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Abstract The generalized inverse LT of the Laplacian matriz of
a connected graph is examined and some of its properties are established.
In some physical and chemical considerations the quantity r;; = (LT)ii +
(LY)j; — (LT)ij — (L1) ;i is encountered; it is called resistance distance. Based
on the results obtained for LT we prove some previously known and deduce
some new properties of the resistance distance.
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1. Introduction

In this work we are concerned with simple graphs, i.e., graphs without
multiple or directed edges, and without loops. Let G be such a graph and
let n be the number of its vertices, n > 2. Denote the vertices of G by
V1,2, ..., U, . Throughout this paper it is assumed that G is connected.

The degree d; of the vertex v; is the number of first neighbors of this
vertex. Then the Laplacian matrix L = L(G) = ||L;j|| of the graph G is
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defined as a square matrix of order n whose (i, j)-entry is given by

d;  ifi=j
Lij=4¢ —1 if i # j and the vertices v; and v; are adjacent (1)
0 if ¢ # j and the vertices v; and v; are not adjacent .

Consequently, the Laplacian matrix is real and symmetric. Because the sum
of each row and of each column is zero, this matrix is singular.

In what follows all matrices encountered are supposed to be square, of
order n. If M is such a matrix, then M denotes its transpose and M ! its
inverse (provided it exists). By I is denoted the unit matrix, whereas by J
and O the matrices whose all elements are, respectively, equal to unity and
to zero.

The eigenvectors and eigenvalues of L(G) are said to be the Laplacian
eigenvectors and Laplacian eigenvalues of the graph G. The Laplacian
eigenvalues of the graph G will be denoted by pi and the corresponding
eigenvectors by ux , k =1,2,...,n, so that the equality

L(G) U = Wk Uk

holds for k = 1,2,...,n. In addition, uy = (Ui, Uk, -- ., unk)’ for k =
1,2,...,n.

As usual, the Laplacian eigenvalues are labeled so that puq > pug > -+ >
M, -

For details of Laplacian graph spectral theory see the surveys [1-7] and
the recent paper [8]. Of the known results in this field we need the following.

It is always possible to choose the Laplacian eigenvectors to be real,
normalized and mutually orthogonal. Throughout this paper we assume
that this is the case.

Then U = (u1,ug, ..., u,) = ||u;|| is an orthogonal matrix, i.e., UU" =
U'U = I, implying

n n
D ukiugg = Y ik ik = 0ij (2)
k=1 k=1

where, as usual, §;; = 1 for i = j and 9;; = 0 for i # 7.
Because of U L(G) U = diag (u1, p2, - - -, ptn) , we further have

n
Lij =) puk ik U - (3)
k=1
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For all graphs, u, = 0. For all connected graphs, p,—1 > 0. The eigen-

vector corresponding to u, is of the form wu, = % (1,1,...,1)t. Because
the eigenvectors uy , k=1,2,...,n—1, are orthogonal to u,, , the relations

Zn: uj, =0 (4)
j=1

are obeyed for k=1,2,...,n—1.

Let M = ||M;j|| be a square matrix, A1, Ag,..., A, its eigenvalues and
ck = (C1k, Cok, - - -, Cni)! its eigenvector, corresponding to A\, , k =1,2,...,n.
Let the eigenvectors of M be real, normalized and mutually orthogonal.
Then,

n
Mij = M Cik Gk
k=1

and if f(\g) exists for all values of &k, then the matrix f(M) = ||(f(M))s;]]
is defined as

n
(FOM))ij = f( M) cin e -
k=1
In particular, if no eigenvalue of M is equal to zero,

n
_ 1
(M 1)ij = Z )\—Cik Cjk .
k
k=1
If the matrix M is singular (i.e., some of its eigenvalues are equal to zero)
then it has no inverse. For such matrices one defines the so-called generalized
inverse [9,10] M1 = ||(M1);;]], as

n

(MT)ij = Z 9( k) cik Cjk

k=1
where

1/ if Ay £ 0

g(A’“)_{ 0 if Ay =0 .

In the special case of the Laplacian matrix of a connected graph, the
generalized inverse LT = LT(G) = ||(L");;|| is defined via

n—1 1

(LNij =" L, ik gk (5)

k=1
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Formula (5) is equivalent to U* LT (G) U = diag (1/p1,1/p2, ..., 1/ pin_1,0),
and implies that w1, us, ..., Un_1, U, are the eigenvectors of LT with eigen-
values 1/u1,1/p2, ..., 1/pup—1,0, respectively.

2. Elementary Results

From (5) it immediately follows:

Lemma 1. The generalized inverse L' of the Laplacian matriz of a
connected graph is a real and symmetric matriz.

Lemma 2. The Laplacian matrix and its generalized inverse satisfy the

relations
Li=JL=0 ; L'J=JL'=0.

P roof. Therelations stated in Lemma 2 are direct consequences of the
fact that the sum of each row and each column of both L and LT is equal to
zero. For the Laplacian matrix this is evident from its definition, Eq. (1).
For the sum of the elements in a row of L we get

n n n—1 n—1 1 n
Z (L1)i; = Z Z uzk Ujp = Z — Uk Zujk
=1 j=1k=1 M =1 Pk '

which is equal to zero because of relations (4). O

Lemma 3. If L and LT pertain to a connected graph on n vertices, then

LLT = LTL—I——J

P roof. In view of Egs. (3) and (5), and taking into account (2),
n n n n—1 1
(LLYy = D Lin(L)n =Y (Z Ik Wik Ulﬂc) (Z — Unt ujf)
h=1 h=1 \k=1 = M
n n—1 i n n n—1 m
= D> Fugug (Z Upk Uhf) =3 > = uip uje O
k=1 =1 H¢ h=1 k=1 =1 H¢

n— n
= ) Uiguje =Y UigUjp — Uin Ujn = Oij —

1
because of u;, = uj, = VR O
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3. An Auxiliary Matrix

Whereas the Laplacian matrix L of a connected graph is singular, the
matrix L + % J is non-singular.

Theorem 4. Let G be a connected graph, with Laplacian eigenvectors

Uy, U2, ..., Uy and Laplacian eitgenvalues i, g, ..., tn-1,4n = 0. Then
Uy, U2, ..., U, are also the eigenvectors of the matriz L(G) + % J with eigen-
values p1, p2, .y fn—1,1.

Proof. Let K <n. Then
1 1
(L+J> up = Lug + — J up, = g ug
n n

because, as a consequence of (4), Jug = (0,0,...,0)".
Let k =n. Then Lu, = (0,0,...,0)"! whereas Ju, =nu, because of
u, = —(1,1,...,1)". Therefore,

n

B

1 1
<L+J) Up = — J Uy = Up
n n
and thus the eigenvalue of the matrix L + % J, corresponding to the eigen-
vector u, , is equal to 1. O

Theorem 5. If G is a connected graph, then the inverse of the matrix
L(G) + L J exists and is equal to L1(G) + 2 J .

P r oo f. The existence of (L(G) + £ J)~! is guaranteed by Theorem 4.
Using Lemmas 2 and 3, and the fact that J? = nJ, we have

1 1 1 1 1
(L+J> (LMJ) = LI+ —JL'+-LJ+ 5 J?
n n n n n
1 1
= O—0+O+O+J=L O
n n

In what follows we denote the matrix (L(G) + % J)~! by X . This ma-
trix was studied in an earlier work [11] where also Theorem 4 was proven.
According to Theorem 5 we now have

X—Litly. (6)
n
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4. A Connection to Physics and Chemistry

In theoretical chemistry the notion of resistance distance was recently
introduced [12]. This quantity is conceived in the following manner. To
a connected graph G an electric network N (G) is associated, so that each
edge of G is replaced by a resistor of unit resistance. Then the resistance
distance between two distinct vertices v; and v; of the graph G, denoted
by 7;, is the effective electrical resistance between the corresponding two
nodes of the network NV (G) . By standard methods of the theory of electrical
networks (using the Ohm and Kirchhoff laws) is can be shown that [13-15]

rij = (LY)i + (L5 — (L1)s; — (L1)34 (7)

which holds for ¢ # j. If, in addition we set r;; = 0 for all ¢ = 1,2,...,n,
then (7) formally holds also in this case, and we may define the resistance
matriz as R = R(G) = ||ry]] .

The resistance distance and the resistance matrix were much studied in
the recent mathematico-chemical literature; for details see [11,16-20] and
the references cited therein. Using the results from the preceding sections,
we can now easily deduce some previously known and some hitherto not
communicated relations for the resistance distance.

First of all, because of the symmetry of the generalized inverse (Lemma
1), formula (7) is simplified as

rij = (LD + (L5 — 2 (L1); . (8)

Combining (8) with (5) we obtain

n—1 1 n—1 1
2
rij = — (wik ik + ik ujp — 2wk ujr) = | — (uik — ugr)”,
k=1 Hk k=1 Hk

a formula earlier deduced in [19], but in a completely different (and more
complicated) manner. Combining (8) with (6) we obtain

rij = Xii + Xj; — 2 X5,

also a formula earlier deduced in [11], again in a completely different and
more complicated manner.

Theorem 6. If the matrices L, LT, and R pertain to a connected graph,
then
LRL=-2L (9)
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and
L'RLT = —2(L")?

P r oo f. We first deduce the identity (10).

n
> Lk e (L)

NE

(L'RLYy =

I
Il

i
~
-

I
NE

Zn: LN [ (L) + (L1)g0 — Q(LT)M} (L)

Eol
Il

—
~
—

=S (W (L (Z >+i (L (L (Z
/=1

k=1 /=1 k=1

n n
_QZZ LTMLT)

k=1 (=1

By Lemma 2,

En:(LT)gj:o and Y (LN)y =0

(=1 k=1

and therefore,
(LTRLY) iy = =23 > (LN (L) (L) gy = —2[(L1)*)
k=1 =1

which is tantamount to Eq. (10).
Now, multiplying (10) by L? from both left and right we get

LPLYRLTL? = —2L%(LT)? L2 .
By Lemmas 2 and 3,

L’LY = L(LLY=1L <I—J> =

L'r? = (LTL)L:<I—1J>L=L.
n

Therefore
L’L'RLTI?2=LRL

21

(10)

!
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and .
ALY I2=LL'L= (I— J> L=1L.
Formula (9) follows. O

Theorem 7. In the case of connected graphs, the generalized inverse of
the Laplacian matriz can be expressed in terms of the resistance matriz:

1 1 1
Lt=—= [R—(RJ+JR)+JRJ}
2 n n2

P r oo f. Multiply (10) by L from both left and right, and use the same
way of reasoning as in the proof of Theorem 6. O
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