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On a fourth order superlinear elliptic problem *

M. Ramos & P. Rodrigues

Abstract
We prove the existence of a nonzero solution for the fourth order elliptic
equation
A%u = pu + a(z)g(u)
with boundary conditions © = Au = 0. Here, p is a real parameter, g
is superlinear both at zero and infinity and a(z) changes sign in Q. The

proof uses a variational argument based on the argument by Bahri-Lions
[3].

1 Introduction

We consider the fourth order problem

A%u = pu + a(z)g(u) in 9, (1.1)
u=Au=0 on 0,

where Q is a bounded subset of RY (N > 1) with smooth boundary (9 € C3!
for example), p is a real parameter, a € C*(€; R) and g € C*(R; R) is subcritical
and has a superlinear behavior both at zero and at infinity. Precisely, we shall
assume that, for some ¢ > 0and 2 <p < 2N/(N—-4) (2<p<o0ifl < N <4),
it holds

H1) g(0) =0 = g'(0) and lim, |00 £ = £.

Problems of this type with a(z) = ¢ > 0 and p < 2N/(N — 4) were studied
(along with other boundary conditions and more general operators) in [5, 7, 12,
15, 16, 17]. Here, the main feature in (1.1) will be the fact that we assume a
changes sign in ). Thus we extend for the biharmonic operator results that
were recently obtained for the corresponding second order problem, involving
the operator (—A, Hj(£2)). Precisely, our main result is inspired by the work
in [1, 4, 6, 13]. We refer the reader to [6] for a more complete discussion and
bibliography on the subject.

In the following we denote by v(z) the unit outward normal of Q2 at the point
x € 99 and by (-,-) the inner product in RY. We assume that the function a
and the domain € are related in the following way:
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244 On a fourth order superlinear elliptic problem

H2) Va(z) # 0 for all z € Q2 such that a(z) =0
H3) (Va(z),v(z)) = 0 for all x € 99 such that a(z) = 0.

The condition in (H2) is a non-degeneracity assumption [4] while the condition
in (H3) arises in connection with some integral identities of Pohozaev type (see
section 2). Of course, (H3) is trivially satisfied if a does not vanish on the
boundary of . On the other hand, both (H2) and (H3) are satisfied if, for
example, a is a linear projection and €2 is a ball (or an annulus domain).

Our main result is as follows.

Theorem 1.1. Assume a changes sign in ), that H1, H2, H3 hold, and that p
is not an eigenvalue of the operator (A%, H?(Q) N H}(Q)). Then problem (1.1)
has a nonzero solution u € C*(Q;R) N C3(4 R).

The rest of the text is devoted to the proof of Theorem 1.1. We mention that
the theorem can probably be extended in the lines of [6, Th.1] where, in contrast
with assumption (H2), the authors let a and Va vanish simultaneously in €.
However, as explained in [6], it remains an open question to fully understand to
what extend can assumptions (H2)-(H3) be relaxed, even for the corresponding
second order problem.

2 Proofs

We introduce the functional

7w =5 [[@w? =) = [ a6, e H*@) N H@),

where we denote G(u) = [, g(s)ds. It is known that critical points of J are
strong solutions of (1.1) (see e.g. [16]). However, our assumptions do not seem
to imply suitable compactness properties for J (namely, the so called Palais
Smale condition). Moreover, due to the absence of sign in the nonlinear term,
it is not clear whether the geometric structure of such functional falls into one
of the usual schemes used in critical point theory.

To overcome these dificulties, we use a truncation argument introduced in
[13] and subsequently developed in [6]. Precisely, we fix any sequences a; — +0o
and p; €]2,p[, pj — p, and define

AjlulPi—?u+ B;, for u < —aj;
gj(u) =< g(u), for |u| < aj;
AjlulPi=2u+ Bj, for u > aj,

in such a way that g; is C 1. Next we consider the modified problem

A?u = pu+ a™(z)g(u) —a=(z)g;(u) in Q, (2.1)
u=Au=0 on 09,
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where a* := max{+a,0}. Then minor changes in the proof of [6, Th.1] show
that (2.1) has indeed a nonzero solution uj, for any j € N (here, a unique
continuation principle for the biharmonic operator is needed; it can be found
in [10, Th.6.3 and Rem.6.8]). These solutions u; are found by means of the so
called “local linking” theorem,; in particular (see [6, Prop.2]), it follows that their
Morse indexes are bounded. Denoting by J; the energy functional associated to
(2.1), this means that the second derivative D?J; cannot be negative definite
in subspaces with dimension larger than some fixed number (which depens only
on y, not on 5). We use this fact to show that (u;) is bounded in C(£2) and this
proves, of course, Theorem 1.1.

So, in the remaining of the proof we assume that ||u;||z~) — co and try
to reach a contradiction, thus proving Theorem 1.1.

Asin [4, 6, 13], we use assumption (H1) to perform a blow-up scaling. Since
this procedure is explained in great detail in [13], here we only mention that
(2.1) can be written as a system, through

—Au =,
—Av = pu+at(z)g(u) — a” (x)g;(u),

so that standard elliptic estimates can be applied. As a conclusion of these argu-
ments, it follows easily that the solutions (u;) converge (up to a suitable scaling)
to a nonzero bounded function u € C*(w) N C3(w), defined in an unbounded
domain of the form

w={zecRY: (z,7) < d}, (2.2)
with d €] — 00, +o0], T € RY, |Z| = 1; the function u is a solution of the problem

A% = (*(z) — LG~ (2))[ul2u in w, (2.3)

u=Au=0 on Jw,
where L € [0,1] and § is a nonzero affine function
Blz) = (€, z) +c, (2.4)

with ¢ € R, £ € RN, In fact, either £ = 0 or else £ = Va(xg) and T = v(x) for
some xo € O such that a(zg) = 0 so that, in any case (see (H3)),

(t,7) = 0. (2.5)

We stress that all this follows exactly as in [6, 13]. As a final information on
u, we mention that, as a consequence of the boundedness of the Morse indexes,
u has finite index in the sense of [3]. This means that there exists some number
Ry > 0 such that, for any ¢ € H2 N H(w \ Bg,(0)) with compact support, it
holds

W= |

w

(Ag)? — (p—1) / (6" (2) - L~ (@)l 2> > 0. (26)
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As a final step in our proof, we state below some Liouville type theorems
implying that, under the present conditions, u = 0 (see Proposition 2.5), which
is a contradiction and completes the proof of Theorem 1.1.

For second order problems, theorems of this kind were first proved in [3]
(corresponding to the case where 3(x) = ¢, see also [9] for a related situation)
and, subsequently, in [6, 13] (for an affine or quadratic function ). Here we
combine the arguments in [12, 13] to extend these theorems to the fourth order
case. We mention that the case where ( is constant probably follows also from
the main result in [2], where the authors study systems of the form —Au =
|v]9=2v, —Av = |u|P~2u with p,q > 2; however, at least with our method, the
case where (3 vanishes at some points of w demands more involved arguments
than the case where 3 is a (nonzero) constant.

In what follows, we denote by w an open set of the form indicated in (2.2);
in case d is finite, the function w in (2.3) is assumed to vanish, together with
Au, on the boundary dw. We also let Br := Bgr(0) C RY and write ¢gr
for any function in D(RY) such that pr = 1 in Bg and ||[Vpg|/r~ < CR7Y,
||D%pr||L= < CR™? for every |a| = 2.

Our first lemma is a modification of a result in [12] for bounded domains.

Lemma 2.1. Let u € C*(w) N C3(w) be such that, for some p # 2N/(N — 4),
p>2,
Au=|uP?u inw, u=Au=0 onduw. (2.7)

Suppose that
/(Au)2 <oo and / u? < CR* (2.8)
w wNBRr

for some sequence R — oo and some constant C (independent of R). Then
u=0.

Proof. 1) For simplicity, we drop the subscript in ¢ and simply write ¢. All
integrals are taken over w or over subsets of w. We remark that, up to a
translation, we may assume that d = 400 or else d = 0 in (2.2). We also note
that (2.8) implies (see [8, pp. 238-239)])

N
Z /u?j < oo and / |Vu|?> < OR2. (2.9)

i=1 Br
Finally, we recall the following identity in [12]:

div(w(Va, Vv)Vu + w(Va, Vu) Vv — w(Vu, Vu)Va)
= 2w Z a;ju;v; + w(Va, Vo) Au + w(Va, Vu) Av — w(Vu, Vo) Aa
0,J
+(Va, Vv){Vu, Vw) + (Va, Vu)(Vv, Vw) — (Vu, Vo) {Va, Vw),

which holds for arbitrary smooth functions u, v, a and w, provided one of them
has compact support.
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2) For any R > 0, denote by y(R) the number
/[<Vs0, V(Au))(Vu, z) + (V(Au), 2){(Vu, Vo) — (V(Au), Vu)(Ve, 7)] .
Then

Y(R) =o0(l) as R — oo. (2.10)

Indeed, this follows from the previous identity, replacing u, v, a and w by ¢,
|z|?/2, u and Au, respectively. Recalling that u = Au = 0 on dw, the divergence
theorem implies that v(R) is equal to

[[—2Au >0 it — Aulp(Vu, Va) — NAu(Vu, Vo) + (Au)?(Vp, )]
1 1 1 1
<Cl(J(Au)?)? X5 (Jud)® + (J(Aw)?)* (B2 [Vul?)® + [(Au)?].

To deduce (2.10), it is then sufficient to observe that each one of the above terms
goes to zero as R — oo, since the integrals are taken over Bag \ Br and taking
(2.8), (2.9) into account.

3) Once (2.10) is established, the rest of the proof follows much as in [12].
For the reader’s convenience, we shall go into some details. We use again the

previous identity with function w in (2.7), and v, a and w replaced with Au,
|z|?/2 and ¢, respectively. We obtain

/¢A2u<vu,x> = —2/<p<Vu,V(Au)) —/@Au(m,V(Au))
N [ plVa, V(aw) < ()
hence, using (2.10),
/ A2 (Vu, 7) = (N—2) / o(Vu, V(Au)) — / eAu(z, V(Au) +o(1). (2.11)

Observe that, in integrating by parts, the boundary integral does vanish. Indeed,
we integrate over Ow N Bag the expression

p(V(Au), 2)(Vu, T) + o(Vu, 2)(V(Au), T) — ¢(Vu, V(Au))(z,T),

and each one of these terms vanish since, on dw, u = Au = 0 and (z,T) = 0.
Now, as Au = 0 on dw, an integration by parts shows that

- [etanp = [(uvieaw) = [oTuv(w) + o),
thanks to (2.8), (2.9). Similarly,

2/<pAu<x,V(Au)> +o(1) :/<V(¢(Au)2),m> - —N/@(Au)Q.
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Plugging these two identities in (2.11) yields
N —4

T/go(Au)Q = —/goAQu(Vu,m)—i—o(l). (2.12)

4) Next we use the equation in (2.7). Multiply the equation by up and integrate
by parts to obtain

/<p|u|p = /go(Au)2 +o(1). (2.13)
Similarly,
1@, 96) = [ Auaule, Vo) = o). (2.14)
Finally, using (2.12), (2.13), (2.14) and the divergence theorem applied to

P P N
(L) = plul2u(vu,0) + L (9p,0) + Sulre,

we deduce that

Since ¢ = 1 in Bpg, this implies Au = 0, hence u = 0. o
Suppose now that u satisfies (2.7) and that u has finite index. In particular,

(cf. (2.6)), this implies
J" (w)up, up >0 (2.15)

for any function ¢ as above (with the extra restriction that ¢ = 0 in Bg, and
¢ = 1in B\ Bag,, say). Combining (2.7) and (2.15) and replacing ¢ by 2
one immediately gets

/ ufr gt + / (Au)?et < C(1+ R W+ R / Vulo?).

BorpNw
Using interpolation, this in turn implies
/ lulPp* + / (Au)?*p* <C(1+R™* u?). (2.16)
w w BorpNw
This allows us to prove the following.

Proposition 2.2. Let u € C*(w) N C3(w) be such that, for some 2 < p <
2N/(N —4),
Ay = |ulfu inw, u=Au=0 on dw.

If u is bounded and has finite index then u = 0.

Proof. Again we may assume that d = 400 or else d = 0 in (2.2). In case

fB A u? < R* for some sequence R — oo, (2.16) and Lemma 2.1 imply u = 0.
R W

Thus, to prove the proposition it is enough to show that the condition

/ u? > R* VR> Ry, (2.17)
BrNw
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leads to a contradiction. Now, (2.16) and (2.17) imply

/ lulf < CR™* u?. (2.18)
BrNw BarNw
On the other hand, since u is bounded, there exist C' > 0 and a sequence R — oo

such that
/ u? < C u?. (2.19)
BorpNw BrNw

Using (2.18), (2.19) and Hoélder inequality, we conclude that, for some sequence
R — o0,

2/p
/ lulP < CR™* W< C </ |u|p> RNO-2)—4
BrNw BrNw BrNw

Since N (1 — %) —4 < 0, this implies u = 0, contradicting (2.17) and proving the
proposition. [l

Remark. 1) An examination of the proof shows that the conclusion of Propo-
sition 2.2 still holds without the assumption that u is bounded.

2) With a simpler proof we obtain a similar result for the equation A?u =
—|ulP~2u.
We need the following extension of Proposition 2.2.

Proposition 2.3. Let w and [ be given by (2.2) and (2.4) and assume (in
case d < o) that £ ¢ span{Z}. Given 2 < p < 2N/(N — 4), suppose that
u € C*(w) N C3(W) satisfies

Ay = B(x)|ulPu inw, u=Au=0 on dw.
If u is bounded and has finite index then u = 0.

Proof. 1) By translation, we may assume that ¢ = 0 in (2.4). Let z; be the
projection of T in the orthogonal space to /; using a translation along x; we see
that we can also assume d = 0 (or else d = +00) in (2.2).

2) Suppose first that fBRﬂw u? < R* along a sequence R — oo. It follows
precisely as in (2.16) that fw(Au)2 is finite. Since 3 is homogeneous, also the
argument in Lemma 2.1 applies, yielding that v = 0. Thus, to conclude the
proof it is enough to show that, again, (2.17) leads to a contradiction. We will
do that by exploiting the compact injection of H? into LP in bounded sets (see
8)).

3) Assuming (2.17), fix a sequence a;; — oo such that

/ hMSC/ ul?, (2.20)
Bsaj Nw Baj Nw
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for some C > 0 (compare with (2.19)). Define u;(z) = Bju(aj z), where 3; > 0
is such that
[ o=t (2.21)
BiNw

that is, 57 = oY ([5 o lulP)™t < CalY. Then u; satisfies
o
A%u; = (@) P %uy inw, wj=Au; =0 ondw,  (2.22)

where p1; = a?ﬁ?ip > ajaj-_N(p_Q)/p — 00. Since (see (2.16))

/ (Au)? < CR_4/ u?, (2.23)
ByrNw BgrNw

this, together with (2.20) and (2.21), implies that the sequence ||u;||2(,nw) +
||Au;||L2(Bynw) is bounded. By interpolation, (u;) is bounded in H?*(B; Nw).
Thus, up to a subsequence, u; — v weakly in H?(By Nw) and strongly in
L?(B; Nw). In particular, it follows from (2.21) that v # 0 in By Nw. Now
we multiply the equation in the statement of the proposition by Bu;p, where
© € D(By) is such that ¢ =1 in By; integrating by parts yields

" / Bl < / |Aul [A(Bu;)| < C.
BiNw BaNw

Since p; — oo, this implies

/ B%v|P = 0. (2.24)
BiNw

Thus v = 0 in B; N w, which is a contradiction and ends the proof of the
proposition. O

An inspection of the above proof shows that the conclusion still holds when
B(z) is replaced with 87 (x) — L3~ (), provided L is positive. The case where
L = 0 requires some care, since the above argument allows to conclude (using
the notation in (2.24)) that v = 0 in By Nw N {6 > 0} only, and this does
not contradict the fact that v # 0 in By Nw. To overcome this difficulty, the
following simple lemma will be useful.

Lemma 2.4. Let Q C RY be bounded and suppose that some sequence (uj) C
CH*(Q) (0 < a < 1) satisfies

||u]||H2(Q) S C and ||A2uj||L1(Q) — 0. (2.25)
Then, up to a subsequence, uj — u weakly in H*(Q), u € C*(Q) and A?u = 0.

Proof. 1) We may already assume that u; — u weakly in H?(Q) and u; — u
a.e. in Q. Fix any balls By, By with By C By C By C Q. To prove the
lemma it is enough to show that v € C*°(B;) and A%y =0 in B;. We denote
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fi = A%, € COo(Q).

2) By minimization, there exists a unique v; € HZ(Bz) such that

AvjAp = [ fip, Vg € Hi(Bs). (2.26)
32 B2
Using [11, Th 1], we have that v; € C*(B2) and A?v; = f;. Moreover, if
¢ € D(Bz), by (2.25) and (2.26), we see that
Av;jAp = APujp = / Au;Ap < C(/ (Ap)?)H/2,
B2 B2

B2 B2

Since D(Bs) is a dense subset of HZ(Bz), we conclude that (v;) is bounded
in H3(B2). Hence, up to a subsequence, v; — v weakly in HZ(Bz). The
assumption f; — 0 in L'(B;) and (2.26) then imply

v € HZ(By) and / AvAyp =0, Yo € D(B,).
B>

In particular, v € H3(Bz) and Av = 0, so that v = 0.
3) Denote w; := u; — v; € C*(Bs) and g; := Aw,;. Then
Agi =0 in By and ||gjl[z2(B,) < C. (2.27)

Fix any ¢ € D(Bz) such that ¢ = 1 in B; and multiply the equation in (2.27)
by gjp. This yields [ |Vg;? < C [z, g7 < C'. Thus, up to a subsequence,
gj — g weakly in H'(Bj). Again from (2.27), it follows that

/ (V9. V) =0, Ve D(By),
B

and so Ag = 0. In particular, g € C*°(Bi). Now, w; — u weakly in H*(B1),
and so Aw; — Au weakly in L?*(Bj). As a consequence,

Au =g € C*®(By).

This implies u € C*°(B;) and A%u = Ag = 0. O
Now we can state our main result of this section. We recall that, in partic-
ular, this will complete the proof of Theorem 1.1.

Proposition 2.5. Let w and B8 be given by (2.2) and (2.4) and assume (in
case d < oo) that ((,T) = 0. Given 2 < p < 2N/(N — 4), suppose that u €
C*w) N C3(w) satisfies

Ay = (BF(x) — LA™ (2))[ulP?u inw, u=Au=0 onduw.

If u is bounded and has finite index then u = 0.



252 On a fourth order superlinear elliptic problem

Proof. 1) In case B(x) = ¢ # 0, this was proved in Proposition 2.2 (see also the
remark following it). So, we may assume ¢ # 0. Moreover, by Proposition 2.3
and previous remarks, we may already assume that L = 0, f(z) = (¢,z) and
d=+ooorelse d=0in (2.2).

2) We borrow the argument and the notation from the proof of Proposition
2.3. As before, the sequence (u;) converges weakly in H? to some function v
satisfying

/ loP=1 and v=0 in Bf Nw,
BiNw

where By := B; N {B > 0}. Observe that B Nw # () (for instance, the vector
(¢ —7)/(2|¢ —7|) is in B Nw). We claim that

fi= uj6+|uj|p72uj —0 in Ll(Bl N w). (2.28)

Assume the claim for a moment. Observing that u; € 0140’? (for any 0 < v < 1),
the previous lemma implies that A%y = 0. Since v = 0 in B Nw and By Nw
is connected, we deduce by unique continuation that v = 0 in B; N w, which
contradicts the fact that [ B,nw [V|7 =1 and proves the proposition.

3) In order to establish (2.28), we follow the argument in [13], which consists in

showing that
Mj/ BHluP~2 < C  and ,Uj/ B |uj|P — 0. (2.29)
BiNw BiNw

Now, the first estimate follows immediately from the assumption that u has
finite index. Indeed, (2.6) implies that

/ BHuP~26? < C(1 + / Vel?) < CRN-4

for every large R, and this proves the first inequality in (2.29). In order to prove
the second estimate, it is of course enough to show that

b [Pl o (2.30)
BiNw
and
uj/ |’Ltj|p SC (2.31)
Bfﬁw

4) Similarly to (2.16) (with ¢ replaced with 37 ¢ in (2.6)), we have

[ @ywrsoasrt [ v [ waa ea)
BrNw Bipnw B nw

Here we have denoted Bj; = Bg N {3 > 0} and have used the fact that 3 is a
linear function. We also recall that (2.23) holds and that we are assuming (by
contradiction) the inequality in (2.17). Hence, (2.32) implies

/ (B |ulP < CR™2 w2,
BrNw

+
BgrpNw
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In particular, this yields for the sequence (u;):

i /B G <c | (2.33)
1Nw

B;r Nw

It is clear that we may assume that v = 0 in B Nw and not only in Bf Nw
(see (2.20) and (2.21)). Thus (2.33) implies (2.30).
5) As a final step, we integrate div(Be¢|ulP¢/p) in wT :=w N {B > 0} (where, as
usual, ¢ € D(Bz2r) and ¢ = 1 in Bg). This yields

2 lulP . M . 2
0 [ otE == [ 5 B0 - [ (auevu.

The last integral can be estimated exactly as in Lemma 2.1 — just replace, in
its proof, |x|?/2 by the linear map (¢, z) (the assumption (¢, Z) = 0 insures that
the boundary terms in step 3 of the quoted proof do vanish). Denoting by ¢;
the i-th component of /, it then follows that

- [enuvu o = [(5 00 - auvu, 080 - 280 wapit)

w ik

We combine the last two identities and conclude, for the sequence (u;), that

0%u;
o [ Nl <O [ Il B+ Vs 8l S

1 N

Since (u;) is bounded in H?(Bs Nw), this implies (2.31) and ends the proof of
the proposition. O

Acknowledgments. The present work is part of the Master thesis [14] and
is the content of a talk given at the USA-Chile meeting. The first author
acknowledges the organizers for the invitation and the warm hospitality. We
thank Djairo De Figueiredo for pointing us reference [2]. The first author is
supported by FCT, praxis xxi, FEDER and project praxis/2/2.1/mat/125/94.

References

[1] S. ALaMA, M. DEL PINO, Solutions of elliptic equations with indefinite
nonlinearities via Morse theory and linking, Ann. Inst. H. Poincaré Anal.
Non Linéaire 13 (1996), 95-115.

[2] S.B. ANGENENT, R. VAN DER VORST, A priori bounds and renormalized
Morse indices of solutions of an elliptic system, Preprint, 1999.

[3] A. BaAHRI, P.L. LIONS, Solutions of superlinear elliptic equations and their
Morse indices, Comm. Pure Appl. Math. 45 (1992), 1205-1215.



254

[4]

On a fourth order superlinear elliptic problem

H. BERESTYCKI, I. CAPUZZO DOLCETTA, L. NIRENBERG, Superlinear
indefinite elliptic problems and nonlinear Liouville theorems, Topological
Methods in Nonlinear Analysis 4 (1994), 59-78.

F. BERNIS, J. GARCIA-AZORERO, I. PERAL, Existence and multiplicity of
nontrivial solutions in semilinear critical problems of fourth order, Advances
in Differential Equations 1 (1996), 219-240.

A.R. DoMINGOS, M. RAMOSs, Solutions of semilinear elliptic equations with

superlinear sign changing nonlinearities, to appear in Nonlinear Analysis
TMA.

D.E. EDMUNDS, D. FORTUNATO, E. JANNELLI, Critical exponents, critical
dimensions and the biharmonic operator, Arch. Rational Mech. Anal. 112
(1990), 269-289.

D. GILBARG, N. TRUDINGER, “Eliptic partial differential equations of sec-
ond order”, second edition, Springer-Verlag, Berlin Heidelberg New York,
Tokyo, 1983.

A. HARRABI, S. REBHI, A. SELMI, Solutions of superlinear elliptic equations
and their Morse indices, I, Duke Math. J. 94 (1998), 141-157.

D. JErIsON, C. KENIG, Unique continuation and absence of positive eigen-
values for Schrodinger operators, Annals of Mathematics 121 (1985), 463—
494.

S. LuckHAUS, Existence and regularity of weak solution to the Dirichlet

problem for semilinear elliptic systems of higher order, J. Reine Angew.
Math. 306 (1979), 192-207.

E. MiITiDIERI, A Rellich type identity and applications, Comm. Partial
Differential Equations 18 (1993), 125-151.

M. RAMOs, S. TERRACINI, C. TROESTLER, Superlinear indefinite elliptic
problems and PohoZzaev type identities, J. Funct. Anal. 159 (1998), 596
628.

P. RODRIGUES, “Variational Methods for the Bilaplacian Operator” (in
portuguese), Master Thesis, University of Lisbon, Faculty of Science, De-
partment of Mathematics, December 1999.

R.C.A.M. VAN DER VORST, Variational identities and applications to dif-
ferential systems, Arch. Rational Mech. Anal. 116 (1991), 375-398.

R.C.A.M. VAN DER VORST, Best constant for the embedding of the space
H2(Q)NH(Q) into L% (Q), Differential and Integral Equations 6 (1993),
259-276.

R.C.A.M. VAN DER VORST, Fourth elliptic equations with critical growth,
C.R. Acad. Sci. Paris 320 (1995), 295-299.



M. Ramos & P. Rodrigues

MIGUEL RAMOS

CMAF, Universidade de Lisboa
Av. Prof. Gama Pinto, 2
1649-003 Lisboa, Portugal
e-mail: mramos@lmc.fc.ul.pt

PAauLA RODRIGUES

FCT, Universidade Nova de Lisboa
Quinta da Torre

2825 Monte da Caparica, Portugal
e-mail: paula.p.rodrigues@netc.pt

255



