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Abstract. We consider two general integral operators where are the exten-
sions of the Kim–Merkes operator and Pfaltzgraff operator. We will proved
in this paper the univalent conditions for these operators when we make some
restrictions about the functions from your definitions.

1. Introduction and preliminaries

We consider the unit open disk denoted by U , U = {z ∈ C : |z| < 1} and A
the class of functions which are the form f(z) = z + a2z

2 + · · · .Let S denote the
subclass of A consisting of the functions f ∈ A which are univalent in U .

J. Pfatzgraff in [5] and Y.J. Kim and E.P. Merkes in [3] had obtained the next
results.

Theorem 1.1. If the function f ∈ S and α is a complex number with |α| ≤ 1
4
,

then the integral operator Gα given by

Gα(z) =

z∫
0

[f ′(t)]
α
dt

is in the class S.

Theorem 1.2. If the function f ∈ S and γ is a complex number with |α| ≤ 1
4

then the integral operator Fγ given by

Date: Received: 5 April 2008; Accepted 28 April 2008.
∗ Corresponding author.
2000 Mathematics Subject Classification. 30C45.
Key words and phrases. Integral operator, univalent functions.

53



54 D. BREAZ, V. PESCAR

Fγ(z) =

z∫
0

(
f(t)

t

)γ

dt

is in the class S.

In [4] V. Pescar and S. Owa had obtained the next results:

Theorem 1.3. Let f ∈ S, γ be a complex number and M be a positiv real number.
If f satisfies ∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣ < M, z ∈ U ,

then, for

|γ| ≤ 3
√

3

2M
,

the integral operator

Fγ(z) =

∫ z

0

(
f(t)

t

)γ

dt

is in the class S.

Theorem 1.4. Let f ∈ S, α be a complex number and M be a positiv real
number. If f satisfies ∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣ < M (z ∈ U),

then, for

|α| ≤ 3
√

3

2M
,

the integral operator

Gα(z) =

∫ z

0

(f ′(t))
α
dt

belongs to S.

Also, we consider the general Schwarz Lemma:

Lemma 1.5. Let the function f(z) be regular in the disk UR = {z ∈ C; |z| < R} ,
with |f(z)| < M for fixed M . If f(z) has one zero with multiply ≥ m for z = 0,
then

|f(z)| ≤ M

Rm
|z|m , z ∈ UR.

The equality can hold only if f(z) = eiθ M
Rm zm, where θ is constant.
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To discuss our problems for the general integral operators, we need the following
theorem:

Theorem 1.6. If f(z) = z + a2z
2 + . . . is analytic in U and(

1− |z|2
) ∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣ ≤ 1,

for all z ∈ U , then the function f(z) is univalent in U .

We consider two general integral operators. First integral operator was in-
troduced by D. Breaz and N. Breaz in the paper [1]. This operator have the
form

F (z) =

∫ z

0

(
f1 (t)

t

)α1

· · ·
(

fn (t)

t

)αn

dt (1.1)

and for n = 1 we obtain the operator of Kim and Merkes and for n = 1 and
α1 = 1 we obtain the integral operator of Alexander.

The next operator was introduced from D. Breaz, S. Owa and N. Breaz in [2]
and has the form:

G (z) =

∫ z

0

(f ′
1 (t))

α1 · · · (f ′
n (t))

αn dt. (1.2)

Observe that for n = 1 we obtain the integral operator of Pfaltzgraff.

2. Main results

Theorem 2.1. Let fi ∈ S, αi be complex numbers and Mi be positive real numbers
for i ∈ {1, · · · , n}. If fi satisfies the conditions∣∣∣∣zf ′

i(z)

fiz
− 1

∣∣∣∣ < Mi, z ∈ U , i ∈ {1, · · · , n} (2.1)

and

M1 |α1|+ · · ·+ Mn |αn| ≤
3
√

3

2
(2.2)

then the integral operator defined in (1.1) is univalent.

Proof. Let

h(z) =
1

|α1 · α2 · · ·αn|
· zF ′′(z)

F ′(z)
.

According with the formulla (1.1) we obtain:

h(z) =
n∑

i=1

αi

|α1 · α2 · · ·αn|
·
(

zf ′
i(z)

fi(z)
− 1

)
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and

|h(z)| ≤
n∑

i=1

|αi|
|α1 · α2 · · ·αn|

·
∣∣∣∣zf ′

i(z)

fi(z)
− 1

∣∣∣∣ . (2.3)

Applying in the formula (2.3) the inequality (2.1) we obtain that:

|h(z)| ≤ M1 |α1|+ · · ·+ Mn |αn|
|α1 · α2 · · ·αn|

for all z ∈ U . The last equation and since h(0) = 0 applying Schwarz Lemma we
obtain that:

1

|α1 · α2 · · ·αn|
·
∣∣∣∣zF ′′(z)

F ′(z)

∣∣∣∣ ≤ M1 |α1|+ · · ·+ Mn |αn|
|α1 · α2 · · ·αn|

· |z| ,

for all z ∈ U . This last inequality is equivalent with:

(
1− |z|2

)
·
∣∣∣∣zF ′′(z)

F ′(z)

∣∣∣∣ ≤ (M1 |α1|+ · · ·+ Mn |αn|) ·
(
1− |z|2

)
· |z| . (2.4)

But

max
|z|≤1

(
1− |z|2

)
· |z| = 2

3
√

3
. (2.5)

From (2.2), (2.4) and (2.5) we obatin that:

(
1− |z|2

)
·
∣∣∣∣zF ′′(z)

F ′(z)

∣∣∣∣ ≤ 1.

We apply the Theorem 1.6 and obtain that the integral operator (1.1) is uni-
valent. �

Remark 2.2. In Theorem 2.1, for n = 1 and α1 = γ we obtain Theorem 1.3.

Corollary 2.3. Let f ∈ S. If f satisfies∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣ <
3
√

3

2
, z ∈ U ,

the integral operator of Alexander

H(z) =

∫ z

0

f(t)

t
dt

is in the class S.

Proof. In Theorem 2.1 we consider n = 1, and α1 = 1. �
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Theorem 2.4. Let fi ∈ S, αi be complex numbers and Mi be pozitive real numbers
for i ∈ {1, · · · , n}. If fi satisfies the conditions∣∣∣∣zf ′′

i (z)

f ′
i(z)

∣∣∣∣ < Mi, z ∈ U , i ∈ {1, · · · , n} (2.6)

and

|α1| ·M1 + · · ·+ |αn| ·Mn ≤
3
√

3

2
(2.7)

the integral operator defined in (1.2) are univalent.

Proof. We consider the function

p(z) =
1

|α1 · · ·αn|
· zG′′(z)

G′(z)
. (2.8)

We have:

zG′′(z)

G′(z)
= α1

zf ′′
1 (z)

f ′
1(z)

+ · · ·+ α1
zf ′′

n(z)

f ′
n(z)

(2.9)

From (2.8) and (2.9) we have:

p(z) =
1

|α1 · · ·αn|

(
α1

zf ′′
1 (z)

f ′
1(z)

+ · · ·+ α1
zf ′′

n(z)

f ′
n(z)

)
From (2.6) and last equality obtain that:

|p(z)| ≤ |α1|M1 + · · ·+ |αn|Mn

|α1 · · ·αn|
for all z ∈ U .

Since p(0) = 0 and applying Schwarz Lemma we have:

1

|α1 · · ·αn|
·
∣∣∣∣zG′′(z)

G′(z)

∣∣∣∣ ≤ |α1|M1 + · · ·+ |αn|Mn

|α1 · · ·αn|
· |z| ,

for all z ∈ U .
This inequality are equivalent with

(
1− |z|2

) ∣∣∣∣zG′′(z)

G′(z)

∣∣∣∣ ≤ (|α1|M1 + · · ·+ |αn|Mn) · |z| ·
(
1− |z|2

)
, (2.10)

for all z ∈ U .
But

max
|z|≤1

(
1− |z|2

)
· |z| = 2

3
√

3
. (2.11)

So, from (2.7), (2.10) and (2.11) we obtain that
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(
1− |z|2

) ∣∣∣∣zG′′(z)

G′(z)

∣∣∣∣ ≤ 1

for all z ∈ U .
Applying Theorem 1.6 we obtain that the integral operator defined in (1.2) is

univalent. �

Remark 2.5. In the Theorem 2.4, for n = 1 we obtain Theorem 1.4.

Corollary 2.6. Let f ∈ A. If f satisfies∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣ <
3
√

3

2
(z ∈ U),

then, f ∈ S.
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