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QUOTIENT MEAN SERIES
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Abstract. The well–known Mathieu series

SM (r) =
∞∑

n=1

2n

(n2 + r2)2
(r > 0),

can be transformed into the form

SM (r) =
1
2r

∞∑
n=1

√
nr

2(√
n2+r2

2

)4 =
1
2r

∞∑
n=1

G2(n, r)
Q4(n, r)

,

where G(n, r) and Q(n, r) denote the Geometric and Quadratic mean of n ∈ N
and r > 0. This connection leads us to the idea to introduce and research
the so–called Quotient mean series as a be a generalizations of Mathieu’s and
Mathieu–type series. We give an integral representation of such series and their
alternating variant, together with associated inequalities. Also, special cases
of quotient mean series, involving Bessel function of the first kind, have been
studied in detail.

1. Introduction and preparation

In his work on the solid state physics Traite de Physique Mathématique, VI-
VII: Théory de Élasticité des Corps Solides (Part 2) in 1890. Émile Leonard
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Mathieu (1835.-1890.) defined the following series

SM(r) =
∞∑

n=1

2n

(n2 + r2)2
(r > 0),

which we call the Mathieu series. This kind of series have their application in
solid state physics, in mathematical models that describe the vibrations of planar
figures, in boundary problems of biharmonic equations on rectangular domain
[10, page. 258] and on two dimensional elastostatic problems [2].

The alternating variant of Mathieu series

S̃M(r) =
∞∑

n=1

(−1)n−1 2n

(n2 + r2)2
(r > 0),

is considered in connection with a ODJ whose solution is the Butzer–Flocke–
Hauss Ω–function, see [1, 8].

Recently, the series SM(r) and its various generalizations became the topic
of interest of numerous mathematicians such as Acu, Alzer, Cerone, Dicu, Ele-
zović, Lampret, Lenard, Gavrea, Guo, Hoorfar, Pogány, Qi, Srivastava, Tomovski,
Trenčevski, following the pioneering work of Berg, Diananda, Emersleben and
Makai among others. By investigating Mathieu series we mean deriving integral
representations and sharp bilateral bounds, together with their application in nu-
merical analysis, mathematical physics, number theory, special functions and so
on.

It is straightforward to see that SM(r) can be rewritten into

SM(r) =
1

2r

∞∑
n=1

√
nr

2(√
n2+r2

2

)4 =
1

2r

∞∑
n=1

G2(n, r)

Q4(n, r)
,

where

G(n, r) =
√

nr, Q(n, r) =

√
n2 + r2

2

are the well known Geometric and Quadratic mean of n ∈ N and r > 0, respec-
tively. This transformation leads as to study a series such that consists from
quotients of power means so, that in deriving its closed integral representations
we take the same mathematical tools as for Mathieu series in earlier papers, e.g.
the Laplace–integral form of the Dirichlet series [4]

Dλ(x) =
∞∑

n=1

ane−λnx = x

∫ ∞

0

e−xt

(
[λ−1(t)]∑

n=1

an

)
dt , (1.1)

mentioning that throughout the article [A] stands for the integer part of A; the
Gamma–function formula

a−sΓ(s) =

∫ ∞

0

e−axxs−1dx (<{s} > 0)
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and the Euler–Maclaurin summation formula written in the form [9]

l∑
n=k+1

an =

∫ l

k

(a(x) + {x}a′(x))dx ≡
∫ l

k

dxa(x)dx. (1.2)

The alternating variant of (1.2) reads as follows

m∑
j=l+1

(−1)j−l−1aj =

∫ m

l

d1
xa(x)dx− 2

∫ 2[ 1
2
m]

2l

d1/2
x a(x)dx.

Here

dq
x := 1 + {qx} ∂

∂x
, q ∈ {1

2
, 1}.

Let us recall that for a positive vector a = (a1, . . . , an) ∈ Rn
+, r ∈ R\{0}, the

equal weights mean of order r one defines as [6]

M [r]
n (a) =

(
ar

1 + · · ·+ ar
n

n

) 1
r

.

We will need in the sequel its well–known properties

lim
r→0+

M [r]
n (a) = n

√
a1 · · · an = G(a1, . . . , an), M [2]

n (a) = Q(n, a).

Now we define the series

Ss,t
p,q(r1, r2) :=

∞∑
n=1

(M
[s]
2 (n, r1))

t

(M
[q]
2 (n, r2))p

= 2p/q−t/s

∞∑
n=1

(ns + rs
1)

t/s

(nq + rq
2)

p/q

S̃s,t
p,q(r1, r2) :=

∞∑
n=1

(−1)n−1 (M
[s]
2 (n, r1))

t

(M
[q]
2 (n, r2))p

(
r1, r2, p, q, t, s > 0

)
.

Here, and in what follows, Sp,q, S̃p,q we call quotient mean series and alternating
quotient mean series, respectively.

Remark 1.1. The series Ss,t
p,q(r1, r2) converges for p− t > 1, namely

Ss,t
p,q(r1, r2) ∼ ζ(p− t).

Similarly, S̃s,t
p,q(r1, r2) converges for p > t since

S̃s,t
p,q(r1, r2) ∼ η(p− t) =

∞∑
n=1

(−1)n−1

np−t
.

The main topic of our interest is to derive an integral representation of such
series and to give related bounding inequalities, making use of the derived integral
expressions.
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2. Integral representations for Ss,t
p,q and S̃s,t

p,q

First, we give an integral representation for Ss,t
p,q.

Theorem 2.1. Let r1, r2, p, q, t, s > 0, p− t > 1. Then the quotient mean series
possesses the closed integral expression

Ss,t
p,q(r1, r2) = 2p/q−t/s p

q

∫ ∞

0

∫ [u1/q ]

0

dw

(
(ws + rs

1)
t/s
)

(u + rq
2)

p/q+1
dwdu .

Proof. We start by transforming Ss,t
p,q with the help of the Gamma function for-

mula obtaining

Ss,t
p,q(r1, r2) =

2p/q−t/s

Γ
(
p/q
) ∞∑

n=1

(ns + rs
1)

t/s

∫ ∞

0

e−(nq+rq
2)xx

p
q
−1dx

=
2p/q−t/s

Γ
(
p/q
) ∫ ∞

0

xp/qe−rq
2x

(
∞∑

n=1

(ns + rs
1)

t/se−nqx

)
dx.

All considered sums are convergent by assumption, so the exchange of summation
and integration order is legitimate. The inner sum is now a Dirichlet series

Dnq(x) =
∞∑

n=1

(ns + rs
1)

t/se−nqx.

By Laplace–integral formula, we get

Dnq(x) = x

∫ ∞

0

e−xu

[u1/q ]∑
n=1

(ns + rs
1)

t/s

 du. (2.1)

Applying the Euler–Maclaurin summation formula to the inner sum we get

An =

[u1/q ]∑
n=1

(ns + rs
1)

t/s =

∫ [u1/q ]

0

dw

(
(ws + rs

1)
t/s
)
dw (2.2)

Putting back (2.2) into (2.1), we have

Dnq(x) = x

∫ ∞

0

e−xu

(∫ [u1/q ]

0

dw

(
(ws + rs

1)
t/s
)
dw

)
du

= x

∫ ∞

0

∫ [u1/q ]

0

e−xu dw

(
(ws + rs

1)
t/s
)
dwdu.

Consequently

Ss,t
p,q(r1, r2) =

2p/q−t/s

Γ
(
p/q
) ∫ ∞

0

∫ ∞

0

∫ [u1/q ]

0

xp/qe−(u+rq
2)xdw

(
(ws + rs

1)
t/s
)
dwdudx

=
2p/q−t/s

Γ
(
p/q
) ∫ ∞

0

∫ [u1/q ]

0

(∫ ∞

0

xp/qe−(u+rq
2)xdx

)
dw

(
(ws + rs

1)
t/s
)
dwdu.
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The inner integral is equal to Γ
(
p/q + 1

)
(u + rq

2)
−1−p/q, therefore

Ss,t
p,q(r1, r2) =

2p/q−t/sΓ
(
p/q + 1

)
Γ
(
p/q
) ∫ ∞

0

∫ [u1/q ]

0

dw

(
(ws + rs

1)
t/s
)

(u + rq
2)

p/q+1
dwdu

= 2p/q−t/s p

q

∫ ∞

0

∫ [u1/q ]

0

dw

(
(ws + rs

1)
t/s
)

(u + rq
2)

p/q+1
dwdu.

�

For the alternating variant of quotient mean series the proving procedure is
the copy of the proof used in the previous theorem. The only exception is the
alternating Dirichlet series such that appears in the integrand. Since [u1/q] ≡ 0 for
0 ≤ u < 1, the integration domain of all first integrals in integral representation
becomes [1,∞).

Theorem 2.2. Let r1, r2, p, q, t, s > 0, p > t. The alternating quotient mean
series possesses the integral representation

S̃s,t
p,q(r1, r2) =

2p/q−t/s p

q

(∫ ∞

1

∫ [u1/q ]

0

d1
w

(
(ws + rs

1)
t/s
)

(rq
2 + u)p/q+1

dwdu

− 2

∫ ∞

1

∫ 2[ 1
2
[u1/q ]]

0

d
1/2
w

(
(ws + rs

1)
t/s
)

(rq
2 + u)p/q+1

dwdu

)
.

3. Bounding inequalities

3.1. Bilateral inequality for Ss,t
p,q. From the definition of the operator dx it is

obvious that

a(x) + a′−(x) < dxa(x) = a(x) + {x}a′(x) < a(x) + a′+(x),

where f− = min{f, 0}; f+ = max{f, 0}. Then we have

a(x) ≤ dxa(x) < a(x) + a′(x) a monotone increasing, (3.1)

a(x) + a′(x) < dxa(x) ≤ a(x) a monotone decreasing.

Since in our case a(x) increases, we use (3.1) to derive inequalities for Ss,t
p,q.

Theorem 3.1. Let κ ∈ N2 = {2, 3, . . .}, t = κs > 0 and

q > max
{

s +
1

κ− 1
,

κ s

κ− 1

}
.

Then we have

Ls,t
p,q(r1, r2) ≤ Ss,t

p,q(r1, r2) < Rs,t
p,q(r1, r2),

where

Ls,t
p,q(r1, r2) =

2p/q−t/s p

q

∫ ∞

1

[u1/q]rt
1 2F1

(
1/s,−t/s
1 + 1/s

∣∣∣− r−s
1 [u1/q]s

)
(u + rs

2)
t/s

du,

Rs,t
p,q(r1, r2) =

2p/q−t/s p

q

∫ ∞

1

([u1/q]s + rs
1)

t/s − rt
1

(u + rs
2)

t/s
du + Ls,t

p,q(r1, r2),
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with q−1 + t−1 < s−1.

Proof. By (3.1) we have

(ws + rs
1)

t/s ≤ dw

(
(ws + rs

1)
t/s
)

< (ws + rs
1)

t/s + ((ws + rs
1)

t/s)′

i.e.

Iu ≤
∫ [u1/q ]

0

dw

(
(ws + rs

1)
t/s
)
dw < Iu + ([u1/q]s + rs

1)
t/s − rt

1,

where

Iu =

∫ [u1/q ]

0

(ws + rs
1)

t/sdw.

Now, we have

Iu = rt+1
1

∫ [u1/q ]/r

0

(1 + xs)t/sdx

= rt+1
1

∫ [u1/q ]/r

0

∞∑
n=0

(
t/s

n

)
xsndx

= rt+1

∞∑
n=0

(
t/s

n

)
([u1/q]/r)sn+1

sn + 1

= [u1/q]rt
1

∞∑
n=0

t/s(t/s− 1) · · · (t/s− n + 1)

sn + 1
· ([u1/q]/r)sn

n!
.

Since

t/s(t/s− 1) · · · (t/s− n + 1) = (−1)n(−t/s)(−t/s + 1) · · · (−t/s + n− 1)

≡ (−1)n(−t/s)n

and
1

sn + 1
=

1/s(1/s + 1) · · · (1/s + n− 1)

(1/s + 1)(1/s + 2) · · · (1/s + n)
≡ (1/s)n

(1/s + 1)n

,

where (a)n stands for the Pochhammer symbol or shifted factorial, we obtain

Iu = [u1/q]rt
1

∞∑
n=0

(−t/s)n(1/s)n

(1/s + 1)n

· (−([u1/q]/r)s)n

n!

= [u1/q]rt
1 2F1

(
1/s,−t/s
1 + 1/s

∣∣∣− r−s
1 [u1/q]s

)
,

where 2F1 denotes the familiar Gaußian hypergeometric function.
One of the upper parameters in the hypergeometric function in I is negative,

t/s = κ ∈ N, say. This means that
(
−κ
)

n
≡ 0 for all addends with indices n ≥ κ.

So

2F1

(
1/s,−κ
1 + 1/s

∣∣∣− r−s
1 [u1/q]s

)
= Pκ−1

(
− r−s

1 [u1/q]s
)
,
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where Pκ−1(·) is a polynomial of degree deg
(
P
)

= κ− 1. Now we conclude:

[u1/q]rt
1Pκ−1

(
− r−s

1 [u1/q]s
)
≤
∫ [u1/q ]

0

dw

(
(ws + rs

1)
t/s
)
dw

< ([u1/q]s + rs
1)

t/s − rt
1 + [u1/q]rt

1Pκ−1

(
− r−s

1 [u1/q]s
)
.

It remains to test the convergence of the integrals in Rs,t
p,q(r1, r2) and Ls,t

p,q(r1, r2).
But, it is easy to see that Rs,t

p,q(r1, r2) converges for

1

q
<
(
1− 1

κ

)1

s
.

For Ls,t
p,q(r1, r2) we have

Ls,t
p,q(r1, r2) ≤ const.

∫ ∞

1

u1/q
∣∣Pκ−1

(
− r−s

1 [u1/q]s
)∣∣

(u + rs
2)

κ
du = const.

∫ ∞

1

J(u)du ,

where the behaviour of J(u) is critical for u large. Since

J(u) ∼ u1/q
(
us/q

)κ−1
uκ = u(1+(κ−1)s)/q−κ

(
u →∞

)
,

for the convergence of the integral Ls,t
p,q(r1, r2) we need to have

1 + (κ− 1)s

q
− κ < −1 ,

such that, in conjunction with (??) gives the condition:

0 <
1

q
< min

{κ− 1

κs
,

κ− 1

(κ− 1)s + 1

}
.

This finishes the proof. �

3.2. Bilateral inequality for S̃s,t
p,q.

Theorem 3.2. For p/q > t/s we have

L̃s,t
p,q(r1, r2) ≤ S̃s,t

p,q(r1, r2) < R̃s,t
p,q(r1, r2),

where

L̃s,t
p,q(r1, r2) =

2p/q−t/s p

q

(∫ ∞

1

∫ [u1/q ]

2[ 1
2
[u1/q ]]

(ws + rs
1)

t/s

(rq
2 + u)p/q+1

dwdu

−
∫ ∞

0

(2s[1
2
[u1/q]]s + rs

1)
t/s

(rq
2 + u)p/q+1

du

)
− 2p/q−t/srt

1

rq
2 + 1

,

R̃s,t
p,q(r1, r2) =

2p/q−t/s p

q

(∫ ∞

1

∫ [u1/q ]

2[ 1
2
[u1/q ]]

(ws + rs
1)

t/s

(rq
2 + u)p/q+1

dwdu

+

∫ ∞

0

([u1/q]s + rs
1)

t/s

(rq
2 + u)p/q+1

du

)
+

2p/q−t/srt
1

rq
2 + 1

.
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Proof. Let us denote

I1 =

∫ [u1/q ]

0

d1
w((ws + rs

1)
t/s)dw, I1/2 = 2

∫ 2[ 1
2
[u1/q ]]

0

d1/2
w ((ws + rs

1)
t/s)dw.

By the definition of d1
w and d

1/2
w we have∫ [u1/q ]

0

(ws + rs
1)

t/sdw ≤ I1 <

∫ [u1/q ]

0

(ws + rs
1)

t/sdw + ([u1/q]s + rs
1)

t/s − rt
1,∫ 2[ 1

2
[u1/q ]]

0

(ws + rs
1)

t/sdw≤ I1/2 <

∫ 2[ 1
2
[u1/q ]]

0

(ws + rs
1)

t/sdw

+
(
2s[1

2
[u1/q]]s + rs

1

)t/s− rt
1.

Since these bounds are positive, we can integrate them on R+ with respect to the
measure (rq

2 + u)−p/q−1du, that is∫ ∞

1

∫ [u1/q ]

0

(ws + rs
1)

t/s

(rq
2 + u)p/q+1

dwdu ≤
∫ ∞

1

I1

(rq
2 + u)p/q+1

du

<

∫ ∞

1

∫ [u1/q ]

0

(ws + rs
1)

t/s + ([u1/q]s + rs
1)

t/s

(rq
2 + u)p/q+1

dwdu−
∫ ∞

1

rt
1

(rq
2 + u)p/q+1

du

=

∫ ∞

1

∫ [u1/q ]

0

(ws + rs
1)

t/s + ([u1/q]s + rs
1)

t/s

(rq
2 + u)p/q+1

dwdu− rt
1 q

p(rq
2 + 1)

,

and∫ ∞

1

∫ 2[ 1
2
[u1/q ]]

0

(ws + rs
1)

t/s

(rq
2 + u)p/q+1

dwdu ≤
∫ ∞

1

I1/2

(rq
2 + u)p/q+1

du

<

∫ ∞

1

∫ 2[ 1
2
[u1/q ]]

0

(ws + rs
1)

t/s + (2s[1
2
[u1/q]]s + rs

1)
t/s

(rq
2 + u)p/q+1

dwdu−
∫ ∞

1

rt
1 du

(rq
2 + u)p/q+1

=

∫ ∞

1

∫ 2[ 1
2
[u1/q ]]

0

(ws + rs
1)

t/s + (2s[1
2
[u1/q]]s + rs

1)
t/s

(rq
2 + u)p/q+1

dwdu− rt
1 q

p(rq
2 + 1)

.

Combining these two bounds we obtain the desired result, remarking that the

integrals involved in L̃s,t
p,q and R̃s,t

p,q converge when t/s− p/q − 1 < −1, i.e. p/q >
t/s. �

4. Quotient mean series such that contain Bessel function of the
first kind

In the well known formula collection by Gradshteyn and Ryzhik we can find
the following formula [3, eq. 6.623-1]:∫ ∞

0

e−αxJν(βx)xνdx =
(2β)νΓ(ν + 1

2
)

√
π(α2 + β2)ν+1/2

=
βν

(α2 + β2)ν+1/2
·
2νΓ(ν + 1

2
)

√
π

.

Putting

α2 = (1− λ)nq, β2 = λnq + rq
2,



QUOTIENT MEAN SERIES 95

for some λ ∈ (0, 1), we get

βν

(α2 + β2)ν+1/2
=

(λnq + rq
2)

ν/2(
(1− λ)nq + λnq + rq

2

)νq/2
=

λν/2[(nq + 1
λ
rq
2)

1/q]νq/2

(nq + rq
2)

ν+1/2

=
λν/2[(nq + 1

λ
rq
2)

1/q]νq/2

[(nq + rq
2)

1/q]q(ν+ 1
2
)

=
λν/2

2
ν+1
2

·
(
M [q](n, λ−1/qr2)

)νq/2

(M [q](n, r2))
q(ν+1/2)

.

Now∫ ∞

0

e−
√

(1−λ)nq xJν

(√
λnq + rq

2 x
)
xνdx =

λν/2Γ(ν + 1
2
)

2
1−ν
2
√

π
·
(
M [q](n, λ−1/qr2)

)νq/2

(M [q](n, r2))
q(ν+1/2)

,

i.e.(
M [q](n, λ−1/qr2)

)νq/2

(M [q](n, r2))
q(ν+1/2)

=
2

1−ν
2
√

π

λν/2Γ(ν + 1
2
)

∫ ∞

0

e−
√

(1−λ)nq xJν

(√
λnq + rq

2 x
)
xνdx.

Summing up these terms over n ∈ N we conclude

Theorem 4.1. Let q, r, ν > 0, q(1− ν
2
) > 1, 0 < λ < 1. Then we have

S
q, νq

2

q,q(ν+ 1
2
)
(λ−1/qr, r) =

2
1−ν
2
√

π

λν/2Γ(ν + 1
2
)

∫ ∞

0

(
∞∑

n=1

e−
√

(1−λ)nq xJν(
√

λnq + rq x)

)
xνdx.(4.1)

Now we will derive upper bounds for the quotient mean series (4.1). Obviously∣∣∣Sq, νq
2

q,q(ν+ 1
2
)
(λ−1/qr, r)

∣∣∣ < 2
1−ν
2
√

π

λν/2Γ(ν + 1
2
)

∫ ∞

0

(
∞∑

n=1

e−
√

(1−λ)nq x

×
∣∣∣Jν(

√
λnq + rq x)

∣∣∣) xνdx;

So, to obtain an upper bound it remains to estimate Jν(·). Consider two Landau’s
bounds [5]:

|Jν(x)| ≤ BLν−(1/3), BL :=
3
√

2 sup
x∈R+

(
Ai(x)

)
(4.2)

and

|Jν(x)| ≤ CL|x|−(1/3), CL := sup
x∈R+

x1/3
(
J0(x)

)
,

where Ai(x) is the Airy function

Ai(x) :=
π

3

√
x

3

(
J−(1/3)

(
2
(x

3

)3/2
)

+ J1/3

(
2
(x

3

)3/2
))

,

and take the different kind of bound by Olenko [7, Theorem 1]

sup
x≥0

√
x|Jν(x)| ≤ BL

√
ν1/3 +

α1

ν1/3
+

3α2
1

10ν
=: d0

(
ν > 0

)
. (4.3)
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Here α1 is the smallest pozitive zero of the Airy function Ai(x) and BL is the first
Landau constant.

Using the first Landau’s bound, we get:

Theorem 4.2. It holds holds true∣∣∣Sq, νq
2

q,q(ν+ 1
2
)
(λ−1/qr, r)

∣∣∣ ≤ 2
1−ν
2
√

πBLΓ(ν + 2)

λν/2(ν − 2/q + 1)(1− λ)(ν+1)/2Γ(ν + 1/2)ν1/3
, (4.4)

for all 0 < λ < 1, q > 2
3+ν

, ν > −1.

Proof. With the help of (4.2) we get∣∣∣Sq, νq
2

q,q(ν+ 1
2
)
(λ−1/qr, r)

∣∣∣ ≤ 2
1−ν
2
√

πBL

λν/2Γ(ν + 1/2)ν1/3

∫ ∞

0

(
∞∑

n=1

e−
√

1−λ nq/2x

)
xνdx. (4.5)

The sum in the integral is a Dirichlet series which, via Laplace integral formula,
becomes

∞∑
n=1

e−
√

1−λ nq/2x = x

∫ ∞

0

e−xt

 ∑
n : (1−λ)1/2nq/2≤t

1

 dt

= x

∫ ∞

0

e−xt[t2/q(1− λ)−1/q]dt

= x

∫ ∞

√
1−λ

e−xt[t2/q(1− λ)−1/q]dt.

Rewriting all these expressions in (4.5), we deduce:∣∣∣Sq, νq
2

q,q(ν+ 1
2
)

(λ−1/qr, r)
∣∣ ≤ 2

1−ν
2
√

πBL

λν/2Γ(ν + 1/2)ν1/3

∫ ∞

√
1−λ

∫ ∞

0

xν+1e−xt

[
t2/q

(1− λ)1/q

]
dtdx

=
2

1−ν
2
√

πBL

λν/2Γ(ν + 1/2)ν1/3

∫ ∞

√
1−λ

[
t2/q

(1− λ)1/q

](∫ ∞

0

xν+1e−xtdx

)
dt

=
2

1−ν
2
√

πBLΓ(ν + 2)

λν/2Γ(ν + 1/2)ν1/3

∫ ∞

√
1−λ

[t2/q(1− λ)−1/q]

tν+2
dt.

Since q > 2/(3 + ν) and∫ ∞

√
1−λ

[t2/q(1− λ)−1/q]

tν+2
dt ≤ 1

(1− λ)1/q

∫ ∞

√
1−λ

dt

tν−2/q+2

=
1

(1− λ)1/q
· 1

ν − 2/q + 1
· 1

((1− λ)1/2)ν−2/q+1

=
1

(ν − 2/q + 1)(1− λ)ν/2+1/2
< ∞,

the inequality (4.4) is not redundant, therefore the integral converges. So the
result. �

By the second Landau’s estimate we
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Theorem 4.3. For a special case of quotient mean series the following inequality
holds true∣∣∣Sq, νq

2

q,q(ν+ 1
2
)
(λ−1/qr, r)

∣∣∣ ≤ 2
1−ν
2
√

πCLΓ(ν + 5/3)

λν/2Γ(ν + 1/2)

×
∫ ∞

√
1−λ

∫ �
t2/q

(1−λ)1/q

�

0 dw((λwq + rq)−1/6)dw

tν+5/3
dt,

where 0 < λ < 1, ν > −2/3.

Proof. Using (??) we get

∣∣∣Sq, νq
2

q,q(ν+ 1
2
)
(λ−1/qr, r)

∣∣∣ ≤ 2
1−ν
2
√

πCL

λν/2Γ(ν + 1/2)

∫ ∞

0

(
∞∑

n=1

e−
√

1−λ nq/2x

(λq
n + rq)1/6

)
xν− 1

3 dx. (4.6)

The sum in the integral is a Dirichlet series which, via Laplace integral formula
and Euler–Maclaurin summation formula, becomes

∞∑
n=1

e−
√

1−λ nq/2x(λq
n + rq)−1/6 = x

∫ ∞

0

e−xt

[t2/q(1−λ)−1/q ]∑
n=1

(λq
n + rq)−1/6

 dt

= x

∫ ∞

0

e−xt

∫ [t2/q(1−λ)−1/q ]

0

dw((λq
w + rq)−1/6)dwdt.

Putting all back to (4.6), we have

∣∣∣Sq, νq
2

q,q(ν+ 1
2
)

(λ−1/qr, r)
∣∣ ≤ 2

1−ν
2
√

πCL

λν/2Γ(ν + 1/2)

×
∫ ∞

0

xν+2/3

∫ ∞

0

e−xt

∫ �
t2/q

(1−λ)1/q

�

0

dw((λq
w + rq)−1/6)dwdtdx

=
2

1−ν
2
√

πCL

λν/2Γ(ν + 1/2)

∫ ∞

0

∫ [t2/q(1−λ)−1/q ]

0

dw((λq
w + rq)−1/6)

×
(∫ ∞

0

xν+ 2
3 e−xtdx

)
dwdt

=
2

1−ν
2
√

πCLΓ(ν + 5/3)

λν/2Γ(ν + 1/2)

∫ ∞

√
1−λ

∫ �
t2/q

(1−λ)1/q

�

0 dw((λwq + rq)−1/6)dw

tν+5/3
dt.

It is easy to show that the righthandside integral converges for ν > −2/3, and
since [t2/q(1− λ)−1/q] ≡ 0 for 0 ≤ t2/q(1− λ)−1/q < 1, we integrate from

√
1− λ

over t. �
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Theorem 4.4. For a special case of quotient mean series the following inequality
holds true∣∣∣Sq, νq

2

q,q(ν+ 1
2
)
(λ−1/qr, r)

∣∣∣ ≤ 2
1−ν
2
√

πd0

λν/2Γ(ν + 1/2)

×
∫ ∞

√
(1−λ)

∫ �
t2/q

(1−λ)1/q

�

0

dw((λwq + rq)−1/2)

t2
dwdt.

Proof. Making use of (4.3), we get:

xν |Jν(
√

λnq + rqx)| = xν−1/2x1/2
∣∣∣Jν((λnq + rq)x)

∣∣∣ ≤ xν−1/2 d0

(λnq + rq)1/2
,

that is∣∣∣Sq, νq
2

q,q(ν+ 1
2
)

(λ−1/qr, r)
∣∣ ≤ 2

1−ν
2
√

π

λν/2Γ(ν + 1/2)

∫ ∞

0

∞∑
n=1

d0 e−
√

1−λnq/2x

(λnq + rq)1/2
xν−q/2dx

=
2

1−ν
2
√

π d0

λν/2Γ(ν + 1/2)

∫ ∞

0

(
∞∑

n=1

1

(λnq + rq)1/2
e−
√

1−λnq/2x

)
xν−q/2dx.

(4.7)

The inner Dirichlet series we apply the Laplace integral formula (1.1), which gives
us

∞∑
n=1

e−
√

1−λnq/2x

(λnq + rq)1/2
= x

∫ ∞

0

e−xt

[t2/q(1−λ)−1/q ]∑
n=1

(λnq + rq)−1/2

 dt.

We write the sum in the integrand by Euler–Maclaurin summation formula
∞∑

n=1

e−
√

1−λnq/2x

(λnq + rq)1/2
= x

∫ ∞

0

∫ [t2/q(1−λ)−1/q ]

0

e−xtdw((λwq + rq)−1/2)dwdt. (4.8)

Putting (4.8) in (4.7) results with∣∣Sq, νq
2

q,q(ν+ 1
2
)
(λ−1/qr, r)

∣∣ ≤ 2
1−ν
2
√

π d0

λν/2Γ(ν + 1/2)

×
∫ ∞

0

∫ ∞

0

∫ �
t2/q

(1−λ)1/q

�

0

xe−xtdw((λwq + rq)−1/2)dwdtdx

=
2

1−ν
2
√

π d0

λν/2Γ(ν + 1/2)

×
∫ ∞

0

∫ �
t2/q

(1−λ)1/q

�

0

dw((λwq + rq)−1/2)

(∫ ∞

0

xe−xtdx

)
dwdt

=
2

1−ν
2
√

π d0

λν/2Γ(ν + 1/2)

∫ ∞

(1−λ)1/2

∫ �
t2/q

(1−λ)1/q

�

0

dw((λwq + rq)−1/2)t−2dwdt,

we finish the proof. �
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