Contact transformation of a presymplectic form with Quasi-Sasakian structure

Maria Teresa Calapso, F. Defever and R. Rosca

Abstract

Geometrical and structural properties are proved for manifolds which are structured by the presence of a presymplectic form inducing a quasi-Sasakian structure.

Mathematics Subject Classification: 53B20.

Key words: exterior concurrent vector field, cosymplectic 2-form, infinitesimal transformation.

1 Principal vector fields

Let M(ϕ, Ω, ξ, η, g) be a 2m + 1-dimensional Riemannian manifold M, endowed withe the structure tensors (ϕ, Ω, ξ, η) consisting of a (1.1)-tensor field, a 2-form, a Reeb vector field and a Reeb covector field respectively, and as usual, g designs the metric tensor. As it is known, these fields satisfy

(1.1) { ϕ^2 = −Id + η ⊗ ξ , η(ξ) = 1 , ϕξ = 0 , Ω(Z , Z^′) = g(ϕZ , Z^′) , and Ω^m ∧ η ≠ 0 .

Next the canonical vector valued 1-form of M associated with (1.1) is

(1.2) dp = 2m∑ A=0 ω^A ⊗ e_A , which is also called the soldering form of M [2]. Let ∇ be the covariant differential operator defined by the metric tensor. We assume in the sequel that the connection ∇ is symmetric. We recall that under this condition the identity

(1.3) d^∇(dp) = 0

is valid. Consequently,

(1.4) O = vect{e_A|A = 0, · · · 2m} ∗ Balkan Journal of Geometry and Its Applications, Vol.9, No.2, 2004, pp. 1-7. © Balkan Society of Geometers, Geometry Balkan Press 2004.

means an adapted local field of orthonormal frames over M, and (1.5) O^∗ = covect{ω^A|A = 0, · · · 2m} its associated coframe.

We also remind that E. Cartan’s structure equations can be written as ∇e_A = 2m∑ B=0 θ^B_A ⊗ e_B , (1.6)

dω^A = − 2m∑ B=0 θ^A_B ∧ ω^B , (1.7)

dθ^A_B = − 2m∑ C=0 θ^C_B ∧ θ^A_C + Θ^A_B .

(1.8)

In the above equations θ (respectively Θ) are the local connection forms in the tangent bundle T M (respectively the curvature 2-forms on M).

If we denote by θ^b_a (a, b ∈ {1, · · · 2m}) the horizontal connection forms, then it is well known that they satisfy the Kähler relations (1.9) θ^i_j = θ^{i∗}_j∗ , θ^{i∗}_j = θ^{j∗}_i , i^∗ = i + m . Next, (1.10) Ω = m∑ i=1 ω^i ∧ ω^{i∗} , i^∗ = i + m , defines the local cosymplectic structure 2-form on M. In the case under consideration, we assume that the Reeb vector field ξ is defined by (1.11) ∇ξ = m∑ i=1 (ω^i ⊗ e_i∗ − ω^{i∗} ⊗ e_i) = ϕdp and we agree to call the vector field

(1.12) C = 2m∑ a=1 C^ae_a + C^0ξ the principal vector field on M. By the Levi-Civita connection ∇ one has

(1.13) ∇C = 2m∑ A=0 dC^A ⊗ e_A + C^A ⊗ ∇e_A , and we assume that (1.14) ∇C = ρdp + λ∇ξ = ρdp + λϕdp where ρ is a scalar (the principal scalar associated with C) and λ is constant. By (1.10) one derives that

(1.15) i_C Ω = m∑ i=1 (C^iω^{i∗} − C^{i∗} ω^i) and by (1.14) one finds that (1.16) dΩ = 0 , dη = 2Ω , which shows that Ω is a local presymplectic form (also called a relative Cartan form). Taking the covariant differential of (1.14) one calculates that (1.17) ∇^2C = (dρ − η) ∧ dp , which shows that C is an exterior concurrent vector field [4]. Consequently, it follows from the above that (1.18) dρ − η = − 1 2m − 1 Ric C .

Further, one also has that (1.19) ϕC = m∑ i=1 (C^iω^{i∗} − C^{i∗} ω^i) , and taking the Lie differential of η with respect to ϕC one derives that (1.20) L_{ϕC} η = 0 , which shows that ϕC defines a Pfaffian transformation. Next, defining the q-th covariant derivative inductively by ∇^q Z = d^∇(∇^{q−1}Z) , for Z ∈ Ξ(M), and so one gets from (1.17) (1.21) ∇^3C = −2Ω ∧ dp , ∇^4C = 0 . Consequently, the principal vector field C is 3-exterior concurrent.

2 Distributions generated by fundamental vector fields

In the present section, we discuss various properties of the distributions generated by the vector fields C, ϕC, and ξ. By applying the Lie bracket, one derives that

[ξ , C] = ρξ − ϕC , (2.22) [C , ϕC] = ((C^0)^2 + C^0(1 − λ))ξ ,

(2.23) [ξ , ϕC] = ∇_ξϕC = C^0ξ − C (2.24) which shows that {ξ , C , ϕC} defines a 3-foliation and ρ is the principal scalar. Acting now with the Lie differential, one gets (2.25) L_C Ω = d(ϕC^♭) and consequently (2.26) d(L_C Ω) = 0 .

The principal 2-form Ω is therefore relative conformal with respect tot the principal vector field C, and by reference to the definition of te divergence

div Z = 2m∑ A=0 < ∇_{eA} Z , e_A > one obtains in the case under consideration that (2.27) div C = (2m + 1)ρ . Further, by (1.11) one gets (2.28) ∇^2ξ = −η ∧ dp , and also (2.29) ∇_C ξ = m∑ i=1 (C^ie_i∗ − C^{i∗} e_i) = ϕC . Hence, by reference to [5] it follows that the manifold M under consideration is endowed with a quasi Sasakian structure. Operating now consecutively on the vector fields C, ξ, and ϕC, by the operator ∇, one derives (2.30) ∇^4C = 0 , ∇^4ξ = 0 , and ∇^4ϕC = 0 . Consequently, we conclude that the triple of vector fields C, ξ, and ϕC defines a 3- distribution.

Let Σ be the exterior differential system which defines the vector field C. By (1.10), (1.13), (2.26), and by reference to [1] one sees that the characteristic numbers of Σ are s_0 = 3 , s_1 = 1 , and r = 4 .

Therefore, since r = s_0 +s_1, it is proved that Σ is involutive (in the sense of E. Cartan). Finally, by Yano’s formula [6] one also gets that

(2.31) 2(ρ^2 + λ^2) − (2m + 1) div ρC = R(C, C) , where R denotes the Ricci tensor.

Summarizing, we may formulate the following Theorem 2.1. Let M(ϕ, Ω, ξ, η, g) be a 2m + 1-dimensional Riemannian manifold, carrying a local cosymplectic 2-form, and let C and ξ be the principal vector field and the Reeb vector field on M respectively. One has the following properties: (i) Ω and ξ^♭ (ξ^♭ = η) are related by dη = 2Ω ;

(ii) C is an exterior concurrent vector field [4], i.e. ∇^2C = (dρ − η) ∧ dp , where ρ is a scalar and dp is the soldering form;

(iii) div C = (2m + 1)ρ ;

(iv) the vector fields C, ξ, and ϕC are related by ∇_C ξ = ϕC , which shows that the manifold M carries a quasi-Sasakian structure;

(v) the triple C, ξ and ϕC of vector fields define a 3-exterior distribution, i.e. ∇^4C = 0 , ∇^4ξ = 0 , and ∇^4ϕC = 0 ;

(vi) the exterior differential system Σ is in involution (in the sense of E. Cartan).

3 Lie derivatives and infinitesimal transformations

Consider now the dual form C^♭ of C, i.e.

(3.32) C^♭ = 2m∑ A=0 C^Aω^A . By exterior differentiation one derives (3.33) d(ϕC^♭) = − m∑ i=1 ( dC^{i∗} + 2m∑ a=1 C^aθ^{i∗}_a ) ∧ ω^i + m∑ i=1 ( dC^i + 2m∑ a=1 C^aθ^i_a ) ∧ ω^{i∗} + η ∧ C^♭ , and one obtains (3.34) d ( ϕC^♭ ) = −2ρΩ .

Then taking the Lie differential of η by ϕC yields (3.35) L_{ϕC}♭ η = 0 .

This shows that the vector field ϕC defines an infinitesimal Pfaffian transformation of η [3]. In a similar way one calculates that (3.36) d (L_C η) = dρ ∧ η + 2ρΩ , which shows that C is an infinitesimal quasi-conformal transformation of η. Further, since one may verify that (3.37) i_ξϕC^♭ = 0 , one can say that ϕC is a semi-basic vector field. Finally, one also gets that (3.38) L_{ρC} Ω = ρL_C Ω + dρ ∧ (ϕC)^♭ , and since Ω is a closed 2-form, then all vector fields Z such that i_Z Ω = 0, , E_Z = {Z ∈ Ξ(M) , i_Z Ω = 0} form a Lie algebra and M receives a foliation. Summarizing, we may formulate the following Theorem 3.1. Let C^♭ be the dual form of the principal vector field C on M. Then we have proved the following properties:

(i) The vector field ϕC defines a Pfaffian transformation of the Reeb covector η = ξ^♭, i.e.

L_{ϕC} η = 0 ; (ii) d (L_C η) = dρ ∧ η + 2ρΩ , i.e. C is an infinitesimal quasi-conformal transformation of η;

(iii) L_{ρC} Ω = ρL_C Ω + dρ ∧ (ϕC)^♭ , i.e. all Z ∈ Ξ(M) such that i_Z Ω = 0, form a Lie algebra and M receives a foliation.

References

[1] E. Cartan, Systemes differentiels extérieurs et leurs applications géometriques, Hermann, Paris (1945).

[2] J. Dieudonné, Treatise on Analysis, Vol. 4, Academic Press, New York (1974).

[3] I. Mihai, R. Rosca, L. Verstraelen, Some aspects of the differential geometry of vector fields, Padge, K. U. Brussel 2 (1996).

[4] R. Rosca, Exterior concurrent vectorfields on a conformal cosymplectic manifold admitting a Sasakian structure, Libertas Math. (Univ. Arlington, Texas) 6 (1986) 167-174.

[5] I. Sato, K. Matsumoto, On P -Sasakian manifolds satisfying certain conditions, Tensor N.S. 33 (1979) 173-178.

[6] K. Yano, Integral Formulas in Riemannian Geometry, M. Dekker, New-York (1970).

Maria Teresa Calapso, Seminario Matematico, Universita di Messina, C. Da Papardo - Salita Sperone 31, 98165 S. Agata - Messina, Italy e-mail address: MariaTeresa.Calapso@unime.it

Filip Defever, Departement Industriële Wetenschappen en Technologie, Katholieke Hogeschool Brugge-Oostende, Zeedijk 101, 8400 Oostende, Belgium e-mail address: filip.defever@kh.khbo.be

Radu Rosca, 59 Avenue Emile Zola, 75015 Paris, France