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ABSTRACT. Fractional diffusion equations are widely used for mass spreading
in heterogeneous media. The correspondence between fractional equations and
random walks based upon stable Lévy laws, keeps in analogy with that be-
tween heat equation and Brownian motion. Several definitions of fractional
derivatives yield operators, which coincide on a wide domain and can be used
in fractional partial differential equations. Then, the various definitions are
useful in different purposes: they may be very close to some physics, or to nu-
merical schemes, or be based upon important mathematical properties. Here
we present a definition, which enables us to describe the flux of particles, per-
forming a random walk. We show that it is a left inverse to fractional integrals.
Hence it coincides with Riemann-Liouville and Marchaud’s derivatives when
applied to functions, belonging to suitable domains.

1. INTRODUCTION

Fick’s law is a basic tool for the transport of dissolved matter. When it holds, the
concentration of solute evolves according to heat equation. Nevertheless, there exist
heterogeneous media where experimental evidence indicates that dispersion does
not obey Fick’s law and heat equation: data from electronics [17] [I8] and passive
tracer experiments [3][4] show heavy tails, apparently connected with statistics
giving some importance to extreme events, in similarity with densities of stable
probability Lévy laws. Gaussian statistics are a limiting case of the latters, and
distribute successive jump lengths of Brownian motions, which serve as small scale
models for mass transport. On the macroscopic level, the concentration of a cloud
of particles performing Brownian motions, satisfies Fick’s law and heat equation.

Data with heavy tails correspond to Lévy flights, which also are random walks,
with jump lengths distributed according to stable Lévy laws. The correspondence
between small and large scales is obtained by means of time and length references
which we let tend to zero. If, moreover, they satisfy some scaling relation, the
concentration of walkers tends to a limit, evolving according to a variant of heat
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equation, with Laplacean being replaced by derivatives of fractional order. They
are non-local operators.

For unbounded domains, these results were derived from Generalized Master
Equation via Fourier’s transform [5] [16]. They were extended to semi-infinite and
bounded domains after some adaptations, under hypotheses which we want to es-
cape [I0]. Here we present a novel definition of Riemann-Liouville or Marchaud’s
derivatives. It seems to us that it makes it possible to interpret fluxes directly
for random walks observed from the macroscopic point of view, without passing
through Generalized Master Equation, Fourier’s transform and space-fractional
heat equation. Later, the gain in simplicity will allow us to tackle problems mixing,
for instance, boundary conditions and skewness.

2. A NEW EXPRESSION FOR RIEMANN-LIOUVILLE’'S AND MARCHAUD’S
FRACTIONAL DERIVATIVES

Riemann-Liouville and Marchaud’s fractional derivatives interpolate between in-
teger orders of differentiation, and generalize many aspects of the notion. Real and
complex orders of differentiation can be defined in this context. Here we aim at
introducing a new way of presenting fractional calculus, in connection with par-
ticle counting and random walks. In this purpose, we only need to consider real
valued orders of differentiation. And for the moment, in a sake of simplicity, we
focus on one-dimensional problems, future works will be devoted to more general
dimensions.

After having recalled essentials of the most widely used basic tools of fractional
calculus, we show that a novel definition yields more or less similar objects. Then,
we outline the connection with fluxes of particles.

2.1. Riemann-Liouville Fractional integrals and derivatives. Let a be pos-
itive (the definition applies to complex numbers with positive real part): the left-
sided fractional integral of order a, computed over [a, x] is

1 x

I =— — ) to(y)d 2.1

feple) = e [ @0 ey (21)

according to [15]. Here we will mainly consider the case a = —oo, with the simplified

notation I¢p(z) = 1% L p(z) of [14]. Right-sided integrals are

1 b

I =— —2)* to(y)d 2.2

o) = gy [ = ey (2.2)

with I%p(x) = I, _o(z).
The corresponding left-sided Riemann-Liouville derivative of order « is

D plie) = ()1 = (e b [ @ ot
(2.3)

where [.] denotes integer part, while {.} is defined by @ = [a]+{a}. The right-sided
Riemann-Liouville derivative is

[e] d «@ -« d a
D2p(r) = (=) = (el

1

+oo
- - —z)~te} d
Tl +1=a) /I (y—2) " o(y)dy.
(2.4)
When « is a positive integer, D¢ and D¢ are usual right and left-sided derivatives

or order .. A natural question is of whether fractional derivatives defined by (2.3))
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and (2.4]) share with derivatives of integer order the property of being left inverses
to the corresponding integrals. In fact, when ¢ is in L{ _(R), if moreover the
integrals If]ﬂ is absolutely convergent, we have (D} 1% ¢)(z) = ¢(z) a.e., due to

[14, Lemma 4.7]. When the above hypotheses are satisfied, D} can be thought of

as being a left inverse to I, which fails to hold if I1¢ and Ij[[a]ﬂgo do not belong

to L1(R), even for ¢ in LP(R) with 1 < p < 1/a. Marchaud’s definition seems to
give a more appropriate left inverse to fractional integrals.

2.2. Marchaud’s Fractional derivatives. Marchaud’s definition combines gen-
eralized finite differences and fractional integrals. A rather general definition of
finite differences was given by [14] in the form

flx—=Xot) 1 X ... Mt
" 1 —M\t) 1 A ...oant
(arf)(a) = - [JETAD T A AT
flx—=2nt) 1 Ay ... A1
with
IRED VISR Vs
do=1{. . ... .|
IR VD

For \p =0, \; =1, ...\, = n, and with T} denoting the translation of amplitude
t, the definition of A} just becomes (Id—T;)" f(x) = X7_o(}')(—1)? f(x — jt), which
is f(x —t) — f(x) for n = 1. With these notations, Marchaud’s derivative D¢ of
function f is the limit, when ¢ — 0+ of

1 ‘oo
e | CTALS @ (25)
0

with n > a. For 0 < a < 1, we have n = 1 and (5) becomes

DS f(z) =

_ +o0
DLW =g [ @ - faF ol

I«
In this definition, the relative freedom let to A}, is useful when « is a complex
number. In view of our objective, we will focus on real valued orders for integrals
and derivatives, hence \g = 0, A\ = 1, ...\, = n with A2 f(z) = (Id — T3)" f(x),
used by [I5] will be enough. For o« = 1, we have to put n = 2 in (5) if we want to
use this expression, but we also can consider that D¢ is the usual left or right-sided
derivative of order o when « is a non-negative integer.

We thus have a left inverse for I§ in a wider domain, which in some sense is
optimal, since it provides a characterization of I$¢LP for 1 < p < 1/a. Indeed, for
0 < a < 1, [I5, Theorem 6.2] states the following: If the LP(R) limit of Dg _f
exists when & — 0+, or if sup.~o|DE . fllLrw) is finite, if moreover, f belongs
to LP(R) with 1 < r < oo, then f belongs to I$¢LP(R) and there exists ¢ s.t.
f(z) = If¢(x) almost everywhere. in R. The theorem was stated in LP(R), but
the proof adapts without any modification to LP] — 0o, a] for DY and to LP[a, +oo]
for D%. Derivatives D$ and Dg coincide for functions of the form I§ ¢ with ¢ in

L{ _ such that If IF1 converges absolutely [14].
Other expressions yield the left inverse of I$. Among them, the Griinwald-

Letnikov fractional derivative [I5] or order « of f is the limit, when mesh A tends
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to zero, of h~ times the series 33° (—1)*(¢) f(« — kh). It provides useful approx-
imations to Riemann-Liouville or Marchaud’s derivatives, connected with finite
differences numerical schemes. Here we present a further expression for the left
inverse of I, not very different from Griinwald-Letnikov operator, since it contains
an integrals in place of the above evocated series. Then, we will discuss the physical
meaning.

2.3. A new expression for the inverse of I{. Here we consider 0 < a < 1.
With some modifications, the following adapts to all positive values of a.
Notation Let F' be a function, while [ is positive. Set

F Hoo
W () = 1701 / fleF OF (1)t (2.6)

The limit of W ’iF f when [ tends to zero, if it ever exists, will be denoted by W f.

o We will say that F satisfies Hypothesis (H1) if F belongs to L'(R™) with
IS F(t)dt = 0.

e We Wlll say that F satisfies Hypothesis (H2) if, in a neighborhood [A4, 400
of 400, there exists a function F; such that f:oo y*|F1(y)|dy < oo and
F(z) = Fi(z) + A=~ 1 for 0 < a < 1 but F(z) = Fi(z) + A\z—27¢ with
e>0fora=1

We will see that (H1) and (H2) imply that W is a left inverse to I$. In this

. W F
purpose, let us consider W o I¢.

Let ¢ belong to LP[a, +oo[. We have

o N |—a—1 +o0 +oo o
Wi o r2p(e) = oo [ Fa [ e -2 -0 tdyar

Setting t = IT yields

o [~ o0 +o0 B
WF o 1%0(w) = g [ P [ ety — o~y agar
0 x+IT

1 /Jroo —+oo .
= — F(T)/ olx +10)(0 —T)*"do dT,
L(a) Jo T
with y = x + 6. Then, Fubini’s theorem yields
WEFE o IPp(x) = —— / o(z +10) / F(TYO0—T)*""dTdo,  (2.7)
' I'(a) Jo
as soon as I{(HF)( fo )(0 —T)>~1dT is integrable in RT. Let us use this

point, Wthh W111 be stated in Lemma-below Let H denote Heaviside’s function:
on the right-hand side of (2.7) we have [, p(x + 10)(I$(HF))(0)d which, by [I5]

Theorem 1.3] is an approximation of f+oo I$(HF)(0)dd times Identity in LP.
For ¢ in LP] — 00, a], instead of (2.7) we have

WEF o Ip() = —— / oz — 1) / F(T) 60— T~ dTds.  (2.8)
' I'(a) Jo 0

Hence the following Theorem holds.

Theorem 2.1. Suppose F satisfies hypotheses (H1) and (H2), with 0 < a < 1.

(i) For ¢ in LPla,+ool, W' oIy tends in LP[a,+oo] to +°O ISHF(t)dt x ¢
when [ tends to zero, and pointwise everywhere ¢ is mght continuous.
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(ii) For ¢ in LP]—o0,a], Wi*, oI tends in LP]—oc, a] to 0+OO ISHF(t)dtx ¢
when [ tends to zero, and pointwise everywhere @ is left continuous.

It remains to prove the following lemma.
Lemma 2.2. If F satisfies (H1) and (H2), with 0 < a < 1, then foe F(T)(6 —
T)*~LdT is integrable in R*.
Proof. If F is as F; in hypothesis (H2)’s statement, [I4, Lemma 4.12] shows that

2
F@ﬂf&ﬂwwyzé F(T)(0 —T)* tdT

isin L'. It is enough to prove the lemma for F = —éX[o,l] + x*a’1X[17+oo[ if a is
less than 1, for F = —1—_}_5)([071} + $727€X[1,+oo[ if « is equal to 1, since modifying
Fy will immediately lead to the general case. For @ = 1, the result is obvious, for
« less than 1, we have
x (0% [e%
/ (z—y)* X1 (y)dy = il G
0 @
for x > 1, and

/ox@e )y )y = 2 (G(L) — G(1 ) + L

)

when z is large enough, with G being defined by G (X fo “l1]z72"1dz.
From this we deduce

/r Ft)(x — t)°tdt
0
= a_l(x"_l —a 'z “N—(1=-1/x)%) + x_l(G(l) — a_l) — x_lG(l/x).

(1—t)*~1—1
[

(2.9)

Function

0, %t*a is equivalent to (1 — «)t~%, hence G(1/z) is equivalent to z*~!

when z is large. Hence 27 1G(1/z) is integrable in a neighborhood of +o0. It also is
the case for o~ H[z*~! foflsc“(l —(1—=1/x)%). We now will check that G(1) — a1

is continuous and integrable in [0, 1[. In the neighborhood of

is zero. To see this, set g(p,q) fol 1— t)q_l — 1)tp_1dt For complex valued p
and ¢ satisfying Re(p) > 0 and Re(q) > 0, fo )971P=1dt is a beta function [I]
and we have PO 1
p)L{q
a\p,q) = — — - 2.10
#.9) Fp+a) »p (2.10)

Let us fix ¢ = «, and vary the complex number p: t? is a function of p, whose
derivative t? Ln(t) is dominated by the L]0, 1] function t?|Ln(t)| for Re(p) > po >
—1, so that, by dominated convergence, g(p, ) is derivable with respect to p. Hence

it is analytic for Re(p) > pg > —1. Since ot (q) D is also analytic in the neighborhood
of 0 while I'(p) has a simple pole with residuum 1, the right-hand side of (2.10)) is
holomorphic for Re(p) > po > —1. Hence relation (2.10) holds for p = —«, and

Lemma is proved. O

Therefore Theorem holds. It states that the operator Wlo‘ ;F, which is defined
on I*L?[a; +o0l, has a limit in L?[a; +oo[ when [ tends to zero. Up to multiplication
by a function of F and «, the limit is a left inverse to I, hence it coincides with

D . Similarly, W, + , defined in I LP] — 00, a, tends to DY, times a function of F'
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and «. Theorem [2.I] adapts to higher values of «, provided Hypothesis 1 is made
stronger.

For values of a between 0 and 1, will see that Theorem [2.1] allows us to represent
the flux of particles within the frame work of a wide class of Random Walks.

3. PARTICLES FLUX FOR LEVY FLIGHTS, IN THE MACROSCOPIC LIMIT

Brownian Motion is a particular case of Lévy Flights. The latters are Continuous
Time Random Walks: a large number of particles perform a succession of indepen-
dent jumps, whose lengths X; are identically distributed. To be more precise, with [
being a length scale, the density of X; /I is the normalized astable Lévy density L ¢
of exponent a between 1 and 2 and with skewness parameter 6 (see Appendix A).
Waiting times T; between successive jumps are such that the independent random
variables T;/7 have density 1, whose average is 1. Here, for definiteness, we set
(t) = e~t. Looking at the cloud of particles from the macroscopic point of view
means that we let length and time scales [ and 7 tend to zero. Then, if the scaling
relation [*/7 = K holds [5] [I6], the probability of finding a particle in a given
interval tends to a limit, which has a density satisfying a space-fractional diffusion
equation such as . This implies that the flux of particles satisfies a fractional
generalization of Fick’s law [13]. All these results are based upon Generalsized
Master Equation and Fourier’s analysis.

In fact, we will see that Theorem connects more directly particle flux and
fractional derivatives.

3.1. Computing the flux for Lévy flights with length scale [ and mean
waiting time 7 satisfying [*/7 = K. For a given particle, the location after
nt" jump is ¥7 ,X;, and it happens at time X7 (T;. Let us denote by pu(.,t)
the measure giving the probability u(I,t) that the particle be in interval I at
time ¢. With this notation, the balance of particles crossing abscissa z during
[t,t + dt] is the difference of two expressions. The first one is the probability
ffoo Fie(ml;y)du(y,t)@dt of crossing x to the right, with Fadﬂ(y/l) being the
probability f;oo 1La0(z/l)dz = f;ﬁo Lo p(2)dz for a jump to have an amplitude
of more than y. The second is the probability f;oo Fge(%)du(y,t)@dt of

crossing « to the left, with F ;,(—y/l) being the probability f:i/l 1La.0(z/1)dz
for a jump to have an amplitude of more than y, but to the left. The flux is the
probability rate, hence the following difference:

x —+oo
o T —
Kl [/ Fo(—— Dydply, t) -

r—y
FL o (“)duly.1)).
When (.,) has density C(.,t), the flux Q?C/(.,t)(x) is given by
+o0 y +o0 —y
Q@ = ke[ [ 0wy Fy Dy~ [ O+ pEs (D).
0 0

(3.1)
Both integrals are similar to (2.6), except that F¢ ; and FY (=) satisfy (H2) with
«a — 1 instead of «, according to Appendix A, but of course not (H1). Appendix
B shows that f0+oo F(‘ia(y)dy = 0+°° FY o(=y)dy = Za 6. Hence, with f, ¢ being a
compactly supported function of class L' s.t. fOJrOO fa0(y)dy = Ty g, setting Fie =
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— fa,0 and Fg,o(—y) = FJ o(~y) — fa,0(y) yields functions, satisfying (H1)
and (H2) with o — 1 instead of a. Then, we have Q™?C(.,t)(x) = QY QC( t)(x) —
Q™IC(.,t)(x), with

+oo
Q™ f(x) = KI™® / Féy(y/D(Fla — ) — f(x))dy

. o (3.2)
= K[V @+ [ faalu/D(t @ =) = fa)dy

at the left of z, and

2 oo
Qirta) = KU [ Ry (-u/D(rta+9) ~ @)y
1,F9 +oo
= K[V O @ 17 [ faaw) () = fa)a]
(3.3)

at the right. Since F¢ o and ﬁ'g o(—.) satisfy (H1) and (H2) with oo —1 instead of a,

hence (Wﬁ;lﬁggf)( ) tends to +°° I¢™ I(HFd )(y)dyDT ' (f)(x) in LP] — 00, d]

when f belongs to I¢~'LP] — oo,a] and

a—1,F9 (=)

+o0 B
e 20 1) () tends to / IV (HES ) (—))()dyD* (£ (2)

in LP[a, +oo[ when f belongs to I 'LP[a, +oo[. We will see that appropriately
choosing fq,¢ allows us to see on the right-hand sides of (3.2]) and (3.3)) expressions
which are “local fractional derivatives”, in the sense of Kolwankar and Gangal.

3.2. Kolwankar and Gangal’s local fractional derivatives. The notion of “a
local fractional derivative” was introduced [9] in view of building a tool, designed for
the study of continuous but nowhere differentiable functions frequently occurring
in Nature and economics. Those fractional derivatives share some properties with
previously defined ones, such as chain rule or generalized Leibniz rule [2]. They are
very useful for to compute fractal dimensions of graphs. In fact, they vanish for
smooth enough functions, and hence can become “invisible”.

For g between 0 and 1, the right-sided Kolwankar and Gangal’s [9] fractional
derivative of order ¢ of function f, computed at z, will be denoted by

DES (o) = lim L0 () = S+ D)

Let us suppose that f is continuous is [x,x + €], with positive . When the limit
exists, it is equal to the limit, when h tends to 0+, of h_II;;q(f(.) — f(x)(z+h),
due to I’'Hopital’s rule and to limp_q (Ii; (f()— f( ))(x +h)) = 0. Moreover, we

have AU I3 (F() — F(@)) (@ +h) = phss [1(1 = 6)79(f(a + th) — f(x))dL.
At the left, we have

q — d q
DEC f(x) = Jlim %Iif(f(x)—fﬂ))(x—h),

also equal to the limit, when h tends to 0+, of hilli,__q(f(x) — f())(x—h). If, for
positive and finite b — a and with ¢ < ¢+¢ < 1, function f belongs to Holder space
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H% a,b], then supmﬁye[ayb](%) is finite, hence Kolwankar and Gangal’s
local derivatives of order ¢ are zero in [a, b].

For ao < 2, an appropriate choice of f, ¢ yields that the second expressions on
the right-hand sides of and tend to right and left-sided local fractional
derivatives of order a — 1. The choice is fo,0(t) = Zn,0(2 — ) (1 — t)lfC‘X[o 1); then,
we have [~¢ f0+°° Fao(y/D(f(z+y)— f(2))dy = To ol = (2— fo 1-t)'=2(f(z+
i)y —f (:r))dt Consequently, when f has a local derlvatlve of order a — 1 at point
T+, 17 f fao(y/D)(f(z+y)— f(z))dy has a limit when [ tends to zero, and the
limit is Z,, T'(3 — o) times the right-sided local derivative of order 1 — a. The same
holds at the left of x: [~ O+°° Fao(y/D(f(xz —y) — f(z))dy tends to Z, ¢I'(3 — «)
times the left-sided local derivative of order 1 — a. When f is differentiable at x,
the limit is zero.

For a = 2, we have the usual derivative instead of local Kolwankar and Gangal’s
derivatives, the above choice of f,¢ is no longer relevant, but the end of next
subsection will show that the method yields Fick’s law simply and directly.

We now are ready for looking at the limit of operator flux @;" % when [ tends to
Zero.

3.3. The flux, in the [ — 0 limit. We know from ({2.1]) that the flux of particles,
passing trough z at time ¢, is Q?‘ ‘ot )( ) QY gC( )( )— Qf’?C’( t)(x). More-
over, according to and (| Q x) splits mto two terms. For 0 < o < 2,

with moreover DI~ 1f € LP, the first one, Klei b “’Hf, tends to K)\iDiflf in
LP, according to Theorem with

+oo N
Ay = / IileFg,e(y)d% (3.4)
0

+o0 -
A= / I§T HEY o(—y)dy. (3.5)
0

The second term K1™% f0+oo fao(w/D(f(zFy)— f(z))dy in and tends to
KIa,ng @11 at points where the local fractional derivative exists. Parameter
Zo,p can be computed numerically, with the help of integral expressions [20] for
stable Lévy distributions. It also can be deduced from Appendix B. Oppositely,

direct computation of Ay from and . is not easy, but can be avoided and

replaced by directly checking Wi -b F‘“’ fand DY L, with particular functions f

in I¢7'] — 00, a] or I *[a, +oc[ such that the local derivative is zero.

Let us show that considering f = x1 o[ yields A_. Indeed, for = €]1, 2], the local
derivative exists and is equal to zero, while we have
W +oo 2 _ g et
Qo) = [ R /iy = 0o a B2 00)
2—x
for 1 < a < 2, with C,,_g being defined by (3.7)). But
-1 +o0 (2 _ ZL,)lfoz
Dot = Ty = —————.
X 2(2) 1—al,, y ay T2 —a)

For x > 2, we have Df_IX[LQ[(x) = 0, hence Df_IX[LQ[ belongs to LP[1,+o0]

for 1 <p< so that x[; o belongs to Iffle[l,—f—oo[. Hence, according to

1
a—17
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[15, Theorem 6.2], we have \_ = —MC g = W, and similarly A\, =

Sin T

w. Hence for sufficiently well- behaved functlons (in LP(R) N Ho~1TE(R))

Sin To

the limit of the operator, giving the flux is

Fos K(sm (a_e)Df__lf sin (a—|—9)

DAL, (3.6)
sin T sin T

which is a fractional variant of Ficks law. In fact, for = 2, the method has to be
slightly adapted but yields Fick’s law itself.

In subsection 2.2, we pointed out that case o = 2 has to be considered separately.
To do this, take A(l) a function, tending to +oco when [ tends to zero, with {A(I)
tending to zero: for instance, we can choose A(l) = [='/2. Parameter 6 is equal
to zero, LY is even and superscripts d and g in Fgf are of no use: instead we put
F270. We have

2,0 _ pe—2 e _
Q™ f(x) = K1 / Faoly/l)(f(z +y) — f(z))dy

400
=K Fao(y)(f(x+1y) — f(x))dy
1) flo
—K/ Fro(y "‘lll/; f@ )dy
+I7'K Fz,o( )(f(z +1y) — f(x))dy.

A(D)
If f is differentiable at point =z,
[ mo eI,
0 )
tends to the usual derivative f’(z), times fOJrOO F50(y)ydy, itself equal to 1/2 due
to Fyo(x) = fj“’ N Ydy. And 17V [ Fao(y)(f(z +ly) — f(2))dy| is less
than {72 F; o flA(l |[f(z+y)— f(z )|dy7 Wthh tends to 0 when f is fixed in

L'. Similar results are obtained on the left side of z, hence for a = 2, in the limit
“l tends to zero” operator flux tends to K%f(:c) which satisfies Fick’s law.
The fractional version (3.6)) implies a space-fractional variant of heat equation.

3.4. Space-fractional heat equation. For functions f of the form Ij‘;lcp with ¢
in LP(R) N LY(R), if, moreover, f belongs to H*~17¢  (3.6)) is of the form

e [P [ ey

sin T oo

ynslath) / (y—2)" S (w)dy].

Sm T

which yields operator flux @Q* for particles performing Lévy Flights in the diffusive
limit (I and 7 tend to zero with {¢/7 = K), when f is the concentration at time
t. Casting the expression for Q*C™ into mass conservation law 0;C* = —0,Q*C*
yields for the evolution of the concentration C*(z,t)

C*(z,t) = KV! ,C*(,1) (3.7)
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with V9 , being the Riesz-Feller fractional derivative of order o and skewness pa-
rameter 0 [8], defined by

, -1 & sinf(a—0) [7
(V:c,af)(m) - 1‘\(2 _ Oé) @ |: SQiH yyes /
 sing(@+h)

sin To

(x —y)' " fy)dy
o0 (3.8)

+o0
[ =0l

in agreement with [16].

Two points were essential in the reasoning, leading to and (3.8). The
first one is the asymptotic behavior, for x — 400, of the cumulated probabilities
P{X >z} and P{X < —z} for a jump to have an amplitude X larger than z, and
directed to the right or to the left. Both probabilities have to satisfy (H2) with
« — 1 instead of a. An other property of stable laws was used, in view of (H1): it is
the fact that the integrals, over RT, of P{X > x} and P{X < —x}, are equal. This
allowed us to subtract this integral times f(z) from both sides of the difference,
giving the flux, without any net change. In fact, any Continuous Time Random
Walk made of successive independent jumps, identically distributed according to a
random variable [ X satisfying both conditions, has a flux whose limit is when
[ tends to zero, provided mean waiting time 7 exists with also [*/7 = K.

CONCLUSION

Among many objects, interpolating between derivatives of integer orders, several
tools termed fractional derivatives, were designed for various purposes. Some of
them are connected with the idea that integration and derivation are inverses of
each other.

Within this frame work, there are several ways for to define fractional derivatives,
which are more or less similar to each other. They are more or less interesting,
according to the sets of functions, which we want them to operate on. Among them,
Griinwald-Letnikov derivatives led to performing numerical schemes. Theorem
indicates a novel definition of fractional derivatives, not so far from Griinwald-
Letnikov’s: an integral replaces a series. It seems to be appropriate for to represent
fluxes of particles performing Continuous Time Random Walks satisfying some
hypotheses. Among them, Lévy flights play an important role, since stable laws
are ubiquitous in Nature. We developped this point for random walks in a free
one-dimensional space, also using the local derivatives invented by Kolwankar and
Gangal for fractal graphs.

Combining those objects also applies to situations with boundary conditions, for
instance in a half space {z € R/z > 0} limited by a wall at z = 0. There are
several possibilities for the interaction between wall and particles. For instance, we
can imagine that they do not exchange any energy: particles bouncing on the wall
continue the distance, they had to fly if there were no wall, but they stay on the
same side. Then, when writing down the balance of particles crossing abscissa =z,
we have to take into account that, among random walkers flying to the left (in the
direction of the wall) some of them bounce and come back to the right of z: they
have to be excluded from balance W, _. If a particle located in y €]0, z[ has to jump
a length larger than |y — 2| to the left, it arrives at the right of the wall and has
to be taken into account in W, . By doing this, we obtain that the flux through x
is the sum of two terms. The first one is the flux corresponding to a concentration
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profile equal to the even extension of the actual one, to a free space without any wall.
The second term is proportional to the left-sided Riemann-Liouville or Marchaud’s
derivative of order a@ — 1, if o denotes the stability exponent of the jump length
distribution of the Lévy flight. It contains a factor, which becomes zero when the
distribution is symmetric, in agreement with results [10], previously obtained by an
other method.

APPENDIX A: DENSITIES OF ALPHA STABLE LEVY LAWS

Stable laws are a generalization of Gaussian statistics. In many occasions, and
here also, the word “stable” refers to some property, invariant under a definite set
of transformations, as in the following definition.

Definition: Let X be a random variable, distributed according to the probability
law F. Random variable X and law F' are said to be stable if [I1] for every
(a1,a2) € RT? and (by,b2) € R?, there exist a € RT and b € R such that F(ajz +
b1) * F(azx + ba) (the law of the random variable a1 X7 + b1 + a2 Xa + be, with X,
and X being independent and distributed according to F) be equal to F(aX +b).

When F' is as in the above definition, for any sequence of independent random

variables X; identically distributed according to F', there exists a sequence ¢, of
positive numbers such that % be distributed according to F' itself for any
positive integer n [6] [7]. Moreover, ¢, is a power of n, and the inverse « of the
exponent belongs to |0, 2] and serves as a label for the law: it is called the stability
exponent of the law, which is said to be « stable. For a = 2 we have normal
law, which is symmetric. For a €]0,2[, stable laws may be symmetric or skewed.
Stable laws play an important role in Nature because they are attractors, which
are defined below.
Definition: Let F' be the probability of a sequence of independent random variables
X,,. The probability law G is an attractor for F' if there exists sequences A, and
B,,, with B,, > 0, such that the law of XﬁBin" — A, tends to G when n tends to
oo [6].

Loosely speaking, « stable laws are attractors for probability laws whose density
behaves asymptotically as 2=~ if a belongs to ]0,2[, normal law (with a = 2)is
an attractor for probability laws whose asymptotics is =% ~! with o/ > 2 [6] [7].

Except for some values (e.g. a = 1 or 2), the density of a stable law cannot be
given in closed form. But, up to translations and dilatations, the Fourier transform
is eIkl BT Cppe corresponding density L? satisfies L? (—x) = L;%(z). Up
to dilatations and translations, two labels determine stable densities: the stability
exponent «, and the skewness parameter 6, which belongs to [o — 2,2 — a.

In neighborhoods of oo, except for a = 2, LZ behaves as a negative power of the
variable [I9] [12]. For 1 < a <2, a—2< 6§ <2—aand z > A > 0, we have

1

Ira
L) = S ey HE ) g 2
s

= py sin 7(0 —a). (3.9)

We will denote by C? = =I'(1+ «) sin Z (6 — ) the coefficient of the leading term

2
in expansion (3.9).
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APPENDIX B: INTEGRALS OF CUMULATED ALPHA STABLE LEVY LAWS

Due to symmetry, the integrals 0+°° Fdﬂ (y)dy and f0+°° F? ,(—y)dy are equal
for 6 = 0. In fact, and this point is important for us, this equality holds for all
admissible values of #. Let us prove the claim.

First, notice that FJ ,(—z) = [~ Li(y)dy = [ L (—y)dy = Fl ().

+oo

Then, we will uses Mellin’s transform, defined by Mw(z) = [;°° t*'w(t)dt for

function w. With z = 1 we see that f0+°° Fgﬁ(y)dy = /\/lFie(l), while we have
Fjﬂ(x) = I' L;%(z), hence f0+°o Fg,e(y)dy = (MILL;%)(1).

For z > 1 and sufficiently good-behaved functions in neighborhoods of co, such
as L%, we have

I'(z)
I'(z+1)
for z < « according to [14] page 44. From this, due to Fgﬂ(x) = f:oo LY (y)dy =
IL LY (z), we deduce

(MItw)(2) = (Mw)(z + 1),

(MFLO() = o (ML) + 1)
The Mellin transform MLY is given in [19]:
R S\ (e ) N
( o)(2) ozl"((l—z)az—;e)f‘(l—(l—z)oa—;e)
which is of the form
0 1 11—z, . oa—10
(ML) (2) = aF(Z)F( )sin ((1 — 2)m 50 ) (3.10)

due to complements formula for Gamma functions [I]. In fact, [I9] proved (20)

for 0 < Re(z) < 1. Nevertheless, MLY(z), as a function of z, is holomorphic for

0 < Re(z) < a+ 1, due to the behavior of L% (x) for large real values of z. On the

right-hand side of (3.10), I'(z)['((1 — z)a~') is holomorphic also except at poles of

I'((1—2)a!), which means that we have to exclude 1 from {z € C/0 < Re(z) < a+

1}. Then, analytic continuation extends (3.10) to {z € C/0 < Re(z) < a+1}—{1}.
From this we deduce

+oo
/O Fé o (y)dy = (MF2 )(2)
r2)r(-1/«a) 60—«

= sin

lo%s 2«
_ =tfa) O
ar 20"

+

We see that fo “F dﬁ(y)dy is an even function of 6, hence the claimed result.
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