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Every Graph is a Self-Similar Set

Todo Grafo es un Conjunto Autosimilar
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Abstract

In this paper we prove that every graph (in particular Sl) is a self-
similar space and that [0, 1] is a self-similar set that is not the product
of topological spaces, answering two questions posed by C. Ruiz and S.
Sabogal in [6].
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Resumen

En este articulo probamos que todo grafo (en particular S') es un
espacio autosimilar y que [0, 1] es un conjunto autosimilar que no es el
producto de espacios topolégicos, contestando asi dos preguntas formu-
ladas por C. Ruiz y S. Sabogal en [6].

Palabras y frases clave: Auto-similar, grafo.

1 Introduction

It is known that S' is not a strict self-similar space, since strict self-similar
spaces are self-homeomorphic (see section 2 of [1]) and S! is not. In [3] and
[5] appears a weakening of that notion, called self-similar symbolic spaces. In
[6], C. Ruiz and S. Sabogal raised the following question: is S! self-similar
symbolic? We find in this paper that the answer is “yes”. We are going to
prove even more: every graph is (non-strict) self-similar.

First, let us recall the main concepts from [4].
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Consider first a finite set of contractions f;, each with Lipschitz constant
s < 1, taking a compact metric space K into itself, s = 1,2,...n. Such a setup
K(A,{fi}i=1,..n) is called an iterated function system (IFS). Use this IFS to
construct a mapping W from the space H of nonempty compact subsets of K
into itself by defining, in the self-explanatory notation, W (B) = {J;_, fi(B)
for all B € H.

Then W is a contraction, with Lipschitz constant s < 1, with respect to
the Hausdorff metric h on H.

Moreover, H endowed with h is complete. In this setting W admits a
unique fixed point; that is, there is exactly one nonempty compact subset A
of K such that A = W(A). A is called the attractor of the IFS. A space
is called self-similar if it is the attractor of some IFS, and strict (see [2])
self-similar if the mappings f; are not only contractions but similarities.

We recall that a graph is a locally connected continuum with a finite
number of end points and ramification points.

Definition 1.1. Let (K, d) be a metric space. We say that (K,d) is a Lip-
schitz image of [0, 1] if there exists a Lipschitz mapping from [0, 1] with the
usual metric onto (K, d).

We say that (K,d) is a non-expansive image of [0,1] if there exists a
Lipschitz mapping from [0, 1] with the usual metric onto (K, d), with Lipschitz
constant not greater than 1.

Remark 1.2. Note that if (K, d) is a Lipschitz image of [0,1], and z € K,
we can take a Lipschitz mapping f from [0, 1] onto (K, d) such that f(0) = .

Proof. Let g : [0,1]
stant L. Let

K be an onto Lipschitz mapping with Lipschitz con-

r ,1] be such that g(r) = z, e : [0,1] — [0,1 + r] be
defined by e(z) = (1 + r)x for every z € [0,1], h : [0,1 + 7] — K be de-
fined by h(z) = g(dy(z,r)) for every x € [0,1 + r| (where d,, is the usual
metric on R) and f : [0,1] — K be defined by f(z) = hoe(x) for every x €
0,1]. Let z,y € [0, 1], then d(f(x), £(3)) = d(g(du(e(x), 7)), g(du(e(y),7))) <
Ld,(dy(e(z),r),dy(e(y),r)) < Ld,(e(x),e(y)) = L(1 + r)dy(x,y), and hence
f is a Lipschitz mapping. Since h and e are onto mapping, it follows that f
is an onto mapping. Finally f(0) = g(d(0,r)) = g(r) = x. O

N
0

2 Main results

Proposition 2.1. Let (X,d) be a compact metric space, and suppose that
X = UL, K;, where each (K;,d|k,xk;) is a Lipschitz image of [0,1]. Then
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there exists K;j forj =1,... ,mandi=1,... ,n suchthat X =J;_, U;"Zl K;;
and K;j is a non-expansive image of [0,1] for any j = 1,... ,m and i =
1,...,n.

Proof. Let h; : [0,1] — K; be a Lipschitz mapping with Lipschitz constant L

for each @ = 1,... ,n (we can suppose that L is the same Lipschitz constant
for each h; and that L € Z). Let K;; = h([+, ZE1]) for each j =0,... ,L—1
and each i = 1,... ,n. Given j € {0,... ,L — 1}, let r; : [0,1] — [%,%]

be defined by r;(z) = % for each z € [0,1], and let h;; : [0,1] — K
be defined by h;; = h;or; foreach j =0,...,L—1and i =1,... ,n. It
is straightforward to check that h;; is a non-expansive onto mapping, and
hence Kj;; is a non-expansive image of [0,1] for any j = 0,...,L — 1 and
i=1,...,n. O

Definition 2.2. Let (X,d) be a metric space and z € X. We denote by
02(X) =sup{d(z,y) : y € X}.

Note that if (X, d) is a compact metric space then ¢, (X) = max {d(x,y) :
y € X} for any z € X.

Theorem 2.3. Let (X,d) be a non-degenerate compact metric space, and
suppose that X = J_, K;, where (K;,d|k,xK;) is a Lipschitz image of [0, 1].
Then there exist onto contractions f; : X — K; fori = 1,... ,n such that
(X, {fi:i=1,...,n}) is a self similar set.

Proof. Let §(X) = min{6,(X) : € X} (note that §(X) > 0, since X is

non-degenerate). If §(X) < 1, we can replace d by sd, where s = 1+ ﬁ So

we will suppose that §,(X) > 1 for each z € X.

Suppose that n > 1 (if n = 1 and h : [0,1] — X is a Lipschitz onto
mapping, then we can consider K1 = h([0, 3]) and K> = h([3,1]), and hence
we are in the case for which n = 2). Let z; € K; and h; : [0,1] — K; be non-
expansive onto mappings with h;(0) = z; (apply Remark 1.2 and Proposition

2.1). Let f; : X — K; be defined by f;(z) = hi(%). Then f; is an onto

contraction with Lipschitz constant 6%()(), and thus X is the attractor of
the system K(X,{f; :i=1,...,n}). Indeed, it is clear that f; is onto and

given z,y € X it follows that d(f;(z), fi(y)) = d(hi(gilé;;),hz(ging)) <

ﬁdu(d(xi,x),d(m,y)) < ﬁd(m,y) (where d,, is the usual metric for

R), and since &%(X) < 1 we have that f; is a contraction. O

Since it is clear that every graph is the union of a finite number of Lipschitz
images of [0,1], the following corollary is apparent.
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Corollary 2.4. Every graph is a self similar set.
Corollary 2.5. The circle St is a self similar set.

Question 2.6. Which spaces (in particular graphs) are attractors of an IFS
with only two mappings?

Next, we give some examples of graphs with an IFS with only two map-
pings.

Example 2.7.

1. Intervals: In [0,1], let defined the mappings hy : [0,1] — [0, 1] and

hy :0,1] — [3,1] by hi(z) = £ and ha(z) = = for each z € [0, 1].

2. Simple triod: Let X = AU B, where A = [0,2] x {0} and B = {0} x
[-1,1]. Let d be defined by dy(z, (0,0)) + d,((0,0),y) if z € A and
y € B or viceversa and by d,(z,y) if 2,y € A or z,y € B, where d,
is the usual metric on R2. Let a = (2,0) € A and b = (0,1) € B. Let
hy : X — A be defined by hy(z) = (3d(a,z),0) for each z € X and
ha : X — B be defined by hy(z) = (0,1 — 2d(b, x)) for each x € X. It is
straightforward to check that hy and hs are contractions with Lipschitz
constant %

3. Triangle with a stick: Let X = AU B, where A = [(0,0),(1,0)] U
(=2, =5),(0,0)] and B = [(= 3%, =), (=, DI U (=%, 3),(0,0)],

202 202 22
where [,] means the segment between both points in R%. Let d be a

metric on X such that the distance of any two neighboring vertices
((0,0), (1,0), (fé,f%) and (7@ 1)) is one, each edge is isometric

232
to [0,1], and the distance between any two points is the length of the

shortest arc joining them. Let @ = (1,0) € A and b = (—§70) € B.

Let hy : X — A be defined by hy(z) = zl(z((zgg))) for each x € X, where

i1 is the isometry from ([0,1],d,) onto (A, 3d), and let hy : X — B be
defined by ho(x) = zz(jg’lig) for each € X, where iy is the isometry
from ([0,1],d,) onto (B, 2d) (where d,, is the usual metric on R). It is

easy to check that h; and ho are contractions with Lipschitz constant
4

-

4. Let X = AU B, where A = [(—1,0),(2,0)] and B = [(0,—1),(0,2)].
Let d be a metric on X such that the distance of any two neighboring
vertices((0,0), (1,0), (2,0), (—1,0), (0,—1), (0,1) and (0, 2)) is one, each
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edge is isometric to [0, 1], and the distance between any two points is
the length of the shortest arc joining them. Let a = (2,0) € A and
b=(0,2) € B. Let hy : X — A be defined by hy(z) = (2 — 34®2) q)
for each € X, and hg : X — B be defined by ha(z) = (0,2 — W)
for each z € X. It is straightforward to check that h; and ho are
contractions with Lipschitz constant %.

In [6] it is also asked if every self-similar space is the product of topological
spaces. The negative answer is in the next result.

Theorem 2.8. [0,1] is an strict self-similar set, but it cannot be the product
of two topological spaces.

Proof. Take fi(z) = % and fo(z) = L. Then [0,1] is the attractor of
K([Oa 1]7 {fl; f2})

Now suppose that [0,1] = X x Y, then [0,1] \ {{p} % {q1,¢2,¢3}} must
be connected (it is widely known that if X and Y are connected spaces,
X XY\ Ax B is connected if A and B are proper subsets of X and Y'). Hence
X ={p} or Y ={q1,q2,¢3} and is connected (which is a contradiction since
Y is a metric space with 3 points). O

Acknowledgements

The authors acknowledge professor S. Sabogal who brought the questions to
our attention and kindly sent [6]. We are also grateful to an anonymous referee
for the improvement of the main theorem of the paper.

References

[1] W. J. Charatonik and A. Dilks, On self-homeomorphic spaces,Topology
Appl. 55 (1994), 215-238.

[2] K. Falconer, Fractal Geometry, Mathematical Foundations and Applica-
tions, John Wiley & Sons, 1990.

[3] M. Hata, On the structure of Self-Similar Sets, Japan J. Appl. Math., 2
(1985), 381-414.

[4] J. Hutchinson, Fractals and self-similarity, Indiana Univ. J. Math. 30
(1981), 713-747.



56 Francisco G. Arenas, M. A. Sanchez-Granero

[5] A.Kameyama, Self-Similar Sets from the Topological Point of View, Japan
J. Indust. Appl. Math., 10 (1993), 85-95.

[6] C. J. Ruiz, S. M. Sabogal, Sobre Autosemejanza Topologica (in spanish),
preprint. See also http://www.unipissing.ca/topology/q/a/a/a/08.
htm



