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A semilinear control problem involving
homogenization *

Carlos Conca, Axel Osses, & Jeannine Saint Jean Paulin

Abstract

We consider a control problem involving a semilinear elliptic equation
with a uniformly Lipschitz non-linearity and rapidly oscillating coefficients
in a bounded domain of RY. The control is distributed on a compact
subset interior to the domain. Given an N — 1 dimensional hypersurface
at the interior of the domain not intersecting the control zone, the trace
of the solution on the curve has to be controlled. We prove that there
exists a limit control as the homogenization parameter converges to zero,
which results as the limit of fixed points for controllability problems. We
link this limit control with the corresponding homogenized problem.

1 Introduction

Let Q be a connected and open subset of RY with smooth boundary T'. Let
w CC 2 be a non-empty open subset with indicatrix set 1,, and let S be a N —1
dimensional manifold strictly included in € and not intersecting w. Consider
the following control problem. Given ¢ > 0, @ > 0 and y; € L*(S)V find a
control function v¢ with support in w such that

—div(A°Vy®) + f(y°) = 1,v° in Q

1.1
y°=0 onT (1.1)

and

v°)s — villo,s < (1.2)

where y° | is the trace of y° on S and || ||, g denotes the standard L*-norm
on S. The nonlinear function f is such that

fec’, f0)=o, (1.3)
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110 A semilinear control problem involving homogenization

and uniformly Lipschitz, that is

Iy > 0 such that ¥s € R\ {0}, 0 < s) <7. (1.4)
s
The coefficients of the symmetric matrix A° are real and piecewise C* in Q. We
assume the condition

N
Jam, anr > 0 such that V6 € RN, |6 =1, am < Y A5 ()68 < an, (1.5)
i,j=1

for a.e. x € Q. The following result can be established as in [7, 8] using a fixed

point technique introduced in [2].

Theorem 1.1 Assume that each point xo on S can be connected by an arc
included in Q to some point in w without intersecting S\ {xo}. Then, under the
hypotheses (1.3), (1.4) and (1.5), there exists a control v° € L*(w)Y satisfying
(1.1) and (1.2).

Moreover a control v¢ of minimal norm and solution of (1.1)-(1.2) can be con-
structed as follows. Using a density argument, we can assume f € C!. Define

the real function
f(s)/s ifs#0
oe{ 10
f(0) ifs=0.

For each z € L?(Q)" consider the following auxiliary control problem. Given
e>0,a>0andy; €L%S)" find a control function v¢ supported in w such
that

—div(4A°Vy®) + g(2)y® = 1,0° in Q
(1.6)
yo=0 onT

and
[9°(2)1s =91y s < (1.7)

For the existence of these controls see [7]. Among the controls satisfying (1.6)
and (1.7) we choose as an optimal the minimizer of the functional (see [4, 5])

Liol2 L
Ij(v)—{ Slvllg,, if (1.7) is satisfied ",

+00 otherwise.

We denote by vZ(z) the point of minimum value, which depends on z and e of
course. Associated to this control we have the solution of (1.6) that we denote
by y5(z). Now we define the mapping

Feiz2e LA(Q)N = yi(z) € L2(Q)N. (1.9)



C. Conca, A. Osses & J. Saint Jean Paulin 111

We will show that it has a fixed point z°, that is to say
Fe(z°) =z". (1.10)
An admissible control for the semilinear control problem (1.1) and (1.2) is simply
vy = v (Z°). (1.11)

Our main goal is to study the behavior of v¢ as e — 0.

Notation. We will denote by y° (or y*(v¢)) the solution of the original prob-
lem (1.1) and by y°(2) (or y°(z,v%)) the solution of the auxiliary problem (1.6).

2 Dual context

For each z € L2(Q)", e > 0, @ > 0 and y; € L%(S)" the optimal control v¢(z)
minimizing (1.8) and satisfying simultaneously (1.6) and (1.7) can be expressed
in a dual context. Indeed, we have the relationship [7]

vE(2) = P52 (2.1)

where ¢¢(z) is the solution of the following dual problem associated to (1.6) (dg
is a Dirac mass concentrated on S)

—div('A°V®) + g(2)¢° = dsp1 in Q

2.2
=0 onl (22)

for

$1 = (pi‘*(z)a (23)

where 5, (2) is the point of minimum in L?(S)" of the following dual functional
of (1.8)

[ 1 £
T =3 [ W datalialos = [ merds (24)

in the sense of Fenchel-Rockafellar [1, 5]. Note that in order to evaluate this
dual functional we have to solve the dual problem (2.2) for each ¢; € L%(S)V.

Notation. We will denote by ©°(z) (or ©°(z, 1)) the solution of the auxiliary
dual problem (2.2).

3 Main result

Our main result can be summarized as follows (the definition of H-convergence
can be found in [6]).
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Theorem 3.1 Assume that A° H-converges to A° and that the hypotheses of
Theorem 1.1 are satisfied, then up to a subsequence
vs =00 in LA(w)N — weakly and y(vi) — 0 in H}(Q) — weakly ase — 0,
where v0 has minimal norm among all controls v satisfying

ly2@his =y llp5 < e
Moreover 42 is solution of the system

—div(A'Vyd) + f(y2) = 1ug) in Q

yg =0 on o
—div("A°V¢®) + g(y))¢° = dsp1 in Q (3.1)
(po =0 on o

. (1 2
P1x = argmin <§/ ‘SOO‘ da:+a||<p1|\o75—/y1<p1 dS) )
w S

where ¢° is the solution of (3.1c,d) associated to ¢1.. In terms of this dual
variable,

00 = pglw. (3.2)
The proof of this theorem is developed in the rest of the paper and uses the
following Lemma. The proof of this Lemma is similar to the one in [2] (see also
[7]) taking care of the € dependence in bounds and the regularity of A°.

Lemma 3.1 Assume that the coefficients of A are piecewise C* in Q. Then,
under the hypotheses of Theorem 1.1, we have

JE
lim inf (o) >a>0. (3.3)
lexllo,s—o0 @1l s

Proof. We have

J: 1 1
(o) :5/ Pk dm+a—/y1 PL s,
w S

lo1llo,s lle1llo,s l1llo,s
Let . .
OF — ' @1 —_ 1 .
l1llo,s lo1llo,s

Then

J: Y1 . ~

z (801) _ || | 0,8 / |80€|2 de + o — / y1 51 ds . (34)
le1llo,s 2 Ju s
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We write that for a sequence ¢1,, such that [¢1,n]|, 3 = 00 as n — oco. Since
[@1,nllg, ¢ = 11t is easy to see using (1.4) and (1.5) that the associated solutions
of (2.2) satisfy

1@l o = C
where the constant C' does not depend on n nor ¢ and only depends on o, ¥

and the norm of the trace operator from H'(2) into L?(S). For a fixed € up to
a sequence (in n), we have

Prn — @1 in L*(S) — weakly
P — @ in H'(Q) — weakly.
Then

g

Iz (1) = lim inf M
lerllo,s=oo lpillo s m=oe llernll s

We consider two cases. Firstly, if

lim/ 1652 da = / 72 dz >0,
n w w
then
2
lonnllos / G517 dz — +oo
w

and since [¢y1P1n = [g 4181, from (3.4) we obtain (3.3). Secondly, if

lim/ 15 2 dx=/|¢€|2 dz = 0
n w w

then ©* = 0 in w. Next, our aim is to prove that ©* = 0 in the whole of Q.
The fact that we have supposed the coefficients of A° piecewise C!, implies that
©° =0 till S. Indeed, the classical Holmgren’s unique continuation property [3]
shows that ¢° is zero in the regions intersecting w where A¢ is regular and the
transmission conditions allow to extend @° by zero to the contiguous regions till
S. This gives the desired result if S is an open curve. Conversely, if S is closed,

the geometrical hypothesis on S and w introduced in Theorem 1.1 implies that
€

©° is zero in the whole Q. This implies that ¢; = 0 on S, therefore
JE
lim inf Ji(prn) > o + lim inf <||<,01,n||0 S/ s da:) -0> 0
n leinl 0,8 " T Jw

which completes the proof of the lemma.

4 Step 1. Fixed point

We will establish that the operator F¢ defined in (1.9) has a fixed point using
Schauder’s theorem. We follow the ideas in [2] and [7], taking care of the ¢
dependence.
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Let us prove that ¢ is continuous and maps L?(2)" into a relatively com-
pact subset of L2(2)". Take

2, — 29 in L2(Q)N
and in order to simplify notations let us set
P = ¢°(2n)

the solution of (2.2) associated to z, and to a fixed ¢; € L*(S)V. Now, taking
©¢ as a function test in (2.2) the following estimate is easily obtained

lenllie < Clieallos (4.1)

where the constant C' depends only on the A¢-ellipticity constant a,,, and on
trace and Poincaré constants, but is independent on ¢ (we also use hypothesis
(1.4) about f). Thanks to (4.1) we have up to a subsequence

5 — ¢ in H}(Q) — weakly.

In order to pass to the limit in a variational formulation of (2.2), note that
[ seneipda~ [ gtaleods
Q Q

- / 9(zn) (05, — 050 di + / (9(2n) — g(z0)) 50 e,
Q Q

but g(z,) is bounded in L*° () and since z,, converges to zo a.e. then
g(zn) = g(2z0) in L=(Q) — weakly*. (4.2)

Therefore
[ gle)esiods — /Q g(z0)eipde Vo€ HA(Q).

Remark 4.1 Convergence (4.2) implies weak but not strong convergence in
H=1(Q).

Nevertheless, a technical argument allows to obtain the strong convergence in
H=1(Q). Indeed, for all p € H}(Q2), we have

’/Qg(zn)soisodw - g(Zo)sOSsodw’ <

< | [ ateadien = cioda] + | [ (ale) g0t dal.

On the one hand

< ||g(zn)||LP1 ”90761 - SOSHLIQ ||§0||Lp3 .

/ 9(20) (5, — ¢6)p
Q
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Choosing p1 = N, py = p3 = ]3—]_\71 if N > 2 otherwise p; = p3 = 4 and ps = 2,
thanks to this choice of py, the injection from H!(f2) to LP?(£2) is compact and
then

¢ = ollpre = 0 as n— oo

Note that g is bounded and
|g(zn)ll Lo < 7 meas(€2)"/7.
Finally, the injection from Hg(£2) to LP3(f2) is continuous so

lellLes < ”iHL(Hé(Q);LPs(Q)) H<P||1,Q- (4.3)
On the other hand

| [ (06en) = gteoioda] < llzn) = o)l 16610 ol

with ¢; = %, Q2 =q3 = ]3—]_\72 for N > 3, otherwise ¢1 = 2, g2 = g3 = 4. Thanks
to this choice the injection from H'(Q) into L% () is continuous and a bound
can be obtained as in (4.3). In virtue of dominated convergence theorem and
bounds on g(z,) we have

llg(zn) — Q(Zo)Hqu —0 as n— oo.
From the above convergences we see that
9(zn)ey, — g(20)p5  in Hol (Q) — strongly as n — co.

Let us continue with our problem. Multiplying (2.2) by ¢ € H(Q) and inte-
grating by parts we obtain

/ AV ;- Vodx —|—/ g(zn)prdde = / p1pdo,
Q Q s
for a fixed ¢ and we take n — oo to obtain
/ A*Vyg - Vodz —l—/ 9(z0) g de = / p1pdo,
Q Q s

and this shows that ¢§ = ¢°(20). Let us now show that
©° — @5 in HE(Q) — strongly. (4.4)
Take ¢f, as a test function in the problem

—div(*A°VS) + g(zn)¢S = 651 in Q
w;, =0 onl.

Passing to the limit, we obtain

mltmw@VQM=Lw%w—Aﬂm%%m-

n—oo 0
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Now, taking ¢f as a test function in

— div("A°V5) + g(20)05 = dspr in Q
w5g=0 onl,

we obtain
/AEV@SV%dm:/@méda—/9(20)3083086596-
Q s Q
By comparison

lim [ YAV - Vi do = / AV 5 - Vi da.
Q

n—oo 0

We conclude (4.4) since ( fQ tA*Vv - Vo dsc) V2 s equivalent to the standard
norm in H{ ().
By a method analogous to the one that yields (4.4) from (4.1), we show that
505 < C (4.5)
with C independent of n and of ¢, that is
@5, (2n) = € in L2(S) — weakly
and
O (2, 95, (2n)) = ¢ (20,€°) in Hy(Q) — strongly. (4.6)

Let us show by contradiction that (4.5) holds. Otherwise, there exists a sequence
{¢5.(2n) }n>0 such that

91 (zn)llo,s = +o0 as n — oo, (4.7)

but for each z,, the function ¢i,(2,) minimizes J; and consequently
2, (5. (2n)) < JZ (1) Vo1 € L%(S). (4.8)
At the same time, we see that

g ]‘ £ 2
To(en =3 [ WGP do+alierls = [ nondo

converges as n — 00 to
€ 1 e 2
Jo (1) =5 | 197" dz +allpallos — [ yrprdo.
w S

Therefore from (4.8), for each fixed ¢

JZ, (#1(zm)) < C
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with C independent of n (and of €). This last upper bound contradicts (4.7)
since

JE £
fminf 2l PG S g (4.9)
5. all, s o0 1914 (2n)llo s

Proof of (4.9) is similar to the proof of Lemma 3.1 since

9% (20, 1. (z0)) [l 0 < Clleta(zn)llo,s

with a constant C' independent of n (and of €). Since (4.7) does not hold, we
have up to a subsequence

5. (2n) = € in L*(S) — weakly as n — oo. (4.10)

It remains to identify the limit. Let us show that £° minimizes J; , that is to
say

J5,(65) < J5,(p1) Ver € LA(S)N. (4.11)
First, note that ¢, (2,) is optimal for J; , that is

Iz, (95.(2n)) S JE (1) Ver € LA(S)Y

hence

liminf JS (95, (2,)) < Uminf JS (1) = JZ (p1) V1 € L2(S)V.

20
In order to get (4.11) it remains to proof that

J5(€°) < liminf JZ (41, (2n))- (4.12)
Let us recall that

T2 (i) = 5 [ 197 bt e do + ol s = [ e en) do
so from (4.10) we have

liminf a |5, (zn) lg,5 - /S Y191 (2n) do > liminf a [|€7]]g s — /S y18° do
and from (4.6)

timint [ | G 5. (o) d 2 [ 16 (a0, €9

e

In this way, we obtain (4.12) and consequently (4.11), in other words

56 = (pi*('zo)'
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With this relation, convergence in (4.6) becomes

0 (2n, 914 (2n)) = (20,01, (20)) in Hg () — strongly. (4.13)

The rest of the proof is straightforward since

Ui(zn) = <;De(z’rh Qoi*(zn))\w
v5(20) = ¥° (20, ¥1.(20))).,

and it is clear from (4.13) that vE(z2,) — v%(20) in H!(w) - strongly. An analo-
gous proof as for the adjoint problem shows that

Y (2, 05 () = 7 (20,05 (20))  in H(Q) — stromgly,

proving the continuity of the map F¢ for a fixed € > 0.
Next we show that F¢ is compact (uniformly in ¢). Let z € L2(Q)" since

19(2) | s, <

then
le"(z: 1)ll1.0 < Clleillo,s

with C' independent of z (and of ). This implies that |JZ(¢1)] < C(p1), there-
fore

|2 (£1.(2))] < Cle1)-

Using again the coercitivity of J we see that ||, ||, g is bounded independently
of z (and €). Then |¢°(z, ¢1,)|; q is bounded independently of z (and ¢) and
consequently the same is true for vi(z) = ¢°(2, ¢1,)|, and y°(z,v5(2)). &

5 Step 2. H-convergence

We first consider the H-convergence in the original problem (1.1) with fixed
control v € L?(w)¥, that is the H-convergence in the problem

—div(A°Vy®) + f(¥°) = 1uv in Q

5.1
y =0 onT, (5-1)

under the hypotheses (1.3) and (1.4) on f. To have a priori estimates, we
multiply (5.1) by y¢ and we integrate in Q to obtain

/AEVyE.VyEda:—i—/f(ye)ysda::/vyedx,
Q Q w

but from (1.3)

fW)y® = % ly°[> >0
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and it is true also in the case y*(z) = 0. Hence |y°|, o < C|v,, with C
independent of €. Up to a subsequence

y® — 9% in H}(Q) — weakly.
Now let us see which is the limit of f(y¢). Take ¢ € H(£2), then

’/ 0)da

< /(g(y )(y° —y°)e) da| +
Q

‘/ Ve — 9(y°)y’p) da| <

/Q((g(ye) — 9y ) dx|.

Starting from this and reasoning as in Remark 4.1 we can show that
F@7) =9 )y" = 9(y°)y° = f(y°) in H™(Q) — strongly.

Thanks to the H-convergence definition, we immediately deduce that
—div(4A°Vy®) + f(¥°) = 1l,v in Q 53)

y°=0 onT, '

where A is the H-limit of A° (and A*Vy® — A°Vy® in L2(Q)N-weakly).
Consider now the H-convergence with the optimal control v = v¢(z°) sat-

isfying (1.6)-(1.11) where Zz° is the fixed point of F°. We have already seen

at the end of the previous section that [[vi(2)l|, , is bounded independently of

z € L*(Q) and ¢. In particular
[villow <€
with C independent of ¢. Hence there exists v* € L?(w)" such that

v =% in L?(w) — weakly

1,05 — 1,0°  in H~(Q) — strongly. (5.4)
The same proof as in the case of a fixed v shows that the solution y5 of

—div(A°Vys) + f(ys) = 1,vf in Q

y;=0 onT
converges weakly to yo, i.e.,
ye — 4% in H}(Q) — weakly (5.5)

where y° is a solution of

—div(A°Vy°) + f(°) = 1,0° in Q 56)

y°=0 onT,

and A° is the H-limit of A°.
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Notation. In the following sections v° stands for the L?-weak limit of the
control in (5.4) and y° (or y°(v?)) stands for the weak H'-limit of the solution
in (5.5), which is solution of the limit problem (5.6).

6 Step 3. Limit of optimal controls

The objective is now to identify v°. Is it an optimal solution? First at all, note
that

lyz(D)1s = wallps < @

Since weak convergence in (5.5) implies
Yos = y‘os in H/2(S)N — weakly (L?(S)N-strongly),
we conclude that v° satisfies the approximate controllability inequality
960~ il <
Also from (5.5), since z° is a fixed point (see (1.9), (1.10)), we have
7= =yt — 4% in H}(Q) — weakly.

Let v be the minimizer in L?(w)" of the functional

1,02 o0 1
1wy ={ 2MMlow I [1°0hs —utfy s <o 61)
400 otherwise,

where for each v € L2(S)", we denote y°(v) the solution of

—div(A°Vy°?) + f(3°) = 1,v in Q

6.2
y°=0 onT. (6.2)

We will establish that

00 =0, (6.3)

In virtue of Fenchel-Rockafellar duality, the minimum v? can be character-

ized as follows. Let us consider the dual problem associated to (6.2), that is, for
each @1 € L?(9), find ¢° € L%(Q)" such that

—div(*A°V?) + g(y°)¢° = dsp1  in Q

6.4
=0 onT (6.4)

and let us define the respective dual functional of (6.1) as

1 2
Plen =3 [0 dotalioilos = [ merds (65)
w
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If ¢, is the point of minimum of J° in L2(S)", and if ¢? is the solution of

(6.4) associated to it, then the duality theory gives the relationship

v = ) (6.6)

lo

We will pass to the limit in (2.1), (2.2), (2.3), (2.4) with z =2° ase — 0. An
argument similar to the one used for obtaining (5.3) shows that if we pass to
the limit in (2.2) with z =2° as € — 0 then

©°(Z°) = ¢ in Hy(Q) — weakly
where ¢ is the solution of
—div(*A°Ve°) + g(y°)¢" = dspr in Q
©® =0 on 9N.
Taking the limit in (2.4) with ¢; fixed,

Tz (1) = (1)

Let us consider now the sequence ¢5,(2°). From the uniform coecivity of J&.
with respect to ¢ (an analogous to Lemma 3.1 with z = z°), we deduce that
¢5,(z°) is bounded in L2(S)" then, up to a subsequence

5. (Z°) = ¢ in L*(S)N — weakly.
Then (see the proof of (4.12)) for each 1 € L?(S)
JO(¢Y) < liminf JE (95, (2°)) < liminf JE (o) = JO(p1).
€ €

Therefore ¢ = ¢, and consequently ©° = ¢?. Finally, passing to the limit as
e — 0in (2.1), we obtain

v = npi‘w — npg‘w =2 in L*(w) — strongly.

This, together with (5.4), implies (6.3).
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