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Some Liouville theorems for the p-Laplacian *

[sabeau Birindelli & Frangoise Demengel

Abstract

In this paper we propose a new proof for non-linear Liouville type
results concerning the p-Laplacian. Our method differs from the one used
by Mitidieri and Pohozaev because it uses a comparison principle that can
be applied to nondivergence form operators.

1 Introduction

In 1981 Gidas and Spruck proved in their famous work [14] that for 1 < p < %
there are no solutions to

Au+uP =0, u>0 inRY.

The proof is very difficult but a simpler proof was given by Chen and Li using
the moving plane method [7].
Similarly, non-existence results hold for the inequality

Au+uP <0, u>0 inX

where ¥ is a cone in R (see Berestycki, Capuzzo Dolcetta, Nirenberg [3]). The
values of p for which there is no positive solution depend on the cone . For
example for ¥ =R, p € (0, 125).

The generalization of this result to the p-Laplacian (A, = div(|V.[P72V)) is
very recent. Mitidieri and Pohozaev proved among other things the following

result.

Theorem 1.1 1) Suppose that N > p > 1, and u € Wli’f(RN) NCRY) is a
nonnegative weak solution of

— div(|Vu[P~2Vu) > h(z)u? in RY (1.1)
with h satisfying

h(z) = alz|”  for |z| large, a > 0 and v > —p. (1.2)
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Suppose that
N+ -1)
-1 < —r 7
pol<gs —F—
Then u = 0.
2) Let N <p. Ifu € I/Vﬁ)’f(RN) NC(RY) is a weak solution of

—div(|Vu[P72Vu) > 0 in RY
and u 1s bounded below then u is constant.

In this paper we present a new simple proof of Theorem 1.1. The proof of
Mitidieri and Pohozaev relies on variational methods and the use of global test
function. On the other hand here we use the notion of viscosity solutions and
therefore use local test functions.

This kind of technique should allow us to extend Theorem 1.1 to a large
class of non divergence operators. An example of such operators is given by:

Vu Vu
Lu = |Vu|*(Tr(A(z)D?u) + kD*u: —— @ ——
u = |Vu|*(Tr(A(z)D*u) + u Yl ® | U|)

where o € R, and A(z) is a symmetric matrix with
Mgl < Ag - € < Alef?

and k € R satisfies A + k > 0.

More generally this kind of proof can be used for fully nonlinear equations:
Suppose that we consider F(z, Vu, D?u) where for example F(z,&, M) satisfies
for some A > 0

E|“ATYN < F(2,&, M + N) — F(z,£, M) < |¢|*ATrN,
F(x,£,0) =0

for any symmetric and positive matrix N.

Cutri and Leoni [8] have used similar arguments to study Liouville theorems
for fully non-linear operators F(x, D?u) which satisfy the above inequality for
a=0.

We would like to remark that the first result of Theorem 1.1 is optimal in
the sense that for any ¢ > (N 4+ v)(p — 1)/(N — p) we construct a nonnegative
solution of (1.1). A similar example was given in [5] when p = 2.

Let us also remark that the condition on 7 in (1.2) is optimal. Indeed, for
~v < —p, Drabek in [10] has proved the existence of non trivial weak solutions
in RV (see e.g. Theorem 4.1 of [11]).

When treating the equation instead of the inequality, the values of ¢ for which
non existence results hold true are not the same. Precisely for the following
equation

~Apu =7t u>0 inRY, (1.3)
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—D+pty
-p

Serrin and Zou have proved in [20] that for p — 1 < ¢ < (NJW)S\I; and

~ > 0 any non negative solution of (1.3) is identically zero.
Let us recall that Gidas and Spruck have used Liouville theorem (for p = 2)
to obtain a priori estimates for solutions of the following problem:

Lu+ f(z,u) =0 in Q

u=¢ on Jf) (14)

where L is a second order uniformly elliptic operator and f satisfies some growth
conditions. This is done through a blow up argument (see also [3]).

Analogously, Theorem 1.1 constitutes the first step to obtain a priori esti-
mates for reaction diffusion equations involving p-Laplacian type operators in
bounded domains. In the case of systems this was done by C. Azizieh and Ph.
Clement in [1], it would be interesting to do it for general non divergence form
operators.

2 The inequation

When N > p our main non-existence result in this section is the following

Theorem 2.1 Suppose that N > p > 1. Let u € Wllo’f(RN) NCERYN) be a
nonnegative weak solution of

—Apu > h(z)u? in RY, (2.1)
with h satisfying (1.2). If 0 < ¢ < %, then u = 0.

The proof is inspired by the one given in [8], where the authors treat fully
nonlinear strictly elliptic equations. Let us start by one remark and two propo-
sitions.

Remark 2.2 The following comparison result holds true: Let u and ¢ satisfy
u, ¢ € WHP(Q)
—Apu > —App in Q
u>¢ ondQ.

Then u > ¢ in Q. This is a standard result and it is easy to see for example by
multiplying —A,u + A,¢ by (¢ —u)™.

Proposition 2.3 Let (2 be an open set in RY, and let f € C(Q). Suppose that
u € Wéf(Q) N C(Y) is a weak solution of —Apu > f in Q. If xo € Q and
© € C%(Q)NC(Q) are such that

V(xo) # 0, u(zo) — @(w0) = ;gg u(y) — oY),

then —App(zo) > f(xo).

This proof is inspired by Juutinen [18].
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Proof. Without loss of generality we can suppose that u(zg) = (o). Let
us note first that it is sufficient to prove that the property holds for every ¢
such that ¢(y) < wu(y) for all y # x¢ in a sufficiently small neighborhood of
zg. Indeed, suppose that the property holds for such functions then taking
0(y) = o(y) — €|y — xo|* and letting € go to zero, one obtains the result for
every .

Suppose by contradiction that there exists some xy € € and some C? function
© such that Vo(zg) # 0, (xg) = u(xg) and ¢(y) < u(y) on some ball B(zg,r)\
{zo} and —A,p(zo) < f(xo). By continuity, one can choose r sufficiently small
such that Vp(y) # 0, as well as

=App(y) < fy),

for all y € B(xg,r). Let m = inf|,_, = {(u(x) — ¢(x)) > 0}, and define

M
= 5
One has —A,@ < f in B(zo,r) and ¢ < u on 0B(xg,r). Using the comparison
principle one gets that ¢ < u in the ball which contradicts p(zo) = @(z0)+ % >
u(xp). This ends the proof of Proposition 2.3. O

Finally let us recall that if v is radial i.e. v(z) = V(|z|) = V(r) for some
function V in C2, then if = is such that V’(|z]) # 0,

N -1

r

Apv(x) = [V ()P ((p — DV"(r) +

V'(r)).

Hence for any constants Cy and Cs if N # p and for A = % the function

d(z) = Ca|z|* + C satisfies A,¢p = 0 for = # 0.
Before giving the proof of Theorem 2.1 let us define m(r) = inf,ep, u(x)
and prove the following Hadamard type inequality

Proposition 2.4 Let N # p. Suppose that —Apu > 0 anduw > 0. Let A = ’;;f]f.
Forany 0 <ry <r <rg:

m(ry)(r* —rg) + m(r2)(ry =)

m(r) > o (2.2)
Let N =p. Then
() m(r1)log(7) 4+ m(rz)log (%) (2.3)

B log(71)

Proof: Let N # p. Let 0 < 71 < r9. Let us consider ¢(r) = Cor* + C; with
Cy and C such that ¢(ry1) = m(r1) and ¢(re) = m(re). It is easy to see that

m(re)(r* — ) + m(ry)(ry —
o(r) = 2 A)Jr A( )( )

ry — 1
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Obviously ¢ > 0 and for ¢ = 1 and i = 2, u(x) > m(r;) = ¢(r;) for z € 9B,,,
hence u and ¢ satisfy the conditions of Remark 2.2. and u(z) > ¢(|z]) in
By, \ By, . Taking the infimum we obtain that inf |, u(z) > ¢(r) for r € [ry,72].
By the minimum principle m(r) = inf|;—, u(z). This completes the proof of
the first part of proposition 2.4.

For N = p consider

m(ry)log(;>) + m(rz) log(%)

log(71)
Remark that Ayt = 0 and ¥(r1) = m(r1) and (rq) = m(re). Now proceed as
above.

P(r) =

Remark 2.5 Clearly if A < 0i.e. p < N, then g(r) := m(r)r~> is an increasing
function. Just observe that 77 —7* > 0 and let 75 tend to +oo in (2.2) and one

obtains for r > ry:
m(ry)r

Py
™

m(r) >

Proof of Theorem 2.1. We suppose by contradiction that v % 0 in R™, but
since u > 0 by the strict maximum principle of Vasquez [22] we get that u > 0.
(r—ry) !

Let 0 < r; < R, define g(r) = m(r1) {1 - [(R—W} with k such that

1
k>3 and E<p—1.

Let ¢(z) = g(|x|). Clearly for |z| < ri, u(x) > m(r1) = ((z) while for |z| > R,
¢(z) <0 < u(x). On the other hand there exists # such that |Z| = r; and
u(Z) = ¢(&). Hence the minimum of u(z) — {(x) occurs for some T such that
|Z| =7 with ry <7 < R.

Let |z| = r, it is an easy computation to see that for r > ry

—Ap(() o)
mn o r—r +
(W)( Ta2p— 1) + (v — =)

Clearly with our choice of k, kp— (k+1) > 0 and hence, for |z| = 1, —A,((x) =
0 while, of course, V((x) = 0.
Now we have two cases: First case 7 = r;. This implies

w(@) —m(r) = u(z) = ¢(7) < u(zx) - ((z)

for all x. In particular choosing x = &, one gets

E A I

u(z) — m(ry) <wu(z) — (&) = 0.

Finally u(Z) = m(r1) and Z is a minimum for v on B(0,71). Since —Aju > 0,
Hopf’s principle as stated in Vasquez [22] implies that Vu(Z) # 0. On the other
hand Vu(z) = V((Z) = 0, a contradiction.
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Second case: 11 < 7 < R. Now V((Z) # 0, and using Proposition 2.3 one has
h(@)u?(z) < =Ap¢(2).

We choose r; and R sufficiently large in order that h(x) = al|z|Y for |z| >
min(rqy, R/2). Combining this with (2.4), we obtain

a’m(7)? < afud(z) < (k+ 1)P"(N 4+ 2p — 3)m(r)) P~ V(R — r)7P.

Since m is decreasing we have obtained for some constant C' > 0

m(R) < Cm(r) 5777 (R — )

—p
q

Now we choose 1 = %, we use Remark 2.5 and the previous inequality becomes

(p—1) —p—

m(R) < Cm(R) @« R a . (2.5)

First we will suppose that ¢ < p — 1; hence, using the monotonicity of m(R),
the above inequality becomes

pAy (p—1) (=1 4

R« <Cm(R) = '<Cu(0) 7

But this is absurd since the left hand side tends to infinity when R does. This
conclude the proof of this case.
Now suppose that ¢ > p — 1, then (2.5) becomes

m(R)R™> < CR™> 5T, (2.6)
Cleaﬂy—)\—%zg—%SOWhenQSW.

If g < (N+79)(p—1)/(N — p) we have reached a contradiction since the
right hand side of (2.6) tends to zero for R — +oco while the left hand side is
an increasing positive function as seen in Remark 2.5.

We now treat the case ¢ = (N +v)(p —1)/(N — p). Let us remark that for
this choice of ¢ we have that for some C; > 0, ¢ > 0 and r > r; > 0, with r;
large enough:

—Apu > ar’ul > Cir~N  since m(r) > erv T (2.7)

We choose ¢(z) = g(|z|) with

= 5T log?
g(r) =mr og” 1+ 72

where v, and 75 are two positive constants such that for some r; > 1 and some
To > T1:
m(r2) = g(r2), m(r1) > g(r1),

while 3 is a positive constant to be chosen later. It is easy to see that
1-NP— N ¢} 8—1.|p—2
Ay = |m|Phr lip—l log” r + [log 7’|

X [(p -1DBEB-1) logﬁ_2 r— B3N —2p—2) logﬁ_1 r}
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Suppose now that p > 2, and choose 0 < § < p—il < 1, then there exists C' > 0
such that

At > — P Cr N (log )PP D1 > |y P71 Or N (log )DL,

On the other hand for p < 2 we can choose 8 = 1 and a calculation similar to
the one above implies that

Aptp > —clp [P (logry )P
In both cases we can choose ~; small enough to get
Ay > —Cir N > A

Since w > 1 on the boundary of B,, \ B,,, one obtains by the comparison
principle (Remark 2.2) that u > 1 everywhere in B,., \ B,.,. When ry goes to
infinity it is easy to see that v5 — 0, and we obtain

u(z) > ez 7 log? |al,
for |#| > r1. This implies that
m(r) > er’5 T logr
for r > r1. We have reached a contradiction since
m(r) < Cr'=T.

Hence u = 0. This concludes the proof of Theorem 2.1. O
We treat now the case N < p where the result is much stronger.

Theorem 2.6 Let N <p. Ifu¢€ VVllo’f(RN) NC(RY) is bounded below and is a
weak solution of
—Apu >0 in RY,

then u is constant.

Remark 2.7 For N < p, for any ¢ > 0 and for any nonnegative h, if u €
WLEP(RN) N C(RN) is a weak solution of

loc
—Ayu > h(z)u? in RY

then v = 0.

Proof of Theorem 2.6. Without loss of generality we can suppose that v > 0.
First we will consider N' < p. Let m(r) = inf ¢ p, (o) u(). From Proposition 2.4
we know that for 0 < ry <7 <71y

m(ry)(ry —r*) +m(ry) (r* — 1)

X X
T =T

m(r) >

(2.8)
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_ p=N

where A\
p—1

> 0. When we let 7y — 400 inequality (2.8) becomes
m(r) > m(ry). (2.9)

But of course m(r) is decreasing hence (2.9) implies that m(r) is constant i.e.
m(r) = m(0) = u(0) for any r > 0. Clearly this can be repeated with balls
centered in any point of RY. Hence u is constant.

For the case N = p just use inequality (2.3) in Proposition 2.4 and proceed
as above. This concludes the proof of Theorem 2.6.

Counterexample

We are going to show that for N >p, v > 0and ¢ > (N +v)(p—1)/(N — p)
there exists a non-negative function u such that

—Apu > 7r7u? in RN

hence proving that (N +v)(p — 1)/(N — p) is an optimal upper bound for ¢ in
Theorem 2.1.
Indeed consider g(r) = C(1 + r)~* with a and C two positive constants to

be determined. Clearly I'(x) = g(|z|) satisfies
AT = P laPTl (14 )" @D [ (o 4+ 1)(p — 1)(1 + )@ 4
(V-1
_l’_

AAA
-
+ o+
=
S
|
7
+
=

> o taP7(1

with r = |z].

Now let € > 0 such that g = (N +~v—¢€)(p—1)/(N —p —¢€) and let o =
(N—=p—¢)/(p—1). Clearly we have a(p — 1) +p+~v=N+~v—€ = aq.
Furthermore N —1—(a+1)(p—1) = N —p—a(p—1) = € > 0. Hence choosing
C such that CP~taP~1(e) = C? we obtain that I'(x) satisfies

—A T > CU1+7)7(1 +7)"2P=D=P=7 > 979 jn RV,

3 The equation

In this section we are interested in studying non-existence results concerning
the equation. Clearly in view of Theorem 2.6, we are only interested in the case
N > p.

Theorem 3.1 Suppose that u € VVli’Cp(RN) 18 monnegative and satisfies
—Apu = rTul, (3.1)
for some v > 0. If

(N+7)p-1)+p+~y
N-—p

p—1l<qg<

and u is radial then u = 0.
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Remark 3.2 One can get the same result for —A,u = Cr7u? by considering u
multiplied by some convenient constant.

The proof given here is similar to the one given by Caffarelli, Gidas and
Spruck in [6].

Proof. It is sufficient to consider the case ¢ > (N +v)(p —1)/(N — p), since
the other cases are proved in Theorem 2.1.

If u is a radial solution and satisfies (3.1) in a weak sense, then it is not
difficult to see that it satisfies in the weak sense

—(TN_l\u/\p_Qu’)’ _ rN—l—i-'yuq
Integrating between 0 and r, one has

T
e [ ’:_/ NI (s)ds.
0

Since u’ < 0, u is decreasing and then,

rN+y

N+~

PN P2 < —u(r)d
Hence

and integrating one gets

u(r) < Criita,
Coming back to the equation one obtains

(v+p)a

‘s r
7“N_1|u’|p_1 :/ sN_H'Yuq(S)dsSC/ sV gG-1-0) ds.
0 0

Clearly N + v+ % > 0 when ¢ > (Nt\,”’i)_(z*l) and therefore

/()P < O+ eEe

and then

|u,| < CT(Z+(1+611) .

In order to conclude, we need to use Pohozaiev identity:

/ |Vu|p+p/ on(Vu.x) /Apu Vu.x) + / |Vul?(z.7)
oB

here o = |Vu[P72Vu and B = B(0, R). From the equation we know that

/|Vu|p—/ (U.ﬁ)u:/ rYudtt
B OB B
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and then

(N — p)( /B Pt 4 /B i a.ﬁu) +p /a (o) (Vua)
= —p/Br”uq(Vu.x) + /8B [VulPz.qi. (3.2)

Using the fact that v is radial, for w, = |B;| one gets

1 R
— rYulVu.zdr = /W"’Nuq(r)u’(r)dr
Wn JBR 0
R
= /WJ’N(M)’dr
0 q+1
R
_ N T eNegat L g gy,
qg+1 Jo q+1

We have finally obtained

R
(prf (’Y+N)P)/ PUEN=1 a1 g,
0

q+1
= (N=p)/[(R)P u(R)RY ™ + (1 —p)|u'(R)|PRY — %RWNU(R)QH-
q
Let us note that since g < w, one has
N
q+1
Moreover the estimates on u and v/ imply that the terms |u/|P~ u(R)RV ™1,
Y+p Yt+ag+1)(p—1
|u/|P(R)RN and RYTNu+1(R) behave respectively as e ,

RN 04D g RNP(EEET) . Al the exponents are negative, and then

fOR r7HN=1y9+1dr — 0 when R — +00, hence u = 0. This concludes the proof.
]
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