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THEOREMS ON n-DIMENSIONAL LAPLACE
TRANSFORMS AND THEIR APPLICATIONS

R. S. DAHIYA & JAFAR SABERI-NADJAFI

ABSTRACT. In the present paper we prove certain theorems involving the classical
Laplace transform of n-variables. The theorems are then shown to yield a nice
algorithm for evaluating n-dimensional Laplace transform pairs. In the second part,
boundary value problems are solved by using the double Laplace transformation.

1. INTRODUCTION AND NOTATION

The generalization of the well-known Laplace transform
Lif(t);s] = [;° e *' f(t)dt to n-dimensional is given by

Lli®isl = [ [T [T explos ns@Pu @

n n
where t = (t1,t2,...,tn), § = (81,82,...,8,), §-t =Y s;t; and P,(dt) = [] dts.
i=1 k=1

In addition to the notations introduced above, we will use the following through-
out this article. Let tv = (¢¥,t%,...,t2) for any real exponent v and let pg(t) be
the k-th symmetric polynomial in the components ¢, of t. Then

(i) pr(t) =t7 +15+--- + 13,
(i) pn(F) =tV -t5...t2.

2. MAIN RESULTS

Theorem 2.1. Suppose that f(z) and f(z?) are functions of class Q. Let

6) L{f(x)is) = o),
) L0360 (1) 5} = (),
(iii) £{z72¢ (&) ;s} =((s), and
() £1f(2%);s} = Gls),

where m_%qb (%) and m_%ﬁ (#) are also functions of class €2, 732 exp (—S(E — %) fu)

and u” 2z 3 exp <—S(E - %) f(u) belong to Ly [(0,00) x (0,00)].
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Then

ol — L cppEstlor 2 <i)§[<P1 (3_))2] (2.1)

e )

where Re {pl (S_%>] > d, a constant, provided the integrals involved exist for n =

2,3,...,N. The existence conditions for two-dimensions are given in Ditkin and
Prudnikov [11; p.4] and similar conditions hold for N-dimensions, we refer to
Brychkov et al. [2; Ch.2].

Proof. Using (i) and (ii), we obtain

£(s) = /OOO [/OOO 2% exp (—Saz - g) f(u)du] dz. (2.2)

Next we wish to interchange the order of the integral on the right side of (2.2). The
integrand z~ 2 exp (—sz — %) f(u) belongs to L1[(0,00) x (0,00)], that, by Fubini’s
Theorem, interchanging the order of the integral on the right of (2.2) is permissible.

Therefore, _ _
g(s):/o F(u) [/0 2% exp [—sx—ﬁ} dm] du (2.3)

T

We then use a well-known result in Robert and Kaufman [15] on the right side of
(2.3) to obtain

£(s) = T3 /000 U7 exp (—2u%s%> f(u)du. (2.4)

Using (2.4) and (iii), it follows that

1 [ ® 11 2U%
¢(s) —7r2/ / TTEuT R exp | —sz — —= f(u)du| dz., where Re s> A;.
0 0
(2.5)
Since £~ 21" % exp | —sz — %) belongs to L1[(0,00) x (0,00)]; therefore, accord-

ing to Fubini’s Theorem, (2.5) can be rewritten as

. ) . oo . (2%U%)
((s) =72 / u” 2 f(u) / T 2exp | —sT — e dx | du, where Res > Aj.
0 0 £z

From the tables of Roberts and Kaufman [15], we obtain
s%C(s) = 7r/ u_%f(u) exp (—Q%U%s%> du. (2.6)
0
Next, we substitute u = v? in (2.6) to obtain

S%C(S) =27 /000 exp (—Q%S%’U%) f(v?)dv. (2.7)
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—T1\12 1
Replacing s by [pl (.95)] , multiplying both sides of (2.7) by p, <s§>, we obtain

o () () s ()] =20 [ () s [ () 1] s

(2.8)
Now we use the operational relation given in Ditkin and Prudnikov [11]
1 1 1 a2
s7 exp (—asf) = (mz;)” % exp (—4 ) fori=1,2,...,n (2.9)
Z;

Equation (2.8) reads as follows
m (%) (F) ¢ (1 ()
Applying (iv) in (2.10), we arrive at

m (F)n (F) [ (m ()]

Therefore,
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where n =2,3,...,N.

To show the applicability of Theorem 2.1, we will construct certain functions
with n variables and calculate their Laplace transformation.

Example 2.1. Assume that f(z) = 2™5 . Then

¢(s)—%,7€es>0, Re v > —3;

£(s) = F(%Z)T;(TTH), ReT>—1,Re s >0, and

(- DEINCEINGED oy
G(s) = Fs;?rll), ReT > -1

Therefore,

Ln - 1_ 3 S —W%F<%+g>‘ — 1—1 T+2
pa(22) [ (=) ] 7 po(33) [ (+3)]

where Re 7 > —1, Re [pl (s_%)] >0,and n=2,3,...,N.
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Example 2.2. Suppose that f(z) = Ip(az?). Then

5 2
AV E e E R B
1
G(s) = ————, Re s > |Re al.
(2 — )]
So that
1 1
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where Re [pl (S_%)] > |Re a.
. (a)p;
Example 2.3. Consider f(z) = ,F, ) cx|. Then
q
(a)p;
P(s) %p-&-qu CT |,

where p < ¢, Re s > |Re ¢|.

1 1
T2 (a)pa1’§5c
§(s) = —pr2Fy NE
§2 (0)g ;8
where p<g—1,Re7>0ifp+1<q,Res>Recifp+1=gq,
C(s)—i 7 (a)p,l,%,%,%;g
953 PHATd ®, ; 2|
Wherepgq—S;Res>Oifp§q—4;andRe(s+205cos7rr)>0
(r=0,1)ifp=gq—3.

Hence
1 (a) ’]‘? 17
Ly — — p+2Fq g 2 C_ ;S
@ e R
W% (a)p717%7%7%7 4c
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where p < g — 3, Re [pl (s%)] >0if p < qg—4; and Re [pl (s%) + 2¢2 cos

>0(r=0,1)if p=gq—3.

Example 2.4. Assume that f(z) = 22 Jy(az?). Then
SR E
o(s) = 31F1[2 ——],Res>0,
2s2 1; S
1 31 2 2
T2 DRI a a
= —oF —— |, Res>—-Re— —
6(‘9) 2 2471 1 : 4s ) € s € 4 )
13 1
1 1,4 a? Z’Z’O’_E
= G ’ —_ s
¢(s) g 42 (s 0.0
where Re s > 0,|arg a| < 2.
1 31 2 2
T2 PR a a
G(s) = —oF; —— |, R Re — —.
(5) = 52F1 | es>Re—
Hence
n ()
L — 5,5
Dn (m%) [4p% (m‘1> +a2|”
n—3 1
TP SE) 1,4 a? %’%’0’_%
= — G4:2 4 — ) (214')
Pn (si Pi <35> 0,0

where Re [pl (.9_%)] >0, |arg a| < 27 and G}lé is a Meijer’s G-function.

Example 2.5 (Two-Dimensions).
Upon substituting n = 2 in Examples 2.1, 2.2, 2.3, and 2.5 we arrive at the

following results, respectively

(zy)? 1 (T 1
52{7@3_’_ ).,-T_H;SlaSQ :772F<§+1>- — T (2.15)
Y (s152)% (312 +$22)
11
where Re 7 > —1, Re [sf + 322} >0
1
Ty)2
L2{ (2y) 1,81782}
[4(z +y)? — (azy)?]?
1 1 1 1\2
27T<512—|-822) dr 3 (3f—|—s§>
= F:
ad(sis2)t | D(H]2 |43 a? (2.16)
1
2
2
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=
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Ll V1B

1
+822} > 0,|arg a| < 2.

T+y b, ; @+y)?
(2.17)
(a)pa%’%’%; 4c
= . 1 1 2p+4Fq b ) 1 N4 |
2(s152)2 (812 + sf) (0)q ; (31 + 52>

where p < g —3, Re [sf—ksgﬂ > 0if p < q—4; and Re[(sl +s%>+2c%cos7rr
>0(r=0,1)if p=gq—3.
30

0

N[

1
27
0,

2 3 3 2
LZ { (my) i (m * y) ;815 52} = 1 i 822 Géll:;l 1 . 1
[4(z +y)? + (azy)?] (sf + s§>

11
where R [sf + 522} > |Re a| and G}’ is a Meijer’s G-function.

(2.18)

Remark 2.1. If we let 7 = 0 in Relation (2.15), and then using Relation (1) in [24].
We deduced that

=

(2.19)

G i) - 2<sna>%(sl—%s5)

Theorem 2.2. Assume that f belongs to class Q and ¢ be the one-dimensional
Laplace transformation of f. Let

0>c{f%¢e)-}:v<>

(i) — {577 ()} = (s

(iii) L{zf(x);s} = H(s),
and suppose that r~ 2¢ (;) belongs to Q and {s‘” (Siz)} exists for Re s > ¢
where ¢1 is a constant. Then

(=16 o («77) ] ~2p1 (& 7) H [ (+77)]

bn <x_> e (2.20)

aoe)s SR

Ly,

where Re [pl (8%)} > d, a constantn = 2,3,...,N. It is asssumed that the integral

on the left exists.

Proof. A similar method to Theorem 2.2 can be used to prove this theorem. The
outline of the proof is as follows.
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Making use of our hpothesis and (i) yields

v(s) = T2 / [/ z73 exp (—S(E — E) f(u)du] dx, where Re s > c;. (2.21)
0 0 z

Using Fubini’s Theorem to interchange the order of the integral on the right side
of (2.21) and applying a result in Roberts and Kaufman [15] we obtain

~v(s) = 3 /000 f(u)s_% exp (—2u%s%> du. (2.22)

Taking into account the condition (ii) we see that the equation (2.22) implies that

_ou
exp ( v > du, where Re s > c;. (2.23)
s

-1
Now. replacing s by [pl (s%ﬂ and then multiplying each side of (2.23) by

Dn, (s_%) and then making use of operational relations (2.9) and (2.24)

siexp (—asy ) = omrx; Texp | — fori=1,2,...,n, (2.24)

%

equation (2.23) reads

) (] [ ) )2 g [ 09
exp [ (7)o 2 (77) [ uswyenp [ups (7))

Equation (2.25) with (iii) and the definition of the one-dimensional Laplace trans-
form, leads to

() b ()] < [0 ()]

33

(2.25)

oy ol ()] () 1 ()
el e 1,

e e

where Re [pl (sé)] > d for some constant d,n =2,3,...,N.
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Example 2.6. Let f(z) = Jy (2:5%). Then

o(s) = 1exp (—%) , Re s >0,

s
%
T
§) = ——5,Re s> —1.
7s) 2s+1)2

Thus L

2 -3

¢(s) = m#(vs” +v 5), Re s > —1.

25v72(1+ s2)2

Therefore
1 1 1

Ly exp | — (v—1)—21F ’ s

_mh <S%> [U (- 3)_p% <i%)} , where Re [pl (S_%” > -1 (2.26)

Remark 2.2. If welet n = 2 and v = 1 or v = 3, from the equation (2.26) we deduce
the following results, respectively

, (zy)* Ty —-1; =y
_ F g | —
(i) Lz{(w—l—y exp Tty 141 Liz+y ;81,82

, (2.26)
1 1 1\2]2
4(s182)2 |1+ (sf —|—s2> ]
where Re [81% + 52%} > -1
(1) Lo (z0)* (— Y ){1—1F1[ i ]};81,82 =
(z+y) T+y L x4+
3 (Sf —l—s%)
, (2.26")

where Re [31% + 52%} > 1.
Notice, with the help of (2.26") from (2.26"") we arrive at the following result

5 s%—i-s%
52{ U oxp (‘ T >;51,52}=— (o) . (2267)

($+y) 113+y 1 1 1\ 2
(s182)2 [1 + (sf +322> ]

3

[\

2
3
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This is the same as the result (2.109) in Ditkin and Prudnokov [11; p. 140].
Furthermore, with the help of (2.26"") and the operational relation (47) in
Voelker and Doetsch [24; p. 159], we derive the following new results.

r (y)% 1 Ty s
=) - exp | — ;81,82 p = ,
\z cty P\ Tzyy) 00 i z]%
2
:)

— exp | — yS1,82 = 1
Yy fL'+y fL"i'y 1 1 1\ 2] 2 (2261))
P+ (st +s3) :

where Re [81 + s%} > 1.

Example 2.7. Assuming 72 cos 2w%, we obtain

é(z) = (g)%exp (-%) , Re s> 0.

v(s) = , Re s > —1.

1 —v+1
m2Ss
C(S) = (U$2 +U_2) W, 7\’,6 s > —1.

Therefore,

Remark 2.3. If we let n =2 and v =1 in (2.27) by using the following well-known

formula
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we derive that

3. NoON-HOMOGENEOUS SECOND ORDER PARTIAL
DIFFERENTIAL EQUATIONS OF PARABOLIC TYPE

In this section we solved a few partial differential equations of the type
Upg + 2Ugy + Uyy +u = f(2,9),0 <z < 00,0 <y < o0, (3.1)
under the following initial and boundary conditions
u(z,0) = u(0,y) = uy(z,0) = uy(0,y) = u(0,0) =0 (3.2)

by means of some of our results established in Section 2 using the double Laplace
transformation.

Example 3.1. Determination of a solution u = u(z,y) of (3.1) and (3.2) for
(a) flz,y) = (x+y)>

(b) flz,y) = -2
(z+y) 2

(C) f(xv y) = (zy)sz
(z4y) 2
We will use the following for the rest of this section. If

u(z,0) = f(x),u(0,y) = g(y),
Uy (2, Y)|y=0 = uy(2,0) = f1(2), us (2, y)|z=0 = uz(0,y) = 91(y)

and if their one-dimensional Laplace transformations are F'(s1), G(s2), F1(s1) and
G1(s2), respectively, then

Lofu(z,y); 1,82} = / / exp(—s12 — sey)u(z, y)dazdy = U(s1, s2)
o Jo

(3.3)

Lo{tizy; 51,82} = 57U (51, 82) — 51G(52) — G1(s2) (3.4)
Lo{tyy;s1,82} = 53U (s1,52) — soF(s1) — Fi(s1) (3.5)
Lo{ugy;s1,82} = s152U(s1,52) — s1F(s1) — s2G(s2) + u(0,0) (3.6)

(a) By applying the double Laplace transformation termwise to partial differen-
tial equation and the initial-boundary condition in (3.1) and (3.2), using (3.3)—(3.6),
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and with the aid of Relation (2.19) in Remark 2.1, we obtain the transformed prob-

lem
1
|:81 + 89 + (8182)5:|

=
Ll V1B

! . ,Re [s —1—32%} >0. (3.7

U(s1,82) = .
o1 (s142)° 1 9(s;59)3 (SI% +52%)

The inversion of (3.7) will provide us with the solution of (3.1) and (3.2). So
that, the inverse transform of (3.7) can be obtained using formula (133) in [24]

u(z,y) = / (x+y— 25)% sin £d¢ (3.8)
0
By a simple change of variable x + y — 2£ = 2t in (3.8), we obtain
1
e S P
u(w,y)—2+2/ L tisin [t — ——= ) dt if y> .
(s0)}
Expanding the sine and making some simplification, we deduce that
()%
2
u(z,y) = 2% | cos 2 +y / | t?sint?dt —sin Ty
2 (z5u)2 2
3 (3.9)
(=4)"
/ . t*cost?dt
(=4)®
Calculating the integrals involved in (3.9), we arrive at
1 1
oy L] (5 () o o (552 [0 (557) - D (52)
u\zr,y) =~
4 1 . T+ —x T
+m2sin (552) [S (457) — S (*5Y)]
ify > =,
where C(-) and S(-) are Fresnel integrals.
. We replace

Similarly, to obtain the transform equations for parts (b) and (c)
Relation (2.19) in Example (2.5) for part (b) and (2.15) in the same example with

Formula 181 in Brychkov et al. [2; p.300] for part (c) to arrive at

72 (2 +1
U(s1,s2) = (G+1) P (3.10)
[(s1 4 s2)%2 + 1] (s182)2 (sf + 322)
al'(t+1
U(Sl, 82) = ( ) 1 N7+ (311)
27T (752 [(s1 + 52)2 + 1] (s7 + 53 )
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1 1
where Re [sf + 322} > 0. Thus, we obtain the following solutions, respectively

1 y—= 41 T t—
u(z,y) = 5771 / T [t2 —(z — y)z] 2 sin (#) dt

+y
ify>aRev>—1. (3.12)
1 y—= _ 143 % . t—(x+
u(z,y) = 571 / t~ 2 [t2 —(z — y)2] sin <¥) dt
T+y
ify >z, Rev>-—1. (3.13)

Remark 2.4. Substituting 7 = 0 in parts (b) and (c), lead to

Upg + 2Ugy + Uyy + U = ———— (3.14)
(z+y)?
1
Upg + 2Ugy + Uyy + U = ———— (3.15)
T )

Next, using (3.14) and (3.15), we arrive at the following explicit solutions for the
equations (3.14) and (3.15) respectively

o= 6 (5 (552) 5242
(3o (i) o

u(z,y) = ﬁ cos(z +) - ﬁ cosy — } {COS (wTw) [S <y = a:)

S () () e ()] e

Example 3.2. Solve the following Parabolic differential equation described by

Y

@+t (_w+y
under the initial and boundary conditions

u(z,0) = u(0,y) = uy(x,0) = uz(0,y) = u(0,0) = 0. (3.17)

With the aid of (2.27’) in Remark 2.3 and the similar procedure we have followed
for Example 3.1, the transformed problems reads

Ugg + 2Ugy + Uyy +u = >,0<a:<oo,0<y<oo, (3.16)

U(51752) =

: (3.18)

where Re {51% + 52%] > (. Using formula (133) in [24] the inverse transform of (3.18)

leads to the following integral representation.

u(z,y) = / t~2 exp [%] sin (#) dtif y > x.
z+y
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