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ABSTRACT. Let A be a separable unital C*-algebra and let © 4 be the canonical
contraction from the Haagerup tensor product of A with itself to the space of
completely bounded maps on A. In our previous paper we showed that if A
satisfies (a) the lengths of elementary operators on A are uniformly bounded, or
(b) the image of © 4 equals the set of all elementary operators on A, then A is
necessarily SF'T (subhomogeneous of finite type). In this paper we extend this
result; we show that if A satisfies (a) or (b) then the codimensions of 2-primal
ideals of A are also finite and uniformly bounded. Using this, we provide an
example of a unital separable SFT algebra which does not satisfy (a) nor (b).
However, if the primitive spectrum of a unital SFT algebra A is Hausdorff, we
show that such an A satisfies (a) and (b).

1. INTRODUCTION AND PRELIMINARIES

Through this paper A will denote a C*-algebra. The center of A is denoted
by Z(A), and the set of all ideals of A is denoted by Id(A) (in this paper ideal
means closed two-sided ideal). By Prim(A) we denote the primitive spectrum of
A (i.e. the set of all primitive ideals of A), equipped with the Jacobson topology.

Let A ®;, A be the Haagerup tensor product of A with itself. If M(A) denotes
the multiplier algebra of A, and ICB(A) the space of all completely bounded
maps T : A — A which preserve every ideal of A (i.e. T(J) C J, for each
J € 1d(A)), there is a canonical contraction ©,4 : M(A) ®, M(A) — ICB(A)
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given on elementary tensors by
Oala®b)(z) :==azxb (a,be€ M(A), z € A).

The subset ©4(M(A) @ M(A)) of Im © 4(=the image of ©4) is denoted by E(A)
and its elements are called elementary operators on A. The length ((T) of T €

E(A) is defined as the smallest number d such that T = © (3¢, ax ® by), for
some ag, b, € M(A). If

UE(A)) :=sup{l(T): T € E(A)} < 0,
we say that E(A) is of finite length.

In our previous paper [10] we considered the following two conditions on A:
(a) E(A) is of finite length,
(b) ImO,4 = E(A).
In [10, 2.13] we showed that if a separable A satisfies (a) or (b) then A is nec-
essarily subhomogeneous of finite type (shorter, SFT algebra). Recall from [10]
(see also [13]) that A is said to be an n-SFT algebra if A is n-subhomogeneous
(that is, the supremum of dimensions of all irreducible representations of A equals
n < oo) and the C*-bundles corresponding to the homogeneous sub-quotients of
A must be of finite type. If A is an n-SFT algebra for some n then we say that
Ais a SF'T algebra.
We first give another description of separable SFT algebras:

Proposition 1.1. Let A be a separable C*-algebra. Then the following conditions
are equivalent:

(i) A is a SFT algebra,

(ii) There exists m € N and elements xy, ...,z € A such that
span{x; + P,...,z,, + P} = A/P, for all P € Prim(A).
Proof. (i) = (ii). Suppose that A is an n-SFT algebra, and let
{0}=hHh/C---CJ=A (1.1)

be the standard composition series of A [12, 6.2.5]. By assumption, each homoge-
neous quotient J;/J;_; is of finite type. Let J := J; (J is called the n-homogeneous
ideal of A), and first assume that p = 2. Then A/J is homogeneous (of finite
type). In this case, by [l 1, Section 1] there exist elements ay,...,a, € J and
bi,... by € A/ J such that

span{a; + P,...,a, + P} = J/P, for all P € Prim(J),

and
span{b; + P, ... by + P} = (A/J)/P, for all P € Prim(A/.J).

Choose by, ...,bs € A such that b; = b; + J (1 <i<s). Then it is easy to check
that

span{a, + P,...,a, + P,by + P,...,bs+ P} = A/P, for all P € Prim(A).

Indeed, let P € Prim(A). If J C P, then P := P/J € Prim(A/J), and since
A/P = (A/J)/P, we have span{b; + P,...,bs + P} = A/P. If J ¢ P then
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PN J € Prim(J). Since A is subhomogeneous (hence liminal), primitive ideals
of A are maximal, so A/P = (J+ P)/P = J/(PNJ). It follows that span{a; +
P,...,a. + P} = A/P. If p > 2, we proceed by induction, using the same
arguments as above.

(ii) = (i) If A satisfies (ii) then A is obviously (say n-)subhomogeneous. Let p
be the length of the corresponding composition series (1.1) of A. If p =1 then A
is homogeneous. In this case, by [I 1, Section 1], A is of finite type. Suppose that
p > 1 and that the conclusion holds for all separable C*-algebras which satisfy
(ii) and whose length of the corresponding composition series equals p — 1. Note
that if J € Id(A) then A/J satisfies (ii) whenever A satisfies (ii). Specifically,
if J is the n-homogeneous ideal of A then our induction hypothesis implies that
A/J is of finite type (since the length of the corresponding composition series
of A/J equals p — 1). We claim that J is also of finite type. Indeed, since A
is separable, so is the center Z(J) of J, and hence there exits a strictly positive
element z € Z(J). Since Z(J) C Z(A), we have zx; € J (1 < i < m), and since
the homogeneous C*-algebras are quasicentral (see Remark 3.5 and the proof of
Proposition 3.7) we have z € P for all P € Prim(J) C Prim(A). It follows that

span{zzy + P, ..., zx, + P} = J/P for all P € Prim(J).

By [l1, Section 1], J is of finite type. Since A is of finite type if and only if J
and A/J are of finite type, the proof is finished.
Il

In this paper we shall also see that, besides the necessity of the SF'T condition,
the conditions (a) and (b) are also affected by some topological obstructions on
the primitive spectrum of M (A). Since the primitive spectrum of M(A) can be
much more complicated than that of A (even if Prim(A) is Hausdorff, see [5,
Example 12]) we shall restrict ourselves to the class of unital C*-algebras.

In Section 2 we show that if a unital C*-algebra A satisfies (a) or (b) then the
supremuim

sup{dim(A/R) : R € Primaly(A)} (1.2)

is also finite, where by Primaly(A) we denote the set of all 2-primal ideals of A.
Recall, an ideal R of A is said to be 2-primal if whenever J; and J; are ideals
of A with zero-product, then J; C R or J, C R. Note that every prime (hence
primitive) ideal of A is 2-primal. By [3, 3.2], R € Id(A) is 2-primal if and only if
for every two primitive ideals Py, Py € Prim(A/R) = {P € Prim(A) : R C P}
there exists a net (P,) in Prim(A) which converges simultaneously to P, and
P, in Prim(A). Hence, if A admits a 2-primal ideal which is not maximal then
Prim(A) is certainly non-Hausdorff. At the end of Section 2 we give an example
of a unital separable 2-SFT algebra for which the supremum (1.2) is infinite. It
follows that such A cannot satisfy (a) nor (b).

In Section 3, we consider the central Haagerup tensor product A ®z, A of a
unital SFT algebra A. By definition, A ®z; A is the quotient of the Haagerup
tensor product A ®;, A by the closure of the linear span of tensors of the form
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az ®b—a® zb, where a,b € A and z € Z(A). We now introduce the notion of
central Haagerup rank of A:

Definition 1.2. For t € A®; A we define a central Haagerup rank of t, denoted
by rankz,(t), as the smallest nonnegative integer m for which there exists a
rank m tensor u € A ® A such that tz; = uy in A ®zy, A (here, as usual, tz
denotes the canonical image of ¢ in A®yz, A). If such m does not exist we define
ranky ,(t) := co. The central Haagerup rank of A is defined as

ranky ,(A) := sup{rank,(t) : t € A®, A} € NU{oo}. (1.3)

If a unital separable C*-algebra A satisfies ranky ,(A) < oo then obviously A
satisfies (a) and (b) as well (since the canonical contraction © 4 factorizes through
A®yzp A), and hence, by [10, 2.13] such A is necessarily SFT. We also give an
example which shows that the converse does not hold in general. However, if
the primitive spectrum of a unital (not necessarily separable) SF'T algebra A is
Hausdorff we show that ranky ,(A4) < oo.

2. ANOTHER REDUCTION

We now show that if a unital C*-algebra A satisfies In©4 = E(A) or /(E(A)) <
oo then the supremum (1.2) is also finite. Moreover, if a separable A satisfies
ImO©, = E(A) we show that the set Prim(A) in Proposition 1.1 (ii) can be
replaced by the larger set Primaly(A).

To do this, we first recall the following two facts. Let J € Id(A) and let
q; : A — A/J be the quotient map. Then by [I, 2.8] the induced contraction
@ ®q: AR A — (A)J)®y (A/J) is in fact a (complete) quotient map with
kernel

ker(qJ(X)(JJ) =JR A+ AR, J.
Thus, we have

(A, A)/(J @ A+ ARy J) = (A)T) @, (A)J)
(completely) isometrically. Also, by [11, Corollary 6] we have the following de-
scription of the kernel of © 4:
ker©4 = ﬂ{R ®@p A+ A®, R : R € Primaly(A)}. (2.1)

The proof of the next lemma is omitted since it is almost identical to that of
[10, 2.5].

Lemma 2.1. Let A be a C*-algebra. Let (ay), (br), and (ex) be sequences in A
such that e = ey, for all k € N, and such that the series Y ;- | arat, > po biby
and Y 2, er are norm convergent. Let t and u be the tensors in A ®), A defined
byt:=> o exQepandu:=> ;o a,Qby. Ift—u € JRy A+ ARy J for some
J € 1d(A) then

span{ey +J : ke N} Cspan{b, +J : k €N},

where span denotes the closed linear span.

We also introduce the following notation. For m € N by A &L) A we denote the
set of all tensors in A ® A of rank at most m.
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Lemma 2.2. Let A be a C*-algebra and let F C Id(A) be some non void family
of ideals of A. Let

AF)=(JonA+A®@,yJ: JeF}LeldAa, A).
Suppose that A satisfies one of the following two conditions:
(i) There exists m € N such that A ® A+ AF)=A®@ A+ AF),
(i) AR, A+ A(F) = A A+ A(F).
Then sup{dim(A/J) : J € F} < oco. Moreover, if a separable A satisfies (ii)
then there exist m € N and elements x4, ..., x,, € A such that

span{x) + J,...,xpm +J} = A/J, forall J € F.

Proof. The proof of (i) and (ii) is also omitted since it is almost identical to that
of [10, 2.6] (here Prim(A) should be replaced by F, and instead of using [10, 2.5]
we use Lemma 2.1).

Now suppose that a separable A satisfies (ii). Let (e;) be a sequence of norm
one self-adjoint elements of A whose linear span is dense in A. We define a tensor

te A®y A by
t‘—iie Qe —ile ®le
-—k_1k2k k_kzlkk 72 Ok
By assumption, there exist the elements a4, ..., a,,, bi,..., b, € A such that for
w:=Y ", a; ®b; we have t —u € A(F). By Lemma 2.2 we have
span{ey + J: k€ N} Cspan{b; +J : 1 <i<m} (2.2)

for all J € F. Since the linear span of (ey) is dense in A, so is the linear span of
(ex +J)in A/J. Hence, (2.2) implies

span{b; +J : 1 <i<m}=A/J, forall Jeld(A).
Letting x; := b; (1 <7 < m) we obtain the desired elements. O

Theorem 2.3. Let A be a unital separable C*-algebra.
(i) IfIm©4 = E(A) then there exists m € N and the elements xy,...,x, € A

such that
span{z; + R, ...,z + R} = A/R, for all R € Primaly(A). (2.3)
(ii) If ¢(E(A)) < oo then A is SFT and

sup{dim(A/R) : R € Primaly(A)} < 0. (2.4)

Remark 2.4. Note that (by Proposition 1.1) the condition (2.3) immediately im-
plies that A is a SF'T algebra.

Proof. (i). Using the same notation as in Lemma 2.2, (2.1) implies ker©4 =
A(Primaly(A)). Then the condition Im ©4 = E(A) may be rewritten in the fol-
lowing form

(A®p A) + A(Primaly(A)) = A ® A + A(Primaly(A)).

Now the conclusion follows from Lemma 2.2.
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(ii). By Corollary [10, 2.13] A is a SFT algebra. Furthermore, by (2.1), the
condition k := ¢(E(A)) < oo is equivalent to

k
A® A+ A(Primaly(A)) = A ® A+ A(Primaly(A)).
Again, the conclusion now follows from Lemma 2.2. 0

Remark 2.5. 1t is still unknown to us if the conditions ¢(E(A)) < oo and Im©4 =
E(A) are in fact equivalent. It would be also interesting to know whether the
SFT condition together with (2.4) implies the existence of elements xq,. ..,z

for which (2.3) holds.

We now give an example of a unital separable 2-SFT algebra which contains
2-primal ideals of arbitrarily large codimensions. First recall that if A is a unital
C*-algebra and J € Max(Z(A)) (the maximal spectrum of the center Z(A)) then
the Glimm ideal of A generated by J is the proper (closed two-sided) ideal JA
(which is indeed closed by Cohen’s factorization theorem). Since JANZ(A) = J,
the mapping J — JA defines a bijection from Max(Z(A)) onto the set Glimm/(A)
of all Glimm ideals of A.

Example 2.6. Let () be a strictly increasing convergent sequence in R with
limit xq, and define

X = |_|[5172k—17332k:] U {xo},
k=1
which is a compact subset of R. For every k € N let N := {1,...,k}, and define
m(k) == (g) Let ¢ be some bijection from N, onto the set of all 2-element

subsets of Ny, and let ¢x (i) = {P14(7), P2x(2)}, where ¢y (i) < Par(i) (1 < i <
m(k)). For every k € N let us fix some distinct points sy, ..., Spk), from the
interval (zor_1,22k). We define A to be a C*-subalgebra of B := C(X, M3(C))
consisting of all functions a € B for which there exist complex numbers {\; x(a)}
(ke N,1<i<k)and A(a) such that

A (Hla 0 .
a(siy) = [ ¢1,ké)( ) Aosaio (@) } (ke N, 1<i<m(k)),

e =[5 30y ]

Then A is a (unital separable) 2-SFT algebra such that
sup{dim(A/R) : R € Primaly(A)} = cc.

Hence, by Theorem 2.3, {(E(A)) = oo and E(A) € Im©4. Moreover, Im 04 is
not even cb-closed.

and

Proof. Note that the 2-homogeneous ideal J of A is of the form
J={a€A : a(s)=0, forall s € X \ U} = Cy(U, M2(C)),

where

U:=X\{six : keN,1<i<m(k)}U{zo}).
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Since A/J is commutative, A is a 2-SFT algebra. Since U is dense in X, the
center Z(A) of A consists of all elements a € A where a(s) is a multiple of the
identity (and hence A;;(a) does not depend on 7). Let F' be a quotient space
obtained from X under the equivalence relation x ~ y if and only if z = y or
(x =s;and y = s;4), forsome k € N, 1 <, 7 <m(k). Then Z(A) is canonically
isomorphic to the C*-algebra C'(F') of all continuous complex-valued functions on
F', and the space Glimm(A) can be identified with F'. In particular, every ideal
G = Ny<;<p ker A; i, is Glimm ideal of A, and we have the following description
of Glimm(A):

Glimm(A) = {kermy: s € U} U{Gy: k€ N} U {ker A},

where N, : A—C (keN,1<i<k),A\:A—Candns: A— My(C) (s €U)
are irreducible representations of A defined respectively by X\ : a — X x(a),
A:aw— ANa), and 75 : a — a(s). Since A/J is commutative, it is also easy to
check that every irreducible representation of A is (up to the equivalence) in one
of this form, hence

Prim(A) = {kermy: se€ Ut U{ker\;: k€N, 1 <i<k}U/ {ker\}.

We claim that every Glimm ideal Gy is 2-primal. Let k£ € N be arbitrary. We
have to show that for every P,Q € Prim(A/G}) there exists a net in Prim(A)
which converges simultaneously to P and ). Since all primitive ideals of A/G}
are of the form ker \; ; (1 < ¢ < k), there are 1 < p,q < k such that P = ker A\,
and @ = ker\,,. We may assume that p < ¢ and let 1 < i < m(k) such
that ¢(i) = {p,q}. If (so) is an arbitrary net in [zop_1,@ox) \ {sip 1 1 < @ <
m(k)} which converges to s;, then it is not difficult to see that (kerms,) is a
net in Prim(J) C Prim(A) which converges simultaneously to ker A, = P and
ker \;r, = Q. Thus, G) € Primaly(A), for all £ € N. Since dim(A/Gy) = k,
we have sup{dim(A/Gy) : k € N} = o0, so {(E(A)) = oo and E(A) C ImO,4,
by Theorem 2.3. Moreover, using [15, 10.1] (see also [1]) we also conclude that
Im © 4 is not even closed in ICB(A). O]

3. C*-ALGEBRAS OF FINITE CENTRAL HAAGERUP RANK

Recall from the introduction that for a unital C*-algebra A we defined the cen-
tral Haagerup rank (denoted by ranky,(A)) of A by (1.3). As already observed,
rankz ,(A) < oo obviously implies /(E(A)) < co and Im©4 = E(A). To show
that the converse does not hold in general, we start with the following fact:

Proposition 3.1. Let A be a unital C*-algebra. If ranky,(A) < oo then
sup{dim(A/G) : G € Glimm(A)} < oo. (3.1)

Proof. Let J4 be the closed two-sided ideal of A ®);, A generated by tensors of the
form az ® b — a ® zb, where a,b € A and z € Z(A). By definition, A ®z, A =
(A®p A)/Ja. Note that A satisfies rankz,(A) < oo if and only if

ARy A+ Ja=A® A+ Jy
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for some m € N. By [1, Theorem 1] we have
Ja=({{G® A+ A®,G : G € Glimm(A)} = A(Glimm(A))
(using the same notation as in Lemma 2.2). Hence, by Lemma 2.2, (3.1) holds. [

Example 3.2. Let A be the C*-algebra from [9, 6.1] which consists of all elements
a € C([0,00], Mg(C)) such that

An(a) 0

A

am = O | eem,
(

for some convergent sequence (\,(a)) of complex numbers. Then ranky,(A) =
00, but Im©4 = E(A) and ((E(A)) < oc.

Proof. 1t is easy to check that

Z(A):{z: [é ﬂ . fec(0,00]), fluis Constant}.

If J is the maximal ideal of Z(A) consisting of all z € Z(A) with z|y = 0, then
the corresponding Glimm ideal G := JA is of the form

G={a€A : a|xy=0}.

Obviously, dim(A/G) = oo, and hence by Proposition 3.1 ranky,(A) = co. On
the other hand, it was shown in [9, 6.6] that In© 4 = E(A) and /(E(A)) < co. O

We now show that every unital SF'T algebra with Hausdorff primitive spectrum
has finite central Haagerup rank.

To show this, we introduce the following (rather standard) notation. For an
operator space X C B(H) we define

i=1

Roo(X) = {x =[r129 ...] 2; € X and lexf converges in norm} ,

i=1
If n € N we identify R, (X) with the subspace of R, (X) which consists of all
[z1 25 ...] such that z; = 0, for all ¢ > n. Similarly, we identify C,(X) with
the corresponding subspace of Coo(X). For x 1= [x;25 ...] € Roo(X) and y :=
(Y192 ...]" € Coo(X) we put

oo
i=1

Coo(X) = {y =[pys...]” 1y € X and Zy;"yl converges in norm} :

1 1
2 2

x| = o yll=

> vt
=1

and

X@y = Z.??Z@yl < X®hX
i=1
There is also a natural operator space structure on Roo(X) and C(X), but we
shall not need it. For n € NU {oo} we also put M ,(X) := Coo(Rn(X)) and
Mi.00(X) := Reo (Cp(X)).
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Lemma 3.3. Let A be a C*-algebra. Suppose that there exists m € N such that
for everyy :=[y1y2 ...]” € Coo(A) there exists X :=[x1 ... )" € Cp(A) and a
matriz of central elements Z = [z; ;| € Moom(Z(A)) such that Zx =y. If A is
unital then ranky ,(A) < m.

Proof. Let t € A®y, A. By [7, 1.5.6], there exist a := [ajas ...] € R(A) and
b = [b1by...]7 € Cu(A) such that ¢ = a ® b. By assumption, we can find
X = [112y ... Tp]" € Cp(A) and Z := [z;;] € Moo m(Z(A)) such that Zx = b.
For 1 < j <m let z; be the j-th column of the matrix Z. Then z; € C(Z(A)),
so the series .° a;2;; = az; is norm convergent. Then in A ®z; A we have

k

k m
ty = khjglozaz ®z by = ]}LIEO (; a; @z (; Zi,j%’))

=1

m k m k
= khjl;lo <Z Zzi,jai ®Z l’j) == : ’}LIEO <Z Zz"j(lz') ®Z X

=1 i=1 j=1 i=1

m
= E azj ®Z Zlfj.
i=1

Thus, ranky ,(A4) < m. O
Let us introduce the following auxiliary definition:

Definition 3.4. We say that a C*-algebra A has property (P) if A satisfies the
condition of Lemma 3.3.

Remark 3.5. Note that every C*-algebra which satisfies (P) is quasicentral, that
is A as a Banach module over its center Z(A) is nondegenerate (see [2] of [9] for
another descriptions). Furthermore, if A is quasicentral and m € N, then it is
easy to see that My, (A) is also a nondegenerate Banach Z(A)-module, under
the natural action

z-laig] = [zai;] (2 € Z(A), |ai;] € Moo m(A)).

In particular, using Cohen’s factorization theorem, we see that every matrix a €
Meom(A) can be factorized in the form a = z - b, for some z € Z(A) and b €
Meo.m (A).

Lemma 3.6. Let A be a C*-algebra which satisfies (P). Then every quasicentral
ideal J of A satisfies (P).

Proof. Let a € C(J). By Remark 3.5 there exist z € Z(J) and b € C,(J)

such that a = z - b. Since A satisfies (P), there exists m € N and the matrices

Z € My (Z(A)), x € C,,(A) such that Zx = b. Choose any factorization

z = 2129, where z1, 29 € Z(J). Since Z(J) is an ideal of Z(A), we have
a=z-b==z(Zx)=(z-2Z)(2 - x),

where 21 - Z € Mo ,,n(Z(J)) and 25 - x € C,,,(J). Hence, J satisfies (P). O

Proposition 3.7. Let A be an n-homogeneous C*-algebra of finite type. Then A
satisfies (P).
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Proof. By [3, 3.2], there exists a locally trivial C*-bundle E over the (locally
compact Hasudorff) space A := Prim(A) whose fibers are isomorphic to M,,(C)
such that A 2 T'y(F) (['o(F) stands for the C*-algebra of all continuous sections
of E which vanish at 0o). Using the local triviality of F it is easy to see that A is
quasicentral. Since by [11, 3.3] M(A) is also n-homogeneous, Lemma 3.6 implies
that it is sufficient to prove the claim when A is already unital. In this case A is
compact and we identify A with I'(£). Choose a finite open covering {U;}1<j<m
of A such that every restriction bundle F |U7 is trivial. Using a finite partition
of unity argument, it is sufficient to prove the claim when FE is already trivial.
Then A = C(A,M,,(C)), and let (E;;) be the standard matrix units of M, (C)
considered as constant elements of C'(A, M,,(C)). Let [aj as ...]” € Cx(A). Then

k. = Z TriiBijs
ij=1
for some functions fi,;; € C(A) = Z(A). To show that A satisfies (P), it is
sufficient to check that the series of functions >~ | fxi;|* converge uniformly on
A, for all 1 <1i,7 < n. Indeed, since

n n
apay = Z Z Jip,i Frepiliij,

1,7=1 p=1
and since the series Y .- | atax is norm convergent if and only if its matrix values
converge uniformly on A, we conclude that the series 32, 37 | | fi |? converge
uniformly on A, for all 1 < j < n. Since |fy;|*> < >0 |frp;l? it follows that
the series > o, | fr.i;]? also converge uniformly on A. O

Lemma 3.8. Let A and B be C*-algebras and let ¢ : A — B be a surjective
x-homomorphism. If m € N then the induced map

Goom * Moom(A) = Moo im(B), (boo,m([ai,j]) = [(b(ai,j)]
18 also surjective

Proof. 1t is sufficient to prove this when m = 1. In this case My 1(A) = Coo(A)
and My 1(B) = Cx(B) can be considered as the standard Hilbert C*-modules
Ha and Hp (see [17, Section 15]). Using the same notation as in [0, Section 2],
oo = Qoo 1S @ ¢p-morphism between H, and Hp. Since ¢ is surjective, note
that the image of ¢, is dense in Hg. But [0, 2.5] implies that the image of ¢
is closed, so that ¢, is indeed surjective. O

Theorem 3.9. Let A be a unital SFT algebra with Hausdorff primitive spec-
trum. Then A has a finite central Haagerup rank. In particular, Im©4 = E(A),
U(E(A)) < 0o and E(A) is closed in the operator norm.

Proof. Suppose that A is n-subhomogeneous and let (1.1) the standard compo-
sition series of A of length p. If p = 1 then A is n-homogeneous (of finite type),
so the claim follows from Proposition 3.7. Let p > 2 and suppose that the result
holds for all unital SF'T algebras with Hausdorff primitive spectrum whose length
of the corresponding composition series equals p—1. Let J be the n-homogeneous
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ideal of A and let ¢; : A — A/J be the quotient map. Choose an arbitrary el-
ement a € Cy(A). Then obviously a = (gs)w1(a) € Cx(A/J). By induction
hypothesis (applied to A/J), there exists m € N (which depends only on A/.J)
and matrices Z; € Moo m(Z(A/)J)), X1 € Cp(A/J) such that Z;%; = a. Since
Prim(A) is Hausdorff, [16, Corollary 1] implies that ¢; maps Z(A) surjectively
onto Z(A/J). By Lemma 3.8, matrices Z; and %X; can be respectively lifted to
the matrices Z; € M (Z(A)) and x; € C,,(A) such that

b:=a—-7x; € COO(J) (32)

Similarly, since J is homogeneous C*-algebra of finite type, by invoking Propo-
sition 3.7 we find k£ € N (which depends only on J) and the matrices Zy €
Moo x(Z(J)), x2 € Ci(J) such that Zoxs = b. Since Z(J) C Z(A), we have

Z:=|Zy Zy] € Momn(Z(A) and x:= [ 2 } € Cpii(4),

and (3.2) implies that a = Zx. By Lemma 3.3, rankz,(A) < m+k < oo. In
particular, In©4 = E(A) and ¢(E(A)) < co. The claim that E(A) is closed in
the operator norm follows from [9, 6.2] and [15, 10.1] (or [14, Theorem 4]). O

Remark 3.10. We also note that ranky,(A) < oo does not imply that Prim(A)
is Hausdorff. For example, let A be a C*-subalgebra of B := C([0,1], My(C))
consisting of all @ € B such that a(0) is diagonal. Then it is easy to see that
ranky ,(A) < oo, even though Prim(A) is not Hausdorff.
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