t,z,u)p drdt
Q
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> esslim (fwp(o + Twp)) — f(k)) sgn(wp (o) — k)VP(G).vpp(o)dH"

T—0— Zhp

— esslim |f(wp(o 4+ 7)) — f(K)|VP(5).vpe(o)dH™.

T—0— Shp

Now by using the condition VP.v, < 0 a.e. on I'y,, we derive that u satisfies
Inequality (2.1]).
At last, thanks to (3.2)), (3.3]) and (3.5)), we can conclude that u is a weak entropy
1.5

solution to the coupling problem (1.1})-(1.5).

Now, if ug|, belongs to BV (), it results from [3] and [§] that wy,q, belongs
to BV (Qp). Therefore u g, belongs to BV (Qp) and thanks to the properties of
the trace operator from BV (Qp,) into L'(X})

ess lim g [f(u(o + Tvn)) — f(yu(o))|dH™ =0

where yu(o) is the trace on X, in the BV-sense of the BV-function g, . O

3.2. Waves going from @, to Q. In this section we suppose that a.e. on
th7 VP.I/h Z 0.

First, thanks to [5], there exists one and only one function w, in L*(Q,) such
that ¢(w,) € L2(0,T;V), dyw, € L*(0,T; V') and for all p € L*(0,T;V),

T
/ (Opwp, p)dt + V(b(wp).chdxdt—i—/ fwp)VP.NVpdzdt
0 Qp

@ (3.10)
+ / g(t, z,wp)pde dt + fwp(0))VP(3).vppdH™ =0,
P th
ess lim |wp(t, ) — uo(x)|dx = 0. (3.11)
t—0+ Q,

In (3.10), wy(o) is defined as ¢~ (¢(wy(0))) and belongs to L= ().
Then, thanks to [§], there exists one and only one function wy, in L (Q}) such
that for all ¢ € D(Q4), ¢ > 0, for all k € R,
/ (lwp—k|Ovp—| f(wr)— f(k)|VP.Vo—sgn(w,—k)g(t, z, wp)p) dx dt > 0; (3.12)
Qn

for all ¢ € LY(X), ¢ >0, for all k € R,

esslim F(wp(o +711),0,k)VP(5).vp¢dH™ <0, (3.13)
70T I\,
ess loim F(wp (o + 7)), wp(0), k)VP(@).vp(dH™ <0, (3.14)
T7—07 Ehp
ess lim lwp (t, ) — up(z)|dx = 0. (3.15)
t—0+ Qn

Therefore to prove Theorem [3.1] we establish the following lemma.

Lemma 3.3. Let u be defined by u = wy, in Qp, and v = w, in Qp,. Then u is a

weak entropy solution to the coupling problem (|1.1])-(L.5)).
Moreover

ess lim |f(u(o +7v1)) — f(u(o))|[dH" =0

T—0— Shp
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where u(o) is defined as ¢~ (p(u(0))).
Proof. First u € L*°(Q) and ¢(u) € L?(0,T;V). Now let ¢ be in D(Q), ¢ > 0 and
let k£ be in R.

Following the proof of (3.9) in Lemma[3.2] we deduce from (3.10) that

/ (lwp — k|0 — | f(wp) — f(K)|VP.Vy — sgn(w, — k)g(t, z,wp,)p) dz dt
/ Vio(wy) — 6(k)].Vep do dt (3.16)

> / F(wp(0)) — FR)VP(@) onp(o)dH.

Moreover, Inequality (3.6) is still satisfied by wy,. By adding the inequalities (3.6))

and we obtain
/ |u — k|Opp dx dt — / Vip(u) — ¢(k)|. Vo dzdt

P

/ |f(u |VPV<pdxdt7/ sen(u — k)g(t,xz,u)pdxdt
Q

/2 £(1y(0)) — FRITP(@) (0"

hp

— ess lém | f(wn (o + Tvp)) — f(K)|VP(5).vpe(o)dH™.
=07 J%,,
Then, thanks to (3.14) and to the condition VP.vj, > 0 a.e. on I'y,, we obtain that
u satisfies Inequality 1-

Now, thanks to (3.13)), - and 1 , we conclude that v is a weak entropy
solution to the Couphng problem ([1.1]

At last, it results from [7] that as th is included in the set of inward char-
acteristics for the first order operator, the solution wy of Problem (3.12)-(3.15))
satisfies

ess lim |f(wp (o +7v1)) — flwp(o))|dH™ =0

T—0~ Shp

4. THE UNIQUENESS PROPERTY

We have seen in Lemma or Lemma m 3 that Problem . has at least
a weak entropy solution u for which there exists 6 € L! (Ehp) |0\ < M and

ess lém |f(u(o + 7Tvh)) — f(0(0))|VPyrdH" = 0. (4.1)
T—0U™ th
Indeed, when VP.y, < 0 a.e. on I'yy, as soon as ugq, belongs to BV (£2;,) then
is satisfied with § = yu where yu is the trace on X, in the BV-sense of the
BV-function ug,. When VP.v, > 0 a.e. on 'y, is satisfied with 6§ = u where
u is defined as ¢~ (¢(u)) and ¢(u) is the trace on Xy, of ¢(u)g
In this section, we prove the uniqueness property in the class of weak entropy
solutions satisfying . Indeed, we have justified that Problem — admits
such a solution (under the additional hypothesis ugq, belongs to BV (€2;,) when
a.e. on I'p, VP, <0).
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4.1. Preliminaries. To use the method of doubling variables, we introduce a se-
quence of mollifiers (W;s)s>o on R™*! defined by

V8 >0, Vr = (t,z) € R", Ws(r Hm ),

where (ws)s>o is a standard sequence of mollifiers on R. We will use classical
results on the Lebesgue set of a summable function on @ and a similar property on
¥ proved in [9]:

Lemma 4.1. Let v and w be in L>(Qp) such that and hold. Then for
any continuous function ¢ on Qp,

o+
hm/ / f(r)|VP(a).vne
=0t Jq, Eh\zhp| | () ( 2

iesshm |f(v(o + Tvp))|[VP(&)vpp(o)dH",

7—0 Zh\zhp

DYWs(6 — r)dH2dr

lim ess lim |f(w(o + TVh))‘VP(é).thO(m)W(;(U — 7)dHLdF
§—0+ Qn T—0— S \Zhp 2
1
= —esslim |f(v(o + Tvp))|VP(G).vpp(o)dH",
2 r—0-— Zh\zhp
5 _ o+ s _
lim / / ()| VP@) e D W (o — )dH dr
5—0+ Qn JThp 2

2
where 0, (resp. 0.,) is defined by forv (resp. w).

4.2. The uniqueness theorem.

_! / 1£(60(0)) — F(8u(0)) |V P(@)wnip(o)dH”

Lemma 4.2. Let uy, us be two weak solutions to . for initial data re-
spectively ug 1, ug2 and such that . ) holds with f( i)V P, = f(u;)VP.uy, for
i =1,2, when VP.v, >0 a.e. onTy,. Then, for a.e. t of [0,T],

/|u1 ) — ua(t )\dx<e o /|u01—u02|dm

Theorem 4.3. Let ug be in L>(2). The coupling problem (LI)-(L5) admits
at most one weak entropy solution u such that holds with fOVPy, =
f(u)VP.yy, when VPyy >0 a.e. onTpy,.

Moreover, for initial data up1 and ug 2 in L™ (Q) the corresponding weak entropy
solutions uy and ug to ([LI)-(LE) are such that for a.e. t of [0,T],

/|u1(t, ) — ua(t, )\dx<e /|u0’1—u0’2|dx.
Q Q

Proof of Lemma[{.3 (i) We first compare the two solutions u; and us in the para-
bolic zone. The lack of regularlty of the time partial derivative of any weak entropy
solution to (1.I)-(L.5) requires a doubling of the time variable.

Therefore, let x be a nonnegative element of D(0,7"). We consider ¢ a positive
real small enough for as : (£,t) — as(t,t) = x((t + t)/2)ws((t — )/2) to belong
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to D(]0,T[x]0,T[). Then, for p > 0, in for u; written in variables (t,z)
we consider ¢(t,z) = sgn ,(¢p(u1)(t, z) — ¢(uz)(t, x))as(t,t) and in written in
variables (£, z) for ua, we consider ¢(f, z) = —sgn ,(¢(u1)(t, 2) —d(uz)(t, z)) s (£, t).
To simplify the writing, we add a ”tilde” superscript to any function in the ¢
variable. Moreover, thanks to we observe that in , fori=1,2,

ess lgm flui(o +71vp))VP(G).vppdH™ = f(0:(0))VPuppdH™.
=07 Sy, Shp

Then, by adding up, it comes:

/ / (Oyuy — Orfia, sgn , (B(uy) — d(iiz)))asdtdt
/ V(p(u1) — ¢(ii2)).Vsgn ,(¢p(u1) — ¢(iia)) a5 dx dtdt
10, 7[xQyp
+/ (f(u1) — f(72))VP.V sgn u(¢(ur) — é(@z)) ag da dtdi
10,7[xQyp
[ (gl — glfnaa)) sen(6lun) — 6(0) as dodtdi
10, T[xQyp
T
- / [ 104(0)V P s u(01) = 0ua () rgtH

+ / f(02(0))V Py sgn ,(d(ur) — ¢(uz(0)))sdHzdt.
0 Juu,

In the left-hand side, we use the calculus of the proof of Lemma [3.:2} So, we are
able to pass to the limit in (4.2)) when u approaches 0. Therefore,

— / |uy — 1ig|(Oras + Ozars) dx dtdt
10,T[xQp

</ lg(t, z,12) — g(t, =, Ua) |5 d dtdt
0,T[XQp

/ /E — f(02(5))V P sgn (6 (ur) — ¢(u2(5)))asdHydi.

Now, we come back to the definition of a; to express the sum 0;a5 + O;as. Then
we are able to take the limit with respect to é through the notion of the Lebesgue’s
set of a summable function on ]0,T[. Therefore, as g is Lipschitzian, for any x in
D(0,T), x =0,

—/ [ug — ua|x'(t) dx dt

Qp

< Mé/ |ur — wo|x(¢) dz dt (4.3)

—/2 (f(01(0)) = f(02(0)))VP.vp sgn(e(ur) — d(uz))x(t)dH".

(ii) Now, we work in the hyperbolic domain. We use a doubling method for all the
variables . Let ¢ be such that v = x¢ where x is a function in D(0,T), x > 0, as in
Part (i) and ¢ is in D(R™) such that: ¢ >0, ( =1 on Q. We consider § a positive
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real small enough in order that the mapping (£,t) —— x((t + t)/2)ws((t — 1)/2)
belongs to D(]0,T[x]0,T[). Then, for any positive §, we define the function ¥y in

10, TR x]0, T[xR" by Ws(r, 7) = x((t + 1)/2)¢((x + 7)[2)Wa(r — 7).
Due to Proposition Inequality (2.4) holds for u; and us. We choose in (2.4))

written for uy in variables (¢, z),
k=it =us(t,z) and o(t,z) = Vs(t,z,1,7)
and in ([2.4) written for uy in variables (, %),
kE=wu(t,z) and (i, %) = Vs(t,z, 1, 7).
By integrating over @}, and adding up, it comes by using (4.1)):
- / (Jur — 2|0y s + 8;U5) — | f(u1) — f(a2)|(VP.V,¥s + VP.V:Us) dr dF
QnXQhn
—l—/ sen(uy — 12)(g(t, v, u1) — g(t, x, 12)) Vs dr d
QhXQh
<[ [ @) R
h SR\ Ehp
+ / / (1) [V 2 P s (r, &) AH dr
Qn YER\Zhp

— / ess lim |f(ui(o 4+ 7)) | Ve Pup¥s(o, 7)dH AT
Q

n T0T I8N\,

— / ess lim |f (ua(& + 7v))|Va P Vs (r, )dH2dr
Qn

, T—07 Sh\Zhp

+ /Qh /th |f(01(0)) — f(a2)|Va Pvp¥s(o, 7)dH dr

of U0 = ST P 3

(4.4)
Then through a classical reasoning we pass to the limit with ¢ on the left-hand side

of (4.4). On the right-hand side, we refer to Lemma It comes:
—/ lur — uz|x'(t) dz dt < —/
Qn

. sgn(uy — ug)(g(t, z,u1) — g(t, x, uz))x(t) da dt

+ [ O~ SO Ve P
)

hp

The Lipschitz condition for g provides: for any x of D(0,T), x > 0,

[ - wOdede < [ 1f0300) - f0)IV. Pa@an
Qn

e (4.5)
—|—M£’7/ |uy — ua|x(¢) dz dt.
Qn

By adding inequalities (4.3)) and (4.5)), we obtain

f/ [ur — ua|x'(t) dz dt
Q
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<M /Q o~ wsl(@dedt+ [ 17(01(0) - 0DV Par (Bt

- / (F(6:(0)) — F(6(0)))V Pvn sgn(6(ur) — é(us))x(£)dH".

Therefore, when a.e. on I'y,, VP.y, <0, we have

F(01(0)) = F(02(0)) [V Parm < (F(02(0)) — F(0(0)) sen((ur) — (uz))V Py
Now, when a.e. on I'y,, VP.vy >0, a.e. on Xy,

f(0:,(0))VPup, = f(u;i(0))VPuyp, i =1,2.
As a consequence, a.e. on X,

(f(61(0)) = f(02(0))) VP sgn(d(ur) — d(u2)) = | f(61(0)) — f(02(0))|VP.vy.
At last in both cases, we have for any x of D(0,T), x > 0,

7/ |u17uQ|X'(t)dxdt§M;/ |ug — uz|x(t) dx dt.
Q Q

When y is the element of a sequence approximating I ;), ¢ being given outside a
set of measure zero, the desired inequality of Lemma is obtained thanks to the
initial condition (2.3)) for u; and ug and to the Gronwall Lemma. O

Comments. In this paper we have looked for solutions to the coupling problem
-. We have proved an existence and uniqueness result when along the
interface all the charasteristics have the same behaviour. Either there are all leaving
the hyperbolic domain, either there are all entering this domain. In the first case, we
refer the reader to [I] for a study without condition by means of the vanishing
viscosity method and the notion of process solutions [4].
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