Documenta Mathematica

Journal der Deutschen Mathematiker-Vereinigung Gegründet 1996

Band 14 · 2009

Documenta Mathematica, Journal der Deutschen Mathematiker-Vereinigung, veröffentlicht Forschungsarbeiten aus allen mathematischen Gebieten und wird in traditioneller Weise referiert. Es wird indiziert durch Mathematical Reviews, Science Citation Index Expanded, Zentralblatt für Mathematik.

Artikel können als TEX-Dateien per E-Mail bei einem der Herausgeber eingereicht werden. Hinweise für die Vorbereitung der Artikel können unter der unten angegebenen WWW-Adresse gefunden werden.

Documenta Mathematica, Journal der Deutschen Mathematiker-Vereinigung, publishes research manuscripts out of all mathematical fields and is refereed in the traditional manner. It is indexed in Mathematical Reviews, Science Citation Index Expanded, Zentralblatt für Mathematik.

Manuscripts should be submitted as TEX -files by e-mail to one of the editors. Hints for manuscript preparation can be found under the following web address.

http://www.math.uni-bielefeld.de/documenta

Geschäftsführende Herausgeber / Managing Editors: Alfred K. Louis, Saarbrücken louis@num.uni-sb.de Ulf Rehmann (techn.), Bielefeld rehmann@math.uni-bielefeld.de Peter Schneider, Münster pschnei@math.uni-muenster.de Herausgeber / Editors:

Don Blasius, Los Angeles blasius@math.ucla.edu Joachim Cuntz, Münster cuntz@math.uni-muenster.de Patrick Delorme, Marseille delorme@iml.univ-mrs.fr Gavril Farkas, Berlin (HU) farkas@math.hu-berlin.de Edward Frenkel, Berkeley frenkel@math.berkeley.edu Friedrich Götze, Bielefeld goetze@math.uni-bielefeld.de Ursula Hamenstädt, Bonn ursula@math.uni-bonn.de Lars Hesselholt, Cambridge, MA (MIT) larsh@math.mit.edu Max Karoubi, Paris karoubi@math.jussieu.fr Stephen Lichtenbaum Stephen Lichtenbaum@brown.edu Eckhard Meinrenken, Toronto mein@math.toronto.edu Alexander S. Merkurjev, Los Angeles merkurev@math.ucla.edu Anil Nerode, Ithaca anil@math.cornell.edu Thomas Peternell, Bayreuth Thomas.Peternell@uni-bayreuth.de Eric Todd Quinto, Medford Todd.Quinto@tufts.edu Takeshi Saito, Tokyo t-saito@ms.u-tokyo.ac.jp Stefan Schwede, Bonn schwede@math.uni-bonn.de Heinz Siedentop, München (LMU) h.s@lmu.de Wolfgang Soergel, Freiburg soergel@mathematik.uni-freiburg.de

ISSN 1431-0635 (Print), ISSN 1431-0643 (Internet)

SPARC

Leading Edge

Documenta Mathematica is a Leading Edge Partner of SPARC, the Scholarly Publishing and Academic Resource Coalition of the Association of Research Libraries (ARL), Washington DC, USA.

Address of Technical Managing Editor: Ulf Rehmann, Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, D-33501 Bielefeld, Copyright © 2009 for Layout: Ulf Rehmann. Typesetting in TEX.

Documenta Mathematica

Band 14, 2009

Jaya NN Iyer, Stefan Müller–Stach Chow–Künneth Decomposition for Some Moduli Spaces 1–18

Dennis Gaitsgory and David Nadler Hecke Operators on Quasimaps into Horospherical Varieties 19–46

Mark L. MacDonald Projective Homogeneous Varieties Birational to Quadrics 47–66

iii iv

Chow–Künneth Decomposition

for Some Moduli Spaces^1

Jaya NN Iyer, Stefan Müller–Stach

Received: February 2, 2008 Revised: July 7, 2008

Communicated by Thomas Peternell

Abstract. In this paper we investigate Murre’s conjecture on the Chow–Künneth decomposition for universal families of smooth curves over spaces which dominate the moduli space M_g, in genus at most 8 and show existence of a Chow–Künneth decomposition. This is done in the setting of equivariant cohomology and equivariant Chow groups to get equivariant Chow–Künneth decompositions.

2000 Mathematics Subject Classification: 14C25, 14D05, 14D20, 14D21 Keywords and Phrases: Equivariant Chow groups, orthogonal projectors.

Contents

1. Introduction 2 2. Preliminaries 3 3. Equivariant Chow groups and equivariant Chow motives 4 4. Murre’s conjectures for the equivariant Chow motives 8 5. Families of curves 10 References 15

1This work was supported by DFG Sonderforschungsbereich/Transregio 45.

Documenta Mathematica 14 (2009) 1–18

1. Introduction

Suppose X is a nonsingular projective variety defined over the complex numbers. We consider the rational Chow group CH^i(X)_Q = CH^i(X) ⊗ Q of algebraic cycles of codimension i on X. The conjectures of S. Bloch and A. Beilinson predict a finite descending filtration {F^j CH^i(X)_Q} on CH^i(X)_Q and satisfying certain compatibility conditions. A candidate for such a filtration has been proposed by J. Murre and he has made the following conjecture [Mu2], Murre’s conjecture: The motive (X, Δ) of X has a Chow-Künneth decomposition: Δ = 2d∑ i=0 π_i ∈ CH^d(X × X) ⊗ Q

such that π_i are orthogonal projectors, lifting the Künneth projectors in H^{2d−i}(X) ⊗ H^i(X). Furthermore, these algebraic projectors act trivially on the rational Chow groups in a certain range.

These projectors give a candidate for a filtration of the rational Chow groups, see §2.1.

This conjecture is known to be true for curves, surfaces and a product of a curve and surface [Mu1], [Mu3]. A variety X is known to have a Chow–Künneth decomposition if X is an abelian variety/scheme [Sh],[De-Mu], a uniruled threefold [dA-Mü1], universal families over modular varieties [Go-Mu], [GHM2] and the universal family over one Picard modular surface [MMWYK], where a partial set of projectors are found. Finite group quotients (maybe singular) of an abelian variety also satisfy the above conjecture [Ak-Jo]. Furthermore, for some varieties with a nef tangent bundle, Murre’s conjecture is proved in [Iy]. A criterion for existence of such a decomposition is also given in [Sa]. Some other examples are also listed in [Gu-Pe].

Gordon-Murre-Hanamura [GHM2], [Go-Mu] obtained Chow–Künneth projectors for universal families over modular varieties. Hence it is natural to ask if the universal families over the moduli space of curves of higher genus also admit a Chow–Künneth decomposition. In this paper, we investigate the existence of Chow–Künneth decomposition for families of smooth curves over spaces which closely approximate the moduli spaces of curves M_g of genus at most 8, see §5. In this example, we take into account the non-trivial action of a linear algebraic group G acting on the spaces. This gives rise to the equivariant cohomology and equivariant Chow groups, which were introduced and studied by Borel, Totaro, Edidin-Graham [Bo], [To], [Ed-Gr]. Hence it seems natural to formulate Murre’s conjecture with respect to the cycle class maps between the rational equivariant Chow groups and the rational equivariant cohomology, see §4.5. Since in concrete examples, good quotients of non-compact varieties exist, it became necessary to extend Murre’s conjecture for non-compact smooth varieties, by taking only the bottom weight cohomology W_iH^i(X, Q) (see [D]), into consideration. This is weaker than the formulation done in [BE]. For our purpose though, it suffices to look at this weaker formulation. We then

Documenta Mathematica 14 (2009) 1–18

construct a category of equivariant Chow motives, fixing an algebraic group G (see [dB-Az], [Ak-Jo], for a category of motives of quotient varieties, under a finite group action).

With this formalism, we show (see §5.2);

Theorem 1.1. The equivariant Chow motive of a universal family of smooth curves X → U over spaces U which dominate the moduli space of curves M_g, for g ≤ 8, admits an equivariant Chow–Künneth decomposition, for a suitable linear algebraic group G acting non-trivially on X .

Whenever smooth good quotients exist under the action of G, then the equivariant Chow-Künneth projectors actually correspond to the absolute Chow– Künneth projectors for the quotient varieties. In this way, we get orthogonal projectors for universal families over spaces which closely approximate the moduli spaces M_g, when g is at most 8.

One would like to try to prove a Chow–Künneth decomposition for M_g and M_{g,n} (which parametrizes curves with marked points) and we consider our work a step forward. However since we only work on an open set U one has to refine projectors after taking closures a bit in a way we don’t yet know. Other examples that admit a Chow–Künneth decomposition are Fano varieties of r-dimensional planes contained in a general complete intersection in a projective space, see Corollary 5.3.

The proofs involve classification of curves in genus at most 8 by Mukai [Muk],[Muk2] with respect to embeddings as complete intersections in homogeneous spaces. This allows us to use Lefschetz theorem and construct orthogonal projectors.

Acknowledgements: The first named author thanks the Math Department of Mainz,

for its hospitality during the visits in 2007 and 2008, when this work was carried out. We also thank a referee for a useful remark concerning our definition of the weight filtration.

2. Preliminaries

The category of nonsingular projective varieties over C will be denoted by V. Let CH^i(X)_Q = CH^i(X) ⊗ Q denote the rational Chow group of codimension i algebraic cycles modulo rational equivalence.

Suppose X, Y ∈ Ob(V) and X = ∪X_i be a decomposition into connected components X_i and d_i = dim X_i. Then Corr^r(X, Y ) = ⊕_iCH^{di+r}(X_i × Y )_Q is called a space of correspondences of degree r from X to Y . A category M of Chow motives is constructed in [Mu2]. Suppose X is a nonsingular projective variety over C of dimension d. Let Δ ⊂ X × X be the diagonal. Consider the Künneth decomposition of the class of Δ in the Betti Cohomology: [Δ] = ⊕^{2d}_{i=0}π^{hom}_i where π^{hom}_i ∈ H^{2d−i}(X, Q) ⊗ H^i(X, Q).

Definition 2.1. The motive of X is said to have Künneth decomposition if each of the classes π^{hom}_i is algebraic, i.e., π^{hom}_i is the image of an algebraic

Documenta Mathematica 14 (2009) 1–18

cycle π_i under the cycle class map from the rational Chow groups to the Betti cohomology.

Definition 2.2. The motive of X is said to have a Chow–Künneth decomposition if each of the classes π^{hom}_i is algebraic and they are orthogonal projectors, i.e., π_i ∘ π_j = δ_{i,j} π_i.

Lemma 2.3. If X and Y have a Chow–Künneth decomposition then X ×Y also has a Chow–Künneth decomposition.

Proof. If π^X_i and π^Y_j are the Chow–Künneth components for h(X) and h(Y ) respectively then

π^{X×Y}_i = ∑ p+q=i

π^X_p × π^Y_q ∈ CH^∗(X × Y × X × Y )_Q

are the Chow–Künneth components for X × Y . Here the product π^X_p × π^Y_q is taken after identifying X × Y × X × Y ≃ X × X × Y × Y . □

2.1. Murre’s conjectures. J. Murre [Mu2], [Mu3] has made the following conjectures for any smooth projective variety X.

(A) The motive h(X) := (X, Δ_X ) of X has a Chow-Künneth decomposition:

Δ_X = 2n∑ i=0 π_i ∈ CH^n(X × X) ⊗ Q

such that π_i are orthogonal projectors.

(B) The correspondences π_0, π_1, ..., π_{j−1}, π_{2j+1}, ..., π_{2n} act as zero on CH^j (X)⊗ Q. (C) Suppose

F^rCH^j (X) ⊗ Q = Kerπ_{2j} ∩ Kerπ_{2j−1} ∩ ... ∩ Kerπ_{2j−r+1}.

Then the filtration F^• of CH^j (X) ⊗ Q is independent of the choice of the projectors π_i.

(D) Further, F^1CH^i(X) ⊗ Q = (CH^i(X) ⊗ Q)_{hom}, the cycles which are homologous to zero.

In §4, we will extend (A) in the setting of equivariant Chow groups.

3. Equivariant Chow groups and equivariant Chow motives

In this section, we recall some preliminary facts on the equivariant groups to formulate Murre’s conjectures for a smooth variety X of dimension d, which is equipped with an action by a linear reductive algebraic group G. The equivariant groups and their properties that we recall below were defined by Borel, Totaro, Edidin-Graham, Fulton [Bo],[To],[Ed-Gr], [Fu2].

Documenta Mathematica 14 (2009) 1–18

3.1. Equivariant cohomology H^i_G(X, Z) of X. Suppose X is a variety with an action on the left by an algebraic group G. Borel defined the equivariant cohomology H^∗_G(X) as follows. There is a contractible space EG on which G acts freely (on the right) with quotient BG := EG/G. Then form the space

EG ×_G X := EG × X/(e.g, x) ∼ (e, g.x).

In other words, EG ×_G X represents the (topological) quotient stack [X/G].

Definition 3.1. The equivariant cohomology of X with respect to G is the ordinary singular cohomology of EG ×_G X:

H^i_G(X) = H^i(EG ×_G X).

For the special case when X is a point, we have

H^i_G(point) = H^i(BG)

For any X, the map X → point induces a pullback map H^i(BG) → H^i_G(X). Hence the equivariant cohomology of X has the structure of a H^i(BG)-algebra, at least when H^i(BG) = 0 for odd i.

3.2. Equivariant Chow groups CH^i_G(X) of X. [Ed-Gr] As in the previous subsection, let X be a smooth variety of dimension n, equipped with a left G-action. Here G is an affine algebraic group of dimension g. Choose an l-dimensional representation V of G such that V has an open subset U on which G acts freely and whose complement has codimension more than n − i. The diagonal action on X × U is also free, so there is a quotient in the category of algebraic spaces. Denote this quotient by X_G := (X × U)/G.

Definition 3.2. The i-th equivariant Chow group CH^G_i (X) is the usual Chow group CH_{i+l−g} (X_G). The codimension i equivariant Chow group CH^i_G(X) is the usual codimension i Chow group CH^i(X_G).

Note that if X has pure dimension n then

CH^i_G(X) = CH^i(X_G) = CH_{n+l−g−i}(X_G) = CH^G_{n−i}(X).

Proposition 3.3. The equivariant Chow group CH^G_i (X) is independent of the representation V , as long as V − U has codimension more than n − i.

Proof. See [Ed-Gr, Definition-Proposition 1]. □

If Y ⊂ X is an m-dimensional subvariety which is invariant under the Gaction, and compatible with the G-action on X, then it has a G-equivariant fundamental class [Y ]_G ∈ CH^G_m(X). Indeed, we can consider the product (Y ×U) ⊂ X×U, where U is as above and the corresponding quotient (Y ×U)/G canonically embeds into X_G. The fundamental class of (Y × U)/G defines the class [Y ]_G ∈ CH^G_m(X). More generally, if V is an l-dimensional representation

Documenta Mathematica 14 (2009) 1–18

of G and S ⊂ X × V is an m + l-dimensional subvariety which is invariant under the G-action, then the quotient (S ∩ (X × U))/G ⊂ (X × U)/G defines the G-equivariant fundamental class [S]_G ∈ CH^G_m(X) of S.

Proposition 3.4. If α ∈ CH^G_m(X) then there exists a representation V such that α = ∑ a_i[S_i]_G, for some G-invariant subvarieties S_i of X × V .

Proof. See [Ed-Gr, Proposition 1]. □

3.3. Functoriality properties. Suppose f : X → Y is a G-equivariant morphism. Let S be one of the following properties of schemes or algebraic spaces: proper, flat, smooth, regular embedding or l.c.i.

Proposition 3.5. If f : X → Y has property S, then the induced map f_G : X_G → Y_G also has property S.

Proof. See [Ed-Gr, Proposition 2]. □

Proposition 3.6. Equivariant Chow groups have the same functoriality as ordinary Chow groups for equivariant morphisms with property S.

Proof. See [Ed-Gr, Proposition 3]. □

If X and Y have G-actions then there are exterior products CH^G_i (X) ⊗ CH^G_j (Y ) → CH^G_{i+j} (X × Y ).

In particular, if X is smooth then there is an intersection product on the equivariant Chow groups which makes ⊕_j CH^G_j (X) into a graded ring.

3.4. Cycle class maps. [Ed-Gr, §2.8] Suppose X is a complex algebraic variety and G is a complex algebraic group. The equivariant Borel-Moore homology H^G_{BM,i}(X) is the Borel-Moore homology H_{BM,i}(X_G), for X_G = X ×_G U. This is independent of the representation as long as V − U has sufficiently large codimension. This gives a cycle class map, cl_i : CH^G_i (X) → H^G_{BM,2i}(X, Z) compatible with usual operations on equivariant Chow groups. Suppose X is smooth of dimension d then X_G is also smooth. In this case the Borel-Moore cohomology H^G_{BM,2i}(X, Z) is dual to H^{2d−i}(X_G) = H^{2d−i}(X ×_G U). This gives the cycle class maps (1) cl^i : CH^i_G(X) → H^{2i}_G (X, Z). There are also maps from the equivariant groups to the usual groups: (2) H^i_G(X, Z) → H^i(X, Z) and (3) CH^i_G(X) → CH^i(X).

Documenta Mathematica 14 (2009) 1–18

3.5. Weight filtration W_. on H^i_G(X, Z). In this paper, we assign only the bottom weight W_i of the equivariant cohomology in the simplest situation. Consider a smooth variety X equipped with a left G action as above. We can define W_iH^i_G(X, Q) := W_iH^i((X × U)/G, Q), for U ⊂ V an open subset with a free G-action, where codim V − U is at least n − i.

Lemma 3.7. The group W_iH^i_G(X, Q) is independent of the choice of the Grepresentation V as long as codim V − U is at least n − i.

Proof. The proof of independence of V in the case of equivariant Chow groups [Ed-Gr, Definition-Proposition 1] applies directly in the case of the bottom weight equivariant cohomology. □

3.6. Equivariant Chow motives and the category of equivariant Chow motives. When G is a finite group then a category of Chow motives for (maybe singular) quotients of varieties under the G-action was constructed in [dB-Az], [Ak-Jo]. More generally, we consider the following situation, taking into account the equivariant cohomology and the equivariant rational Chow groups, which does not seem to have been considered before. Fix an affine complex algebraic group G. Let V_G be the category whose objects are complex smooth projective varieties with a G-action and the morphisms are G-equivariant morphisms.

For any X, Y, Z ∈ Ob(V_G), consider the projections

X × Y × Z^{pXY}−→ X × Y, X × Y × Z^{pY Z}−→ Y × Z, X × Y × Z^{pXZ}−→ X × Z.

which are G-equivariant.

Let d be the dimension of X. The group of correspondences from X to Y of degree r is defined as

Corr^r_G(X × Y ) := CH^{r+d}_G (X × Y ).

Every G-equivariant morphism X → Y defines an element in Corr^0_G(X × Y ), by taking the graph cycle.

For any f ∈ Corr^r_G(X, Y ) and g ∈ Corr^e_G(Y, Z) define their composition

g ∘ f ∈ Corr^{r+e}_G (X, Z)

by the prescription g ∘ f = p_{XZ∗}(p^∗_{XY} (f).p^∗_{Y Z} (g)).

This gives a linear action of correspondences on the equivariant Chow groups

Corr^r_G(X, Y ) × CH^s_G(X)_Q −→ CH^{r+s}_G (Y )_Q

(γ, α) → p_{Y ∗}(p^∗_X α.γ) for the projections p_X : X × Y −→ X, p_Y : X × Y −→ Y .

Documenta Mathematica 14 (2009) 1–18

The category of pure equivariant G-motives with rational coefficients is denoted by M^+_G. The objects of M^+_G are triples (X, p, m)_G, for X ∈ Ob(V_G), p ∈ Corr^0_G(X, X) is a projector, i.e., p ∘ p = p and m ∈ Z. The morphisms between the objects (X, p, m)_G, (Y, q, n)_G in M^+_G are given by the correspondences f ∈ Corr^{n−m}_G (X, Y ) such that f ∘ p = q ∘ f = f. The composition of the morphisms is the composition of correspondences. This category is pseudoabelian and Q-linear [Mu2]. Furthermore, it is a tensor category defined by

(X, p, m)_G ⊗ (Y, q, n)_G = (X × Y, p ⊗ q, m + n)_G.

The object (Spec C, id, 0)_G is the unit object and the Lefschetz motive L is the object (Spec C, id, −1)_G. Here Spec C is taken with a trivial G-action. The Tate twist of a G-motive M is M(r) := M ⊗ L^{⊗−r} = (X, p, m + r)_G.

Definition 3.8. The theory of equivariant Chow motives ([Sc]) provides a functor h : V_G −→ M^+_G.

For each X ∈ Ob(V_G) the object h(X) = (X, Δ, 0)_G is called the equivariant Chow motive of X. Here Δ is the class of the diagonal in CH^∗(X × X)_Q, which is G-invariant for the diagonal action on X × X and hence lies in Corr^0_G(X, X) = CH^∗_G(X × X)_Q.

4. Murre’s conjectures for the equivariant Chow motives

Suppose X is a complex smooth variety of dimension d, equipped with a Gaction. Consider the product variety X × X together with the diagonal action of the group G. The cycle class map

(4) cl^d : CH^d(X × X)_Q → H^{2d}(X × X, Q).

actually maps to the weight 2d piece W_{2d}H^{2d}(X × X, Q) of the ordinary cohomology group.

Applying this to the spaces X × U, for open subset U ⊂ V as in §3.2, (4) holds for the equivariant groups as well and there are cycle class maps:

(5) cl^d : CH^d_G(X × X)_Q → W_{2d}H^{2d}_G (X × X, Q).

Lemma 4.1. The image of the diagonal cycle [Δ_X ] under the cycle class map cl^d lies in the subspace ⨁ i W_{2d−i}H^{2d−i}_G (X) ⊗ W_iH^i_G(X)

of W_{2d}H^{2d}_G (X × X, Q).

Proof. First we prove the assertion for the ordinary cohomology of non-compact smooth varieties and next apply it to the product spaces X × U, which is equipped with a free G-action and the quotient space X_G.

Documenta Mathematica 14 (2009) 1–18

If X is a compact smooth variety then we notice that the weight 2d piece coincides with the cohomology group H^{2d}(X × X, Q) and by the Künneth formula for products the statement follows in the usual cohomology. Suppose X is not compact. Using (4), notice that the image of the diagonal cycle [Δ_X ] lies in W_{2d}H^{2d}(X × X, Q). Choose a smooth compactification X of X and consider the commutative diagram: ⨁ i H^{2d−i}(X) ⊗ H^i(X)^≃→ H^{2d}(X × X, Q) ↓ ↓ ⨁ i W_{2d−i}H^{2d−i}(X) ⊗ W_iH^i(X)^k→ W_{2d}H^{2d}(X × X, Q).

The vertical arrows are surjective maps, defined by the localization. Hence the map k is surjective. The injectivity follows because this is the Künneth product map, restricted to the bottom weight cohomology. This shows that k is an isomorphism.

In particular, the isomorphism k can be applied to the bottom weights of the ordinary cohomology groups of the smooth variety X × U, for any open subset U ⊂ V of large complementary codimension and V is a G-representation. But this is essentially the bottom weight of the equivariant cohomology group of X. To conclude, we need to observe that the diagonal cycle [Δ_X ] is G-invariant. □ Denote the decomposition of the G-invariant diagonal cycle

(6) Δ_X = ⊕^{2d}_{i=0}π^G_i ∈ W_{2d}H^{2d}_G (X × X, Q)

such that π^G_i lies in the space W_{2d−i}H^{2d−i}_G (X) ⊗ W_iH^i_G(X). We defined the equivariant Chow motive of a smooth projective variety with a G-action in §3.6. We extend the notion of orthogonal projectors on a smooth variety equipped with a G-action, as follows.

Definition 4.2. Suppose X is a smooth variety equipped with a Gaction. The equivariant Chow motive (X, Δ_X )_G of X is said to have an equivariant Künneth decomposition if the classes π^G_i are algebraic, i.e., they have a lift in the equivariant Chow group CH^d_G(X × X)_Q. Furthermore, if X admits a smooth compactification X ⊂ X such that the action of G extends on X and the Künneth projectors extend to orthogonal projectors on X then we say that X has an equivariant Chow–Künneth decomposition.

Remark 4.3. When G is a linear algebraic group, using the results of Sumihiro [Su], Bierstone-Milman [Bi-Mi, Theorem 13.2], Reichstein-Youssin [Re-Yo], one can always choose a smooth compactification X ⊃ X such that action of G extends to X. Since any affine algebraic group is linear, we can always find smooth G-equivariant compactifications in our set-up.

Suppose X is a smooth variety with a free G-action so that we can form the quotient variety Y := X/G. Using [Ed-Gr], we have the identification of the

Documenta Mathematica 14 (2009) 1–18

rational Chow groups CH^∗(Y )_Q = CH^∗_G(X)_Q and CH^∗(Y × Y )_Q = CH^∗_G(X × X)_Q.

Furthermore, these identifications respect the ring structure on the above rational Chow groups. A similar identification also holds for the rational cohomology groups. In view of this, we make the following definition.

Definition 4.4. Suppose X is a smooth variety with a G-action and G acts freely on X. Denote the quotient space Y := X/G. The absolute Chow– Künneth decomposition of Y is defined to be the equivariant Chow–Künneth decomposition of X.

We can now extend Murre’s conjecture to smooth varieties with a G-action, as follows.

Conjecture 4.5. Suppose X is a smooth variety with a G-action. Then X has an equivariant Chow–Künneth decomposition.

In particular, if the action of G is trivial then we can extend Murre’s conjecture to a (not necessarily compact) smooth variety, by taking only the bottom weight cohomology W_iH^i(X) of the ordinary cohomology. This is weaker than obtaining projectors for the ordinary cohomology. We remark a projector π_1 in the case of quasi–projective varieties has been constructed by Bloch and Esnault [BE].

5. Families of curves

Our goal in this paper is to find an (explicit) absolute Chow–Künneth decomposition for the universal families of curves over close approximations of the moduli space of smooth curves of small genus. We begin with the following situation which motivates the statements on universal curves.

Lemma 5.1. Any smooth hypersurface X ⊂ P^n of degree d has an absolute Chow–Künneth decomposition. If L ⊂ X is any line, then the blow-up X^′ → X also has a Chow–Künneth decomposition.

Proof. Notice that the cohomology of X is algebraic except in the middle dimension H^{n−1}(X, Q). By the Lefschetz Hyperplane section theorem, the algebraic cohomology H^{2j} (X, Q), j ≠ n − 1, is generated by the hyperplane section H^j . So the projectors are simply

π_r := 1 d .H^{n−1−r} × H^r ∈ CH^{n−1}(X × X)_Q

for r ≠ n − 1. We can now take π_{n−1} := Δ_X − ∑ r,r≠n−1 πr. This gives a com-

plete set of orthogonal projectors and a Chow–Künneth decomposition for X. Since X^′ → X is a blow-up along a line, the new cohomology is again algebraic, by the blow-up formula. Similarly we get a Chow–Künneth decomposition for X^′ (see also [dA-Mü2, Lemma 2] for blow-ups). □

Documenta Mathematica 14 (2009) 1–18

The above lemma can be generalized to the following situation.

Lemma 5.2. Suppose Y is a smooth projective variety of dimension r over C which has only algebraic cohomology groups H^i(Y ) for all 0 ≤ i ≤ m for some m < r. Then we can construct orthogonal projectors

π_0, π_1, ..., π_m, π_{2r−m}, π_{2r−m+1}, ..., π_{2r}

in the usual Chow group CH^r(Y × Y )_Q, and where π_{2i} acts as δ_{i,p} on H^{2p}(Y ) and π_{2i−1} = 0. Moreover, if there is an affine complex algebraic group G acting on Y , then we can lift the above projectors in the equivariant Chow group CH^r_G(Y × Y )_Q as orthogonal projectors.

Proof. See also [dA-Mü1, dA-Mü2]. Let H^{2p}(Y ) be generated by cohomology classes of cycles C_1, . . . , C_s and H^{2r−2p}(Y ) be generated by cohomology classes of cycles D_1, . . . , D_s. We denote by M the intersection matrix with entries

M_{ij} = C_i · D_j ∈ Z.

After base change and passing to Q–coefficients we may assume that M is diagonal, since the cup–product H^{2p}(Y, Q) ⊗ H^{2r−2p}(Y, Q) → Q is non–degenerate. We define the projector π_{2p} as

π_{2p} = s∑ k=1 1 M_{kk}

D_k × C_k .

It is easy to check that π_{2p ∗}(C_k) = D_k. Define π_{2r−2p} as the adjoint, i.e., transpose of π_{2p}. Via the Gram–Schmidt process from linear algebra we can successively make all projectors orthogonal. □

Suppose X ⊂ P^n is a smooth complete intersection of multidegree d_1 ≤ d_2 ≤ ... ≤ d_s. Let F_r(X) be the variety of r-dimensional planes contained in X. Let δ := min{(r + 1)(n − r) −

(_{d+r} r ) , n − 2r − s}.

Corollary 5.3. If X is general then F_r(X) is a smooth projective variety of dimension δ and it has an absolute Chow–Künneth decomposition.

Proof. The first assertion on the smoothness of the variety F_r(X) is well– known, see [Al-Kl], [ELV], [De-Ma]. For the second assertion, notice that F_r(X) is a subvariety of the Grassmanian G(r, P^n) and is the zero set of a section of a vector bundle. Indeed, let S be the tautological bundle on G(r, P^n). Then a section of ⊕^s_{i=1}Sym^{di} H^0(P^n, O(1)) induces a section of the vector bundle ⊕^s_{i=1}Sym^{di} S^∗ on G(r, P^n). Thus, F_r (X) is the zero locus of the section of the ⨁_s

i=1 Sym^{di} S^∗ induced by the equations defining the complete intersection X. A Lefschetz theorem is proved in [De-Ma, Theorem 3.4]:

H^i(G(r, P^n), Q) → H^i(F_r (X), Q)

is bijective, for i ≤ δ − 1. We can apply Lemma 5.2 to get the orthogonal projectors in all degrees except in the middle dimension. The projector corresponding to the middle dimension can be gotten by subtracting the sum of these projectors from the diagonal class.

Documenta Mathematica 14 (2009) 1–18

□ Corollary 5.4. Suppose X ⊂ P^n is a smooth projective variety of dimension d. Let r = 2d − n. Then we can construct orthogonal projectors

π_0, π_1, ..., π_r, π_{2d−r}, π_{2d−r+1}, ..., π_{2d}.

Proof. Barth [Ba] has proved a Lefschetz theorem for higher codimensional subvarieties in projective spaces:

H^i(P^n, Q) → H^i(X, Q)

is bijective if i ≤ 2d − n and is injective if i = 2d − n + 1. The claim now follows from Lemma 5.2. □

Remark 5.5. The above corollary says that if we can embed a variety X in a low dimensional projective space then we get at least a partial set of orthogonal projectors. A conjecture of Hartshorne’s says that any codimension two subvariety of P^n for n ≥ 6 is a complete intersection. This gives more examples for subvarieties with several algebraic cohomology groups.

5.1. Chow–Künneth decomposition for the universal plane curve. We want to find explicit equivariant Chow–Künneth projectors for the universal plane curve of degree d. Let d ≥ 1 and consider the linear system P = |O_P2 (d)| and the universal plane curve

C ⊂ P^2 × P ↓ P. Furthermore, we notice that the general linear group G := GL_3(C) acts on P^2 and hence acts on the projective space P = |O_P2 (d)|. This gives an action on the product space P^2 ×P and leaves the universal smooth plane curve C ⊂ P^2 ×P invariant under the G-action.

Lemma 5.6. The variety C has an absolute Chow–Künneth decomposition and an absolute equivariant Chow–Künneth decomposition.

Proof. We observe that C ⊂ P^2 × P is a smooth hypersurface of bi-degree (d, 1) with variables in P^2 whose coefficients are polynomial functions on P. Notice that P^2 ×P has a Chow–Künneth decomposition and Lefschetz theorems hold for the embedding C ⊂ P^2 × P, since O(d, 1) is very ample. Now we can repeat the arguments from Lemma 5.2 to get an absolute Chow–Künneth decomposition and absolute equivariant Chow–Künneth decomposition, for the variety C. □

Documenta Mathematica 14 (2009) 1–18

5.2. Families of curves contained in homogeneous spaces. We notice that when d = 3 in the previous subsection, the family of plane cubics restricted to the loci of stable curves is a complete family of genus one stable curves. If d ≥ 4, then the above family of plane curves is no longer a complete family of genus g curves. Hence to find families which closely approximate over the moduli spaces of stable curves, we need to look for curves embedded as complete intersections in other simpler looking varieties. For this purpose, we look at the curves embedded in special Fano varieties of small genus g ≤ 8, which was studied by S. Mukai [Muk], [Muk2], [Muk3], [Muk5] and Ide-Mukai [IdMuk]. We recall the main result that we need.

Theorem 5.7. Suppose C is a generic curve of genus g ≤ 8. Then C is a complete intersection in a smooth projective variety which has only algebraic cohomology.

Proof. This is proved in [Muk], [Muk2], [Muk3], [IdMuk] and [Muk5]. The below classification is for the generic curve.

When g ≤ 5 then it is well-known that the generic curve is a linear section of a Grassmanian.

When g = 6 then a curve has finitely many g^1_4 if and only if it is a complete intersection of a Grassmanian and a smooth quadric , see [Muk3, Theorem 5.2]. When g = 7 then a curve is a linear section of a 10-dimensional spinor variety X ⊂ P^{15} if and only if it is non-tetragonal, see [Muk3, Main theorem]. When g = 8 then it is classically known that the generic curve is a linear section of the grassmanian G(2, 6) in its Plücker embedding. □ Suppose P(g) is the parameter space of linear sections of a Grassmanian or of a spinor variety, which depends on the genus, as in the proof of above Theorem 5.7. P(g) is a product of projective spaces on which an algebraic group G (copies of P GL_N ) acts. Generic curves are isomorphic, if they are in the same orbit of G.

Proposition 5.8. Suppose P(g) is as above, for g ≤ 8. Then there is a universal curve C_g → P(g) such that the classifying (rational) map P(g) → M_g is dominant. The smooth projective variety C_g has an absolute Chow–Künneth decomposition and an absolute equivariant Chow-Künneth decomposition for the natural G–action mentioned above.

Proof. The first assertion follows from Theorem 5.7. For the second assertion notice that the universal curve, when g ≤ 8, is a complete intersection in P(g)× V where V is either a Grassmanian or a spinor variety, which are homogeneous varieties. In other words, C_g is a complete intersection in a space which has only algebraic cohomology. Hence, by Lemma 5.2, C_g has orthogonal projectors π_0, π_1, ..., π_m, π_{2r−m}, π_{2r−m+1}, ..., π_{2r} , where r := dimC_g and m = dimC_g − 1,

Documenta Mathematica 14 (2009) 1–18

using Lefschetz hyplerplane section theorem. Taking π_{m+1} = Δ_{Cg} − ∑ i≠m+1 πi,

gives an absolute Chow–Künneth decomposition for C_g. Now a homogeneous variety looks like V = G/P where G is an (linear) algebraic group and P is a parabolic subgroup. Hence the group G acts on the variety V . This induces an action on the linear system P(g) and hence G acts on the ambient variety P(g) × V and leaves the universal curve C_g invariant. Hence we can again apply Lemma 5.2 to obtain absolute equivariant Chow–Künneth decomposition for C_g . □

Consider the universal family of curves C_g → P(g) as obtained above, which are equipped with an action of a linear algebraic group G.

Suppose there is an open subset U_g ⊂ P(g), with the universal family C_{Ug} → U_g , on which G acts freely to form a good quotient family

Y_g := C_{Ug} /G → S_g := U_g/G.

Notice that the classifying map S_g → M_g is dominant.

Corollary 5.9. The smooth variety Y_g has an absolute Chow–Künneth decomposition.

Proof. Consider the localization sequence, for the embedding j : C_{Ug} × C_{Ug} → C_g × C_g,

CH^d_G(C_g × C_g)_Q^{j∗}→ CH^d_G(C_{Ug} × C_{Ug} )_Q → 0.

Here d is the dimension of C_g . Then the map j^∗ is an equivariant ring homomorphism and transforms orthogonal projectors to orthogonal projectors. Similarly there is a commuting diagram between the equivariant cohomologies: ⨁ i H^{2d−i}_G (C_g ) ⊗ H^i_G(C_g)^≃→ H^{2d}_G (C_g , Q) ↓ ↓ ⨁ i W_{2d−i}H^{2d−i}_G (C_{Ug} ) ⊗ W_iH^i_G(C_{Ug} )^≃→ W_{2d}H^{2d}_G (C_{Ug} , Q)

The vertical arrows are surjective maps mapping onto the bottom weights of the equivariant cohomology groups. By Proposition 5.8, the variety C_g has an absolute equivariant Chow–Künneth decomposition. Hence the images of the equivariant Chow–Künneth projectors for the complete smooth variety C_g, under the morphism j^∗ give equivariant Chow–Künneth projectors for the smooth variety C_{Ug} .

Using [Ed-Gr], we have the identification of the rational Chow groups

CH^∗(Y_g )_Q = CH^∗_G(C_{Ug} )_Q and CH^∗(Y_g × Y_g )_Q = CH^∗_G(C_{Ug} × C_{Ug} )_Q.

Furthermore, this respects the ring structure on the above rational Chow groups. A similar identification also holds for the rational cohomology groups. This means that the equivariant Chow–Künneth projectors for the variety C_{Ug}

Documenta Mathematica 14 (2009) 1–18

correspond to a complete set of absolute Chow–Künneth projectors for the quotient variety Y_g . □

Remark 5.10. Since Mukai has a similar classification for the non-generic curves in genus ≤ 8, one can obtain absolute equivariant Chow–Künneth decomposition for these special families of smooth curves, by applying the proof of Proposition 5.8. There is also a classification for K3-surfaces and in many cases the generic K3-surface is obtained as a linear section of a Grassmanian [Muk]. Hence we can apply the above results to families of K3-surfaces over spaces which dominate the moduli space of K3-surfaces.

References

[Al-Kl] A.B. Altman, S.L. Kleiman, Foundations of the theory of Fano schemes. Compositio Math. 34 (1977), no. 1, 3–47.

[Ak-Jo] R. Akhtar, R. Joshua, Künneth decomposition for quotient varieties, Indag. Math. (N.S.) 17 (2006), no. 3, 319–344.

[Ba] W. Barth Transplanting cohomology classes in complex-projective space. Amer. J. Math. 92 1970 951–967.

[BBD] A.A. Beilinson, J. Bernstein, P. Deligne, Faisceaux pervers (French) [Perverse sheaves], Analysis and topology on singular spaces, I (Luminy, 1981), 5–171, Astérisque, 100, Soc. Math. France, Paris, 1982.

[Bi-Mi] E. Bierstone, P.D. Milman, Canonical desingularization in characteristic zero by blowing up the maximum strata of a local invariant. Invent. Math. 128 (1997), no. 2, 207–302.

[BE] S. Bloch, H. Esnault, Künneth projectors for open varieties, preprint arXiv:math/0502447.

[Bo] A. Borel Linear algebraic groups. Second edition. Graduate Texts in Mathematics, 126. Springer-Verlag, New York, 1991. xii+288 pp.

[CH] A. Corti, M. Hanamura, Motivic decomposition and intersection Chow groups. I, Duke Math. J. 103 (2000), no. 3, 459–522.

[De-Ma] O. Debarre, L. Manivel, Sur la varièté des espaces linéaires contenus dans une intersection complète. (French) [The variety of linear spaces contained in a complete intersection] Math. Ann. 312 (1998), no. 3, 549–574.

[dA-Mü1] P. del Angel, S. Müller–Stach, Motives of uniruled 3-folds, Compositio Math. 112 (1998), no. 1, 1–16.

[dA-Mü2] P. del Angel, S. Müller-Stach, On Chow motives of 3-folds, Trans.

Amer. Math. Soc. 352 (2000), no. 4, 1623–1633.

[dB-Az] S. del Baño Rollin, V. Navarro Aznar, On the motive of a quotient variety. Dedicated to the memory of Fernando Serrano. Collect. Math. 49 (1998), no. 2-3, 203–226.

[D] P. Deligne, Thèorie de Hodge. III, Inst. Hautes Ètudes Sci. Publ.

Math. No. 44 (1974), 5–77.

[De-Mu] Ch. Deninger, J. Murre, Motivic decomposition of abelian schemes and the Fourier transform, J. Reine Angew. Math. 422 (1991), 201–219.

Documenta Mathematica 14 (2009) 1–18

[Del-Mu] P. Deligne, D. Mumford, The irreducibility of the space of curves of given genus, Inst. Hautes Études Sci. Publ. Math. No. 36 1969 75–109.

[Di-Ha] S. Diaz, J. Harris, Geometry of the Severi variety. Trans. Amer. Math.

Soc. 309 (1988), no. 1, 1–34.

[Ed-Gr] D. Edidin, W. Graham, Equivariant intersection theory. Invent.

Math. 131 (1998), no. 3, 595–634.

[ELV] H. Esnault, M. Levine, E. Viehweg, Chow groups of projective varieties of very small degree. Duke Math. J. 87 (1997), no. 1, 29–58.

[Fu] W. Fulton, Intersection theory, Second edition. Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge., 2. Springer-Verlag, Berlin, 1998. xiv+470 pp.

[Fu2] W. Fulton, Equivariant cohomology in Algebraic geometry, http://www.math.lsa.umich.edu/∼ dandersn/eilenberg/index.html.

[Go-Mu] B. Gordon, J. P. Murre, Chow motives of elliptic modular threefolds, J. Reine Angew. Math. 514 (1999), 145–164.

[GHM1] B. Gordon, M. Hanamura, J. P. Murre, Relative Chow-Künneth projectors for modular varieties, J. Reine Angew. Math. 558 (2003), 1–14.

[GHM2] B. Gordon, M. Hanamura, J. P. Murre, Absolute Chow-Künneth projectors for modular varieties, J. Reine Angew. Math. 580 (2005), 139– 155.

[Gu-Pe] V. Guletskiĭ, C. Pedrini, Finite-dimensional motives and the conjectures of Beilinson and Murre Special issue in honor of Hyman Bass on his seventieth birthday. Part III. K-Theory 30 (2003), no. 3, 243–263.

[Ha] J. Harris, On the Severi problem, Invent. Math. 84 (1986), no. 3, 445–461.

[Iy] J. N. Iyer, Murre’s conjectures and explicit Chow Künneth projectors for varieties with a nef tangent bundle, to appear in Trans. of Amer. Math. Soc.

[Ja] U. Jannsen, Motivic sheaves and filtrations on Chow groups, Motives (Seattle, WA, 1991), 245–302, Proc. Sympos. Pure Math., 55, Part 1, Amer. Math. Soc., Providence, RI, 1994.

[Kol] J. Kollár, Rational curves on algebraic varieties, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3., 32. Springer-Verlag, Berlin, 1996. viii+320 pp.

[KMM] J. Kollár, Y. Miyaoka, S. Mori, Rationally connected varieties, Jour.

Alg. Geom. 1 (1992) 429–448.

[Man] Yu. Manin, Correspondences, motifs and monoidal transformations (in Russian), Mat. Sb. (N.S.) 77 (119) (1968), 475–507.

[MMWYK] A. Miller, S. Müller-Stach, S. Wortmann, Y.H. Yang, K. Zuo.

Chow-Künneth decomposition for universal families over Picard modular surfaces, arXiv:math.AG/0505017.

[Muk] S. Mukai, Biregular classification of Fano 3-folds and Fano manifolds of coindex 3. Proc. Nat. Acad. Sci. U.S.A. 86 (1989), no. 9, 3000–3002.

Documenta Mathematica 14 (2009) 1–18

[Muk2] S. Mukai, Curves and Grassmannians. Algebraic geometry and related topics (Inchon, 1992), 19–40, Conf. Proc. Lecture Notes Algebraic Geom., I, Int. Press, Cambridge, MA, 1993 [Muk3] S. Mukai, Curves and symmetric spaces. I. Amer. J. Math. 117 (1995), no. 6, 1627–1644.

[IdMuk] M. Ide, S. Mukai, Canonical curves of genus eight. Proc. Japan Acad.

Ser. A Math. Sci. 79 (2003), no. 3, 59–64.

[Muk5] S. Mukai, Curves, K3 surfaces and Fano 3-folds of genus ≤ 10., Algebraic geometry and commutative algebra, Vol. I, 357–377, Kinokuniya, Tokyo, 1988.

[Md] Mumford, D. Projective invariants of projective structures and applications 1963 Proc. Internat. Congr. Mathematicians (Stockholm, 1962) pp. 526–530 Inst. Mittag-Leffler, Djursholm.

[Md2] D. Mumford, Geometric invariant theory. Ergebnisse der Mathematik und ihrer Grenzgebiete, Neue Folge, Band 34 Springer-Verlag, Berlin- New York 1965 vi+145 pp.

[Mu1] J. P. Murre, On the motive of an algebraic surface, J. Reine Angew.

Math. 409 (1990), 190–204.

[Mu2] J. P. Murre, On a conjectural filtration on the Chow groups of an algebraic variety. I. The general conjectures and some examples, Indag. Math. (N.S.) 4 (1993), no. 2, 177–188.

[Mu3] J. P. Murre, On a conjectural filtration on the Chow groups of an algebraic variety. II. Verification of the conjectures for threefolds which are the product on a surface and a curve, Indag. Math. (N.S.) 4 (1993), no. 2, 189–201.

[Re-Yo] Z. Reichstein, B. Youssin, Equivariant resolution of points of indeterminacy. Proc. Amer. Math. Soc. 130 (2002), no. 8, 2183–2187.

[Sa] M. Saito, Chow–Künneth decomposition for varieties with low cohomological level, arXiv:math.AG/0604254.

[Sc] A. J. Scholl, Classical motives, Motives (Seattle, WA, 1991), 163–187, Proc. Sympos. Pure Math., 55, Part 1, Amer. Math. Soc., Providence, RI, 1994.

[Sh] A. M. Shermenev, The motive of an abelian variety, Funct. Analysis, 8 (1974), 55–61.

[Su] Sumihiro, H. Equivariant completion. J. Math. Kyoto Univ. 14 (1974), 1–28.

[To] B. Totaro, The Chow ring of a classifying space. Algebraic K-theory (Seattle, WA, 1997), 249–281, Proc. Sympos. Pure Math., 67, Amer. Math. Soc., Providence, RI, 1999.

Documenta Mathematica 14 (2009) 1–18

Jaya NN Iyer The Institute of Mathematical Sciences, CIT Campus Taramani Chennai 600113 India jniyer@imsc.res.in

Stefan Müller–Stach Mathematisches Institut der Johannes Gutenberg Universität Mainz Staudingerweg 9 55099 Mainz Germany mueller-stach@mathematik.unimainz.de

Documenta Mathematica 14 (2009) 1–18

Hecke Operators on Quasimaps

into Horospherical Varieties

Dennis Gaitsgory and David Nadler

Received: November 10, 2006 Revised: January 30, 2009

Communicated by Edward Frenkel

Abstract. Let G be a connected reductive complex algebraic group. This paper and its companion [GN] are devoted to the space Z of meromorphic quasimaps from a curve into an affine spherical Gvariety X. The space Z may be thought of as an algebraic model for the loop space of X. The theory we develop associates to X a connected reductive complex algebraic subgroup Ȟ of the dual group Ǧ. The construction of Ȟ is via Tannakian formalism: we identify a certain tensor category Q(Z) of perverse sheaves on Z with the category of finite-dimensional representations of Ȟ.

In this paper, we focus on horospherical varieties, a class of varieties closely related to flag varieties. For an affine horospherical G-variety X_{horo}, the category Q(Z_{horo}) is equivalent to a category of vector spaces graded by a lattice. Thus the associated subgroup Ȟ_{horo} is a torus. The case of horospherical varieties may be thought of as a simple example, but it also plays a central role in the general theory. To an arbitrary affine spherical G-variety X, one may associate a horospherical variety X_{horo}. Its associated subgroup Ȟ_{horo} turns out to be a maximal torus in the subgroup Ȟ associated to X.

2000 Mathematics Subject Classification: 22E67, 14M17 Keywords and Phrases: Loop spaces, spherical varieties, Langlands duality

1. Introduction

Let G be a connected reductive complex algebraic group. In this paper and its companion [GN], we study the space Z of meromorphic quasimaps from a curve into an affine spherical G-variety X. A G-variety X is said to be spherical if a Borel subgroup of G acts on X with a dense orbit. Examples include flag varieties, symmetric spaces, and toric varieties. A meromorphic quasimap consists of a point of the curve, a G-bundle on the curve, and a meromorphic section of the associated X-bundle with a pole only at the distinguished point. The space Z may be thought of as an algebraic model for the loop space of X. The theory we develop identifies a certain tensor category Q(Z) of perverse sheaves on Z with the category of finite-dimensional representations of a connected reductive complex algebraic subgroup Ȟ of the dual group Ǧ. Our method is to use Tannakian formalism: we endow Q(Z) with a tensor product, a fiber functor to vector spaces, and the necessary compatibility constraints so that it must be equivalent to the category of representations of such a group. Under this equivalence, the fiber functor corresponds to the forgetful functor which assigns to a representation of Ȟ its underlying vector space. In the paper [GN], we define the category Q(Z), and endow it with a tensor product and fiber functor. This paper provides a key technical result needed for the construction of the fiber functor.

Horospherical G-varieties form a special class of G-varieties closely related to flag varieties. A subgroup S ⊂ G is said to be horospherical if it contains the unipotent radical of a Borel subgroup of G. A G-variety X is said to be horospherical if for each point x ∈ X, its stabilizer S_x ⊂ G is horospherical. When X is an affine horospherical G-variety, the subgroup Ȟ we associate to it turns out to be a torus. To see this, we explicitly calculate the functor which corresponds to the restriction of representations from Ǧ. Representations of Ǧ naturally act on the category Q(Z) via the geometric Satake correspondence. The restriction of representations is given by applying this action to the object of Q(Z) corresponding to the trivial representation of Ȟ. The main result of this paper describes this action in the horospherical case. The statement does not mention Q(Z), but rather what is needed in [GN] where we define and study Q(Z).

In the remainder of the introduction, we first describe a piece of the theory of geometric Eisenstein series which the main result of this paper generalizes. This may give the reader some context from which to approach the space Z and our main result. We then define Z and state our main result. Finally, we collect notation and preliminary results needed in what follows. Throughout the introduction, we use the term space for objects which are strictly speaking stacks and ind-stacks.

1.1. Background. One way to approach the results of this paper is to interpret them as a generalization of a theorem of Braverman-Gaitsgory [BG, Theorem 3.1.4] from the theory of geometric Eisenstein series. Let C be a smooth complete complex algebraic curve. The primary aim of the geometric Langlands program is to construct sheaves on the moduli space Bun_G of G-bundles on C which are eigensheaves for Hecke operators. These are the operators which result from modifying G-bundles at prescribed points of the curve C. Roughly speaking, the theory of geometric Eisenstein series constructs sheaves on Bun_G starting with local systems on the moduli space Bun_T , where T is the universal Cartan of G. When the original local system is sufficiently generic, the resulting sheaf is an eigensheaf for the Hecke operators. At first glance, the link between Bun_T and Bun_G should be the moduli stack Bun_B of B-bundles on C, where B ⊂ G is a Borel subgroup with unipotent radical U ⊂ B and reductive quotient T = B/U. Unfortunately, naively working with the natural diagram

Bun_B → Bun_G ↓ Bun_T

leads to difficulties: the fibers of the horizontal map are not compact. The eventual successful construction depends on V. Drinfeld’s relative compactification of Bun_B along the fibers of the map to Bun_G. The starting point for the compactification is the observation that Bun_B also classifies data

(P_G ∈ Bun_G, P_T ∈ Bun_T , σ : P_T → P_G^G×G/U)

where σ is a T -equivariant bundle map to the P_G-twist of G/U. From this perspective, it is natural to be less restrictive and allow maps into the P_G-twist of the fundamental affine space

G/U = Spec(C[G]^U ).

Here C[G] denotes the ring of regular functions on G, and C[G]^U ⊂ C[G] the (right) U-invariants. Following V. Drinfeld, we define the compactification Bun_B to be that classifying quasimaps

(P_G ∈ Bun_G, P_T ∈ Bun_T , σ : P_T → P_G^G×G/U)

where σ is a T -equivariant bundle map which factors

σ|_C′ : P_T |_C′ → P_G^G×G/U|_C′ → P_G^G×G/U|_C′ ,

for some open curve C^′ ⊂ C. Of course, the quasimaps that satisfy

σ : P_T → P_G^G×G/U

form a subspace canonically isomorphic to Bun_B .

Since the Hecke operators on Bun_G do not lift to Bun_B , it is useful to introduce a version of Bun_B on which they do. Following [BG, Section 4], we define the space_∞Bun_B to be that classifying meromorphic quasimaps

(c ∈ C, P_G ∈ Bun_G, P_T ∈ Bun_T , σ : P_T |_{C\c} → P_G^G×G/U|_{C\c}) where σ is a T -equivariant bundle map which factors

σ|_C′ : P_T |_C′ → P_G^G×G/U|_C′ → P_G^G×G/U|_C′ ,

for some open curve C^′ ⊂ C \ c. We call c ∈ C the pole point of the quasimap. Given a meromorphic quasimap with G-bundle P_G and pole point c ∈ C, we may modify P_G at c and obtain a new meromorphic quasimap. In this way, the Hecke operators on Bun_G lift to_∞Bun_B .

Now the result we seek to generalize [BG, Theorem 3.1.4] describes how the Hecke operators act on a distinguished object of the category P(_∞Bun_B ) of perverse sheaves with C-coefficients on_∞Bun_B . Let Λ_G = Hom(C^×, T ) be the coweight lattice, and let Λ^+_G ⊂ Λ be the semigroup of dominant coweights of G. For λ ∈ Λ^+_G, we have the Hecke operator

H^λ_G : P(_∞Bun_B ) → P(_∞Bun_B )

given by convolving with the simple spherical modification of coweight λ. (See [BG, Section 4] or Section 5 below for more details.) For μ ∈ Λ_G, we have the locally closed subspace_∞Bun^μ_B ⊂_∞Bun_B that classifies data for which the map P_T (μ · c)|_{C\c}^σ→ P_G^G×G/U|_{C\c} extends to a holomorphic map

P_T (μ · c)^σ→ P_G^G×G/U

which factors P_T (μ · c)^σ→ P_G^G×G/U → P_G^G×G/U.

We write_∞Bun^{≤μ}_B ⊂_∞Bun_B for the closure of_∞Bun^μ_B ⊂_∞Bun_B , and

IC^{≤μ}_{∞BunB} ∈ P(_∞Bun_B )

for the intersection cohomology sheaf of_∞Bun^{≤μ}_B ⊂_∞Bun_B .

Theorem 1.1.1. [BG, Theorem 3.1.4] For λ ∈ Λ^+_G, there is a canonical isomorphism H^λ_G(IC^{≤0}_{∞BunB} ) ≃ ∑ μ∈Λ_T

IC^{≤μ}_{∞BunB} ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )

Here we write V^λ_Ǧ for the irreducible representation of the dual group Ǧ with highest weight λ ∈ Λ^+_G, and V^μ_Ť for the irreducible representation of the dual torus Ť of weight μ ∈ Λ_G.

In the same paper of Braverman-Gaitsgory [BG, Section 4], there is a generalization [BG, Theorem 4.1.5] of this theorem from the Borel subgroup B ⊂ G to other parabolic subgroups P ⊂ G. We recall and use this generalization in Section 5 below. It is the starting point for the results of this paper.

1.2. Main result. The main result of this paper is a version of [BG, Theorem 3.1.4] for X an arbitrary affine horospherical G-variety with a dense G-orbit X̊ ⊂ X. For any point in the dense G-orbit X̊ ⊂ X, we refer to its stabilizer S ⊂ G as the generic stabilizer of X. All such subgroups are conjugate to each other. By choosing such a point, we obtain an identification X̊ ≃ G/S. To state our main theorem, we first introduce some more notation. Satz 2.1 of [Kn] states that the normalizer of a horospherical subgroup S ⊂ G is a parabolic subgroup P ⊂ G with the same derived group [P, P ] = [S, S]. We write A for the quotient torus P/S, and Λ_A = Hom(C^×, A) for its coweight lattice. Similarly, for the identity component S^0 ⊂ S, we write A_0 for the quotient torus P/S_0, and Λ_{A0} = Hom(C^×, A_0) for its coweight lattice. The natural maps T → A_0 → A induce maps of coweight lattices

Λ_T^q→ Λ_{A0}^i→ Λ_A, where q is a surjection, and i is an injection. For a conjugate of S, the associated tori are canonically isomorphic to those associated to S. Thus when S is the generic stabilizer of a horospherical G-variety X, the above tori, lattices and maps are canonically associated to X.

For an affine horospherical G-variety X with dense G-orbit X̊ ⊂ X, we define the space Z to be that classifying mermorphic quasimaps into X. Such a quasimap consists of data

(c ∈ C, P_G ∈ Bun_G, σ : C \ c → P_G^G×X|_{C\c})

where σ is a section which factors

σ|_C′ : C^′ → P_G^G×X̊|_C′ → P_G^G×X|_C′ ,

for some open curve C^′ ⊂ C \ c.

Given a meromorphic quasimap into X with G-bundle P_G and pole point c ∈ C, we may modify P_G at c and obtain a new meromorphic quasimap. But in this context the resulting Hecke operators on Z do not in general preserve the category of perverse sheaves. Instead, we must consider the bounded derived category Sh(Z) of sheaves of C-modules on Z. For λ ∈ Λ^+_G, we have the Hecke operator H^λ_G : Sh(Z) → Sh(Z) given by convolving with the simple spherical modification of coweight λ. (See Section 5 below for more details.) For κ ∈ Λ_{A0} , we have a locally closed subspace Z^κ ⊂ Z consisting of meromorphic quasimaps that factor

σ : C \ c → P_G^G×X̊|_{C\c} → P_G^G×X|_{C\c}

and have a singularity of type κ at c ∈ C. (See Section 3.5 below for more details.) We write Z^{≤κ} ⊂ Z for the closure of Z^κ ⊂ Z, and

IC^{≤κ}_Z ∈ Sh(Z)

for its intersection cohomology sheaf. Our main result is the following.

Theorem 1.2.1. For λ ∈ Λ^+_G, there is an isomorphism

H^λ_G(IC^{≤0}_Z ) ≃ ∑ κ∈Λ_{A0} ∑ μ∈Λ_T ,q(μ)=κ

IC^{≤κ}_Z ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩].

Here the torus A_0 and its coweight lattice Λ_{A0} are those associated to the generic stabilizer S ⊂ G. We write M for the Levi quotient of the normalizer P ⊂ G of the generic stabilizer S ⊂ G, and 2ρ̌_M for the sum of the positive roots of M.

In the context of the companion paper [GN], the theorem translates into the following fundamental statement. The tensor category Q(Z) associated to X is the category of semisimple perverse sheaves with simple summands IC^{≤κ}_Z , for κ ∈ Λ_{A0} , and the dual subgroup Ȟ associated to X is the subtorus Spec C[Λ_{A0} ] ⊂ Ť .

1.3. Notation. Throughout this paper, let G be a connected reductive complex algebraic group, let B ⊂ G be a Borel subgroup with unipotent radical U(B), and let T = B/U(B) be the abstract Cartan.

Let Λ̌_G denote the weight lattice Hom(T, C^×), and Λ̌^+_G ⊂ Λ̌_G the semigroup of dominant weights. For λ ∈ Λ̌^+_G, we write V^λ_G for the irreducible representation of G of highest weight λ.

Let Λ_G denote the coweight lattice Hom(C^×, T ), and Λ^+_G ⊂ Λ_G the semigroup of dominant coweights. For λ ∈ Λ^+_G, let V^λ_Ǧ denote the irreducible representation of the dual group Ǧ of highest weight λ.

Let Λ^{pos}_G ⊂ Λ_G denote the semigroup of coweights in Λ_G which are non-negative on Λ̌^+_G, and let R^{pos}_G ⊂ Λ^{pos}_G denote the semigroup of positive coroots. Let P ⊂ G be a parabolic subgroup with unipotent radical U(P ), and let M be the Levi factor P/U(P ). We have the natural map

ř : Λ̌_{M/[M,M]} → Λ̌_G

of weights, and the dual map

r : Λ_G → Λ_{M/[M,M]}

of coweights.

Let Λ̌^+_{G,P} ⊂ Λ̌_{M/[M,M]} denote the inverse image ř^{−1}(Λ̌^+_G). Let Λ^{pos}_{G,P} ⊂ Λ_{M/[M,M]} denote the semigroup of coweights in Λ_{M/[M,M]} which are nonnegative on Λ̌^+_{G,P} . Let R^{pos}_{G,P} ⊂ Λ^{pos}_{G,P} denote the image r(R^{pos}_G ). Let W_M denote the Weyl group of M, and let W_M Λ̌^+_G ⊂ Λ̌_G denote the union of the translates of Λ̌^+_G by W_M . Let Λ̃^{pos}_{G,P} ⊂ Λ^+_M denote the semigroup of dominant coweights of M which are nonnegative on W_M Λ̌^+_G. Finally, let ⟨·, ·⟩ : Λ̌_G × Λ_G → Z denote the natural pairing, and let ρ̌_M ∈ Λ̌_G denote half the sum of the positive roots of M.

1.4. Bundles and Hecke correspondences. Let C be a smooth complete complex algebraic curve.

For a connected complex algebraic group H, let Bun_H be the moduli stack of H-bundles on C. Objects of Bun_H will be denoted by P_H . Let H_H be the Hecke ind-stack that classifies data

(c ∈ C, P^1_H , P^2_H ∈ Bun_H , α : P^1_H |_{C\c}^∼→ P^2_H |_{C\c})

where α is an isomorphism of H-bundles. We have the maps

Bun_H^{h←H}← H_H^{h→H}→ Bun_H

defined by

h^←_H (c, P^1_H , P^2_H , α) = P^1_H h^→_H (c, P^1_H , P^2_H , α) = P^2_H ,

and the map π : H_H → C

defined by π(c, P^1_H , P^2_H , α) = c.

It is useful to have another description of the Hecke ind-stack H_H for which we introduce some more notation. Let O be the ring of formal power series C[[t]], let K be the field of formal Laurent series C((t)), and let D be the formal disk Spec(O). For a point c ∈ C, let O_c be the completed local ring of C at c, and let D_c be the formal disk Spec(O_c). Let Aut(O) be the group-scheme of automorphisms of the ring O. Let H(O) be the group of O-valued points of H, and let H(K) be the group of K-valued points of H. Let Gr_H be the affine Grassmannian of H. It is an ind-scheme whose set of C-points is the quotient H(K)/H(O).

Now consider the (H(O) ⋊ Aut(O))-torsor ^ Bun_H ×C → Bun_H ×C

that classifies data

(c ∈ C, P_H ∈ Bun_H , β : D × H^∼→ P_H |_{Dc} , γ : D^∼→ D_c)

where β is an isomorphism of H-bundles, and γ is an identification of formal disks. We have an identification

H_H ≃ ^

Bun_H ×C^{(H(O)⋊Aut(O))}

× Gr_H

such that the projection h^→_H corresponds to the obvious projection from the twisted product to Bun_H .

For H reductive, the (H(O) ⋊ Aut(O))-orbits Gr^λ_H ⊂ Gr_H are indexed by λ ∈ Λ^+_H . For λ ∈ Λ^+_H , we write H^λ_H ⊂ H_H for the substack

H^λ_H ≃ ^

Bun_H ×C^{(H(O)⋊Aut(O))}

× Gr^λ_H .

For a parabolic subgroup P ⊂ H, the connected components S_{P,θ} ⊂ Gr_P are indexed by θ ∈ Λ_P /Λ_{[P,P ]}sc , where [P, P ]^{sc} denotes the simply connected cover of [P, P ]. For θ ∈ Λ_P /Λ_{[P,P ]}sc , we write S_{P,θ} ⊂ H_P for the ind-substack

S_{P,θ} ≃ ^

Bun_P ×C^{(P (O)⋊Aut(O))}

× S_{P,θ}.

For θ ∈ Λ_P /Λ_{[P,P ]}sc , and λ ∈ Λ^+_H , we write S^λ_{P,θ} ⊂ H_P for the ind-substack

S^λ_{P,θ} ≃ ^

Bun_P ×C^{(P (O)⋊Aut(O))}

× S^λ_{P,θ} where S^λ_{P,θ} denotes the intersection S_{P,θ} ∩ Gr^λ_H .

For any ind-stack Z over Bun_H ×C, we have the (H(O) ⋊ Aut(O))-torsor ^Z → Z obtained by pulling back the (H(O) ⋊ Aut(O))-torsor ^ Bun_H ×C → Bun_H ×C.

We also have the Cartesian diagram H_H ×_{BunH ×C} Z^{h→H}→ Z ↓ ↓ H_H^{h→H}→ Bun_H and an identification H_H ×_{BunH ×C} Z ≃ ^Z^{(H(O)⋊Aut(O))}× Gr_H such that the projection h^→_H corresponds to the obvious projection from the twisted product to Z. For F ∈ Sh(Z), and P ∈ P_{(H(O)⋊Aut(O))}(Gr_H ), we may form the twisted product (F ~⊠P)^r ∈ Sh(H_H ×_{BunH ×C} Z).

with respect to the map h^→_H . In particular, for λ ∈ Λ^+_H , we may take P to be the intersection cohomology sheaf A^λ_G of the closure Gr^λ_H ⊂ Gr_H of the (H(O) ⋊ Aut(O))-orbit Gr^λ_H ⊂ Gr_H .

2. Affine horospherical G-varieties A subgroup S ⊂ G is said to be horospherical if it contains the unipotent radical of a Borel subgroup of G. A G-variety X is said to be horospherical if for each point x ∈ X, its stabilizer S_x ⊂ G is horospherical. A G-variety X is said to be spherical if a Borel subgroup of G acts on X with a dense orbit. Note that a horospherical G-variety contains a dense G-orbit if and only if it is spherical.

Let X be an affine G-variety. As a representation of G, the ring of regular functions C[X] decomposes into isotypic components

C[X] ≃ ∑ λ∈Λ̌^+_G

C[X]_λ.

We say that C[X] is graded if C[X]_λC[X]_μ ⊂ C[X]_{λ+μ}, for all λ, μ ∈ Λ̌^+_G. We say that C[X] is simple if the irreducible representation V^λ of highest weight λ occurs in C[X]_λ with multiplicity 0 or 1, for all λ ∈ Λ̌^+_G. Proposition 2.0.1. Let X be an affine G-variety.

(1) [Pop, Proposition 8, (3)] X is horospherical if and only if C[X] is graded. (2) [Pop, Theorem 1] X is spherical if and only if C[X] is simple. We see by the proposition that affine horospherical G-varieties containing a dense G-orbit are classified by finitely-generated subsemigroups of Λ̌^+_G. To such a variety X, one associates the subsemigroup Λ̌^+_X ⊂ Λ̌^+_G

of dominant weights λ with dim C[X]_λ > 0.

2.1. Structure of generic stabilizer.

Theorem 2.1.1. [Kn, Satz 2.2] If X is an irreducible horospherical G-variety, then there is an open G-invariant subset W ⊂ X, and a G-equivariant isomorphism W ≃ G/S × Y , where S ⊂ G is a horospherical subgroup, and Y is a variety on which G acts trivially.

Note that for any two such open subsets W ⊂ X and isomorphisms W ≃ G/S × Y , the subgroups S ⊂ G are conjugate. We refer to such a subgroup S ⊂ G as the generic stabilizer of X.

Lemma 2.1.2. [Kn, Satz 2.1] If S ⊂ G is a horospherical subgroup, then its normalizer is a parabolic subgroup P ⊂ G with the same derived group [P, P ] = [S, S] and unipotent radical U(P ) = U(S).

Note that the identity component S^0 ⊂ S is also horospherical with the same derived group [S^0, S^0] = [S, S] and unipotent radical U(S^0) = U(S). Let S ⊂ G be a horospherical subgroup with identity component S^0 ⊂ S, and normalizer P ⊂ G. We write A for the quotient torus P/S, and Λ_A for its coweight lattice Hom(C^×, A). Similarly, we write A_0 for the quotient torus P/S^0, and Λ_{A0} for its coweight lattice Hom(C^×, A_0). The natural maps T → A_0 → A induce maps of coweight lattices

Λ_T^q→ Λ_{A0}^i→ Λ_A, where q is a surjection, and i is an injection. For a conjugate of S, the associated tori, lattices, and maps are canonically isomorphic to those associated to S.

Thus when S is the generic stabilizer of a horospherical G-variety X, the tori, lattices and maps are canonically associated to X.

We shall need the following finer description of which subgroups S ⊂ G may appear as the generic stabilizer of an affine horospherical G-variety. To state it, we introduce some more notation used throughout the paper. For a horospherical subgroup S ⊂ G with identity component S^0 ⊂ S, and normalizer P ⊂ G, let M be the Levi quotient P/U(P ), let M_S be the Levi quotient S/U(S), and let M^0_S be the identity component of M_S . The natural maps

S^0 → S → P induce isomorphisms of derived groups

[M^0_S, M^0_S ]^∼→ [M_S , M_S]^∼→ [M, M].

We write Λ_{M/[M,M]} for the coweight lattice of the torus M/[M, M], and Λ_M 0_{S /[MS ,MS ]} for the coweight lattice of the torus M^0_S/[M_S , M_S]. The natural maps M^0_S /[M_S, M_S ] → M/[M, M] → A_0 induce a short exact sequence of coweight lattices

0 → Λ_M 0_{S /[MS ,MS ]} → Λ_{M/[M,M]} → Λ_{A0} → 0.

Proposition 2.1.3. Let S ⊂ G be a horospherical subgroup. Then S is the generic stabilizer of an affine horospherical G-variety containing a dense Gorbit if and only if Λ_M 0_{S /[MS ,MS ]} ∩ Λ^{pos}_{G,P} = ⟨0⟩.

Proof. The proof of the proposition relies on the following lemma. Let V̌ be a finite-dimensional real vector space, and let V̌^+ be an open set in V̌ which is preserved by the action of R^{>0}. Let V be the dual of V̌ , and let V^{pos} be the closed cone of covectors in V that are nonnegative on all vectors in V̌^+. For a linear subspace W̌ ⊂ V̌ , we write W̌^⊥ ⊂ V for its orthogonal.

Lemma 2.1.4. The map W̌ → W̌^⊥ provides a bijection from the set of all linear subspaces W̌ ⊂ V̌ such that W̌ ∩ V̌^+ ≠ ∅ to the set of all linear subspaces W ⊂ V such that W ∩ V^{pos} = ⟨0⟩.

Proof. If W̌ ∩V̌^+ ≠ ∅, then clearly W̌^⊥ ∩V^{pos} = ⟨0⟩. Conversely, if W ∩V^{pos} = ⟨0⟩, then since V̌^+ is open, there is a hyperplane H ⊂ V such that W ⊂ H, and H ∩V^{pos} = ⟨0⟩. Thus H^⊥ ⊂ W^⊥, and H^⊥ ∩V̌^+ ≠ ∅, and so W^⊥ ∩V̌^+ ≠ ∅. □

Now suppose X is an affine horospherical G-variety with an open G-orbit and generic stabilizer S ⊂ G with normalizer P ⊂ G. Then we have Λ̌^+_X ⊂ Λ̌^+_{G,P} , since otherwise [S, S] would be smaller. We also have that Λ̌^+_X intersects the interior of Λ̌^+_{G,P} , since otherwise [S, S] would be larger. Applying Lemma 2.1.4, we conclude Λ_M 0_{S /[MS ,MS ]} ∩ Λ^{pos}_{G,P} = ⟨0⟩.

Conversely, suppose S ⊂ G is a horospherical subgroup with normalizer P ⊂ G. We define X to be the spectrum of the ring C[X] of (right) S-invariants in the ring of regular functions C[G]. Then C[X] is finitely-generated, since S contains the unipotent radical of a Borel subgroup of G. We have Λ̌^+_X ⊂ Λ̌^+_{G,P} , since otherwise [S, S] would be smaller. Suppose Λ_M 0_{S /[MS ,MS ]} ∩ Λ^{pos}_{G,P} = ⟨0⟩.

Applying Lemma 2.1.4, we conclude that Λ̌^+_X intersects the interior of Λ̌^+_{G,P} . Therefore S/[S, S] consists of exactly those elements of P/[P, P ] annhilated by Λ̌^+_X , and so S is the generic stabilizer of X. □

2.2. Canonical affine closure. Let S ⊂ G be the generic stabilizer of an affine horospherical G-variety X containing a dense G-orbit. Let C[G] be the ring of regular functions on G, and let C[G]^S ⊂ C[G] be the (right) S-invariants. We call the affine variety G/S = Spec(C[G]^S ) the canonical affine closure of G/U. We have the natural map G/S → X corresponding to the restriction map C[X] → C[G/S] ≃ C[G]^S .

Since S is horospherical, the ring C[G]^S is simple and graded, and so the affine variety G/S is spherical and horospherical.

Although we do not use the following, it clarifies the relation between X and the canonical affine closure G/S.

Proposition 2.2.1. Let X be an affine horospherical G-variety containing a dense G-orbit and generic stabilizer S ⊂ G. The semigroup Λ̌^+_{G/S} ⊂ Λ̌_G is the intersection of the dominant weights Λ̌^+_G ⊂ Λ̌_G with the group generated by the semigroup Λ̌^+_X ⊂ Λ̌_G.

Proof. Let P ⊂ G be the normalizer of S ⊂ G. The intersection of Λ̌^+_G and the group generated by Λ̌^+_X consists of exactly those weights in Λ̌^+_{G,P} that annhilate S/[S, S]. □

3. Ind-stacks As usual, let C be a smooth complete complex algebraic curve. 3.1. Labellings. Fix a pair (Λ, Λ^{pos}) of a lattice Λ and a semigroup Λ^{pos} ⊂ Λ. We shall apply the following to the pair (Λ_{M/[M,M]}, Λ^{pos}_{G,P} ). For θ^{pos} ∈ Λ^{pos}, we write U(θ^{pos}) for a decomposition θ^{pos} = ∑ m n_mθ^{pos}_m

where θ^{pos}_m ∈ Λ^{pos} \ {0} are pairwise distinct and n_m are positive integers.

For θ^{pos} ∈ Λ^{pos}, and a decomposition U(θ^{pos}), we write C^{U(θpos)} for the partially symmetrized power ∏ m C^{(nm )} of the curve C. We write C^{U(θpos )}_0 ⊂ C^{U(θpos )} for the complement of the diagonal divisor.

For Θ a pair (θ, U(θ^{pos})) consisting of θ ∈ Λ, and U(θ^{pos}) a decomposition of θ^{pos} ∈ Λ^{pos}, we write C^Θ for the product C × C^{U(θpos)}. We write C^Θ_0 ⊂ C^Θ for the complement of the diagonal divisor. Although C^Θ is independent of θ, it is notationally convenient to denote it as we do.

3.2. Ind-stack associated to parabolic subgroup. Fix a parabolic subgroup P ⊂ G, and let M be its Levi quotient P/U(P ). For our application, P will be the normalizer of the generic stabilizer S ⊂ G of an irreducible affine horospherical G-variety.

Let_∞Bun_P be the ind-stack that classifies data

(c ∈ C, P_G ∈ Bun_G, P_{M/[M,M]} ∈ Bun_{M/[M,M]}, σ : P_{M/[M,M]}|_{C\c} → P_G^G×G/[P, P ]|_{C\c}) where σ is an M/[M, M]-equivariant section which factors

σ|_C′ : P_{M/[M,M]}|_C′ → P_G^G×G/[P, P ]|_C′ → P_G^G×G/[P, P ]|_C′ for some open curve C^′ ⊂ C \ c.

3.2.1. Stratification. Let Θ be a pair (θ, U(θ^{pos})), with θ ∈ Λ_{M/[M,M]}, and θ^{pos} ∈ Λ^{pos}_{G,P} . We recall that we have a locally closed embedding j_Θ : Bun_P ×C^Θ_0 →_∞Bun_P defined by j_Θ(P_P , (c, ∑ m,n θ^{pos}_m · c_{m,n})) = (c, P_P^P× G, P_P^P× [P, P ](−θ · c − ∑ m,n θ^{pos}_m · c_{m,n}), σ)

where σ is the natural map

P_P^P× [P, P ](−θ · c − ∑ m,n θ^{pos}_m · c_{m,n})|_{C\c} → P_P^P× G^G×G/[P, P ]|_{C\c}

induced by the inclusion P_P^P× P/[P, P ] ⊂ P_P^P× G/[P, P ] ≃ P_P^P× G^G×G/[P, P ].

The following is an ind-version of [BG, Propositions 6.1.2 & 6.1.3], or [BFGM, Proposition 1.5], and we leave the proof to the reader.

Proposition 3.2.2. Let Θ be a pair (θ, U(θ^{pos})), with θ ∈ Λ_{M/[M,M]}, and θ^{pos} ∈ Λ^{pos}_{G,P} .

Every closed point of_∞Bun_P belongs to the image of a unique j_Θ.

For Θ a pair (θ, U(θ^{pos})), with θ ∈ Λ_{M/[M,M]}, and θ^{pos} ∈ Λ^{pos}_{G,P} , we write ∞Bun^Θ_P ⊂_∞Bun_P for the image of j_Θ, and_∞Bun^{≤Θ}_P ⊂_∞Bun_P for the closure of_∞Bun^Θ_P ⊂_∞Bun_P .

For Θ a pair (θ, U(0)), with θ ∈ Λ_{M/[M,M]}, the substack_∞Bun^Θ_P ⊂_∞Bun_P classifies data (c, P_G, P_{M/[M,M]}, σ) for which the map P_{M/[M,M]}(θ · c)|_{C\c}^σ→ P_G^G×G/[P, P ]|_{C\c} extends to a holomorphic map P_{M/[M,M]}(θ · c)^σ→ P_G^G×G/[P, P ] which factors P_{M/[M,M]}(θ · c)^σ→ P_G^G×G/[P, P ] → P_G^G×G/[P, P ].

In this case, we write j_θ in place of j_Θ,_∞Bun^θ_P in place of_∞Bun^Θ_P , and_∞Bun^{≤θ}_P in place of_∞Bun^{≤Θ}_P . For example,_∞Bun^{≤0}_P ⊂_∞Bun_P is the closure of the canonical embedding j_0 : Bun_P ×C →_∞Bun_P .

3.3. ~

Ind-stack associated to parabolic subgroup. Fix a parabolic subgroup P ⊂ G, and let M be its Levi quotient P/U(P ). As usual, for our application, P will be the normalizer of the generic stabilizer S ⊂ G of an irreducible affine horospherical G-variety. Let_∞ ~Bun_P be the ind-stack that classifies data

(c ∈ C, P_G ∈ Bun_G, P_M ∈ Bun_M , σ : P_M |_{C\c} → P_G^G×G/U(P )|_{C\c}) where σ is an M-equivariant section which factors σ|_C′ : P_M |_C′ → P_G^G×G/U(P )|_C′ → P_G^G×G/U(P )|_C′ for some open curve C^′ ⊂ C \ c.

3.3.1. Stratification. For θ^{pos} ∈ Λ^{pos}_{G,P} , we write Ũ(θ^{pos}) for a collection of (not necessarily distinct) elements θ̃^{pos}_m ∈ Λ̃^{pos}_{G,P} \ {0} such that θ^{pos} = ∑ m r(θ̃^{pos}_m ).

We write r(Ũ(θ^{pos})) for the decomposition such a collection defines. Let Θ̃ be a pair (θ̃, Ũ(θ^{pos})) with θ̃ ∈ Λ^+_M , and θ^{pos} ∈ Λ^{pos}_{G,P} , and let Θ be the associated pair (r(θ̃), r(Ũ(θ^{pos}))). We define the Hecke ind-stack H^{Θ̃}_{M,0} → C^Θ_0 to be that with fiber over (c, c_{U(θ}pos_)) ∈ C^Θ_0 , where c_{U(θ}pos_) = ∑ m r(θ̃^{pos}_m ) · c_m, the fiber product H^{θ̃}_M |_c ×_{BunM} ∏ Bun_M

H^{θ̃posm}_M |_{cm} .

The following is an ind-version of [BG, Proposition 6.2.5], or [BFGM, Proposition 1.9], and we leave the proof to the reader.

Proposition 3.3.2. Let Θ̃ be a pair (θ̃, Ũ(θ^{pos})) with θ̃ ∈ Λ^+_M , and θ^{pos} ∈ Λ^{pos}_{G,P} . On the level of reduced ind-stacks, there is a locally closed embedding j_{Θ̃} : Bun_P ×_{BunM} H^{Θ̃}_{M,0} →_∞ ~Bun_P .

Every closed point of_∞ ~Bun_P belongs to the image of a unique j_{Θ̃}.

For Θ̃ a pair (θ̃, Ũ(θ^{pos})), with θ̃ ∈ Λ^+_M , and θ^{pos} ∈ Λ^{pos}_{G,P} , we write_∞ ~Bun^{Θ̃}_P ⊂ ∞ ~Bun_P for the image of j_{Θ̃}, and_∞ ~Bun^{≤Θ̃}_P ⊂_∞ ~Bun_P for the closure of ∞ ~Bun^{Θ̃}_P ⊂_∞ ~Bun_P .

For Θ̃ a pair (θ̃, Ũ(0)), with θ̃ ∈ Λ^+_M , we write j_{θ̃} in place of j_{Θ̃},_∞ ~Bun^{θ̃}_P in place of_∞ ~Bun^{Θ̃}_P , and_∞ ~Bun^{≤θ̃}_P in place of_∞ ~Bun^{≤Θ̃}_P For example,_∞ ~Bun^{≤0}_P is the closure of the canonical embedding j_{~0} : Bun_P ×C →_∞ ~Bun_P .

3.4. Ind-stack associated to generic stabilizer. Let X be an irreducible affine horospherical G-variety with generic stabilizer S ⊂ G. Recall that the normalizer of S is a parabolic subgroup P ⊂ G with the same derived group [P, P ] = [S, S] and unipotent radical U(P ) = U(S). Let M be the Levi quotient P/U(P ), and let M_S be the Levi quotient S/U(S). Let Z_{can} be the ind-stack that classifies data

(c ∈ C, P_G ∈ Bun_G, P_{MS /[MS ,MS ]} ∈ Bun_{MS /[MS ,MS ]}, σ : P_{MS /[MS ,MS ]}|_{C\c} → P_G^G×G/[S, S]|_{C\c}) where σ is an M_S /[M_S, M_S ]-equivariant section which factors

σ|_C′ : P_{MS /[MS ,MS ]}|_C′ → P_G^G×G/[S, S]|_C′ → P_G^G×G/[S, S]|_C′ for some open curve C^′ ⊂ C \ c.

The following is immediate from the definitions. Proposition 3.4.1. The diagram Z_{can} →_∞Bun_P ↓ ↓ Bun_{MS /[MS ,MS ]} → Bun_{M/[M,M]} is Cartesian.

3.4.2. Stratification. Let Θ be a pair (θ, U(θ^{pos})), with θ ∈ Λ_{M/[M,M]}, and θ^{pos} ∈ Λ^{pos}_{G,P} .

We write Z^Θ_{can} ⊂ Z_{can} for the substack which completes the Cartesian diagram

Z^Θ_{can} →_∞Bun^Θ_P ↓ ↓ Bun_{MS /[MS ,MS ]} → Bun_{M/[M,M]},

and Z^{≤Θ}_{can} ⊂ Z_{can} for the closure of Z^Θ_{can} ⊂ Z_{can}.

For Θ a pair (θ, U(0)), with θ ∈ Λ_{M/[M,M]}, we write Z^θ_{can} in place of Z^Θ_{can}, and Z^{≤θ}_{can} in place of Z^{≤Θ}_{can} . For example, Z^{≤0}_{can} is the closure of the canonical embedding Bun_S ×C ⊂ Z_{can}.

3.5. Naive ind-stack associated to X. Let X be an affine horospherical G-variety with dense G-orbit X̊ ⊂ X and generic stabilizer S ⊂ G. Let Z be the ind-stack that classifies data

(c ∈ C, P_G ∈ Bun_G, σ : C \ c → P_G^G×X|_{C\c}) where σ is a section which factors

σ|_C′ : C^′ → P_G^G×X̊|_C′ → P_G^G×X|_C′ for some open curve C^′ ⊂ C \ c.

For the canonical affine closure G/S, we write Z_{can} for the corresponding indstack.

We call the ind-stack Z naive, since there is no auxilliary bundle in its definition: it classifies honest sections. Let^⋆Z be the ind-stack that classifies data

(c ∈ C, P_G ∈ Bun_G, P_{M/MS} ∈ Bun_{M/MS} , σ : P_{M/MS} |_{C\c} → P_G^G×X|_{C\c}) where σ is an M/M_S -equivariant section which factors

σ|_C′ : P_{M/MS} |_C′ → P_G^G×X̊|_C′ → P_G^G×X|_C′ for some open curve C^′ ⊂ C \c. Here as usual, we write M for the Levi quotient P/U(P ) of the normalizer P ⊂ G of the generic stabilizer S ⊂ G, and M_S for the Levi quotient S/U(S).

For the canonical affine closure G/S, we write^⋆Z_{can} for the corresponding ind-stack.

The following analogue of Proposition 3.4.1 is immediate from the definitions.

Proposition 3.5.1. The diagram Z →^⋆Z ↓ ↓ Bun_{⟨1⟩} → Bun_{M/MS} is Cartesian.

3.5.2. Stratification. We shall content ourselves here with defining the substacks of the naive ind-stack Z which appear in our main theorem. (See [GN] for a different perspective involving a completely local definition.) Recall that we write A for the quotient torus P/S, and Λ_A for its coweight lattice. Similarly, for the identity component S^0 ⊂ S, we write A_0 for the quotient torus P/S^0, and Λ_{A0} for its coweight lattice. The natural map A_0 → A provides an inclusion of coweight lattices Λ_{A0} → Λ_A. For κ ∈ Λ_A, we shall define a closed substack Z^{≤κ} ⊂ Z. When κ ∈ Λ_{A0} , the closed substack Z^{≤κ} ⊂ Z appears in our main theorem.

For κ ∈ Λ_A, let^⋆Z^κ ⊂^⋆Z be the locally closed substack that classifies data (c, P_G, P_{M/MS} , σ) for which the natural map

P_{M/MS} (κ · c)|_{C\c}^σ→ P_G^G×X|_{C\c}

extends to a holomorphic map

P_{M/MS} (κ · c)^σ→ P_G^G×X

which factors P_{M/MS} (κ · c)^σ→ P_G^G×X̊ → P_G^G×X.

We write^⋆Z^{≤κ} ⊂^⋆Z for the closure of^⋆Z^κ ⊂^⋆Z.

For κ ∈ Λ_A, let Z^κ ⊂ Z be the locally closed substack completing the Cartesian diagram Z^κ →^⋆Z^κ ↓ ↓ Bun_{⟨1⟩} → Bun_{M/MS} .

We write Z^{≤κ} ⊂ Z for the closure of Z^κ ⊂ Z.

4. Maps

4.1. The map r :_∞ ~Bun_P →_∞Bun_P . Let Θ be a pair (θ, U(θ^{pos})), with θ ∈ Λ_{M/[M,M]}, and θ^{pos} ∈ Λ^{pos}_{G,P} . and U(θ^{pos}) a decomposition θ^{pos} = ∑ m n_mθ^{pos}_m .

Let_∞ ~Bun^Θ_P ⊂_∞ ~Bun_P be the inverse image of_∞Bun^Θ_P ⊂_∞Bun_P under the natural map r :_∞ ~Bun_P →_∞Bun_P .

We would like to describe the fibers of the restriction of r to the substack ∞ ~Bun^Θ_P ⊂_∞ ~Bun_P .

First, we define the Hecke ind-substack

H^{♭(θ)}_M ⊂ H_M

to be the union of the spherical Hecke substacks

H^μ_M ⊂ H_M ,

for μ ∈ Λ^+_M such that r(μ) = θ.

Second, if there exists μ̃^{pos} ∈ Λ̃^{pos}_{G,P} such that r(μ̃^{pos}) = θ^{pos}, we define the Hecke substack H^{♭(θpos )}

M ⊂ H_M to be the union of the spherical Hecke substacks

H^{μ̃pos}_M ⊂ H_M ,

for μ̃^{pos} ∈ Λ̃^{pos}_{G,P} such that r(μ̃^{pos}) = θ^{pos}_m . Finally, we define the Hecke ind-stack

H^{♭(Θ)}_{M,0} → C^Θ_0

to be that with fiber over (c, c_{U(θ}pos_)) ∈ C^Θ_0 , where c_{U(θ}pos_) = ∑ m,n θ^{pos}_m · c_{m,n}, the fiber product H^{♭(θ)}_M |_c ×_{BunM} ∏ Bun_M

H^{♭(θposm )}

M |_{cm,n} .

The following is an ind-version of [BG, Proposition 6.2.5], or [BFGM, Proposition 1.9], and we leave the proof to the reader. It is also immediately implied by Proposition 3.3.2.

Proposition 4.1.1. Let Θ be a pair (θ, U(θ^{pos})), with θ ∈ Λ_{M/[M,M]}, θ^{pos} ∈ Λ^{pos}_{G,P} , and U(θ^{pos}) a decomposition θ^{pos} = ∑ m n_mθ^{pos}_m .

If for all m there exists μ̃^{pos}_m ∈ Λ̃^{pos}_{G,P} such that r(μ̃^{pos}_m ) = θ^{pos}_m , then on the level of reduced stacks there is a canonical isomorphism

∞ ~Bun^Θ_P ≃ Bun_P ×_{Bun} M H^{♭(Θ)}_{M,0}

such that the following diagram commutes

∞ ~Bun^Θ_P ≃ Bun_P ×_{Bun} M H^{♭(Θ)}_{M,0} ↓ ↓ ∞Bun^Θ_P ≃ Bun_P ×C^Θ_0 where the right hand side is the obvious projection.

If there is an m such that θ^{pos}_m is not equal to r(μ̃^{pos}), for any μ̃^{pos} ∈ Λ̃^{pos}_{G,P} ,

then_∞ ~Bun^Θ_P is empty.

4.2. The map p : Z_{can} → Z_{can}. Let X be an irreducible affine horospherical G-variety with generic stabilizer S ⊂ G. Recall that the normalizer of a horospherical subgroup S ⊂ G is a parabolic subgroup P ⊂ G with the same derived group [P, P ] = [S, S] and unipotent radical U(P ) = U(S). We write M for the Levi quotient P/U(P ), M_S for the Levi quotient S/U(S), and M^0_S for the identity component of M_S . We write A for the quotient torus P/S, and Λ_A for its coweight lattice. Similarly, for the identity component S^0 ⊂ S, we write A_0 for the quotient torus P/S^0, and Λ_{A0} for its coweight lattice. The natural map M/[M, M] → A_0 induces a surjection of coweight lattices Λ_{M/[M,M]} → Λ_{A0} which we denote by p. The kernel of p is the coweight lattice Λ_M 0_{S /[MS ,MS ]}. (Note that the component group of M_S is abelian.)

Associated to the canonical affine closure G/S, we have a Cartesian diagram of ind-stacks Z_{can} →_∞Bun_P p ↓ ↓ p Z_{can} →^⋆Z_{can} We would like to describe some properties of the vertical maps.

Proposition 4.2.1. The map p :_∞Bun_P →^⋆Z_{can} is ind-finite. For θ ∈ Λ_{M/[M,M]}, its restriction to_∞Bun^θ_P is an embedding with image^⋆Z^{p(θ)}_{can} , and its restriction to_∞Bun^{≤θ}_P is finite with image^⋆Z^{≤p(θ)}_{can} .

Proof. For a point (c, P_G, P_{M/[M,M]}, σ) ∈_∞Bun_P , we write (c, P_G, P_{M/MS} , σ) ∈^⋆Z_{can} for its image under p. Observe that for θ ∈ Λ_{M/[M,M]}, the point (c, P_G, P_{M/[M,M]}(θ · c), σ) ∈_∞Bun_P maps to (c, P_G, P_{M/MS} (p(θ) · c), σ) ∈^⋆Z_{can} under p. Therefore to prove the proposition, it suffices to show that the restriction of p to the canonical embedding Bun_P ⊂_∞Bun_P is an embedding with image the canonical embedding Bun_P ⊂^⋆Z_{can}, and its restriction to_∞Bun^{≤0}_P is a finite map with image^⋆Z^{≤0}_{can}. The first assertion is immediate from the definitions. To prove the second, recall that by [BG, Proposition 1.3.6],_∞Bun_P is proper over Bun_G, and so the map p is proper since it respects the projection to Bun_G. Therefore it suffices to check that the fibers over closed points of the restriction of p to_∞Bun^{≤0}_P are finite.

Let Θ be a pair (0, U(θ^{pos})), with θ^{pos} ∈ Λ^{pos}_{G,P} . The stack_∞Bun^Θ_P classifies data (c, P_P , c_Θ, P_{M/[M,M]}) together with an isomorphism

α : P_P^P× P/[P, P ] ≃ P_{M/[M,M]}(c_Θ).

The fiber of p through such a point classifies data

(P_P , c^′_Θ′ , P^′_{M/[M,M]})

together with an isomorphism

α^′ : P_P^P× P/[P, P ] ≃ P^′_{M/[M,M]}(c^′_Θ′ )

such that the labelling c_Φ = c_Θ − c^′_Θ′ takes values in Λ_M 0_{S /[MS ,MS ]}. Therefore we need only check that for θ^{pos} ∈ Λ^{pos}_{G,P} , there are only a finite number of ϕ ∈ Λ_M 0_{S /[MS ,MS ]} such that θ^{pos} + ϕ ∈ Λ^{pos}_{G,P} . By Proposition 2.1.3, the lattice Λ_M 0_{S /[MS ,MS ]} intersects the semigroup Λ^{pos}_{G,P} only at 0. Since Λ^{pos}_{G,P} is finitelygenerated, this implies that for θ^{pos} ∈ Λ_{M/[M,M]}, the coset θ^{pos} + Λ_M 0_{S /[MS ,MS ]} intersects Λ^{pos}_{G,P} in a finite set. □

Corollary 4.2.2. The map p : Z_{can} → Z_{can} is ind-finite.

For θ ∈ Λ_{M/[M,M]}, its restriction to Z^θ_{can} is an embedding with image Z^{p(θ)}can , and its restriction to Z^{≤θ}_{can} is finite with image Z^{≤p(θ)}can .

4.3. The map s : Z_{can} → Z. Let X be an affine horospherical variety with dense G-orbit X̊ ⊂ X and generic stabilizer S ⊂ G.

Associated to the natural map G/S → X, we have a Cartesian diagram of ind-stacks Z_{can} →^⋆Z_{can} s ↓ ↓ s Z →^⋆Z.

We would like to describe some properties of the vertical maps.

Proposition 4.3.1. The map s :^⋆Z_{can} →^⋆Z is a closed embedding. For κ ∈ Λ_A, its restriction to^⋆Z^κ_{can} is an embedding with image^⋆Z^κ, and its restriction to^⋆Z^{≤κ}_{can} is a closed embedding with image^⋆Z^{≤κ}.

Proof. First note that s is injective on scheme-valued points since for (c, P_G, P_{M/MS} σ) ∈^⋆Z_{can}, the map

σ : P_{M/MS} |_{C\c} → P_G^G× G/S|_{C\c} factors σ|_C′ : P_{M/MS} |_C′ → P_G^G× G/S|_C′ → P_G^G× G/S|_C′ , for some open curve C^′ ⊂ C \ c, and the map G/S → X restricted to G/S is an embedding.

Now to see s is a closed embedding, it suffices to check that s satisfies the valuative criterion of properness. Let D = Spec C[[t]] be the disk, and D^× = Spec C((t)) the punctured disk. Let f : D → Z be a map with a partial lift F^× : D^× → Z_{can}. Let P^f_G be the D-family of G-bundles defined by f, and let P^f_{M/MS} be the D-family of M/M_S -bundles defined by f. We must check that any partial lift

Σ^× : P^f_{M/MS} |_{(C\c)×D}× → P^f_G^G× G/S|_{(C\c)×D}×

of a map σ : P^f_{M/MS} |_{(C\c)×D} → P^f_G^G× X|_{(C\c)×D} which factors

σ|_C′_{×D} : P^f_{M/MS} |_C′_{×D} → P^f_G^G× G/S|_C′_{×D} → P^f_G^G× X|_C′_{×D},

for some open curve C^′ ⊂ C \ c, extends to (C \ c) × D. Since G/S → X restricted to G/S is an embedding with image G/S, we may lift σ|_C′_{×D} to extend Σ^× to C^′ × D. But then Σ^× extends completely since P^f_{M/MS} |_{(C\c)×D} is normal and the complement of P^f_{M/MS} |_C′_{×D} is of codimension 2.

Finally, for a point (c, P_G, P_{M/MS} , σ_{can}) ∈^⋆Z_{can}, we write (c, P_G, P_{M/MS} , σ) ∈ ⋆Z for its image under s. Observe that for κ ∈ Λ_A, the point (c, P_G, P_{M/MS} (κ · c), σ_{can}) ∈^⋆Z_{can} maps to (c, P_G, P_{M/MS} (κ · c), σ) ∈^⋆Z under s. Therefore to complete the proof of the proposition, it suffices to show that the restriction of s to the canonical embedding Bun_S ×C ⊂^⋆Z_{can} has image the canonical embedding Bun_S ×C ⊂^⋆Z. This is immediate from the definitions. □

Corollary 4.3.2. The map s : Z_{can} → Z is a closed embedding. For κ ∈ Λ_A, its restriction to Z^κ_{can} is an embedding with image Z^κ, and its restriction to Z^{≤κ}_{can} is a closed embedding with image Z^{≤κ}.

5. Convolution

Let X be an affine horospherical G-variety with dense G-orbit X̊ ⊂ X and generic stabilizer S ⊂ G.

The following diagram summarizes the ind-stacks and maps under consideration ∞ ~Bun_P^r→_∞Bun_P^p→ ⋆Z_{can} ↑ k ↑ k Z_{can}^p→ Z_{can}^s→ Z.

Each of the ind-stacks of the diagram projects to C × Bun_G, and the maps of the diagram commute with the projections.

Let Z be any one of the ind-stacks from the diagram, and form the diagram

Z^{h←G}← H_G ×_{BunG ×C} Z^{h→G}→ Z

↓ ↓ ↓

Bun_G^{h←G}← H_G^{h→G}→ Bun_G

in which each square is Cartesian.

For λ ∈ Λ^+_G, we define the convolution functor

H^λ_G : Sh(Z) → Sh(Z)

on an object F ∈ Sh(Z) to be

H^λ_G(F) = h^←_{G !}(A^λ_G ~⊠F)^r

where (A^λ_G ~⊠F)^r is the twisted product defined with respect to h^→_G , and A^λ_G is the simple spherical sheaf on the fibers of h^→_G corresponding to λ. (See Section 1.4 for more on the twisted product and spherical sheaf.)

5.1. Convolution on_∞ ~Bun_P . Recall that for a reductive group H, and λ ∈ Λ^+_H , we write V^λ_Ȟ for the irreducible representation of the dual group Ȟ of highest weight λ.

We shall deduce our results from the following.

Theorem 5.1.1. [BG, Theorem 4.1.5]. For λ ∈ Λ^+_G, there is a canonical isomorphism H^λ_G(IC^{≤0}_{∞ gBunP} ) ≃ ∑ μ∈Λ^+_M

IC^{≤μ}_{∞ gBunP} ⊗ Homˇ_M (V^μ_{M̌} , V^λ_Ǧ ).

5.2. Convolution on_∞Bun_P . Recall that r : Λ_M → Λ_{M/[M,M]} denotes the natural projection, 2ρ̌_M the sum of the positive roots of M, and ⟨2ρ̌_M , μ⟩ the natural pairing, for μ ∈ Λ_M .

Theorem 5.2.1. For λ ∈ Λ^+_G, there is an isomorphism H^λ_G(IC^{≤0}_{∞BunP} ) ≃ ∑ θ∈Λ_{M/[M,M ]} ∑ μ∈Λ_M ,r(μ)=θ

IC^{≤θ}_{∞BunP} ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩].

Proof. Step 1. For the projection r :_∞ ~Bun_P →_∞Bun_P , we clearly have (1) H^λ_G(r_! IC^{≤0}_{∞ gBunP} ) ≃ r_!H^λ_G(IC^{≤0}_{∞ gBunP} ).

Let us first analyze the left hand side of equation 1. We may write the pushforward r_! IC^{≤0}_{∞ gBunP} in the form r_! IC^{≤0}_{∞ gBunP} ≃ IC^{≤0}_{∞BunP} ⊕I^{≤0} where I^{≤0} ∈ Sh(_∞Bun_P ) is isomorphic to a direct sum of shifts of sheaves of the form

IC^{≤Θ}_{∞BunP} , for pairs Θ = (0, U(θ^{pos})), with θ^{pos} ∈ Λ^{pos}_{G,P} \ {0}. The asserted form of I^{≤0} follows from the Decomposition Theorem, the fact that the restrictions of IC^{≤0}_{∞ gBunP} to the strata of_∞ ~Bun_P are constant [BFGM, Theorem 1.12], and the structure of the map r described in Proposition 4.1.1. For any η^{pos} ∈ Λ^{pos}_{G,P} \ {0}, and decomposition U(η^{pos}), we have the finite map τ_{U(η}pos_) : C^{U(ηpos )} ×_∞Bun_P →_∞Bun_P defined by τ_{U(η}pos_)( ∑ m,n η^{pos}_m · c_{m,n}, (c, P_G, P_{M/[M,M]}, σ))

= (c, P_G, P_{M/[M,M]}(− ∑ m,n η^{pos}_m · c_{m,n}), σ).

Note that for η ∈ Λ_{M/[M,M]}, and Θ the pair (η, U(η^{pos})), the restriction of τ_{U(η}pos_) provides an isomorphism τ_{U(η}pos_) : (C^{U(ηpos )} ×_∞Bun^η_P )_0^∼→_∞Bun^Θ_P where the domain completes the Cartesian square (C^{U(ηpos )} ×_∞Bun^η_P )_0 → C^{U(ηpos )} ×_∞Bun^η_P ↓ ↓ (C^{U(ηpos )} × C)_0 → C^{U(ηpos )} × C where as usual (C^{U(ηpos )} × C)_0 ⊂ C^{U(ηpos )} × C denotes the complement to the diagonal divisor.

We define the strict full triangulated subcategory of irrelevant sheaves IrrelSh(_∞Bun_P ) ⊂ Sh(_∞Bun_P ) to be that generated by sheaves of the form τ_{U(η}pos_{)!}(IC^{U(ηpos )}_C ⊠F) where η^{pos} runs through Λ^{pos}_{G,P} \ {0}, U(η^{pos}) runs through decompositions of η^{pos}, IC^{U(ηpos )}

C denotes the intersection cohomology sheaf of C^{U(ηpos )}, and F runs through objects of Sh(_∞Bun_P ). Lemma 5.2.2. The sheaf I^{≤0} is irrelevant.

Proof. Let Θ be a pair (θ, U(θ^{pos})), with θ ∈ Λ_{M/[M,M]}, and θ^{pos} ∈ Λ^{pos}_{G,P} \ {0}. Then we may realize the sheaf IC^{≤Θ}_{∞BunP} as the pushforward IC^{≤Θ}_{∞BunP} ≃ τ_{U(θ}pos_{)!}(IC^{U(θpos)}_C ⊠ IC^θ_{∞BunP} ) To see this, we use the isomorphism τ_{U(θ}pos_) : (C^{U(θpos )} ×_∞Bun^θ_P )_0^∼→_∞Bun^Θ_P , and the fact that τ_{U(θ}pos_) is finite. □ Lemma 5.2.3. If E is an irrelevant sheaf, then H^λ_G(E) is an irrelevant sheaf. Proof. Clearly we have a canonical isomorphism

H^λ_G(τ_{U(η}pos_{)!}(IC^{U(ηpos )}_C ⊠F)) ≃ τ_{U(η}pos_{)!}(IC^{U(ηpos )}_C ⊠H^λ_G(F)). □ By the preceding lemmas, we may write the left hand side of equation 1 in the form (2) H^λ_G(r_! IC^{≤0}_{∞ gBunP} ) ≃ H^λ_G(IC^{≤0}_{∞BunP} ) ⊕ H^λ_G(I^{≤0}) where H^λ_G(I^{≤0}) is an irrelevant sheaf.

Let us next analyze the right hand side of equation 1. By Theorem 5.1.1, we have r_!H^λ_G(IC^{≤0}_{∞ gBunP} ) ≃ ∑ μ∈Λ^+_M

r_! IC^{≤μ}_{∞ gBunP} ⊗ Homˇ_M (V^μ_{M̌} , V^λ_Ǧ ).

Lemma 5.2.4. For μ ∈ Λ^+_M , we have

r_! IC^{≤μ}_{∞ gBunP} ≃ ∑ ν∈Λ_M

(IC^{≤r(μ)}_{∞BunP} ⊕I^{≤μ}) ⊗ Homˇ_T (V^ν_Ť , V^μ_{M̌} )[⟨2ρ̌_M , ν⟩].

where I^{≤μ} is isomorphic to a direct sum of shifts of sheaves of the form IC^{≤Θ}_{∞BunP} , for pairs Θ = (θ, U(θ^{pos})).

Proof. We may form the diagram ∞ ~Bun_P^{h←M}← H_M ×_{Bun}

M ×C

∞ ~Bun_P^{h→M}→_∞ ~Bun_P ↓ ↓ ↓ Bun_G^{h←M}← H_G^{h→M}→ Bun_G in which each square is Cartesian. We define the convolution functor H^μ_M : Sh(_∞ ~Bun_P ) → Sh(_∞ ~Bun_P ) on an object F ∈ Sh(_∞ ~Bun_P ) to be H^μ_M (F) = h^←_{M !}(A^μ_M ~⊠F)^r where (A^μ_M ~⊠F)^r is the twisted product defined with respect to h^→_M , and A^μ_M is the simple spherical sheaf on the fibers of h^→_M corresponding to μ. Theorem 4.1.3 of [BG] provides a canonical isomorphism H^μ_M (IC^{≤0}_{∞ gBunP} ) ≃ IC^{≤μ}_{∞ gBunP} .

We also have a commutative diagram ∞ ~Bun_P^{h←M}← H_M ×_{Bun}

M ×C

∞ ~Bun_P r ↓ ↓ r^′ ∞Bun_P^h ← M/[M,M ]

← H_{M/[M,M]} ×

Bun_{M/[M,M ]} ×C

∞Bun_P where the modification map h^←_{M/[M,M]} is given by

h^←_{M/[M,M]}(θ, (c, P_G, P_{M/[M,M]}, σ)) = (c, P_G, P_{M/[M,M]}(−θ · c), σ). We conclude that there is an isomorphism r_! IC^{≤μ}_{∞ gBunP} ≃ h^←_{M/[M,M]!}r^′_!(A^μ_M ~⊠ IC^{≤0}_{∞ gBunP} )^r.

Now the map r^′ factors into the projection of the left hand factor H_M ×_{BunM ×C ∞} ~Bun_P → H_{M/[M,M]} ×_{BunM/[M,M ] ×C ∞} ~Bun_P followed by the projection of the right hand factor

H_{M/[M,M]} ×

Bun_{M/[M,M ]} ×C

∞ ~Bun_P^r→ H_{M/[M,M]} ×_{Bun}

M/[M,M ] ×C

∞Bun_P .

Thus we have an isomorphism

r^′_!(A^μ_M ~⊠ IC^{≤0}_{∞ gBunP} )^r ≃ ∑ ν∈Λ_M

(IC^{≤0}_{∞BunP} ⊕I^{≤0}) ⊗ Homˇ_T (V^ν_Ť , V^μ_{M̌} )[⟨2ρ̌_M , ν⟩]

where as before r_! IC^{≤0}_{∞ gBunP} ≃ IC^{≤0}_{∞BunP} ⊕I^{≤0} where I^{≤0} is isomorphic to a direct sum of shifts of sheaves of the form IC^{≤Θ}_{∞BunP} , for pairs Θ = (0, U(θ^{pos})), with θ^{pos} ∈ Λ^{pos}_{G,P} \ {0}.

Finally, applying the modification h^←_{M/[M,M]!} with twist r(μ) to the above isomorphism, we obtain an isomorphism

r_! IC^{≤μ}_{∞ gBunP} ≃ ∑ ν∈Λ_M

(IC^{≤r(μ)}_{∞BunP} ⊕I^{≤μ}) ⊗ Homˇ_T (V^ν_Ť , V^μ_{M̌} )[⟨2ρ̌_M , ν⟩].

Here we write I^{≤μ} for the result of applying the modification h^←_{M/[M,M]!} with twist r(μ) to I^{≤0}. Clearly the modification h^←_{M/[M,M]!} takes strata to strata so we conclude that I^{≤μ} is isomorphic to a direct sum of shifts of sheaves of the form IC^{≤Θ}_{∞BunP} , for pairs Θ = (θ, U(θ^{pos})). □ Note that the proof actually shows that I^{≤μ} is isomorphic to a direct sum of shifts of sheaves of the form

IC^{≤Θ}_{∞BunP} , for pairs Θ = (0, U(θ^{pos})), with θ^{pos} ∈ Λ^{pos}_{G,P} \ {0}, and so in particular is irrelevant, but we shall have no need for this. Combining the formulas given by Theorem 5.1.1 and the preceding lemma, we may write the right hand side of equation 1 in the form (3) r_!H^λ_G(IC^{≤0}_{∞ gBunP} ) ≃ ∑ θ∈Λ_{M/[M,M ]} ∑ μ∈Λ_M ,r(μ)=θ

IC^{≤θ}_{∞BunP} ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩]⊕J

where J is isomorphic to a direct sum of shifts of sheaves of the form IC^{≤Θ}_{∞BunP} , for pairs Θ = (θ, U(θ^{pos})).

Finally, comparing the left hand side (equation 2) and the right hand side (equation 3), and noting that IC^{≤θ}_{∞BunP} is not irrelevant, we conclude that H^λ_G(IC^{≤0}_{∞BunP} ) ≃ ∑ θ∈Λ_{M/[M,M ]} ∑ μ∈Λ_M ,r(μ)=θ

IC^{≤θ}_{∞BunP} ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩] ⊕ M

where M is is isomorphic to a direct sum of shifts of sheaves of the form IC^{≤Θ}_{∞BunP} , for pairs Θ = (θ, U(θ^{pos})).

Step 2. Now we shall show that M is in fact zero. To do this, we shall show that its restriction to each stratum of_∞Bun_P is zero.

Let Φ be a pair (ϕ, U(ϕ^{pos})), with ϕ ∈ Λ_{M/[M,M]}, and ϕ^{pos} ∈ Λ^{pos}_{G,P} . Let H^λ_G(IC^{≤0}_{∞BunP} )_Φ be the restriction of H^λ_G(IC^{≤0}_{∞BunP} ) to the stratum_∞Bun^Φ_P . For θ ∈ Λ_{M/[M,M]}, let A^θ_Φ be the restriction of IC^{≤θ}_{∞BunP} to the stratum_∞Bun^Φ_P , and let M_Φ be the restriction of M. Note that by step 1, [BFGM, Theorem 7.3] and Lemma 5.2.5 below, all of the restrictions are locally constant. We shall calculate H^λ_G(IC^{≤0}_{∞BunP} )_Φ in two different ways and compare the results.

On the one hand, by Step 1, we have (4) H^λ_G(IC^{≤0}_{∞BunP} )_Φ ≃ ∑ θ∈Λ_{M/[M,M ]} ∑ μ∈Λ_M ,r(μ)=θ

A^θ_Φ ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩] ⊕ M_Φ

On the other hand, let us return to the definition of the convolution, and consider the diagram

∞Bun_P^{h←G}← H_G ×_{BunG ×C ∞}Bun^{≤0}_P^{h→G}→_∞Bun^{≤0}_P ↓ ↓ ↓ Bun_G^{h←G}← H_G^{h→G}→ Bun_G Recall that by definition H^λ_G(IC^{≤0}_{∞BunP} ) = h^←_{G !}(A^λ_G ~⊠ IC^{≤0}_{∞BunP} )^r

where (A^λ_G ~⊠ IC^{≤0}_{∞BunP} )^r is the twisted product defined with respect to h^→_G , and A^λ_G is the simple spherical sheaf on the fibers of h^→_G corresponding to λ. To calculate H^λ_G(IC^{≤0}_{∞BunP} )_Φ, consider the inverse image h^←_G^{−1}(_∞Bun^Φ_P ). Projecting along h^→_G , we may decompose the inverse image into a union of locally closed substacks h^←_G^{−1}(_∞Bun^Φ_P ) ≃ ⨆ ξ∈R^{pos}_{G,P}

S^λ_{P,ϕ−ξ} ×_{BunP ∞}Bun^{(ξ,U(ϕpos ))} P . Projecting each piece back along h^←_G , we arrive at a spectral sequence for H^λ_G(IC^{≤0}_{∞BunP} )_Φ with E_2 term ∑ ξ∈R^{pos}_{G,P} ∑ μ∈Λ_M ,r(μ)=ϕ−ξ

A^0_{(ξ,U(ϕ}pos_{))} ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩]

In fact, the spectral sequence degenerates here for reasons of parity, but we shall not need this. What we do need is the following cyclicity. Lemma 5.2.5. Let Ψ be a pair (ψ, U(ψ^{pos})), with ψ ∈ Λ_{M/[M,M]}, and ψ^{pos} ∈ Λ^{pos}_{G,P} . Let θ ∈ Λ_{M/[M,M]}. Then A^0_{(ψ,U(ψpos))} ≃ A^θ_{(ψ+θ,U(ψpos))}.

Proof. The modification (c, P_G, P_{M/[M,M]}, σ) → (c, P_G, P_{M/[M,M]}(θ · c), σ).

defines an isomorphism_∞Bun_P^∼→_∞Bun_P which restricts to an isomorphism ∞Bun^{(ψ,U(ψpos))} P ∼→_∞Bun^{(ψ+θ,U(ψpos))} P . □ We apply the lemma with ψ = ξ, ψ^{pos} = ϕ^{pos}, and make the substitution θ = ϕ − ξ, to write the E_2 term (5) ∑ ϕ−θ∈R^{pos}_{G,P} ∑ μ∈Λ_M ,r(μ)=θ

A^θ_{(ϕ,U(ϕ}pos_{))} ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩]

Comparing our two calculations (equations 4 and 5), we conclude by a dimension count that M_Φ must be zero. □ 5.3. Convolution on Z_{can}.

Theorem 5.3.1. For λ ∈ Λ^+_G, there is an isomorphism

H^λ_G(IC^{≤0}_{Zcan} ) ≃ ∑ θ∈Λ_{M/[M,M ]} ∑ μ∈Λ_M ,r(μ)=θ

IC^{≤θ}_{Zcan} ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩].

Proof. By Proposition 3.4.1, for θ ∈ Λ_{M/[M,M]}, we have k^∗ IC^{≤θ}_{∞BunP} ≃ IC^{≤θ}_{Z can} , Clearly the pullback k^∗ commutes with convolution H^λ_G(k^∗ IC^{≤θ}_{∞BunP} ) ≃ k^∗H^λ_G(IC^{≤θ}_{∞BunP} ).

Thus by Theorem 5.2.1, we conclude

H^λ_G(IC^{≤0}_{Z can} ) ≃ H^λ_G(k^∗ IC^{≤0}_{∞BunP} ) ≃ k^∗H^λ_G(IC^{≤0}_{∞BunP} ) ≃ ∑ θ∈Λ_{M/[M,M ]} ∑ μ∈Λ_M ,r(μ)=θ

k^∗ IC^{≤θ}_{∞BunP} ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩] ≃ ∑ θ∈Λ_{M/[M,M ]} ∑ μ∈Λ_M ,r(μ)=θ

IC^{≤θ}_{Z can} ⊗ Homˇ_T (V^μ_Ť , V^λ_Ť )[⟨2ρ̌_M , μ⟩].

□

5.4. Convolution on Z. Recall the map of coweight lattices q : Λ_M^r→ Λ_{M/[M,M]}^p→ Λ_{A0} .

Theorem 5.4.1. For λ ∈ Λ^+_G, there is an isomorphism

H^λ_G(IC^{≤0}_Z ) ≃ ∑ κ∈Λ_{A0} ∑ μ∈Λ_T ,q(μ)=κ

IC^{≤κ}_Z ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩].

Proof. By Corollary 4.2.2, for θ ∈ Λ_{M/[M,M]}, we have p_! IC^{≤θ}_{Zcan} ≃ IC^{≤p(θ)}_{Zcan} , By Corollary 4.3.2, for κ ∈ Λ_{A0} , we have s_! IC^{≤κ}_{Zcan} ≃ IC^{≤κ}_Z .

Clearly the pushforwards p_! and s_! commute with convolution H^λ_G(s_!p_! IC_Z≤0_{can} ) ≃ s_!p_!H^λ_G(IC_Z≤0_{can} ).

Thus by Theorem 5.3.1, we conclude

H^λ_G(IC^{≤0}_Z ) ≃ H^λ_G(s_!p_! IC^{≤0}_{Zcan} ) ≃ s_!p_!H^λ_G(IC^{≤0}_{Zcan} ) ≃ ∑ θ∈Λ_{M/[M,M ]} ∑ μ∈Λ_M ,r(μ)=θ

s_!p_! IC^{≤θ}_{Z can} ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩] ≃ ∑ κ∈Λ_{A0} ∑ μ∈Λ_T ,q(μ)=κ

IC^{≤κ}_Z ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩]. □ 6. Complements For our application [GN], we need a slight modification of our main result. As usual, let X be an affine horospherical G-variety with dense G-orbit X̊ ⊂ X and generic stabilizer S ⊂ G. Let S^0 be the identity component of S, and let π_0(S) be the component group S/S^0.

For a scheme S, we write C_S for the product S × C. For an S-point (c, P_G, σ) of the ind-stack Z, the section σ defines a reduction of the G-bundle P_G to an S-bundle P^′_S over an open subscheme C^′_S ⊂ C_S which is the complement C_S \ D of a subscheme D ⊂ C_S which is finite and flat over S. By induction, the S-bundle P^′_S defines a π_0(S)-bundle over C^′_S. We call this the generic π_0(S)-bundle associated to the point (c, P_G, σ).

We define^′Z ⊂ Z to be the ind-substack whose S-points (c, P_G, σ) have the property that for every geometric point s ∈ S, the restriction of the associated generic π_0(S)-bundle to {s} × C ⊂ C_S is trivial. It is not difficult (see [GN]) to show that^′Z is closed in Z. Observe that we have a short exact sequence 0 → Λ_{A0} → Λ_A → S/S^0 → 0.

Thus for κ ∈ Λ_{A0} , it makes sense to consider the locally closed substack^′Z^κ ⊂ ′Z and its closure^′Z^{≤κ} ⊂^′Z. Observe as well that from the fibration S → G → G/S, we have an exact sequence

π_1(G) → π_1(X̊) → π_0(S).

Thus for λ ∈ Λ^+_G, we have the convolution functor

H^λ_G : Sh(^′Z) → Sh(^′Z).

The same arguments show that our main result holds equally well in this context.

Theorem 6.0.2. For λ ∈ Λ^+_G, there is an isomorphism

H^λ_G(IC^{≤0}′_Z ) ≃ ∑ κ∈Λ_{A0} ∑ μ∈Λ_T ,q(μ)=κ

IC^{≤κ}′_Z ⊗ Homˇ_T (V^μ_Ť , V^λ_Ǧ )[⟨2ρ̌_M , μ⟩].

References

[BFGM] A. Braverman, M. Finkleberg, D. Gaitsgory, and I. Mirković. Intersection cohomology of Drinfeld’s compactifications, Selecta Math. (N.S.), vol. 8, 2002, 381–418.

[BG] A. Braverman and D. Gaitsgory, Geometric Eisenstein series. Invent.

Math., 150 (2), 2002, 287–384.

[GN] D. Gaitsgory and D. Nadler, Spherical varieties and Langlands duality, To appear in Moscow Math. J., volume dedicated to Pierre Deligne.

[Kn] F. Knop, Weylgruppe und Momentabbildung, Invent. Math., vol. 99 (1), 1990, 1–23.

[Pop] V. L. Popov, Contractions of actions of reductive algebraic groups. Mat.

Sb. (N.S.), 130(172)(3), 1986, 310–334, 431.

Dennis Gaitsgory Department of Mathematics Harvard University Cambridge MA 02138 gaitsgde@math.harvard.edu

David Nadler Department of Mathematics Northwestern University Evanston IL 60208 nadler@math.northwestern.edu

Projective Homogeneous Varieties

Birational to Quadrics

Mark L. MacDonald

Received: December 10, 2008 Revised: February 2, 2009

Communicated by Alexander S. Merkurev

Abstract. We will consider an explicit birational map between a quadric and the projective variety X(J) of traceless rank one elements in a simple reduced Jordan algebra J. X(J) is a homogeneous Gvariety for the automorphism group G = Aut(J). We will show that the birational map is a blow up followed by a blow down. This will allow us to use the blow up formula for motives together with Vishik’s work on the motives of quadrics to give a motivic decomposition of X(J).

2000 Mathematics Subject Classification: Primary 11E04; Secondary 14E05, 14L30, 14C15 Keywords and Phrases: Motivic decompositions, Sarkisov links, Jordan algebras

Recently Totaro has solved the birational classification problem for a large class of quadrics [To08]. In particular, let ϕ be an r-Pfister form over a field k of characteristic not 2, and b = ⟨b_1, · · · b_n⟩ be a non-degenerate quadratic form with n ≥ 2.

Proposition 0.1. [To08, Thm. 6.3] The birational class of the quadric defined by q = ϕ ⊗ ⟨b_1, · · · , b_{n−1}⟩ ⊥ ⟨b_n⟩

only depends on the isometry classes of ϕ and ϕ ⊗ b, and not on the choice of diagonalization of b.

The Sarkisov program [Co94] predicts that any birational map between quadrics (in fact between any two Mori fibre spaces) factors as a chain of composites of “elementary links”. In 2.16 we will explicitly factor many of Totaro’s birational maps into chains of elementary links, and also prove the following theorem.

Documenta Mathematica 14 (2009) 47–66

Theorem 0.2. For r = 0, 1, 2 and n ≥ 3, or r = 3 and n = 3, for each of the birational equivalences from Prop. 0.1, there is a birational map which factors into two elementary links, each of which is the blow up of a reduced subscheme followed by a blow down. Furthermore, if r ≠ 1 or ϕ is not hyperbolic, then the intermediate Mori fibre space of this factorization will be the projective homogeneous variety X(J) of traceless rank one elements in a Jordan algebra J. The birational map from a quadric to X(J) will be the codimension 1 restriction of a birational map between projective space and the projective variety V_J of rank one elements of J, first written down by Jacobson [Ja85, 4.26].

0.3 Motivic decompositions. Let G a semisimple linear algebraic group of inner type, and X a projective homogeneous G-variety such that G splits over the function field of X, which is to say, X is generically split (see [PSZ08, 3.6] for a convenient table). Then [PSZ08] gives a direct sum decomposition of the Chow motive M(X; Z/pZ) of X. They show that it is the direct sum of some Tate twists of a single indecomposable motive R_p(G), which generalizes the Rost motive. This work unified much of what was previously known about motivic decompositions of anisotropic projective homogeneous varieties. In the non-generically split cases less is known. Quadrics are in general not generically split, but much is known by the work of Vishik and others, especially in low dimensions [Vi04].

Theorem 0.4. (See Thm. 3.6) The motive of the projective quadric defined by the quadratic forms in Prop. 0.1 may be decomposed into the sum, up to Tate twists, of Rost motives and higher forms of Rost motives.

In the present paper we will use this knowledge of motives of quadrics to produce motivic decompositions for the non-generically split projective homogeneous G-varieties X(J) which appear in Thm. 0.2. The algebraic groups G are of Lie type^2A_{n−1}, C_n and F_4, and are automorphism groups of simple reduced Jordan algebras of degree ≥ 3. These varieties X(J) come in four different types which we label r = 0, 1, 2 or 3, corresponding to the 2^r dimensional composition algebra of the simple Jordan algebra J (see Thm. 2.4 for a description of X(J) as G/P for a parabolic subgroup P ).

Theorem 0.5. (See Thm. 3.12) The motive of X(J) is the direct sum of a higher form of a Rost motive, F^r_n , together with several Tate twisted copies of the Rost motive R^r.

The r = 1 case of this theorem provides an alternate proof of Krashen’s motivic equivalence [Kr07, Thm. 3.3]. On the other hand, the r = 1 case of this theorem is shown in [SZ08, Thm. (C)] by using Krashen’s result (See Remark 3.14).

0.6 Notational conventions. We will fix a base field k of characteristic 0 (unless stated otherwise), and an algebraically closed (equivalently, a separably closed) field extension k̄ of k. We only use the characteristic 0 assumption to

Documenta Mathematica 14 (2009) 47–66

show the varieties X(J) and Z_1 are homogeneous. We will assume a scheme over k is a separated scheme of finite type over k, and a variety will be an irreducible reduced scheme.

For a scheme X over k, X = X ×_k k̄. G denotes an algebraic group over k. a_i are coefficients of the r-Pfister form ϕ over k. b_i are coefficients of the n-dimensional quadratic form b over k. q denotes a quadratic form over k, and Q is the associated projective quadric. i_W (q) is the Witt index of the quadratic form q.

C is a composition algebra (not to be confused with the Lie type C_n), and c_i are elements of C.

J is a Jordan algebra, x is an element of J, and u is an idempotent in J. X(J), Q(J, u), Z_1 and Z_2 are complete schemes over k defined in Section 2. F^r_n and R^r are motives defined in Section 3.1 (not to be confused with the Lie type F_4).

M(X) denotes the motive of a smooth complete scheme X, and M{i} denotes the i^{th} Tate twist of the motive M.

The paper is organized as follows. In Section 1 we will recall the terminology and classification of reduced simple Jordan algebras. In Section 2 we describe the variety X(J) and show it is homogeneous. Also we will define the birational map v_2 from a quadric to X(J) and show that it is a Sarkisov link by analyzing its scheme of base points. In Section 3 we deduce motivic decompositions for a class of quadrics, as well as for the indeterminacy locus of v_2 introduced in Section 2. Finally we put these decompositions together to give a motivic decomposition of X(J).

1 Jordan algebras

A Jordan algebra over k is a commutative, unital (not necessarily associative) k-algebra J whose elements obey the identity

x^2(xy) = x(x^2y) for all x, y ∈ J.

A simple Jordan algebra is one with no proper ideals. An idempotent in J is an element u^2 = u ≠ 0 ∈ J. Two idempotents are orthogonal if they multiply to zero, and an idempotent is primitive if it is not the sum of two orthogonal idempotents in J. For any field extension l/k, we can extend scalars to l by taking J_l = J ⊗_k l, for example J̄ = J ⊗ k̄. A Jordan algebra has degree n if the identity in J̄ decomposes into n pairwise orthogonal primitive idempotents over k̄. A degree n Jordan algebra is reduced if the identity decomposes into n orthogonal primitive idempotents over k.

The classification of reduced simple Jordan algebras of degree ≥ 3 is closely related to the classification of composition algebras. A composition algebra over k is a unital k-algebra C together with a non-degenerate quadratic form ϕ on C (called the norm form) such that for any c_1, c_2 ∈ C we have that

Documenta Mathematica 14 (2009) 47–66

ϕ(c_1c_2) = ϕ(c_1)ϕ(c_2). Two composition algebras are isomorphic as k-algebra iff their norm forms are isometric. Every norm form is an r-fold Pfister form, which is to say

ϕ = ⟨⟨a_1, · · · , a_r⟩⟩ := ⟨1, −a_1⟩ ⊗ · · · ⊗ ⟨1, −a_r⟩.

Furthermore, r must be 0, 1, 2 or 3, and for any such r-fold Pfister form ϕ, there is a composition algebra with ϕ as its norm form and a canonical conjugation map^− : C → C.

Let C be a composition algebra with norm form ϕ = ⟨⟨a_1, · · · , a_r⟩⟩, and let b = ⟨b_1, · · · , b_n⟩ be a non-degenerate quadratic form. Then we can define a reduced Jordan algebra in the following way. Let Γ = diag(b_1, · · · , b_n), and let σ_b(x) := Γ^{−1}x̄^tΓ define a map from M_n(C) to M_n(C). Then σ_b is an involution (i.e. an anti-homomorphism such that σ^2_b = σ_b), so we can define Sym(M_n(C), σ_b) to be the commutative algebra of symmetric elements (i.e. elements x such that σ_b(x) = x). The product structure is defined by x ∘ y = 1 2 (xy + yx), using the multiplication in C. When C is associative (i.e. r = 0, 1 or 2) we know Sym(M_n(C), σ_b) is Jordan. For r = 3, it is only Jordan when n ≤ 3, so in what follows we will always impose this condition in the r = 3 case.

The Jordan algebra isomorphism class of Sym(M_n(C), σ_b) only depends on the isomorphism classes of b and C, and not on the diagonalization we have chosen for b. The following theorem states that in degrees ≥ 3 these make up all of the reduced Jordan algebras up to isomorphism.

Theorem 1.1. ( Coordinatization [Mc04, 17],[Ja68, p.137]) Let J be a reduced simple Jordan algebra of degree n ≥ 3. Then there exists a composition algebra C and an n-dimensional quadratic form b such that J ∼= Sym(M_n(C), σ_b).

2 The Sarkisov link

We will define a birational map from a projective quadric to a projective homogeneous variety, X(J), and show it is an elementary link in terms of Sarkisov (see 2.17).

Let r = 0, 1, 2, 3 and n ≥ 3, and if r = 3 then n = 3. Throughout we will fix a composition algebra C of dimension 2^r over k, and elements b_i ∈ k^∗ such that b = ⟨b_1, · · · , b_n⟩ is a non-degenerate quadratic form. Let J = Sym(M_n(C), σ_b) (see Section 1). Then J is a central simple reduced Jordan algebra. Jacobson defined the closed subset V_J ⊂ PJ of rank 1 elements of J (he used the terminology reduced elements) and showed it is a variety defined over k [Ja85, §4].

2.1 The Veronese map. The following rational map is a generalization of the r = 0 case where it is the degree 2 Veronese morphism [Ch06, 3] [Za93, Last

Documenta Mathematica 14 (2009) 47–66

page].

v_2 : P(C^n) PJ [c_1, · · · , c_n] → [b_ic_ic̄_j ].

If the composition algebra is associative (so r ≠ 3), then the set-theoretic image of v_2 (where it is defined) is precisely V_J . If r = 3, then the set-theoretic image of v_2 isn’t closed, but its closure is V_J [Ch06, Prop. 4.2]. Note that this map specifies a choice of n orthogonal primitive idempotents, v_2([0, · · · , 1, · · · , 0]), so it depends on more than just the isomorphism class of J. Let us restrict the map v_2 to the projective space defined by c_n ∈ k1, and abuse notation by sometimes considering v_2 as a rational map from P(C^{n−1} × k) V_J . This map is an isomorphism on the open subset U = (c_n ≠ 0) ⊂ P(C^{n−1} × k) [Ja85, Thm. 4.26], and hence birational. The projective homogeneous variety we will be interested in is X(J) ⊂ V_J the hyperplane of traceless matrices, which has dimension 2^r(n − 1) − 1.

2.2 The quadric Q(J, u). Define the quadric Q(J, u) ⊂ P(C^{n−1} × k) by

ϕ ⊗ ⟨b_1, · · · b_{n−1}⟩ ⊥ ⟨b_n⟩ = ( n−1∑ i=1 b_ic_ic̄_i) + b_nc^2_n = 0.

Here ϕ is the norm form of C. The right hand side is simply the trace in V_J , so the restriction of the birational map v_2 to Q(J, u) has image in X(J). We will often further abuse notation and consider v_2 to be the birational map from Q(J, u) to X(J).

Although the definition of Q(J, u) depends on the diagonalization of b, the isomorphism class of Q(J, u) depends only on the isomorphism class of J together with a choice of primitive idempotent u, which we will usually take to be u = diag(0, · · · , 0, 1) ∈ J, as we have done above.

Remark 2.3. Since the birational class of Q(J, u) is independent of u ∈ J, we have another proof of Prop. 0.1 when r ≤ 3, and if r = 3 then n = 3. For more on this, see 2.16.

For connected algebraic groups G over k̄, projective homogeneous G-varieties G/P are classified by conjugacy classes of parabolic subgroups P in G. Furthermore, the conjugacy classes of parabolics are classified by specifying subsets θ of the set Δ of nodes of the Dynkin diagram of G, as in [Ti65, 1.6]. In fact we will use the complement to his notation, so that θ = Δ corresponds to a Borel subgroup P_Δ = B, and θ = ∅ corresponds to P_∅ = G. We use the Bourbaki root numberings. G^0 denotes the connected component of the identity in G.

Theorem 2.4. V_J is the union of two Aut(J)-orbits: X(J) and V_J − X(J). Furthermore, we have:

(r=0): X(J) ∼= G/P_θ, for G = Aut(J̄) ∼= SO(n), if n ≠ 4 then θ = {1}, and if n = 4 then the Dynkin diagram is two disjoint nodes, where θ is both nodes.

Documenta Mathematica 14 (2009) 47–66

In all cases, these varieties are quadrics.

(r=1): X(J) ∼= G^0/P_θ, for G = Aut(J̄) ∼= Z/2 ⋉ PGL(n) and θ = {1, n − 1}, this is the variety of flags of dimension 1 and codimension 1 linear subspaces in a vector space.

(r=2): X(J) ∼= G/P_θ, for G = Aut(J̄) ∼= PSp(2n) and θ = {2}, this is the second symplectic Grassmannian.

(r=3): X(J) ∼= G/P_θ, for G = Aut(J̄) ∼= F_4 and θ = {4}, this may be viewed as a hyperplane section of the Cayley plane.

Proof. Aut(J) acts on V_J , since the rank is preserved by automorphisms. So it is sufficient to prove this theorem for k = k̄. Every element of V_J − X(J) is [u] for some rank one idempotent u [Ch06, Prop. 3.8], and Aut(J) is transitive on rank one idempotents by Jacobson’s coordinatization theorem, since the field is algebraically closed [Mc04, 17].

Clearly X(J) is preserved by Aut(J), since the trace is preserved by automorphisms. All that remains is to show that Aut(J) is transitive on X(J), which we will do in cases. Consider the 2^{r−1}n(n − 1) + n dimensional Aut(J) representation J = k ⊕ J_0, where J_0 is the subrepresentation of traceless elements in J. In all cases we will show that J_0 is an irreducible Aut(J) representation, find the highest weight, and show that there is a closed orbit in P(J_0) which is contained in X(J) and is of the same dimension. Therefore, by uniqueness of the closed orbit, which follows from the irreducibility of J_0, X(J) is the closed orbit.

Case r = 0: For simplicity, we will modify the definition of J. Instead of taking n × n matrices such that x^t = x, we will take matrices such that M^{−1}x^tM = x where M = [ 0 I_m I_m 0 ] for n = 2m, and M =

0 I_m 0 I_m 0 0 0 0 1 for n = 2m + 1.

This change is justified by recalling that any two orthogonal involutions in the same matrix algebra over an algebraically closed field are isomorphic. Now the Lie algebra of derivations Der(J) ∼= so(n) is in the more standard form, and we can choose elements of the Cartan subalgebra h as diagonal matrices H_i = E_{i,i} − E_{m+i,m+i} as in [FH91, 18]. Following the conventions of [FH91], we have a dual basis L_i(H_j ) = δ_{ij} of h^∗, and we wish to find the highest weight of the representation J_0.

For n = 2m, the roots of so(2m) are ±L_i ± L_j for 1 ≤ i ≠ j ≤ m. One can check that the non-zero weights of J_0 are ±L_i ± L_j for all i, j. In particular, the element E_{1,m+1} is a weight vector in J_0 for the weight 2L_1, and the irreducible representation with highest weight 2L_1 is of the same dimension as J_0. Therefore J_0 is the irreducible representation with highest weight 2L_1, and since Aut(J) is simple, there is a unique closed orbit in P(J_0), and it is the orbit of E_{1,m+1}. To determine the dimension of the orbit, we ask which root spaces g_{−αi} in the Lie algebra for the negative simple roots −α_i, kill the

Documenta Mathematica 14 (2009) 47–66

weight space of 2L_1. For n = 4, neither root space, for −α_1 = −L_1 − L_2 nor α_2 = −L_1 + L_2, kills this weight space. For any n ≥ 6 even, all of the negative simple root spaces kill the weight space 2L_1 except for the one for −L_1 + L_2. In either case the dimension of the parabolic fixing E_{1,m+1} is 2m^2 − 3m + 2, so the dimension of the orbit is n−2. This is the dimension of the closed invariant subset X(J), which must contain a closed orbit. Since there is only one closed orbit, X(J) must be the entire orbit.

A similar analysis may be carried out in the n = 2m + 1 case, where again E_{1,m+1} is a weight vector for the highest weight 2L_1.

Case r = 1: We have the action of the connected component Aut(J)^0 = P GL(n) on J ∼= M_n(k), acting by conjugation. The induced action of the Lie algebra of derivations Der(J) ∼= sl(n) on J_0 is just the adjoint action on sl(n). With the standard diagonal Cartan subalgebra, and choice of positive roots dual to H_i = E_{i,i} − E_{i+1,i+1}, the highest weight is in the representation J_0 is 2L_1 + L_2 + · · · + L_{n−1} with multiplicity 1. A dimension count shows this representation is irreducible, and the dimension of the parabolic fixing a highest weight vector is n^2 − 2n + 2. So the dimension of the unique closed orbit is 2n − 3, which is the dimension of X(J). Therefore X(J) is the closed orbit.

Case r = 2: As in the r = 0 case, we will change our symplectic involution σ(x) = x̄^t to σ_M (x) = M^{−1}x^tM for M = [ 0 I_n −I_n 0 ] . Then the Lie algebra of derivations Der(J) ∼= sp(2n) is in the standard form, by choosing a Cartan subalgebra of diagonal matrices, with H_i = E_{i,i} − E_{n+i,n+i} and dual basis L_i ∈ h^∗. The roots of sp(2n) are ±L_i ± L_j for all i, j, and the non-zero weights of J_0 are ±L_i ± L_j for i ≠ j. In particular, the highest weight is L_1 + L_2 in the standard weight ordering of [FH91, p.257]. Comparing dimensions shows that J_0 is irreducible, and the parabolic fixing a highest weight vector is of dimension 2n^2 − 3n + 5. So the unique closed orbit in P(J_0) is of dimension 4n − 5, which is the same as the dimension of X(J). Therefore X(J) is the unique closed orbit.

Case r = 3: First notice that J_0 is a 26-dimensional non-trivial representation of F_4 = Aut(J). It is well-known that such a representation is unique, and has a 15-dimensional unique closed orbit in P(J_0). Since X(J) is a 15- dimensional closed invariant subset, it must be equal to the closed orbit.

Remark 2.5. Over the complex numbers the varieties with exactly two Gorbits for some semisimple algebraic group G, one of which is of codimension one, have been classified by [Ah86]. The varieties V_J account for most of these.

2.6 Blowing up the base loci

Any birational map of projective varieties over a field can be expressed as a blow up followed a blow down of closed subschemes (Prop. 2.7). In this section

Documenta Mathematica 14 (2009) 47–66

we will show that these closed subschemes, for our birational map from Q(J, u) to X(J), are (usually) smooth varieties, and hence see that the map is an elementary link in terms of Sarkisov.

Given a rational map between projective varieties f : Y X, we can define the scheme of base points of f as a closed subscheme of Y [Ha77, II. Example 7.17.3].

Proposition 2.7. Let f : Y X be a birational map of projective varieties over a field k with g : X Y the inverse birational map. Let Z_Y and Z_X be the schemes of base points of f and g respectively. Then the blow up Ỹ of Y along Z_Y is isomorphic to the blow up X̃ of X along Z_X .

Proof. Let U ⊂ Y be the open subset on which f is an isomorphism. Then the graph Γ_f of f|_U is a subset of U × f(U) ⊂ Y × X. The closure of Γ_f in Y × X, given the structure of a closed reduced subscheme, is the blow up Ỹ [EH00, Prop. IV.22]^1.

Similarly, X̃ is the closure of Γ_g ⊂ U × f(U). Since the inverse of f on U is g, we have that X̃ and Ỹ are both closures in Y × X of the same subset of U × f(U). So they have the same structure as reduced schemes, and hence X̃ ∼= Ỹ .

2.8 Indeterminacy locus of v_2. Let Z_1 be the closed reduced subscheme associated to the scheme of base points in Q(J, u) of the birational map v_2. We will show that Z_1 is isomorphic to the scheme of base points. We denote by Aut(J, u) the subgroup of automorphisms of J that fix the primitive idempotent u. Theorem 2.9. Z_1 is homogeneous under an action of Aut(J, u).

Proof. To describe the action we will use the vector space isomorphism C^{n−1} ∼= J 1_2 (u) = {x ∈ J|x · u =^1_2 x}. Here, as above, we take u = diag(0, · · · , 0, 1) = E_{n,n}. This isomorphism is given by sending an element c ∈ C^{n−1} to the matrix element in J 1_2 (u) ⊂ M_n(C) with n^{th} row equal to [c, 0].

So we have an Aut(J, u) action on P(C^{n−1}). By considering the defining equations, one see that Z_1 is isomorphic to the reduced subscheme of P(J 1_2 (u)) defined by the matrix equation x^2 = 0. So it is clear that the underlying closed subset is stable under Aut(J, u).

Finally, to show the action is transitive, it is enough to show it after extending scalars to an algebraically closed field k̄. We will use similar arguments as in the proof of Thm. 2.4.

Case r = 2: Using the notation from the proof of Thm. 2.4, the roots of the Lie algebra of Aut(J, u) are ±L_i ± L_j for i, j ≤ n − 1 together with ±2L_n. One can check that the non-zero weights of the representation J 1_2 (u) are ±L_i ± L_n for i ≤ n − 1. A dimension count reveals that J 1_2 (u) is therefore

1They assume Y is affine, but we can drop this assumption since the blow up is determined locally.

Documenta Mathematica 14 (2009) 47–66

an irreducible representation with highest weight L_1 + L_n. The only negative simple roots that don’t kill a highest weight vector are L_2 − L_1 and −2L_n, so the dimension of the parabolic subgroup that fixes a point in the unique closed orbit in P(J 1_2 (u)) is 2n^2 − 5n + 6. So the dimension of this orbit is 2n − 2.

To see this is the same as the dimension of Z_1, consider the affine cone Z̃_1 over Z_1 inside J 1_2 (u). Then consider the Jacobian matrix of the equations given by {x_ix̄_j = 0} with respect to the 4(n − 1) variables: 4 variables for each coordinate x_i ∈ C. The rank of this matrix at any point in the affine cone over Z_1 is ≤ dim(J 1_2 (u)) − dim(Z̃_1), where equality holds if the ideal spanned by the polynomials {x_ix̄_j } is radical. By choosing a convenient point, we see that the dimension of Z_1 is at most 2n−2, which is the dimension of the closed orbit. So if Z_1 contained another Aut(J, u)-orbit, then it would contain another closed orbit. But the closed orbit is unique, and therefore Z_1 is the closed orbit.

Case r = 3: It is well known that the Aut(J, u) ∼= Spin(9) representation given by J 1_2 (u) for u = E_{3,3} is the 16-dimensional spin representation. The unique closed orbit in P(J 1_2 (u)) is therefore the 10-dimensional spinor variety. Using a similar argument to the r = 2 case, we can show the dimension of Z_1 is at most 10, so by the uniqueness of the closed orbit we can conclude that Z_1 is the closed orbit.

Case r = 1: This case is slightly different from the other two because Aut(J, u) ∼= Z/2 ⋉ GL(n − 1) is a disconnected group, and the connected component has two closed orbits in P(J 1_2 (u)). The argument is similar to the r = 2 case, except we find that the sl(n − 1)-representation J 1_2 (u) is the direct sum of the standard representation V with its dual V^∗. So the two closed orbits in P(J 1_2 (u)) are the orbits of weight vectors for the weights L_1 − L_n and L_n − L_1, which are the respective closed orbits in PV and PV^∗. Each sl(n − 1)- orbit has dimension n − 2. Furthermore, the Z/2 part of Aut(J, u) swaps these two representations, since it acts on matrices as the transpose. So there is a unique closed Aut(J, u)-orbit, and it is of dimension n − 2. As in the r = 2 case, by considering the rank of the Jacobian at a closed point in Z̃_1, we see that the dimension of Z_1 is at most n − 2. Since Z_1 is Aut(J, u)-stable, we can conclude that it is the closed orbit.

Corollary 2.10. The reduced scheme Z_1 is isomorphic to the scheme of base points of v_2 in Q(J, u).

Proof. The r = 0 case is trivial, since v_2 is a morphism and hence Z_1 is empty. It is sufficient to assume k is algebraically closed.

The other cases follow from the proof of Thm. 2.9, as follows. We can choose a convenient closed point in the scheme of base points, and show that the rank of the Jacobian of the defining polynomials given by {v_2(x) = 0} is equal to the codimension. This implies the scheme is smooth at that point (and therefore at all points), so in particular, it is reduced.

Documenta Mathematica 14 (2009) 47–66

Corollary 2.11. Over k̄, the smooth subscheme Z_1 is isomorphic to the following.

(r = 0) : ∅ (r = 1) : P^{n−2} ⊔ P^{n−2} (r = 2) : P^1 × P^{2n−3} (r = 3) : The 10-dimensional spinor variety

Proof. This follows from our representation theoretic understanding of Z_1 from the proof of Thm. 2.9.

There are much more explicit ways of understanding the r ≠ 3 cases. For example, in the r = 2 case, if c = [c_1, · · · , c_{n−1}] ∈ P(M_2(k̄)^{n−1}) is in Z_1, then the c_i’s are rank 1 matrices that have a common non-zero vector in their kernels. This can be used to get an explicit isomorphism with P^1 × P^{2n−3}.

Remark 2.12. These varieties are written in [Za93, Final pages], where it is implicitly suggested that they are the base locus of the rational map v_2. Remark 2.13. It is shown in [Kr07] that Z_1 ∼= Spec(k( √ a_1)) ×_k P^{n−2}, where ⟨⟨a_1⟩⟩ is the norm form associated to C. So the above corollary shows that Z_1 is irreducible over k except for the single case when r = 1 and C is split.

2.14 Indeterminacy locus of v^{−1}_2 . Let Z_2 be the scheme of base points of the inverse birational map v^{−1}_2 : X(J_n) Q(J, u). We have that v^{−1}_2 ([x_{ij} ]) = [x_{n,1}, · · · , x_{n,n}], where this is defined.

We will use the notation J_{n−1} = Sym(M_{n−1}(C), σ_{⟨b1 ,··· ,bn−1⟩}), and sometimes J_n = J for emphasis. The isomorphism class of J_{n−1} depends on the choice of primitive idempotent u = E_{n,n} ∈ J, but is otherwise independent of the diagonalization of ⟨b_1, · · · , b_{n−1}⟩.

Lemma 2.15. The scheme of base points Z_2 is isomorphic to the smooth subvariety X(J_{n−1}).

Proof. The indeterminacy locus of v^{−1}_2 is simply the closed subset of matrices in X(J_n) whose bottom row (and therefore right-most column) is zero. In other words, Z_2 is defined by linear polynomials. The ideal of these polynomials is radical, and therefore the scheme Z_2 is reduced. For n ≥ 4, one sees that Z_2 is isomorphic to X(J_{n−1}). For n = 3, by considering the matrix equation x^2 = 0, we see that the base locus of Z_2 is the quadric defined by ϕ ⊗ ⟨b_1⟩ ⊥ ⟨b_2⟩ = 0. We will define X(J_2) to be this quadric.

2.16 The chain between two quadrics

The Sarkisov program [Co94] predicts that any birational map between two Mori fibre spaces X and Y factors into a chain of elementary links between intermediate Mori fibre spaces. An example of such a link (of type II [Co94, 3.4.2]) would be X ← W → V where both morphisms are blow ups of smooth subvarieties, and X and V are projective homogeneous varieties with Picard number 1 (and hence Mori fibre spaces).

Documenta Mathematica 14 (2009) 47–66

Theorem 2.17. For r ≠ 1 or C non-split, the birational map v_2 from Q(J, u) to X(J) is an elementary link of type II.

Proof. We have that Z_1 is irreducible (see Remark 2.13). The blow up of an irreducible smooth subscheme increases the Picard number by 1, and a blow down decreases it by 1. So in this situation, by Lemma 2.15 and Lemma 2.10 we see that X(J) has Picard number 1. So by Prop. 2.7 we have that v_2 is a blow up of a smooth subvariety followed by a blow down to a smooth subvariety, and therefore it is an elementary link of type II.

Let b^′ = ⟨b^′_1, · · · , b^′_n⟩, and q^′ = ϕ ⊗ ⟨b^′_1, · · · , b^′_{n−1}⟩ ⊥ ⟨b^′_n⟩. Then Totaro’s Prop. 0.1 states that if ϕ ⊗ b ∼= ϕ ⊗ b^′, then the quadrics defined by q and q^′ are birational. By defining the Jordan algebra J^′ using ϕ and b^′, we have a birational map v^′_2 from Q(J^′, u^′) to X(J^′).

Proof of Thm. 0.2. If ϕ ⊗ b ∼= ϕ ⊗ b^′, then the Jordan algebras J ∼= J^′ are isomorphic as algebras ([KMRT98, Prop. 4.2, p. 43], [Ja68, Ch. V.7, p. 210]), and therefore the varieties X(J) ∼= X(J^′) are also isomorphic. So, as noted in Remark 2.3, Q(J, u) is birational to Q(J^′, u^′), and moreover by Thm. 2.17 this map is the composition of two elementary links, with intermediate variety X(J). Notice that if C is a split composition algebra (equivalently, ϕ is hyperbolic) then Q(J, u) and Q(J^′, u^′) are already isomorphic.

2.18 Transposition maps. Now we will explicitly factor the birational maps of Roussey ([Ro05]) and Totaro ([To08]), which in general have more than two elementary links. The most basic case they consider, though, is that of transposition. This corresponds to finding a birational map between quadrics q and q^′, where b^′_i = b_i for 1 ≤ i ≤ n − 2, and b^′_{n−1} = b_n, b^′_n = b_{n−1}. So b and b^′ differ by transposing the last two entries. Totaro proves Prop. 0.1 by finding a suitable chain of such transposition maps.

Proposition 2.19. For r = 0, 1, 2 and n ≥ 3, and if r = 3 then n = 3, Totaro’s transposition map factors as the composite of two elementary links.

Proof. Let q and q^′ be as above, and let J = Sym(M_n(C_ϕ), σ_b). Then the quadric (q = 0) = Q(J, u) is defined using the idempotent u = diag(0, · · · 0, 1) ∈ J (see 2.2). General rational points on this quadric are elements in P(C^{n−1} ×k) such that v_2([c_1, · · · , c_n]) ∈ PJ has trace zero. Here c_i ∈ C for i ≠ n, and c_n ∈ k. The inverse birational map v^{−1}_2 simply takes the n^{th} row of the matrix in J.

Then the quadric for (q^′ = 0) = Q(J, u^′) can be defined using the idempotent u^′ = diag(0, · · · , 1, 0) ∈ J. General rational points on this quadric are elements in P(C^{n−2} × k × C) such that v^′_2([c^′_1, · · · , c^′_n]) ∈ PJ has trace zero, where we use the same Jordan algebra J. Here c^′_i ∈ C for i ≠ n − 1, and c^′_{n−1} ∈ k. The inverse birational map (v^′_2)^{−1} takes the n − 1^{th} row of the matrix in J. So the composition (v^′_2)^{−1} ∘v_2 defines a birational map from Q(J, u) to Q(J, u^′). From Thm. 2.17 this is the composite of two elementary links. So it remains to show this composite is the same as Totaro’s transposition map.

Documenta Mathematica 14 (2009) 47–66

To see this, consider the map (v^′_2)^{−1} ∘ v_2 over k̄, and observe where it sends a general point from Q(J, u). Recall that v_2 sends [c_1, · · · , c_n] to the matrix [b_ic_ic_j ] ∈ X(J), and then taking the n − 1^{th} row of this matrix gives us

[b_{n−1}c_{n−1}c_1, · · · , b_{n−1}c_{n−1}c_{n−1}, b_{n−1}c_{n−1}c_n] ∈ Q(J, u^′) ⊂ P(C^{n−2} × k̄ × C).

After using the isomorphism P(C^{n−2} × k × C) ∼= P(C^{n−1} × k) to swap the last two coordinates, we can now recognize that this is exactly a map from [To08, Lemma 5.1], where the “multiplication” of elements in C, is x ∗ y := xȳ.

Remark 2.20. We may also view this chain of birational maps as a “weak factorization” in the sense of [AKMW02]. They prove that any birational map between smooth projective varieties can be factored into a sequence of blow ups and blow downs of smooth subvarieties. But a chain of Sarkisov links (of type II) is stronger, because then each blow up is immediately followed by a blow down, and the intermediate varieties are Mori fibre spaces.

3 Motives

For a smooth complete scheme X defined over k, we will denote the Chow motive of X with coefficients in a ring Λ by M(X; Λ), following [EKM08] (see also [Vi04], [Ma68]). We will briefly recall the definition of the category of graded Chow motives with coefficients in Λ.

Let us define the category C(k, Λ). The objects will be pairs (X, i) for X a smooth complete scheme over k, and i ∈ Z, and the morphisms will be correspondences:

Hom_{C(k,Λ)}((X, i), (Y, j)) = ⨆ m CH_{dim(Xm)+i−j} (X_m ×_k Y, Λ).

Here {X_m} is the set of irreducible components of X. If f : X → Y is a morphism of k-schemes, then the graph of f is an element of Hom_{C(k,Λ)}((X, 0), (Y, 0)). There is a natural composition on correspondences that generalizes the composition of morphisms of schemes.

We denote the additive completion of this pre-additive category by CR(k, Λ). Its objects are finite direct sums of objects in C(k, Λ), and the morphisms are matrices of morphisms in C(k, Λ). Then CR(k, Λ) is the category of graded correspondences over k with coefficients in Λ.

Finally, we let CM(k, Λ) be the idempotent completion of CR(k, Λ). Here the objects are pairs (A, e), where A is an object in CR(k, Λ) and e ∈ Hom_{CR(k,Λ)}(A, A) such that e ∘ e = e. Then the morphisms are

Hom_{CM(k,Λ)}((A, e), (B, f)) = f ∘ Hom_{CR(k,Λ)}(A, B) ∘ e.

This is the category of graded Chow motives over k with coefficients in Λ. For any smooth complete scheme X over k, we denote M(X) = ((X, 0), id_X ) its

Documenta Mathematica 14 (2009) 47–66

Chow motive, and M(X){i} = ((X, i), id_X ) its i^{th} Tate twist. Any object in CM(k, Λ) is the direct summand of a finite sum of motives M(X){i}. In this section we will describe direct sum motivic decompositions of Q(J, u), Z_1 and finally X(J). A non-degenerate quadratic form q of dimension ≥ 2 defines a smooth projective quadric Q, and we will sometimes write M(q) = M(Q).

3.1 Motives of neighbours of multiples of Pfister quadrics

In this section until 3.8 we can assume our base field k is of any characteristic other than 2, and r ≥ 1 may be arbitrarily large. Given an r-fold Pfister form ϕ and an n-dimensional non-degenerate quadratic form b = ⟨b_1, · · · , b_n⟩ over k we will describe the motivic decomposition of the projective quadric Q defined by q = ϕ ⊗ ⟨b_1, · · · , b_{n−1}⟩ ⊥ ⟨b_n⟩.

This quadric is dependent on the choice of diagonalization of b. The following is Vishik’s motivic decomposition of the quadric defined by ϕ ⊗ b.

Theorem 3.2. ([Vi04, 6.1]) For n ≥ 1, there exists a motive F^r_n such that

M(ϕ ⊗ b) =

2^r −1⨁

i=0 F^r_n {i} ⊕ { ∅ if n is even M(ϕ){2^{r−1}(n − 1)} if n is odd.

Vishik uses the notation F_ϕ(M(b)) for F^r_n , and calls it a higher form of M(b). It only depends on the isometry classes of ϕ and b.

If ϕ is anisotropic, Rost defined an indecomposable motive R^r such that M(ϕ) is the direct sum of Tate twists of R^r. This is called the Rost motive of ϕ. If ϕ is split, then this motive is no longer indecomposable, but we will still call R^r = Z ⊕ Z{2^{r−1} − 1} the Rost motive. In fact, F^r_2 is just the Rost motive of ϕ ⊗ b (which is similar to a Pfister form). Also note that F^r_1 = 0. In particular, for n ≥ 1, by counting Tate motives one sees that

F^r_n |¯_k =

⌊^n_2 ⌋−1 ⨁ i=0 (Z{2^ri} ⊕ Z{2^r(n − 1) − 2^ri − 1}).

So the summand has 2⌊^n_2 ⌋ Tate motives, which is the same number that M(b)|¯_k has.

A summand M is said to start at d if d = min{i|Z{i} is a summand of M¯_k}. Similarly, a summand M ends at d if d = max{i|Z{i} is a summand of M¯_k}. We will use the following theorem of Vishik. Here i_W (q) denotes the Witt index of the quadratic form q. This is the number of hyperbolic plane summands in q. Theorem 3.3. ([Vi04, 4.15]) Let P, Q be smooth projective quadrics over k, and d ≥ 0. Assume that for every field extension E/k, we have that

i_W (p|_E ) > d ⇔ i_W (q|_E ) > m.

Documenta Mathematica 14 (2009) 47–66

Then there is an indecomposable summand in M(P ) starting at d, and it is isomorphic to a (Tate twisted) indecomposable summand in M(Q) starting at m. With this theorem, it becomes straight forward to prove the following motivic decomposition (Thm. 3.6), by translating it into some elementary facts about multiples of Pfister forms. First we will state two lemmas for convenience.

Lemma 3.4. Let ϕ be an r-fold Pfister form (r ≥ 1) and let b be an ndimensional non-degenerate quadratic form (n ≥ 2). For any 0 ≤ d ≤ ⌊^n_2 ⌋ − 1, we have i_W (ϕ ⊗ b) > 2^rd implies i_W (ϕ ⊗ b) > 2^r(d + 1) − 1.

Proof. This follows from the fact that if ϕ is anisotropic then 2^r divides i_W (ϕ⊗ b) [Vi04, Lemma 6.2] or [WS77, Thm. 2(c)].

Lemma 3.5. If Q is a smooth projective quadric of dimension N, then for any 0 ≤ d ≤ N, an indecomposable summand of M(Q) starting at d is isomorphic (up to Tate twist) to an indecomposable summand of M(Q) ending at N − d. The same is true for indecomposable summands of F^r_n for any r ≥ 1 and n ≥ 1.

Proof. This is proved in [Vi04, Thm. 4.19] for anisotropic Q, but it is also true for isotropic Q by using [Vi04, Prop. 2.1] to reduce to the anisotropic case. The statement for the motive F^r_n follows easily from its construction.

Theorem 3.6. Let ϕ be an r-fold Pfister form (r ≥ 1), and for non-zero b_i and n ≥ 2 we let q = ϕ ⊗ ⟨b_1, · · · , b_{n−1}⟩ ⊥ ⟨b_n⟩ over k of characteristic not 2. Then we have the following motivic decomposition.

M(q) = F^r_n ⊕

2^r−1⨁

i=1 F^r_{n−1}{i}⊕ { ∅ if n is odd ⨁_2r−1_{−1}

j=1 R^r{2^{r−1}(n − 1) − j} if n is even.

Proof. We will split the proof into steps, including one step for each of the three summands. We will use the notation b^′ = ⟨b_1, · · · , b_{n−1}⟩ and b = b^′ ⊥ ⟨b_n⟩. Note that we can assume that ϕ is anisotropic, because when it is isotropic both sides split into Tate motives, and we get the isomorphism by checking that on the right hand side there is exactly one copy of Z{i} for each 0 ≤ i < 2^r(n − 1).

Step 1: The first summand. To show that F^r_n is isomorphic to a summand of M(q), we need to show that given an indecomposable summand in F^r_n starting at d, then there is an isomorphic indecomposable summand in M(q) starting at d. In fact, by Lemma 3.5 it is enough to only consider indecomposable summands starting in the ‘first half’, which is to say starting at i < 2^{r−1}(n−1). Since the only Tate motives in the first half of F^r_n |¯_k are Z{2^rd} for some 0 ≤ d ≤ ⌊^n_2 ⌋ − 1, by Thm. 3.3 it is enough to show that for each such d and E/k field extension we have i_W (ϕ ⊗ b|_E ) > 2^rd iff i_W (ϕ ⊗ b^′ ⊥ ⟨b_n⟩|_E ) > 2^rd. The “if” part is clear. So assume i_W (ϕ ⊗ b|_E ) > 2^rd. Then by Lemma 3.4 we know i_W (ϕ ⊗ b|_E ) ≥ 2^r(d + 1). So the 2^r(d + 1)-dimensional totally isotropic

Documenta Mathematica 14 (2009) 47–66

subspace must intersect the 2^r − 1-codimensional subform ϕ ⊗ b^′ ⊥ ⟨b_n⟩ ⊂ ϕ ⊗ b in dimension at least 2^rd + 1. In other words, i_W (ϕ ⊗ b^′ ⊥ ⟨b_n⟩|_E ) > 2^rd.

Step 2: The second summand. Fix a 1 ≤ i ≤ 2^r − 1. As argued in Step 1, we want to show that if 0 ≤ d ≤ ⌊^n_2 ⌋ − 1, and if there is an indecomposable summand of F^r_{n−1} starting at 2^rd, then there is an isomorphic indecomposable summand of M(q) starting at 2^rd + i. By Thm. 3.3 it is enough to show that for any E/k we have i_W (ϕ ⊗ b^′|_E ) > 2^rd iff i_W (ϕ ⊗ b^′ ⊥ ⟨b_n⟩|_E ) > 2^rd + i.

i_W (ϕ ⊗ b^′|_E ) > 2^rd ⇒ i_W (ϕ ⊗ b^′ ⊥ ⟨b_n⟩|_E ) > 2^r(d + 1) − 1 Lemma 3.4 ⇒ i_W (ϕ ⊗ b^′ ⊥ ⟨b_n⟩|_E ) > 2^rd + i ⇒ i_W (ϕ ⊗ b^′) > 2^rd See below

The last implication follows since the ≥ 2^rd + 2 dimensional totally isotropic subspace must intersect the codimension 1 subform in dimension at least 2^rd+1. So, by Lemma 3.5, we have shown that F^r_{n−1}{i} is isomorphic to a summand of M(q) for 1 ≤ i ≤ 2^r − 1.

Step 3: The third summand. Assume n is even. Since the summand is empty for r = 1, we can assume r ≥ 2. Fix an 2^{r−1}(n − 2) < i < 2^{r−1}(n − 1).

i_W (ϕ) > 0 ⇒ i_W (ϕ) = 2^{r−1} Property of Pfister forms ⇒ i_W (ϕ ⊗ b^′ ⊥ ⟨b_n⟩) > i ⇒ i_W (ϕ) > 0 See below

For the last implication, we have that the hyperbolic part of ϕ ⊗ b^′ ⊥ ⟨b_n⟩ is of dimension ≥ 2^r(n−2)+4. So the anisotropic part is of dimension ≤ 2^r −2. So by the Arason-Pfister hauptsatz, ϕ ⊗ b^′ is hyperbolic. Now if ϕ were anisotropic, then 2dim(ϕ) would divide dim(ϕ ⊗ b^′) [WS77, Thm. 2(c)]. But this says 2^{r+1}|2^r(n − 1), which is impossible for n even. Therefore ϕ is isotropic. To finish Step 3, we use Thm. 3.3 to get the isomorphism of motivic summands.

Step 4: Counting Tate motives. To finish the proof, one needs to show that the summands we have described in these three steps are all possible summands. This can easily be checked by counting the Tate motives over k̄. For a visualization of this, see Example 3.7 below.

We have implicitly used [Vi04, Cor. 4.4] here. Note also that for the n = 2 case the second summand is zero.

Example 3.7. As an illustration of the counting argument in Step 4 above, consider r = 2 and n = 4. Then Thm. 3.6 says that M(⟨⟨a_1, a_2⟩⟩⊗⟨b_1, b_2, b_3⟩ ⊥ ⟨b_4⟩) has 5 motivic (possibly decomposable) summands in this decomposition. We can visualize this decomposition, as in [Vi04], with a node for each of the 12 Tate motives over k̄, and a line between the nodes if they are in the same summand. Then the motive of the 11-dimensional quadric, M(q), is as follows, with each summand labelled:

Documenta Mathematica 14 (2009) 47–66

R^2{5}

F^2_4F_{23} {1} F^2_3 {2}

F^2_3 {3}

Notice that these summands might be decomposable, for example if the Pfister form ⟨⟨a_1, a_2⟩⟩ is split. So this differs slightly from Vishik’s diagrams, since he used solid lines to denote indecomposable summands, and dotted lines for possibly decomposable ones.

3.8 The motive of the base locus Z_1

Now we will use our understanding of Z_1 from Thm. 2.9 and its proof, to decompose its motive into the direct sum of Tate twisted Rost motives.

Proposition 3.9. (1) For r = 1, we have that M(Z_1, Z/2) ∼= ⊕^{n−1}_{i=0} R^1{i} (2) For r = 2, we have that M(Z_1, Z/2) ∼= ⊕^{2n−3}_{i=0} R^2{i}. (3) For r = 3, we have that M(Z_1, Z/2) ∼= ⊕^7_{i=0}R^3{i}.

Proof. For r = 1, it is shown in [Kr07] that Z_1 ∼= P^{n−2} ×_k Spec(k √ a_1). We know that M(Spec(k[ √ a_1])) ∼= R^1, so the result follows because the motive of projective space splits into Tate motives.

We have seen that in all cases Z_1 is a smooth scheme that is homogeneous for Aut(J, u). Moreover, for r = 2 or 3, we know that Z_1 is a generically split variety in the sense of [PSZ08]. So by their theorem [PSZ08, 5.17] we have that M(Z_1, Z/2) is isomorphic to a direct sum of Tate twisted copies of an indecomposable motive R_2(Aut(J, u)).

Now let V be the projective quadric defined by the r-Pfister form ϕ, the norm form of the composition algebra C. It is a homogeneous SO(ϕ) variety. Since C splits over the function field k(V ), by Jacobson’s coordinatization theorem J must also split over k(V ), and therefore so does the group Aut(J, u). Furthermore, over k(Z_1), we have a rational point in Z_1. Then for any non-zero coordinate c_i ∈ C of such a point, there exists 0 ≠ y ∈ C such that c_iy = 0 in C. But then ϕ(c_i)y = (c̄_ic_i)y = c̄_i(c_iy) = 0, and so C has an isotropic vector, and is therefore split. Therefore SO(ϕ) splits over k(Z_1).

Now we may apply [PSZ08, Prop. 5.18(iii)] to conclude that R_2(Aut(J, u)) ∼= R_2(SO(ϕ)). Finally, observe that R_2(SO(ϕ)) is isomorphic to the Rost motive of ϕ ([PSZ08, Last example in 7]), which is the motive R^r. The proposition can be deduced now by counting the Betti numbers of Z_1 (see [Kö91]).

3.10 Motivic decomposition of X(J)

We are ready to decompose the motive M(X(J)) for any reduced simple Jordan algebra J. Recall that X(J) is a homogeneous space for Aut(J) (Lemma 2.4).

Documenta Mathematica 14 (2009) 47–66

Proposition 3.11. Let r = 0, 1, 2 or 3 and n ≥ 3, and if r = 3 then n = 3. We have the following isomorphism of motives with coefficients in Z.

M(Q(J_n, u)) ⊕

d_1−1⨁

i=1 M(Z_1){i} ∼= M(X(J_n)) ⊕

d_2−1⨁

i=1 M(X(J_{n−1})){i}.

Here d_i are the respective codimensions of the subschemes Z_i. In particular, for r ≠ 0, d_1 = 2^{r−1}n − 2 and d_2 = 2^r.

Proof. If n is the degree of J_n, we have by Section 2.6 that the blow up of X(J_n) along the smooth subvariety X(J_{n−1}) is isomorphic to the blow up of Q(J_n, u) along the smooth subscheme Z_1. So by applying the blow up formula for motives [Ma68, p.463], we get the above isomorphism.

Theorem 3.12. Let r = 0, 1, 2 or 3, and n ≥ 3 (and if r = 3 then n = 3). And let J = Sym(M_n(C), σ_b) where C is a 2^r-dimensional composition algebra over k, and b = ⟨b_1, · · · , b_n⟩ is a non-degenerate quadratic form over k. Then (r = 0) :

M(X(J)) ∼= F^0_n = M(b),

(r = 1) :

M(X(J), Z/2) ∼= F^1_n ⊕

⌊^{n−3}_2 ⌋⨁

j=0

2⌊^n_2 ⌋⨁

i=1 R^1{i + 2j} ,

(r = 2) :

M(X(J), Z/2) ∼= F^2_n ⊕

⌊^{n−2}_2 ⌋⨁

j=0

4⌊^{n−1}_2 ⌋+1 ⨁ i=1 R^2{i + 4j} ,

(r = 3) :

M(X(J), Z/2) ∼= F^3_3 ⊕ 11⨁ i=1 R^3{i}.

Proof. The motive of Q(J, u) may be decomposed in terms of the motives F^r_n , F^r_{n−1} and R^r (Thm. 3.6). The motive of Z_1 with Z/2 coefficients may be decomposed in terms of R^r (Prop. 3.9). The subvariety X(J_2) is isomorphic to the quadric defined by ϕ ⊗ ⟨b_1⟩ ⊥ ⟨b_2⟩ (see proof of Lemma 2.15), so we have already decomposed its motive in terms of F^r_2 and R^r (Thm. 3.6). So the last ingredient we need is the cancellation theorem. It gives conditions for when it is true that an isomorphism of motives A ⊕ B ∼= A ⊕ C implies an isomorphism of motives B ∼= C. This does not hold in general; there are counter-examples when Λ = Z [CPSZ06, Remark 2.8]. But if we take Λ to be

Documenta Mathematica 14 (2009) 47–66

any field, then the stronger Krull-Schmidt theorem holds, which says that any motivic decomposition into indecomposables is unique [CM06, Thm. 34]^2. When we put these pieces into the isomorphism from Prop. 3.11, we may proceed by induction on n. One sees that we can cancel the F^r_{n−1} terms in the decomposition, leaving us with the motive M(X(J)) on the right hand side, F^r_n on the left hand side, and several Tate twisted copies of R^r on both sides. To finish the proof one just needs to count the number of copies of R^r remaining after the cancellation theorem, and verify that the given expressions are correct. We leave this induction argument to the reader.

Remark 3.13. When ϕ is isotropic, the above motives split. When ϕ is anisotropic, R^r is indecomposable, but the motive F^r_n could still be decomposable, depending on the quadratic form b.

Remark 3.14. The r = 1 case of the above theorem may be used to prove Krashen’s motivic equivalence [Kr07, Thm. 3.3]. To see this, notice that a 1−Pfister form ϕ defines a quadratic étale extension l/k, and any hermitian form h over l/k is defined by a quadratic form b over k. So in Krashen’s notation, V (h) = X(J). Furthermore, his V (q_h) is the projective quadric defined by ϕ ⊗ b, and his P_L(N) is isomorphic to the base locus Z_1. So in the notation of this paper, his motivic equivalence is

M(ϕ ⊗ b) ⊕ n−2⨁ i=1 M(Z_1){i} ∼= M(X(J)) ⊕ M(X(J)){1}.

Since we have motivic decompositions of all of these summands in terms of F^1_n and R^1 (see Thm. 3.2, Prop. 3.9 and Thm. 3.12), it is easy to verify his motivic equivalence, at least for Z/2 coefficients.

On the other hand, the r = 1 case of Thm. 3.12 follows from Krashen’s motivic equivalence, together with the r = 1 cases of Thm. 3.2 and Prop. 3.9; this is pointed out in [SZ08, Thm. (C)].

Acknowledgements. I would like to thank Burt Totaro for many useful discussions, and for originally noticing the r = 1, n = 3 case of Prop. 2.19. I would also like to thank Patrick Brosnan, Nikita Semenov and the referee for their comments.

References

[AKMW02] D. Abramovich, K. Karu, K. Matsuki and J. Wlodarczyk. Torification and factorization of birational maps. J. Amer. Math. Soc. 15 (2002), 531-572.

[Ah86] D. Ahiezer. Algebraic groups transitive in the complement of a homogeneous hypersurface. Trans. Moscow Math. Soc. 48 (1986), 83-103.

2Although this theorem is only stated for Λ a discrete valuation ring, the same proof works for any field.

Documenta Mathematica 14 (2009) 47–66

Projective Homogeneous Varieties Birational to Quadrics 65

[Al47] A.A. Albert. A structure theory for Jordan algebras. Ann. of Math. (2) 48 (1947), 546-567.

[Bo91] A. Borel. Linear algebraic groups. Graduate Texts in Mathematics (Springer, 1991).

[CPSZ06] B. Calmès, V. Petrov, N. Semenov and K. Zainoulline. Chow motives of twisted flag varieties. Compositio Math. 142 (2006), 1063-1080.

[Ch06] P.-E. Chaput. Geometry over composition algebras: projective geometry. J.

Algebra 298 (2006), 340-362.

[CM06] V. Chernousov and A. Merkurjev. Motivic decomposition of projective homogeneous varieties and the Krull-Schmidt theorem. Transform. Groups 11 (2006), 371-386.

[Co94] A. Corti. Factoring birational maps of threefolds after Sarkisov. J. Algebraic Geom. 4 (1994), 223-254.

[De01] O. Debarre. Higher-dimensional algebraic geometry. Universitext (Springer, 2001).

[EKM08] R. Elman, N. Karpenko and A. Merkurjev. The algebraic and geometric theory of quadratic forms. Colloquium Publications (American Mathematical Society, 2008).

[EH00] D. Eisenbud and J. Harris. The geometry of schemes. Graduate Texts in Mathematics (Springer, 2000).

[FH91] W. Fulton and J. Harris. Representation theory: A first course. Graduate Texts in Mathematics (Springer, 1991).

[Ha77] R. Hartshorne. Algebraic geometry. Graduate Texts in Mathematics (Springer, 1977).

[Ja68] N. Jacobson. Structure and representations of Jordan algebras. Amer. Math.

Soc. Colloq. Publ. vol. XXXIX (American Mathematical Society, 1968).

[Ja85] N. Jacobson. Some projective varieties defined by Jordan algebras. J. Algebra 97 (1985), 565-598.

[KMRT98] M.-A. Knus, A. Merkurjev, M. Rost and J.-P. Tignol. The book of involutions. Colloquium Publications (American Mathematical Society, 1998).

[Kö91] B. Köck. Chow motif and higher Chow theory of G/P . Manuscripta Math.

70 (1991), no. 4, 363-372.

[Kr07] D. Krashen. Motives of unitary and orthogonal homogeneous varieties. J.

Algebra 318 (2007), 135-139.

[Mac08] M.L. MacDonald. Cohomological invariants of odd degree Jordan algebras.

Math. Proc. Cambridge Philos. Soc. 145 (2008), no.2, 295-303.

Documenta Mathematica 14 (2009) 47–66

66 Mark L. MacDonald

[Ma68] Ju. I. Manin. Correspondences, motifs and monoidal transformations. Math.

USSR-Sb. 6 (1968), 439-470.

[Mc04] K. McCrimmon. A taste of Jordan algebras. Universitext (Springer, 2004).

[PSZ08] V. Petrov, N. Semenov and K. Zainoulline. J-invariant of linear algebraic groups. Ann. Sci. Ecole Norm. Sup. (4) 41 (2008), no.6, 1023-1053.

[Ro05] S. Roussey. Isotropie, corps de fonctions et équivalences birationelles des formes quadratiques. Ph.D. thesis, Université de Franche-Comté (2005).

[SZ08] N. Semenov and K. Zainoulline. Essential dimension of Hermitian spaces.

Preprint, arxiv.org/abs/0805.1161

[Se02] J.-P. Serre. Galois Cohomology. Graduate Texts in Mathematics (Springer, 2002).

[SV00] T.A. Springer and F.D. Veldkamp. Octonions, Jordan algebras and exceptional groups. Springer Monographs in Mathematics (Springer, 2000).

[Ti65] J. Tits. Classification of algebraic semisimple groups. Algebraic Groups and Discontinuous Subgroups. Proc. Sympos. Pure Math. IX (Amer. Math. Soc., Providence, R.I., 1966), 32-62.

[To08] B. Totaro. Birational geometry of quadrics. Bull. Soc. Math. France, to appear.

[Vi04] A. Vishik. Motives of quadrics with applications to the theory of quadratic forms. Geometric Methods in the Algebraic Theory of Quadratic Forms. Summer School, Lens 2000 (ed. J.-P. Tignol), Lect. Notes in Math., 1835 (Springer, Berlin, 2004), 25-101.

[WS77] A.R. Wadsworth and D.B. Shapiro. On multiples of round and Pfister forms. Math. Z. 157 (1977), 53-62.

[Za93] F.L. Zak. Tangents and secants of algebraic varieties. Translations of Math.

Monographs, 127 (Amer. Math. Soc., Providence, R.I., 1993).

M.L. MacDonald Department of Mathematics The University of British Columbia Room 121, 1984 Mathematics Road Vancouver, B.C. Canada V6T 1Z2 MLM@math.ubc.ca

Documenta Mathematica 14 (2009) 47–66