Sixth Mississippi State Conference on Differential Equations and Computational Simulations, Electronic Journal of Differential Equations, Conference 15 (2007), pp. 377–385. ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu ftp ejde.math.txstate.edu (login: ftp)

REVISITING THE METHOD OF SUB- AND SUPERSOLUTIONS FOR NONLINEAR ELLIPTIC PROBLEMS

KLAUS SCHMITT

Abstract. We discuss some of the historical highlights of the theory of subsupersolutions for boundary value problems for nonlinear elliptic equations and variational inequalities.

1. Introduction

Sub- and supersolutions (upper- and lower solutions) have played an important role in the study of nonlinear boundary value problems for elliptic partial differential equations for a long time. While some of the underlying principles are already present in the Perron process for obtaining harmonic functions satisfying (in a generalized sense) given boundary data (see, e.g. [16]), Scorza-Dragoni’s paper [41] was one of the earliest works, where the existence of an ordered pair of solutions of differential inequalities was used to establish the existence of a solution of a given boundary value problem for a nonlinear second order ordinary differential equation. This was followed by some fundamental work of Nagumo [34, 35] which inspired much work on such problems subject to Dirichlet boundary conditions for both ordinary and partial differential equations during the decade of the sixties (see, e.g. [1, 2, 20, 38, 39]). Using Cesari’s method, Knobloch [21] introduced the sub-supersolution method to the study of periodic boundary value problems for nonlinear second order ordinary differential equations. Using somewhat different techniques, similar problems were subsequently studied in [37, 32], among others.

In all of the above cited papers sub- and supersolutions are assumed to be smooth solutions of differential inequalities (i.e., solutions in a classical sense); such smooth sub- and supersolutions were also used to study Dirichlet and/or Neumann boundary value problems for semilinear elliptic problems in [3, 36], for general (nonlinear) boundary value problems in [14, 15, 33], and also for systems of nonlinear ordinary differential equations in [5, 18, 22].

2000 Mathematics Subject Classification. 35B45, 35J65, 35J60. Key words and phrases. Sub- and supersolutions; general boundary conditions; variational inequalities.

© 2007 Texas State University - San Marcos. Published February 28, 2007.

This paper here presents the text of a lecture presented at the Mississippi State/UAB conference on differential equations and computational simulations during May 2005. The author expresses his sincere gratitude to those involved in organizing the conference and also to all those who attended, particularly to several of his former students and collaborators. 377

Deuel and Hess [12] and Hess [19] were the first to formulate concepts of weak sub- and supersolutions and obtained existence results for weak solutions of semilinear elliptic Dirichlet problems. This subject was subsequently continued by several authors (see, e.g., [6, 8, 24, 25, 26, 27, 28, 29, 30, 40]).

In some sense the weak approach gives a unifying way of treating such problems which is the theme of this paper. Further we shall discuss a formulation of weak suband supersolutions which allows, by proper choices of certain convex sets involved, for existence results for all the types of boundary conditions considered heretofore. The development follows that given in the recent papers [26, 27, 40].

We remark here that certain existence results are also possible in the presence of non ordered pairs of sub- and supersolutions and refer to [9, 11, 17] for some such results.

There are three recent monographs which cover this theory in considerable depth and provide a wealth of applications; they are [7], [10], and [13].

2. Sub- and supersolutions

2.1. General remarks. As said, we are interested here in sub-supersolution results for boundary value problems with second order principal operators and general boundary conditions, where the problems may or may not contain obstacles or constraints. We shall, following [26, 27], give the weak (variational) formulation of the problem, and deduce that the boundary conditions (or at least parts of them) may usually be encoded into the set of test (admissible) functions.

With this in mind one can show that in several cases (covering those that have been studied in the literature), by formulating the problem as a variational inequality, even if it is a smooth equation, simple, unified, and general definitions of sub- and supersolutions are possible. These concepts of sub- and supersolutions extend the classical definitions for equations subject to Dirichlet, Neumann, Robin, or No-Flux (periodic boundary conditions for the one space dimensional problem) boundary conditions (see e.g. [39]). The definitions are motived by the recent definitions of sub-supersolutions for variational inequalities in [26, 29, 30]. Another byproduct of the unified approach is that one can demonstrate the existence of solutions and extremal solutions between sub- and supersolutions and other properties of the solution sets when sub- and supersolutions exist.

Since the problems considered are variational inequalities with a closed convex constraint set K, by suitably chosing K one may even deduce sub-and supersolution results for finite difference equations. This topic appears worth pursuing.

2.2. Definitions. Let Ω ⊂ R^N be a bounded domain with Lipschitz boundary and W^{1,p}(Ω) be the usual first-order Sobolev space with the norm

‖u‖ = ‖u‖_W 1,p_{(Ω)} = ( ‖u‖^p_{Lp(Ω)} + ‖|∇u|‖^p_{Lp(Ω)}

)_{1/p}

, u ∈ W^{1,p}(Ω). (2.1)

Assume that K is a closed, convex subset of W^{1,p}(Ω), and consider the following variational inequality on K: ∫ Ω A(x, ∇u) · (∇v − ∇u)dx + ∫ Ω f(x, u)(v − u)dx + ∫ ∂Ω g(x, u)(v − u) dS ≥ 0, ∀v ∈ K

u ∈ K.

(2.2)

To simplify the notation we use u and v instead of u|_{∂Ω} and v|_{∂Ω} for the trace of u and v on ∂Ω in the surface integral in (2.2). In the variational inequality (2.2), A is an elliptic operator, f is the lower order term, and g is a boundary term.

As remarked above, different boundary conditions require different definitions of sub- and supersolutions. As a consequence, separate arguments and calculations are needed to study the existence and properties of solutions between sub- and supersolutions. In what follows, we show that common, unified definitions of suband supersolutions may be given for various types of boundary conditions (including unilateral constraints). Thus a common, comprehensive general existence theorem is possible for many different types of boundary value problems. The discussion to follow is motivated by and also generalizes the work in the papers [26, 29, 30].

We first give the assumptions on the principal operator: A : Ω × R^N → R is a Carathéodory function satisfying the growth condition |A(x, ξ)| ≤ a_1(x) + b_1|ξ|^{p−1}, for a.e. x ∈ Ω, all ξ ∈ R^N , (2.3)

with p ∈ [1, ∞) (fixed), a_1 ∈ L^{p′} (Ω),^1_p +^1_{p′} = 1, and b_1 > 0. Moreover, A is monotone, i.e.,

(A(x, ξ) − A(x, ξ^′)) · (ξ − ξ^′) ≥ 0, for a.e. x ∈ Ω, all ξ, ξ^′ ∈ R^N , (2.4) and A is coercive in the following sense: There exist a_2 ∈ L^1(Ω) and b_2 > 0 such that A(x, ξ) · ξ ≥ b_2|ξ|^p − a_2(x), for a.e. x ∈ Ω, all ξ ∈ R^N . (2.5) We also suppose that f : Ω × R → R and g : ∂Ω × R → R are Carathéodory functions subject to certain growth conditions to be specified later.

We shall use the standard notation u ∧ v = min{u, v}, u ∨ v = max{u, v}, U ∗ V = {u ∗ v : u ∈ U, v ∈ V }, and u ∗ V = {u} ∗ V , where u, v ∈ W^{1,p}(Ω), U, V ⊂ W^{1,p}(Ω) and ∗ ∈ {∧, ∨}.

The following are the definitions of sub- and supersolutions of (2.2).

Definition 2.1. A function u ∈ W^{1,p}(Ω) is called a subsolution of (2.2) if the following conditions are satisfied:

f(·, u) ∈ L^q(Ω), g(·, u) ∈ L^{q̃}(∂Ω), (2.6) where q ∈ (1, p^∗) and q̃ ∈ (1, p̃^∗), u ∨ K ⊂ K, (2.7) and∫ Ω A(x, ∇u) · ∇(v − u)dx + ∫ Ω f(x, u)(v − u)dx + ∫ ∂Ω g(x, u)(v − u) dS ≥ 0, (2.8)

for all v ∈ u ∧ K.

Here, p^∗ is the Sobolev conjugate exponent of p

p^∗ =

{_{Np}

N−p if N > p and N > 1 ∞ if N ≤ p or N = 1 and p̃^∗ =

{_{(N−1)p}

N−p if N > p and N > 1 ∞ if N ≤ p or N = 1.

We have a similar definition for supersolutions of (2.2).

Definition 2.2. A function u ∈ W^{1,p}(Ω) is called a supersolution of (2.2) if the following conditions are satisfied:

f(·, u) ∈ L^q(Ω), g(·, u) ∈ L^{q̃}(∂Ω), (2.9) where q ∈ (1, p^∗) and q̃ ∈ (1, p̃^∗), u ∧ K ⊂ K, (2.10)

and∫ Ω A(x, ∇u) · ∇(v − u)dx + ∫ Ω f(x, u)(v − u)dx + ∫ ∂Ω g(x, u)(v − u) dS ≥ 0, (2.11)

for all v ∈ u ∨ K.

The following is the main general existence theorem; its proof is patterned after the arguments used in [25, 26, 29] and may be found in [27].

Theorem 2.3. Assume there exists a pair of sub- and supersolution of (2.2) such that u ≤ u and that f and g satisfy the following growth conditions between u and u: |f(x, u)| ≤ a_3(x), |g(ξ, v)| ≤ ã_3(ξ), (2.12) for almost all x ∈ Ω, ξ ∈ ∂Ω, all u ∈ [u(x), u(x)], v ∈ [u(ξ), u(ξ)], where a_3 ∈ L^{q′} (Ω), ã_3 ∈ L^{q̃′} (∂Ω), q ∈ (1, p^∗), q̃ ∈ (1, p̃^∗), and p^∗, p̃^∗ are defined as in Definition 2.1.

Then, there exists a solution u of (2.2) such that u ≤ u ≤ u.

The above result has the the following generalization. The proof again follows ideas already used in [24, 25] and is given in [27].

Theorem 2.4. Assume that u_1, . . . , u_k (resp. u_1, . . . , u_m) are subsolutions (resp. supersolutions) of (2.2) such that u_0 := max{u_1, . . . , u_k} ≤ min{u_1, . . . , u_m} =: u_0, (2.13) and that f and g have the following growth conditions between the sub- and supersolutions:

|f(x, u)| ≤ a_3(x), |g(ξ, v)| ≤ ã_3(ξ), (2.14) for a.a. x ∈ Ω, ξ ∈ ∂Ω, all u ∈ [min{u_1(x), . . . , u_k(x)}, max{u_1(x), . . . , u_m(x)}], all v ∈ [min{u_1(ξ), . . . , u_k(ξ)}, max{u_1(ξ), . . . , u_m(ξ)}], where where a_3 and ã_3 are as in Theorem 2.3.

Then, there exists a solution u of (2.2) such that u_0 ≤ u ≤ u_0.

Remark 2.5. (a) The above theorem suggests more general definitions of suband supersolutions. Namely: An element α ∈ W^{1,p}(Ω) is a subsolution if it is the supremum of a finite number of functions each of which is a subsolution satisfying Definition 2.1 and an element β ∈ W^{1,p}(Ω) is a supersolution if it is the infimum of a finite number of supersolutions each of which is a supersolution satisfying Definition 2.2. In this case the set of subsolutions is closed with respect to the operation ∨ and the set of supersolutions is closed with respect to the operation ∧, and, of course, Theorem 2.4 is simply a restatement of Theorem 2.3. Thus, if we let S be the set of solutions of (2.2) between u_0 and u_0. Theorem 2.4 means that S ≠ ∅ and under the above assumptions, one can prove (cf. [25, 30]) that S is compact and directed. As a consequence, S has greatest (the supremum of all subsolutions) and smallest

(the infimum of all supersolutions) elements with respect to the standard ordering, which are the extremal solutions of (2.2) between u_0 and u_0. Such results also have a long history and likely go back to [1], see also [8, 24, 39].

(b) If only a subsolution (or a supersolution) of (2.2) exists and f and g satisfy certain one-sided growth conditions then we can also show the existence of solutions of (2.2) above the subsolution (or below the supersolution). We can also show the existence of a minimal solution above that subsolution (or a maximal solution below that supersolution) (see e.g. [30]).

(c) The question of the structure of the set of all solutions which lie between a given pair of sub-and supersolutions has been addressed in the literature often with the latest results given in [31]. This paper’s bibliography also provides a fairly complete list of references for this problem.

3. Some examples

3.1. Problems subject to Dirichlet boundary conditions. Consider the boundary-value problem

−div[A(x, ∇u)] + f(x, u) = 0 in Ω, (3.1) u = 0 on ∂Ω, (3.2)

the variational form of which is the inequality (2.2) with g = 0 and

K = W^{1,p}_0 (Ω), (3.3)

which is equivalent to the variational equality: ∫ Ω A(x, ∇u) · ∇vdx + ∫ Ω f(x, u)vdx = 0, ∀v ∈ W^{1,p}_0 (Ω)

u ∈ W^{1,p}_0 (Ω).

In this case, for assumption (2.7) (respectively (2.10)) to be fulfilled, we need that

u ≤ 0 on ∂Ω (respectively u ≥ 0 on ∂Ω). (3.4)

Concerning condition (2.8), it can be checked that the set {v − u : v ∈ u ∧ W^{1,p}_0 (Ω)} is dense in the negative cone of W^{1,p}_0 (Ω):

W^{1,p}_− (Ω) := {w ∈ W^{1,p}_0 (Ω) : w ≤ 0 a.e. on Ω}.

Therefore, condition (2.8), in this particular case, becomes the following condition ∫ Ω A(x, ∇u) · ∇vdx + ∫ Ω f(x, u)vdx ≥ 0, ∀v ∈ W^{1,p}_0 (Ω), v ≤ 0 on Ω. (3.5)

In view of (3.4) and (3.5), we re-obtain the classical concept of sub- and supersolution for equations with homogeneous Dirichlet boundary condition (cf. e.g. [19, 8, 24, 25]).

For problems with nonhomogeneous Dirichlet conditions, we have equation (3.1) together with u = h on ∂Ω, (3.6)

instead of (3.2), where h ∈ W^{1− 1p ,p}(∂Ω) is the trace of a function in W^{1,p}(Ω), still denoted by h, for simplicity. In this case, problem (3.1)–(3.6) is, in the variational form, the inequality (2.2) with g = 0 and

K = {h} ⊕ W^{1,p}_0 (Ω) = {u ∈ W^{1,p}(Ω) : u = h, on ∂Ω}.

The condition u∨K ⊂ K is satisfied if and only if u satisfies the boundary condition u ≤ h a.e. on ∂Ω. The set

{v − u : v ∈ u ∧ [{h} ⊕ W^{1,p}_0 (Ω)]} = {w − (u − h) : w ∈ (u − h) ∧ W^{1,p}_0 (Ω)}

is dense in the negative cone W^{1,p}_− (Ω) (because u − h ≤ 0 on ∂Ω). Condition (2.8) is again equivalent to (3.5).

3.2. Problems with Neumann and Robin boundary conditions. In the case where K = W^{1,p}(Ω), (2.2) reduces to the variational equality ∫ Ω A(x, ∇u) · ∇vdx + ∫ Ω f(x, u)vdx + ∫ ∂Ω g(x, u)v dS = 0, ∀v ∈ W^{1,p}(Ω)

u ∈ W^{1,p}(Ω),

(3.7)

which is the weak form of the boundary value problem

−div[A(x, ∇u)] + f(x, u) = 0 in Ω A(x, ∇u) · n = −g(x, u) on ∂Ω.

When g = 0 on ∂Ω, we have a homogeneous Neumann boundary condition. Otherwise, one has a nonhomogeneous Neumann boundary condition which also may depend on u. It is clear that condition (2.7) always holds. Also, for any u in W^{1,p}(Ω), we have u ∧ W^{1,p}(Ω) = {v ∈ W^{1,p}(Ω) : v ≤ u a.e. on Ω}. Therefore, (2.8) is equivalent to the inequality ∫ Ω A(x, ∇u) · ∇wdx + ∫ Ω f(x, u)wdx + ∫ ∂Ω g(x, u)w dS ≥ 0,

for all w ∈ W^{1,p}(Ω) such that w ≤ 0 a.e. on Ω, which is, in its turn, equivalent to ∫ Ω A(x, ∇u) · ∇wdx + ∫ Ω f(x, u)wdx + ∫ ∂Ω g(x, u)w dS ≤ 0,

∀w ∈ W^{1,p}(Ω), w ≥ 0 a.e. on Ω.

(3.8)

We have a similar condition for supersolutions of (3.7). These concepts of sub- and supersolutions here coincide with the classical ones for sub- and supersolutions in Neumann problems. Our definitions here also cover the cases where the Neumann conditions also depend on u. In fact, when g(x, u) = au, we have a Robin boundary condition.

3.3. Mixed boundary conditions. By choosing K = {u ∈ W^{1,p}(Ω) : u = h on Γ}, where Γ is a measurable subset of ∂Ω, we have the equation (3.1) with a mixed boundary condition consisting of a Dirichlet condition on Γ and a Neumann/Robin condition on ∂Ω \ Γ.

3.4. Obstacle problems. Let K be a convex subset of W^{1,p}_0 (Ω). The inequality (2.2), in this case, formulates problems with unilateral constraints (such as obstacle problems) and homogeneous Dirichlet boundary conditions, which were discussed in [29]. Many results in that paper are particular cases of those discussed here. In fact, the general definitions of sub- supersolutions presented here are motivated in part by the concepts and arguments in [29].

3.5. Zero flux and periodic problems. Let us consider the choice

K = {u ∈ W^{1,p}(Ω) : u = const on ∂Ω}.

For u ∈ W^{1,p}(Ω), we note that u ∨ K ⊂ K (resp. u ∧ K ⊂ K) if and only if u ∈ K. In fact, it is clear that if u ∈ K, then u ∨ K, u ∧ K ⊂ K. Conversely, assume that u ∨ K ⊂ K. For any constant function c, we have u ∨ c = max{u, c} = constant on ∂Ω. Therefore, either u ≤ c a.e. on ∂Ω or u ≥ c a.e. on ∂Ω (with respect to the Hausdorff measure). Since this is true for any c ∈ R, we must have u = constant on ∂Ω, that is, u ∈ K. For u ∈ K, we have

u ∧ K = {v ∈ K : v ≤ u a.e. on Ω} = {u − w : w ∈ K, w ≥ 0 a.e. on Ω}.

Therefore, inequality (2.8) is equivalent to ∫ Ω A(x, ∇u) · ∇vdx + ∫ Ω f(x, u)vdx + ∫ ∂Ω g(x, u)v dS ≤ 0,

for all v ∈ K such that v ≥ 0 on Ω. One has a similar equivalence for supersolutions. Note that in this particular case, the definitions for sub- and supersolutions here reduce to those in [26]. We note that in the case that g ≡ 0 the problem considered here is the boundary value problem

− div A(x, ∇u) + f(x, u) = 0

u|_{∂Ω} = constant, ∫ ∂Ω A(x, ∇u) · n dS = 0,

where the constant boundary data are not specified. This problem in dimension N = 1 (the periodic boundary value problem) was first studied by sub- and supersolution methods by Knobloch [21]. (See also [4], [40], where free boundary problems of this type are studied.)

3.6. Unilateral problems. For another example, let us consider the boundary value problem consisting of (3.1) and the following unilateral boundary condition on the boundary: u ≥ ψ, A(x, ∇u) · n ≥ 0, (u − ψ)[A(x, ∇u) · n] = 0 on ∂Ω,

(3.9)

(ψ is a measurable function on ∂Ω) which occur in problems with semi-permeable media. The problem can be formulated as the variational inequality (2.2) with g = 0 and

K = {u ∈ W^{1,p}(Ω) : u ≥ ψ a.e. on ∂Ω}.

It is worth noting that in this case, there is a non-symmetry concerning conditions (2.7) and (2.10) in the definitions of sub- and supersolutions. In fact, it is easy to see that for u, u ∈ W^{1,p}(Ω), u always satisfies (2.7), while (2.10) holds if and only if u ≥ ψ a.e. on ∂Ω, that is u ∈ K.

Some Remarks

Problems for which the domain Ω is unbounded may be tackled in a similar way by using classical approaches (see e.g. [24]).

The above definitions and approach may be extended in a straightforward manner to problems with lower terms depending also on the gradient of u, i.e., f = f(x, u, ∇u). We can also extend them to problems with locally Lipschitz constraints together with convex constraints (variational hemivariational inequalities) such as those considered, for example, in [6] and the references therein.

For some recent applications of the sub- supersolution method in the study of zero flux problems we refer to [4] and Ambrosetti-Prodi type problems for the p-Laplacian to [23].

References

[1] K. Akô, On the Dirichlet problem for quasi-linear elliptic differential equations of the second order, J. Math. Soc. Japan 13 (1961), 45–62.

[2] K. Akô, Subfunctions for ordinary differential equations, J. Fac. Sci. Univ. Tokyo 16 (1969), 149–156.

[3] H. Amann and M. Crandall, On some existence theorems for semilinear elliptic equations, Indiana Univ. Math. J. 27 (1978), 779–790.

[4] P. Amster, P. De Napoli, and M. Mariani, Existence of solutions to N−dimensional pendulum-like equations, Electronic J. Differential Equations 2004(2004), No. 125, 1-8.

[5] J. Bebernes and K. Schmitt, Periodic boundary value problems for systems of second order differential equations, J. Differential Equations 13(1973), 32–47.

[6] S. Carl, V. K. Le, and D. Motreanu, The sub-supersolution method and extremal solutions for quasilinear hemivariational inequalities, Differential and Integral Equations 17 (2004), 165–178.

[7] S. Carl, V. K. Le, and D. Motreanu, Nonsmooth Variational Problems and their Inequalities.

Springer, New York, 2006.

[8] E. N. Dancer and G. Sweers, On the existence of a maximal weak solution for a semilinear elliptic equation, Differential and Integral Equations 2 (1989), 533–540.

[9] C. De Coster and P. Habets, An overview of the method of upper and lower solutions for ODE’s, Nonlinear analysis and its applications to differential equations, 3–22, Birkhäuser, Boston 2001.

[10] C. De Coster and P. Habets, Two Point Boundary Value Problems: Lower and Upper Solutions. Elsevier, Amsterdam, 2006.

[11] C. De Coster and M. Tarallo, Foliations, associated reductions, and lower and upper solutions, Calculus Variations and PDE 15 (2002), 25–44.

[12] J. Deuel and P. Hess, Inéquations variationelless elliptiques non coercives, C. R. Acad. Sci.

Paris 279 (1974), 719–722.

[13] Y. Du, Order Structure and Topological Methods in Nonlinear Partial Differential Equations.

volume 1: Maximum Principles and Applications. World Scientific, Hackensack, 2006. [14] L. Erbe, Nonlinear boundary value problems for second order differential equations, J. Differential Equations 7 (1970), 459–472.

[15] , Existence of solutions to boundary value problems for second order differential equations, Nonlinear Analysis, TMA 6 (1982), 1155–1162.

[16] D. Gilbarg and N. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer Verlag, New York, 2001.

[17] J. Gossez and P. Omari, Non ordered lower and upper solutions in semilinear elliptic problems, Calculus of Variations and PDE 19 (1994), 1163–1184.

[18] P. Habets and K. Schmitt, Boundary value problems for systems of nonlinear differential equations, Arch. Math. 40 (1983), 441–446.

[19] P. Hess, On the solvability of nonlinear elliptic boundary value problems, Indiana Univ. Math.

J. 25 (1976), 461–466.

[20] L. Jackson and K. Schrader, Comparison principles for nonlinear differential equations, J.

Differential Equations 3 (1967), 248–255.

[21] H. Knobloch, Eine neue Methode zur Approximation periodischer Lösungen nicht linearer Differentialgleichungen zweiter Ordnung, Math. Z. 82(1963), 177–197.

[22] H. Knobloch and K. Schmitt, Nonlinear boundary value problems for systems of second order differential equations, Proc. Roy. Soc. Edinburgh 78A(1977), 139–159.

[23] E. Koizumi and K. Schmitt, Ambrosetti-Prodi problems for quasilinear elliptic equations, Differential and Integral Equations 18(2005), 241–262.

[24] T. Kura, The weak supersolution-subsolution method for second order quasilinear elliptic equations, Hiroshima Math. J. 19 (1989), 1–36.

[25] V. K. Le and K. Schmitt, On boundary value problems for degenerate quasilinear elliptic equations and inequalities, J. Differential Equations 144 (1998), 170–218.

[26] V. K. Le and K. Schmitt, Sub-supersolution theorems for quasilinear elliptic problems: A variational approach, Electron. J. Differential Equations 2004 (2004), No. 118, 1–7.

[27] V. K. Le and K. Schmitt, Some general concepts of sub- and supersolutions for nonlinear elliptic problems, Topological Methods in Nonlinear Analysis 28 (2006), 87–103.

[28] V. K. Le, On some equivalent properties of sub- and supersolutions in second order quasilinear elliptic equations, Hiroshima Math. J. 28 (1998), 373–380.

[29] V. K. Le, Subsolution-supersolution method in variational inequalities, Nonlinear Analysis 45 (2001), 775–800.

[30] V. K. Le, Subsolution-supersolutions and the existence of extremal solutions in noncoercive variational inequalities, JIPAM J. Inequal. Pure Appl. Math. (electronic) 2 (2001), 1–16.

[31] V. K. Le, A Peano-Akô type theorem for variational inequalities, Rocky Mountain J. Math.

36 (2006), 593–614.

[32] J. Mawhin, Nonlinear functional analysis and periodic solutions of ordinary differential equations, Summer school on ordinary differential equations, 37–60, Stará Lesná, High Tatras, 1974.

[33] J. Mawhin and K. Schmitt, Upper and lower solutions and semilinear second order elliptic equations with non-linear boundary conditions, Proc. Roy. Soc. Edinburgh 97A (1984), 199– 207. Ibid. 100A, 361.

[34] M. Nagumo, Über die Differentialgleichung y^{′′} = f(x, y, y^′), Proc. Phys. Math. Soc. Japan 19 (1937), 861–866.

[35] M. Nagumo, Über das Randwertproblem der nichtlinearen gewöhnlichen Differentialgleichung zweiter Ordnung, Proc. Phys. Math. Soc. Japan 24 (1942), 845–851.

[36] D. Sattinger, Monotone methods in nonlinear elliptic and parabolic boundary value problems, Indiana Univ. Math. J. 21 (1972), 979–1000.

[37] K. Schmitt, Periodic solutions of nonlinear second order differential equations, Math. Z. 98 (1967), 200–207.

[38] K. Schmitt, Boundary value problems for nonlinear second order differential equations, Monatshefte Math. 72 (1968), 347–354.

[39] K. Schmitt, Boundary value problems for quasilinear second order elliptic partial differential equations, Nonlinear Analysis, TMA 2 (1978), 263–309.

[40] K. Schmitt, Periodic solutions of second order equations–a variational approach, The first 60 years of nonlinear analysis of Jean Mawhin, 213–220, World Sci. Publ., River Edge, NJ, 2004.

[41] G. Scorza Dragoni, Il problema dei valori ai limiti studiato in grande per le equazioni differenziali del secondo ordine, Math. Ann. 105 (1931), 133–143.

Klaus Schmitt Department of Mathematics, University of Utah, 155 South 1400 East, Salt Lake City, UT 84112, USA

E-mail address: schmitt@math.utah.edu