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Abstract

The first part of this paper studies extensions in the category of Ba-
nach spaces (natural equivalence of functors). The second part proves
a result which characterizes the duality of extensions.
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Resumen

La primera parte de este articulo estudia las extensiones en la cate-
goria de los espacios de Banach (equivalencia natural de funtores). La
segunda parte prueba un resultado que caracteriza la dualidad de tales
extensiones.

Palabras y frases clave: Extensiones y subidas, sumas torcidas, apli-
caciones casi-lineales.

Introduction
A short exact sequence in the category of Banach spaces is a diagram
0—-Y—->X—-2—-0

where the image of each arrow is the kernel of the following.
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The open mapping theorem ensures that Y is a subspace of X and Z is
the corresponding quotient.

Given Banach spaces Y and Z we define the extensions of Y by Z as the
set

Ext(Y,Z)={[X]:0—-Y — X — Z — 0 is exact}

where [X1] = [X2] < there exists a bounded linear operator T': X; — Xo
such that

0—-Y—->X1 —-2—-0
| 71 |
0—-Y—->Xo—>2—-0

is commutative.
A map F : Z — Y is quasi-linear if it is homogeneous and there exists a
constant K > 0 such that for all z1, 29 € Z

[1F(21 + 22) = (Fz1 + F22)|| < K([[z1]] + [[22]))-

Given a quasi-linear map F : Z — Y, the F-twisted sum of Y and Z is
defined as the quasi-Banach space

YorZ={(yz2 €Y xZ:|(y,2)|r = lly — Fzll + [|z]| < 400}
Before beginning we shall define

Lin(Z,Y) ={F :Z — Y linear}
B(Z,Y)=A{F:Z — Y bounded}
L(Z,Y)={F:Z — Y bounded and linear}.

1 Three approaches

Definition 1.1. Let Y, Z be two Banach spaces. We define
Q,Z)={[F]: F:Z —Y quasi-linear}

such that [F1] = [F2] < d(Fy — F3, Lin(Z,Y)) < +o0.

Theorem 1.2. Let Y, Z be two Banach spaces. There exists a bijection be-
tween Q(Y, Z) and Ext(Y,Z).
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Proof. If

0-YLx2z0

is an extension of Y by Z then we can consider a linear selection L € Lin(Z, X)
and a bounded homogeneous selection B € B(Z, X) because the quotient map
is open. Then F' = B — L € Q(Y, Z) since p(B — L) = 0, F' is homogeneous
and

[F(21 + 22) — (Fz1 + Fzo)|| = || B(21 + 22) — (B21 + Bza)|
< [|B(21 + 22)[| + [| Bz + || Bz2||
< IBllllz1 + z2ll + 1Bl (2 [l + ll22]1)
< BlI(lzall + lz20) + 1Bl (lz2 ]l + [[22]))
< 2||B[[(z1]l + llz=11)-

To complete the proof let us show that
Y @&p Z] =Y ®p, Z] © d(Fy — F5, Lin(Z,Y)) < +oc.

=) If [Y ®p Z] = [Y @p, Z], there exists a bounded linear operator T :
Y &p, Z — Y @&F, Z such that

0—-Y —->Y®r2Z—-2—0
[ |
0=-Y—=Y®pZ—-2—-0

is commutative. In these conditions T' must have the form T'(y,z) = (y +
Lz, z), where L € Lin(Z,Y). Hence

|Fiz = Faz + Lzl| = |(Fiz + Lz) — Bozl| < [[(Fiz + Lz, )|,
= IT(Fi2, 2l < TN Erz Dle, = [T

<:) Supposing that I} — F» = B — L with B bounded and L linear then
T(y,z) = (y+ Lz — Bz, z) is a linear operator from Y ®p, Z to Y @, Z. Let
us prove that T is bounded:

IT(y: ) m = Iy + Lz = Bz, 2)l|p, = |ly + Lz = Bz — Foz|| + | ]
= lly = Frzl + [zl = I (y; )] 7 -
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Corollary 1.3. Let Y, Z be two Banach spaces and [F| € Q(Y,Z). The fol-
lowing relationships are equivalent:

(i) 0 =Y =Y ®&r Z — Z — 0 splits
(i) [Y & Z] =Y & Z]
(iii) d(F,Lin(Z,Y)) < +o0.

Definition 1.4. Let 0 — Y % X £ Z — 0 be a short exact sequence. A
bounded linear operator £ from Y to a Banach space E has an eztension onto
X if there is a bounded linear operator h from X to F such that hj = h.

0-YLx2z0

hi /h
E

A bounded linear operator h from a Banach space E to Z has a lifting
into X if there is a bounded linear operator h from E to X such that ph = h.

0-YLx2zoo
h™. Th
E
Further information about extensions and liftings of operators can be
found in [2].
Lemma 1.5. Let X be a Banach space. There exists an index set I such that

(i) 0 — Kerp — I,(I) & X — 0 is ezact. (Projective representation,).

(i) 0 - X ER looc(I) = loo(I)/ X — 0 is exact. (Injective representation).

Proof. Let I be such that (z;);e; = Bx. Then

(1) p(y) = > ;e y(i)w; is surjective.

(ii) Let (xf)ier € X* be such that zf(z;) = ||;|| Vi € I then j(x) =
(F(x))ser is injective.

We shall henceforth write Kerp as K, I1(I) as l1, and oo (]) as loo.



Characterization of Dual Extensions in the Category of Banach Spaces 137

Definition 1.6. Let Y, Z be two Banach spaces. We define
(Y, 2) = {[h] : h € L(K,Y))
such that [h1] = [ho] if and only if h; — he has an extension onto I;, and
LY, Z) ={[h:h e L(Z,1x/Y)}
such that [h1] = [he] if and only if h; — ho has a lifting into .

The following Lemma is frequently used in homological algebra (see [1]),
and here it will allow us to prove the next theorem.

Lemma 1.7. (Push-Out and Pull-Back universal properties.)

(i) Let hy : X — X1, ha : X — Xy be two operators. Then
PO(hl, hg) =: X1 X XQ/—{(hNE,th) T zex?

represents the covariant functor

E € Ban ~ {(a, ) : X M, Xy s commutative. }

(i) Let hy : X1 — X, he : Xo — X be two operators. Then
PB(hl,hg) =: {(331,1‘2) S X1 X X2 : hlxl = hgxg}
represents the contravariant functor

E € Ban ~ {(a, B) : X1 15 X is commutative.}

« hg
B2 X,
Theorem 1.8. Let Y, Z be two Banach spaces. There exists a bijection be-
tween &(Y,Z), L(Y,Z) and Ext(Y, Z).

Proof. We shall prove that there exists a bijection between &(Y, Z) and Ext(Y, Z).
The other case is similar.
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On the one hand, we have that [I1] € Ext(K, Z). Hence using Theorem 1.2
there is a quasi-linear map F : Z — K such that [l;] = [K &F Z].

Given two bounded linear operators hi, he from K to Y, we define the
natural quasi-linear maps Fy = h1F and F; = hoF from Z to Y. We have to
prove that [Y @&p Z] = [Y ®p, Z] & hi — ho has an extension onto /1. From
Corollary 1.3 this is equivalent to proving that [Y ®p_p, Z] = [V © Z] &
h1 — hs has an extension onto [;.

:>) Writing F' for F; — F and h for hy — hs, the following diagram is com-
mutative:

OHK%llLZ—W)

,
noEl
0=Y LYaerzLz-0

I
Y&z

This means that there exists a retract r : Y & 2 — Y, hence ri = Iy. Let
us write h = rH. Then hj = rHj = rih = h so that h is an extension of h.
<:) Now we have the following commutative diagram.

OHK%llLZHO

hi /b LH
0-Y SYarZLz-0

Hj = ih so that K C Ker(H — iL) Hence H — h factors through p, and
therefore there exists a bounded linear operator s : Z — Y @ Z such that
ssz—ﬁ. Hence qsp:qH—q/Azqu:p7 ie. gs=1Iz. ThusY &p Z =
Y&Z.

On the other hand, let [h] € &(Y,Z) and let us consider the Push-Out
of j and h, where j is the embedding of K in l;. It only remains to prove
that there exists a bounded linear operator T': PO — Y ®p Z such that the
following diagram is commutative, with F' defined as at the beginning of this
proof:

OHK%llLZHO

hl | H |
0—-Y — PO(j,h)— Z—0

| |
0—-Y SYarzZ-LZ-0.
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Let b be a bounded selection of . Hence we have a bounded linear operator
P:xely —»bpr €Y ®p Z, and the following diagram is commutative:

K;ll
hl | P
YLY@FZ.

Using the Push-Out universal property, there exists a unique bounded
linear operator ¢ : PO — K such that the third diagram is commutative.
Considering T' = ith, then T is the operator sought. [l

Corollary 1.9.

(i) Let Z be a Banach space and let us consider its projective representation.
Then K represents the covariant functor' Y € Ban ~ Ext(Y, Z).

(i) LetY be a Banach space and let us consider its injective representation.
Then lo/Y represents the contravariant functor Z € Ban ~» Ext(Y, Z).

2 Main Result

Lemma 2.1. Let Y, Z be two Banach spaces. Then
Bat(Y,2) = {[Y & 2} = Eat(V1, Z1) = {[V1 & Z1]}
for all Y1 complemented in'Y, and for all Z1 complemented in Z.

Proof. Let [F] € Ext(Y1,7Z1). If Ext(Y,Z) = {[Y & Z]}, this means that
every short exact sequence that has Y as subspace and Z as quotient splits.
Then there exists a retract R : Y & Z — Y such that the following diagram
is commutative:

S

¥
0=YI = Y®rZ 527 —0
r S

|~ PT Al
0-Y; - PB %, 720

R
¢l lm ~ I |
0—-Y -4 PBO - Z—0.

I
Yoz
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If r = ¢RII then i = ¢RIli = ¢RIT = ¢ = Iy,. Hence, there is also a
section S of Q. Thus s = PSj is such that gs = q¢PSj = pQSj = pj = Iz,.
Therefore Ext(Y1, Z1) = {[Y1 ® Z1]}.

O

Theorem 2.2. Let Y, Z be two Banach spaces, then
Ext(Y,Z)={[Y ® Z]} = Ext(Z*,Y*) ={[Z*® Y*]}
Proof. Let us consider the projective representation of Z
0-KLn2%z-0

Let h € L(K,Y). Then h has an extension onto Iy, and there exists
h € L(l1,Y) such that h = hj. Therefore h*** = j***(h)***.
The following diagram is commutative:

-k * ok

0— K> 2oy 2 7 -0
I T Tig
0— K~ - pB-2,7 0.

If we consider now the following commutative diagram:

* %

02— 1 —L S K*—0

Liz- L Lk
0 — Z*** p*rr lI** T K** 0
iy } " |
0= 75 P, po 2L, g
Th***
Yo

then PO = PB*.
Let H = i*(h)**. Since
Im(H‘YQ<:Im(ﬁ*wk?)=1wmﬂn9

then h* = j*((i*i;:) "' o H |Y*)’ so that (i*i;r) "' o H v is the lifting we are
looking for. O
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In general the reciprocal is not true. For instance, the Lindenstrauss lifting
principle ([3], Proposition 2.1.) states that Ext(l2,l;) = {[l2 ® l1]}.

If JL denotes the Johnson-Lindenstrauss space then ¢ is a subspace of JL
and JL/co = Iy thus [JL] € Ext(co,l2) and [JL] # [co @ l2] because c¢g is not
complemented in JL.

Adding a condition the reciprocal is true.

Theorem 2.3. Let Y, Z be two Banach spaces such that'Y is complemented
in its bidual. Then

Ext(Z*,Y*) = {[Z* @ Y*]} = Ext(Y, Z) = {[Y ® Z]}

Proof. Let ip« : K* — K™ ig« 1 K™ — K™ qpe 0 75— 177,
irx : If <= 17" be the canonical embeddings. Let h € L(K,Y). Then h* has a
lifting into [}, and we have the following commutative diagram:

022 ke o
ANEY S
Y*
where h* = j*h* therefore h** = (h*)*5** thus h**i%., = (h*)*j**i%.. Hence
we have that
W =hievicee = (h*) j* ijcuines

= (W) iy

In these conditions, (h*)*i;}il;* is an extension of A** onto I7*, so if ik :

K — K** i, : 1} — [7*, are the natural embeddings then (/{*)*il*,{ilf*ill is an
extension of h**ig onto 7.
Finally, using Lemma 2.1 the proof is complete. (|

Corollary 2.4. Let Y, Z be two Banach spaces such that'Y is complemented
in its bidual and [F] € Q(Z,Y). If F* : Y* — Z* is such that F*y*(z) =:
y*(Fz), then [F*] € Q(Y*,Z*) and d(F, Lin(Z,Y)) = d(F*, Lin(Y*, Z*)).
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