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ON CONVERSE THEOREMS OF TRIGONOMETRIC
APPROXIMATION IN WEIGHTED VARIABLE EXPONENT

LEBESGUE SPACES
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Communicated by L.-E. Persson

Abstract. In this work we prove improved converse theorems of trigonomet-
ric approximation in variable exponent Lebesgue spaces with some Mucken-
houpt weights.

1. Introduction and the main results

In Approximation Theory there are converse estimates of trigonometric ap-
proximation determining membership of a function in some smoothness class (for
example Lipschitz class) in terms of the rate of approximation. As is well-known
the converse inequality

ωr

(
f,

1

n

)
p

≤ c1

nr

{
n∑

ν=0

(ν + 1)r−1 Eν (f)p

}
(1.1)

of trigonometric approximation holds on Lebesgue spaces Lp (T ), 1 ≤ p < ∞,
or C (T ) (of continuous functions on T ) for p = ∞, ([19] p = ∞, [21] p < ∞)
where T := [0, 2π), f ∈ Lp (T ), 1 ≤ p ≤ ∞, r, n ∈ N := {1, 2, 3, . . .}, Thf (◦) :=

f (◦+ h) is translation operator, ωr (f, δ)p := sup
{
‖(Th − I)r f‖p : 0 < h ≤ δ

}
is the rth moduli of smoothness of the function f , I is identity operator, Tn is
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the class of trigonometric polynomials of degree not greater than n, En (f)p :=

inf
{
‖f − T‖p : T ∈ Tn

}
and c1 is a constant depending only on r, p. Later various

generalizations and applications of (1.1) were obtained [16, 17, 18, 20]. In 1958
Timan proved [22] that an improvement of (1.1) also holds:

If 1 < p < ∞, f ∈ Lp (T ), n, r ∈ N, q = min {2, p} then

ωr

(
f,

1

n

)
p

≤ c2

nr

{
n∑

ν=1

νrq−1Eq
ν−1 (f)p

}1/q

(1.2)

where c2 is a constant depending only on r and p.

It was observed that the value min {2, p} in (1.2) is optimal [23]. See also
[4, 9, 10].

Considering similar problems in weighted function spaces (for example weighted
Lebesgue spaces Lp

ω, weighted variable exponent space, ...) we will need a different
moduli of smoothness. Moduli of this type was considered first by Hadjieva [6]
in Lebesgue space with Muckenhoupt Ap, 1 < p < ∞, (see definition below)
weights: Let ω ∈ Ap, 1 < p < ∞, f ∈ Lp

ω, r, n ∈ N and let

σhf (x) :=
1

2h

x+h∫
x−h

f (t) dt for h ∈ R and x ∈ T .

In this case defining the modulus

Ωr (f, δ)p,ω := sup
0≤hi≤δ

∥∥∥∥∥
r∏

i=1

(I − σhi
) f

∥∥∥∥∥
p(·),ω

, δ ≥ 0

she proved [6] that

Ωr

(
f,

1

n

)
p,ω

≤ c3

n2r

{
E0 (f)p,ω +

n∑
ν=1

ν2r−1Eν (f)p,ω

}
(1.3)

where c3 is a constant depending only on r and p.
For further results [1, 3, 8, 14, 15].
On the other hand inequality (1.3) also has an improvement [14, 15]:

If 1 < p < ∞, ω ∈ Ap, f ∈ Lp
ω, r, n ∈ N , then there is a positive constant c4

depending only on r and p such that

Ωr

(
f,

1

n

)
p,ω

≤ c4

n2r

{
n∑

ν=1

ν2qr−1Eq
ν−1 (f)p,ω

}1/q

(1.4)

holds.

Using a weighted fractional moduli of smoothness [1] it was proved [2] that
(1.4) holds with r ∈ R+. For weighted variable exponent Lebesgue spaces it was
proved [5] that (1.4) holds with r ∈ R+. In the present work we prove that in the
right side of (1.4) 2r can be replaced by r (as in nonweighted case) for weighted
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variable exponent Lebesgue spaces. We note that nonweighted fractional moduli
of smoothness in classical Lebesgue spaces was first introduced by Taberski and
Butzer in 1977.

We begin with some definitions. Let P be the class of Lebesgue measurable
functions p : T → (1,∞) such that 1 < p∗ := essinf

x∈T
p (x) ≤ p∗ := esssup

x∈T
p (x) <

∞. The conjugate exponent of p (x) is defined as p′ (x) := p (x) / (p (x)− 1). We

define a class L
p(·)
2π of 2π periodic measurable functions f : T → C satisfying∫

T

|f (x)|p(x) dx < ∞

for p ∈ P where C is the complex plane.

The class L
p(·)
2π is a Banach space with the norm

‖f‖T ,p(·) := inf

α > 0 :

∫
T

∣∣∣∣f (x)

α

∣∣∣∣p(x)

dx ≤ 1

 .

A function ω : T→ [0,∞] will be called a weight if ω is measurable and almost
everywhere (a.e.) positive. For a 2π periodic weight ω we denote by Lp

ω the
weighted Lebesgue space of 2π periodic measurable functions f : T → C such
that fω1/p ∈ Lp (T ). We set ‖f‖p,ω :=

∥∥fω1/p
∥∥

p
for f ∈ Lp

ω. We will denote by

L
p(·)
ω , the class of Lebesgue measurable functions f : T → C satisfying ωf ∈ L

p(·)
2π .

L
p(·)
ω is called weighted Lebesgue spaces with variable exponent and is a Banach

space with the norm ‖f‖p(·),ω := ‖ωf‖T ,p(·).

For given p ∈ P the class of weights ω satisfying the condition [7]∥∥ωp(x)
∥∥

Ap(·)
:= sup

B∈B

1

|B|pB

∥∥ωp(x)
∥∥

L1(B)

∥∥∥∥ 1

ωp(x)

∥∥∥∥
B,(p′(·)/p(·))

< ∞

will be denoted by Ap(·). Here pB :=

(
1
|B|

∫
B

1
p(x)

dx

)−1

and B is the class of all

intervals in T .
The variable exponent p (x) is said to be satisfy Local log-Hölder continuity

condition if there is a positive constant c5 such that

|p (x1)− p (x2)| ≤
c5

log (e + 1/ |x1 − x2|)
for all x1, x2 ∈ T . (1.5)

We will denote by P log the class of those p ∈ P satisfying (1.5).

Let f ∈ L
p(·)
ω and

Ahf (x) :=
1

h

x+h/2∫
x−h/2

f (t) dt, x ∈ T

be Steklov’s mean operator. If p ∈ P log, then it was proved in [7] that Hardy

Littlewood maximal operator M is bounded in L
p(·)
ω if and only if ω ∈ Ap(·).
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Therefore if p ∈ P log and ω ∈ Ap(·), then Ah is bounded in L
p(·)
ω . Using these

facts and setting x, h ∈ T , 0 ≤ r we define via binomial expansion that

σr
hf (x) = (Ah − I)r f (x)

=
∞∑

k=0

(−1)k

(
r
k

)
1

hk

h/2∫
−h/2

· · ·
h/2∫

−h/2

f (x + u1 + . . . uk) du1 . . . duk,

where f ∈ L
p(·)
ω ,

(
r
k

)
:= r(r−1)...(r−k+1)

k!
for k > 1,

(
r
1

)
:= r and

(
r
0

)
:= 1.

Since
∞∑

k=0

∣∣∣∣( r
k

)∣∣∣∣ < ∞

if p ∈ P log, ω ∈ Ap(·) and f ∈ L
p(·)
ω , then there exists a positive constant c6

depending only on r and p such that

‖σr
hf‖p(·),ω ≤ c6 ‖f‖p(·),ω < ∞ (1.6)

holds.
For 0 ≤ r now we can define the fractional moduli of smoothness of index r for

p ∈ P log, ω ∈ Ap(·) and f ∈ L
p(·)
ω as

Ωr (f, δ)p(·),ω := sup
0<hi,t≤δ

∥∥∥∥∥∥
[r]∏
i=1

(I −Ahi
) σ

r−[r]
t f

∥∥∥∥∥∥
p(·),ω

, δ ≥ 0,

where Ω0 (f, δ)p(·),ω := ‖f‖p(·),ω;
0∏

i=1

(I −Ahi
) σr

t f := σr
t f for 0 < r < 1; and [r]

denotes the integer part of the real number r.

We have by (1.6) that if p ∈ P log, ω ∈ Ap(·) and f ∈ L
p(·)
ω , then there exist a

positive constant c7 depending only on r and p such that

Ωr (f, δ)p(·),ω ≤ c7 ‖f‖p(·),ω .

If p ∈ P log and ω ∈ Ap(·), then ωp(x) ∈ L1 (T ). This implies that the set of

trigonometric polynomials is dense [11] in L
p(·)
ω . On the other hand if p ∈ P log

and ω ∈ Ap(·), then L
p(·)
ω ⊂ L1 (T ).

For given f ∈ L1 (T ), let

f (x) v
a0 (f)

2
+

∞∑
k=1

(ak (f) cos kx + bk (f) sin kx) =
∞∑

k=−∞

ck (f) eikx (1.7)

be the Fourier series of f with ck (f) = (1/2) (ak (f)− ibk (f)). We set

L1
0 (T ) :=

{
f ∈ L1 (T ) : c0 (f) = 0 for the series in (1.7)

}
.
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Let α ∈ R+ be given. We define fractional derivative of a function f ∈ L1
0 (T ) as

f (α) (x) :=
∞∑

k=−∞

ck (f) (ik)α eikx

provided the right hand side exists, where (ik)α := |k|α e(1/2)πiαsignk as principal

value. We will say that a function f ∈ L
p(·)
ω has fractional derivative of order

α ∈ R+ if there exists a function g ∈ L
p(·)
ω such that its Fourier coefficients satisfy

ck (g) = ck (f) (ik)α. In this case we will write f (α) = g.

Let Wα
p(·),ω, p ∈ P , α > 0 be the class of functions f ∈ L

p(·)
ω such that f (α) ∈

L
p(·)
ω . Wα

p(·),ω becomes a Banach space with the norm

‖f‖W α
p(·),ω

:= ‖f‖p(·),ω +
∥∥f (α)

∥∥
p(·),ω .

We set En (f)p(·),ω := inf
{
‖f − T‖p(·),ω : T ∈ Tn

}
for f ∈ L

p(·)
ω .

Our main results are

Theorem 1.1. If p ∈ P log, ω−p0 ∈ A�
p(·)
p0

�′ for some p0 ∈ (1, p∗), n ∈ N, r ∈ R+,

γ := min {2, p∗} and f ∈ L
p(·)
ω , then there exists a positive constant c8 depending

only on r and p such that

Ωr

(
f,

1

n

)
p(·),ω

≤ c8

nr

{
n∑

ν=1

νγr−1Eγ
ν−1 (f)p(·),ω

}1/γ

holds.

Since xγ is convex for γ = min {2, p∗} we have(
ννr−1Eν (f)p(·),ω

)γ

−
(
(ν − 1) νr−1Eν (f)p(·),ω

)γ

≤

≤

(
ν∑

µ=1

µr−1Eµ (f)p(·),ω

)γ

−

(
ν−1∑
µ=1

µr−1Eµ (f)p(·),ω

)γ

.

Summing the last inequality with ν = 1, 2, 3, . . . we find
n∑

ν=1

{(
ννr−1Eν (f)p(·),ω

)γ

−
(
(ν − 1) νr−1Eν (f)p(·),ω

)γ}
≤

≤
n∑

ν=1

{(
ν∑

µ=1

µr−1Eµ (f)p(·),ω

)γ

−

(
ν−1∑
µ=1

µr−1Eµ (f)p(·),ω

)γ}
and hence {

n∑
ν=1

νγr−1Eγ
ν−1 (f)p(·),ω

}1/γ

≤ 2
n∑

ν=1

νr−1Eν−1 (f)p(·),ω .
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The last inequality signifies that Theorem 1.1 is a refinement of the converse
theorem (see [2, 3]). Furthermore, in some cases, inequalities in Theorem 1.1
gave more precise results:

If

En (f)p(·),ω = O
(

1

nr

)
, n ∈ N

then we have

Ωr

(
f,

1

n

)
p(·),ω

= O
(

1

nr

∣∣∣∣log
1

n

∣∣∣∣)
and from Theorem 1.1

Ωr

(
f,

1

n

)
p(·),ω

= O

(
1

nr

∣∣∣∣log
1

n

∣∣∣∣1/γ
)

.

As a corollary of Theorem 1.1 we have the following improvements of Marchaud
inequality

Corollary 1.2. Under the conditions of Theorem 1.1 if r, l ∈ R+, r < l, and
0 < t ≤ 1/2, then there exists a positive constant c9 depending only on r, l and p
such that

Ωr (f, t)p(·),ω ≤ c9t
r


1∫

t

[
Ωl (f, u)p(·),ω

ur

]γ
du

u


1/γ

hold.

Theorem 1.3. Under the conditions of Theorem 1.1 if
∞∑

k=1

kγα−1Eγ
k (f)p(·),ω < ∞ (1.8)

for some α ∈ R+, then f ∈ W α
p(·),ω. Furthermore, for n ∈ N there exists a

constant c10 > 0 depending only on α and p such that

En

(
f (α)

)
p(·),ω ≤ c10

nαEn (f)p(·),ω +

{
∞∑

ν=n+1

ναγ−1Eγ
ν (f)p(·),ω

}1/γ


holds.

Corollary 1.4. Under the conditions of Theorem 1.1 there exists a constant
c11 > 0 depending only on r, α and p such that

Ωr

(
f (α),

1

n

)
p(·),ω

≤ c11

 1

nr

(
n∑

ν=1

νγ(r+α)−1Eγ
ν (f)p(·),ω

) 1
γ

+

+

(
∞∑

ν=n+1

ναγ−1Eγ
ν (f)p(·),ω

) 1
γ
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for n ∈ N and α, r ∈ R+.

2. Proofs of Theorems

We need the following [12] Littlewood–Paley type theorem:

Theorem 2.1. Under the conditions of Theorem 1.1 there are constants c12,
c13 > 0 depending only on r and p such that

c12

∥∥∥∥∥∥
(

∞∑
µ=ν

|∆µ|2
)1/2

∥∥∥∥∥∥
p(·),ω

≤

∥∥∥∥∥∥
∞∑

|µ|=2ν−1

cνe
iνx

∥∥∥∥∥∥
p(·),ω

≤ c13

∥∥∥∥∥∥
(

∞∑
µ=ν

|∆µ|2
)1/2

∥∥∥∥∥∥
p(·),ω

(2.1)
where

∆µ := ∆µ (x, f) :=
2µ−1∑

|ν|=2µ−1

cνe
iνx.

Lemma 2.2. If p ∈ P log and ω−p0 ∈ A�
p(·)
p0

�′ for some p0 ∈ (1, p∗), then ω ∈ Ap(·).

Proof. Using the Extrapolation Theorem 3.2 of [12] we obtain that Hardy Little-

wood maximal operatorM is bounded in L
p(·)
ω . This implies [7] that ω ∈ Ap(·). �

Proof of Theorem 1.1. First we note by Lemma 2.2 that under the conditions of
Theorem 1.1 the condition ω ∈ Ap(·) holds. On the other hand it is well-known

that σr
t,h1,h2,...,h[r]

f :=
[r]∏
i=1

(I − σhi
) (I − σt)

r−[r] f has Fourier series

σr
t,h1,h2,...,h[r]

f (·) ∼
∞∑

ν=−∞

(
1− sin νt

νt

)r−[r](
1− sin νh1

νh1

)
. . .

(
1−

sin νh[r]

νh[r]

)
cνe

iν·

and

σr
t,h1,h2,...,h[r]

f (·) = σr
t,h1,h2,...,h[r]

(f (·)− S2m−1 (·, f)) + σr
t,h1,h2,...,h[r]

S2m−1 (·, f) .

From En (f)p(·),ω ↓ 0 we have∥∥∥σr
t,h1,h2,...,h[r]

(f (·)− S2m−1 (·, f))
∥∥∥

p(·),ω
≤ c14 (r, p) ‖f (·)− S2m−1 (·, f)‖p(·),ω

≤ c15 (r, p) E2m−1 (f)p(·),ω

≤ c16 (r, p)

nr

{
n∑

ν=1

νγr−1Eγ
ν−1 (f)p(·),ω

}1/γ

.

On the other hand from (2.1) we get∥∥∥σr
t,h1,h2,...,h[r]

S2m−1 (·, f)
∥∥∥

p(·),ω
≤ c17 (r, p)

∥∥∥∥∥∥
{

m∑
µ=1

|δµ|2
}1/2

∥∥∥∥∥∥
p(·),ω
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where

δµ :=
2µ−1∑

|ν|=2µ−1

(
1− sin νt

νt

)r−[r](
1− sin νh1

νh1

)
. . .

(
1−

sin νh[r]

νh[r]

)
cνe

iνx.

We know that [13]∥∥∥∥∥∥
{

m∑
µ=1

|δµ|2
}1/2

∥∥∥∥∥∥
p(·),ω

≤

{
m∑

µ=1

‖δµ‖γ1

p(·),ω

}1/γ1

.

We estimate ‖δµ‖p(·),ω. Since

‖δµ‖p(·),ω =

∥∥∥∥∥∥
2µ−1∑

|ν|=2µ−1

[
|ν|r

(
1− sin νt

νt

)r−[r](
1− sin νh1

νh1

)
. . .

(
1−

sin νh[r]

νh[r]

)]
·

·
[

1

|ν|r
cνe

iνx

]∥∥∥∥
p(·),ω

using Abel’s transformation we get

‖δµ‖p(·),ω ≤
2µ−2∑

|ν|=2µ−1

∣∣∣∣∣νr

(
1− sin υt

υt

)r−[r](
1− sin υh1

υh1

)
. . .

(
1−

sin υh[r]

υh[r]

)
−

− (ν + 1)r

(
1− sin (ν + 1) t

(ν + 1) t

)r−[r](
1− sin (ν + 1) h1

(ν + 1) h1

)
. . .

. . .

(
1−

sin (ν + 1) h[r]

(ν + 1) h[r]

)∣∣∣∣ ·
∥∥∥∥∥∥

ν∑
|l|=2µ−1

1

|l|r
∣∣cle

ilx
∣∣∥∥∥∥∥∥

p(·),ω

+

+

∣∣∣∣∣(2µ − 1)r

(
1− sin (2µ − 1) t

(2µ − 1) t

)r−[r](
1− sin (2µ − 1) h1

(2µ − 1) h1

)
. . .

. . .

(
1−

sin (2µ − 1) h[r]

(2µ − 1) h[r]

)∣∣∣∣
∥∥∥∥∥∥

2µ−1∑
|l|=2µ−1

1

|l|r
∣∣cle

ilx
∣∣∥∥∥∥∥∥

p(·),ω

.

We have∥∥∥∥∥∥
2µ−1∑

|l|=2µ−1

1

|l|r
∣∣cle

ilx
∣∣∥∥∥∥∥∥

p(·),ω

≤ c18 (r, p)

|2µ−1|r

∥∥∥∥∥∥
2µ−1∑

|l|=2µ−1

∣∣cle
ilx
∣∣∥∥∥∥∥∥

p(·),ω

=
c18 (r, p)

|2µ−1|r

∥∥∥∥∥∥
2µ−1∑

|l|=2µ−1

e−i arg(cle
ilx)
∣∣cle

ilx
∣∣∥∥∥∥∥∥

p(·),ω
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=
c18 (r, p)

|2µ−1|r

∥∥∥∥∥∥
2µ−1∑

|l|=2µ−1

cle
ilx

∥∥∥∥∥∥
p(·),ω

≤ c19 (r, p)

2µr
E2µ−1−1 (f)p,ω

and similarly ∥∥∥∥∥∥
ν∑

|l|=2µ−1

1

|l|r
∣∣cle

ilx
∣∣∥∥∥∥∥∥

p(·),ω

≤ c19 (r, p)

2µr
E2µ−1−1 (f)p,ω .

Since xr
(
1− sin x

x

)r
is non decreasing and

(
1− sin x

x

)
≤ x for x > 0 we obtain

‖δµ‖p(·),ω ≤
c20 (r, p) 2−µr

tr−[r]h1 . . . h[r]

 2µ−2∑
|ν|=2µ−1

∣∣∣∣∣(νt)r−[r]

(
1− sin υt

υt

)r−[r]

(υh1) ·

(
1− sin υh1

υh1

)
. . .
(
υh[r]

)(
1−

sin υh[r]

υh[r]

)
−((ν + 1) t)r−[r]

(
1− sin (ν + 1) t

(ν + 1) t

)r−[r]

·

· ((υ + 1) h1)

(
1− sin (ν + 1) h1

(ν + 1) h1

)
. . .
(
(ν + 1) h[r]

)(
1−

sin (ν + 1) h[r]

(ν + 1) h[r]

)∣∣∣∣] ·
·E2µ−1−1 (f)p(·),ω + c20 (r, p) 2−µr

∣∣∣∣∣((2µ − 1) t)r−[r]

(
1− sin (2µ − 1) t

(2µ − 1) t

)r−[r]

·

· (2µ − 1) h1

(
1− sin (2µ − 1) h1

(2µ − 1) h1

)
. . . (2µ − 1) h[r]

(
1−

sin (2µ − 1) h[r]

(2µ − 1) h[r]

)∣∣∣∣ ·
·E2µ−1−1 (f)p(·),ω ≤ c21 (r, p)

(
1− sin (2µ − 1) t

(2µ − 1) t

)r−[r](
1− sin (2µ − 1) h1

(2µ − 1) h1

)
. . .

. . .

(
1−

sin (2µ − 1) h[r]

(2µ − 1) h[r]

)
E2µ−1−1 (f)p(·),ω ≤

≤ c22 (r, p) .2µrtr−[r]h1 . . . h[r]E2µ−1−1 (f)p(·),ω

and therefore

‖δµ‖p(·),ω ≤ c22 (r, p) 2µrt(r−[r])h1 . . . h[r]E2µ−1−1 (f)p(·),ω .

Then ∥∥∥σr
t,h1,h2,...,h[r]

S2m−1 (·, f)
∥∥∥

p(·),ω
≤

≤ c23 (r, p) t(r−[r])h1 . . . h[r]

{
m∑

µ=1

22µrγEγ
2µ−1−1 (f)p(·),ω

}1/γ

≤ c24 (r, p) t(r−[r])h1 . . . h[r]

{
2γ1rEγ

0 (f)p(·),ω

}1/γ

+

+c25 (r, p) t(r−[r])h1 . . . h[r]

{
m∑

µ=2

2µ−1−1∑
ν=2µ−2

νγr−1Eγ
ν−1 (f)p(·),ω

}1/γ
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≤ c26 (r, p) t(r−[r])h1 . . . h[r]

{
2m−1−1∑

ν=1

νγr−1Eγ
ν−1 (f)p(·),ω

}1/γ

.

The last inequality implies that

Ωr

(
f,

1

n

)
p(·),ω

≤ c27 (r, p)

nr

{
n∑

ν=1

νγr−1Eγ
ν−1 (f)p(·),ω

}1/γ

.

Theorem 1.1 is proved. �

Proof of Theorem 1.3. Let Tn be a polynomial of class Tn such that En (f)p(·),ω =

‖f − Tn‖p(·),ω and we set

U0 (x) := T1 (x)− T0 (x) ; Uν (x) := T2ν (x)− T2ν−1 (x) , ν = 1, 2, 3, . . . .

Hence

T2N (x) = T0 (x) +
N∑

ν=0

Uν (x) , N = 0, 1, 2, . . . ..

For a given ε > 0, by (1.8) there exists η ∈ N such that

∞∑
ν=2η

νγα−1Eγ
ν (f)p(·),ω < ε. (2.2)

From fractional Bernstein’s inequality [3]∥∥T (α)
n

∥∥
p(·),ω ≤ c28 (α, p) nα ‖Tn‖p(·),ω , α ∈ R+

we have∥∥U (α)
ν

∥∥
p(·),ω ≤ c29 (α, p) 2να ‖Uν‖p(·),ω ≤ c30 (α, p) 2ναE2ν−1 (f)p(·),ω , ν ∈ N.

On the other hand it is easily seen that

2ναE2ν−1 (f)p(·),ω ≤ c31 (α, p)


2ν−1∑

µ=2ν−2+1

µγα−1Eγ
µ (f)p(·),ω


1/γ

, ν = 2, 3, 4, . . . .

For the positive integers satisfying K < N

T
(α)

2N (x)− T
(α)

2K (x) =
N∑

ν=K+1

U (α)
ν (x) , x ∈ T

and hence if K, N are large enough we obtain from (2.2)∥∥∥T (α)

2N (x)− T
(α)

2K (x)
∥∥∥

p(·),ω
≤

N∑
ν=K+1

∥∥U (α)
ν (x)

∥∥
p(·),ω

≤ c31 (α, p)
N∑

ν=K+1

2ναE2ν−1 (f)p(·),ω
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≤ c32 (α, p)
N∑

ν=K+1


2ν−1∑

µ=2ν−2

µγα−1Eγ
µ (f)p(·),ω


1/γ

≤

≤ c33 (α, p)


2N−1∑

µ=2K−1+1

µγα−1Eγ
µ (f)p(·),ω


1/γ

≤ c34 (α, p) ε1/γ.

Therefore
{

T
(α)

2N

}
is a Cauchy sequence in L

p(·)
ω . Then there exists a ϕ ∈ L

p(·)
ω

satisfying ∥∥∥T (α)

2N − ϕ
∥∥∥

p(·),ω
→ 0, as N →∞.

On the other hand we have [3, Theorem 5]∥∥∥T (α)

2N − f (α)
∥∥∥

p(·),ω
→ 0, as N →∞.

Then f (α) = ϕ a.e. Therefore f ∈ Wα
p(·),ω.

We note that

En

(
f (α)

)
p(·),ω ≤

∥∥f (α) − Snf
(α)
∥∥

p(·),ω

≤
∥∥S2m+2f (α) − Snf

(α)
∥∥

p(·),ω +

∥∥∥∥∥
∞∑

k=m+2

[
S2k+1f (α) − S2kf (α)

]∥∥∥∥∥
p(·),ω

. (2.3)

By the fractional Bernstein’s inequality we get for 2m < n < 2m+1∥∥S2m+2f (α) − Snf
(α)
∥∥

p(·),ω ≤ c35 (α, p) 2(m+2)αEn (f)p(·),ω (2.4)

≤ c36 (α, p) nαEn (f)p(·),ω .

By (2.1) we find ∥∥∥∥∥
∞∑

k=m+2

[
S2k+1f (α) − S2kf (α)

]∥∥∥∥∥
p(·),ω

≤

≤ c37 (α, p)

∥∥∥∥∥∥∥


∞∑
k=m+2

∣∣∣∣∣∣
2k+1∑

|ν|=2k+1

(iν)α cνe
iνx

∣∣∣∣∣∣
2

1/2
∥∥∥∥∥∥∥

p(·),ω

and therefore ∥∥∥∥∥
∞∑

k=m+2

[
S2k+1f (α) − S2kf (α)

]∥∥∥∥∥
p(·),ω

≤

≤ c38 (α, p)

 ∞∑
k=m+2

∥∥∥∥∥∥
2k+1∑

|ν|=2k+1

(iν)α cνe
iνx

∥∥∥∥∥∥
γ

p(·),ω


1/γ

.
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Putting

|δ∗ν | :=
2k+1∑

|ν|=2k+1

(iν)α cνe
iνx =

2k+1∑
ν=2k+1

να2Re
(
cνe

i(νx+απ/2)
)

we have

‖δ∗ν‖p(·),ω =

∥∥∥∥∥∥
2k+1∑

ν=2k+1

ναUν (x)

∥∥∥∥∥∥
p(·),ω

where Uν (x) = 2Re
(
cνe

i(νx+απ/2)
)
. Using Abel’s transformation we get

‖δ∗ν‖p(·),ω ≤
2k+1−1∑
ν=2k+1

|να − (ν + 1)α|

∥∥∥∥∥∥
ν∑

l=2k+1

Ul (x)

∥∥∥∥∥∥
p(·),ω

+
∣∣(2k+1

)α∣∣ ∥∥∥∥∥∥
2k+1−1∑
l=2k+1

Ul (x)

∥∥∥∥∥∥
p(·),ω

.

For 2k + 1 ≤ ν ≤ 2k+1, (k ∈ N) we have∥∥∥∥∥∥
ν∑

l=2k+1

Ul (x)

∥∥∥∥∥∥
p(·),ω

≤ c39 (α, p) E2k (f)p(·),ω

and since

(ν + 1)α − να ≤
{

α (ν + 1)α−1 , α ≥ 1,
ανα−1 , 0 ≤ α < 1,

we obtain
‖δ∗ν‖p(·),ω ≤ c40 (α, p) 2kαE2k−1 (f)p(·),ω .

Therefore∥∥∥∥∥
∞∑

k=m+2

[
S2k+1f (α) − S2kf (α)

]∥∥∥∥∥
p(·),ω

≤ c41 (α, p)

{
∞∑

k=m+2

2kαγEγ
2k−1

(f)p(·),ω

}1/γ

≤ c42 (α, p)

{
∞∑

ν=n+1

νγα−1Eγ
ν (f)p(·),ω

}1/γ

(2.5)

and using (2.3), (2.4) and (2.5) Theorem 1.3 is proved. �
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