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Introduction

In this paper we resolve boundary value problems for differential forms in a bounded
C'-domain Q of R™, 3 < n. The obtained results are an extension of some theorems
established by C. Miranda in [8] for differential forms in C?®-domains of R™.

The fundamental result is Theorem 2.1:

Let Fs_1 € C1_ () be a closed form with interior nontangential trace F, ; €
LP . (09Q). If

/‘ F7, =0, i=1,..,R,,

s—1
where ([Tg,l])lgiSR_ _isabase of C1-differentiable singular homology space Hs_1(95)

and R,_, is the (s—1)-th Betti number of {2, then there exists a form Us_o € C!_,(Q),
whose coefficients are in W1?(£2), such that

(*) dUs_o = Fy_1 in Q.

This result is obtained using a formula of Bidal-de Rham (see (1.10)). The use of
this formula changes the existence problem of a differential form that satisfies () in
a suitable Neumann problem for harmonic forms already studied in [15].

Using a regularity result for the solutions of the homogeneous Neumann problem
for harmonic forms established in [15] (see Theorem 2.1) and the continuity hypothesis
for F,_; in Q, we obtain a uniqueness theorem (see Theorem 2.4). With this aim, first
we prove an extension theorem (see Theorem 1.2) and then, as a consequence, we
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deduce a Stokes’ Theorem (see Theorem 1.3) for differential s-forms of C1() (see
Preliminaries).
Throughout this work we use the definitions and the results of [13] concerning

differential forms and singular homology and cohomology groups of the C'-manifold
o9.

1 Preliminaries

In this section we summarize basic concepts, notations, and results that will be used
throughout the paper.

We assume that ) is a bounded and connected C!-domain of R, 3 < n. Thus,
(see [16]), there exist an increasing sequence (2p)pen of C*°-domains, £ C €, such
that Q5 — Q in C! according to Necas (see [7] p. 85) and a sequence (Ap,)pen of C'-
diffeomorphisms Ay : 92 — 9 such that

(1.1) lim sup |Q — An(Q)] = 0.
QeI

Furthermore, there is a finite covering (B, )i<r<m of 0Q by open spheres B, =
B(Q.,d) with center Q, € 9Q and radius 4, such that, for r =1,...,m

(1.2)  B(Q,,26)NndQ = {(z,z,) e R" ' xR : z, = &(x)} N B(Q,,26),

and

(1.3)  B(Q,20) Ny, = {(z,z,) ER" ' xR : x, = &p(x)} N B(Qy, 26),

where & € CHR™), £:(0) = 28 (0) = 0 (1= 1,...,n— 1), & € CF(R*), and
l
(1.4) lim [&n = &Ml mn—1) = 0-
Let now
(1.5) T, = (v, (x)) € 902N B(Q,,28) — z € R"™*
and
(1.6) Thy = (x,fhr(a:)) € 0, N B(Q,, 2(5) —zeR"L

Forl,i=1,...,n—1,

O(Tpp 0 Ap o Z71);
(9$l

uniformly in U, = Z,.(0Q N B(Q,,26)), where (Z,5, 0 Ay 0 Z,71); is the i-th coordinate

of the function ., o Ay o 7, 1.

(1.7) li}ILn (x) = 6y

Let Us = Z a;dX; be a form defined in Q (respectively in R™\ Q). !
iENT
If Uy € C2(Q) we set

NP = {i = (i1,...,4s) € N®* : 1 <41 < ... < is < n};if i = (i1,...,4s) € N7, dX; =
dX-L'l/\.../\X-L‘S.
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(1.8) §U, = (dU,)* and AU, = doU,,

where dU; is the exterior derivative of Us and * is the Hodge’s operator. U; is said
to be closed (harmonic, respectively) in Q iff dUs; = 0 (AU, = 0, respectively) in Q.
Furthermore Uy is said to be derived in € iff there exists a form Vy_; such that

(1.9) dVeo,=U, in Q.

and V;_1 is called the primitive of Us.
Thus we have the following identity of Bidal-de Rham (see (60) in [8])

(1.10) AU + (—1)"86U, = (—1)"CF) 3~ Ag; dX;,
iENT
n a2ai
where Aa; = Z 922

I=1

We denote with C2(Q) the space of the forms U, € C1(£2) such that each coefficient
of Us and of dUs is in C°(Q).

Given k € N and 1 < p < oo, we denote with D®P () the space of the forms Us
such that each coefficient of Uy is in WP (Q).

We say that Uy has interior (exterior, respectively) nontangential trace in LP(0)
iff, for any ¢ € N7, a; has interior nontangential trace a; (exterior nontangential trace
a;, respectively) in LP(92). The form 2

(1.11) Us = > a7 dXi(Q)
ieNn

(respectively the form

(1.12) Uf =) afdXi(Q)
iENT

is called interior (exterior, respectively) nontangential trace of Us.
If Us € DY?P(Q), the form

(1.13) Te(Us) = ) Tr(ai)dXi(Q)

ieN?

is considered, where the mapping Tr : WP (Q) — LP(99Q) is the continuous extension
to WHP(Q) of the mapping restriction defined initially on C'°(€2).

If Us € C%(Q) and Us has interior nontangential trace in LP(9), then (see The-
orem 2.3 in [13])
(1.14) li}ILnAZ(Ush) =U; in LP(09Q),

where Uy, is the restriction of Uy on 9€),.

We denote with N2P(Q) the space of the forms Us € CL(£2) such that each coef-
ficient of Us and dU, has interior nontangential trace in LP(9).

The following result holds:

2dX;(Q) is the restriction to 9Q of dX;, hence dX;(Q) = j*dX;, where j : 9Q — R™ is the
inclusion map.
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Theorem 1.1. If U; € C2(Q) N DLP(Q) and ®,,_5_1 € CO_,_1(09Q), then
(1.15) lim Us NG (®yg1) = Tr(U) APy s 1.

h Joqy, a0

Proof. By using a partition of unity (¢,)i<r<m, corresponding to the covering
(Br)i<r<m of 0Q described above, in order to prove (1.15) it will suffice to show
that

(1.16) lim T (rUsh AN (@p—s-1)) :/ T, (0 Te(U) A @y 1).
h Rn-1 RrRn—1
for all r =1,..., m. For simplicity of notation in the following we omit the index r.
Let

Us= > adXi+ Y aindX;AdX, and T (o0, 1))=Y bida.
ieNy ! iENTTY ieNm L

n—s—1

Thus Z;, ™ (@Usn A Ay Y (1)) is a (n — 1)-form on R"~1. Tts coefficients are the
sum of a finite number of terms like

0

(€0 ) )y )

()]
or terms like

(o)) (. ) ) G2 o) G o),

where

of

, O Friee fr
hj | — det (fh]17 7fh]717571)
0xj

a(‘rj17. o ’:L.jn—s—l) .

fn= %OA;I 05;1 = (fhla-“vfh(nfl)% and |

Hence, since spt(p) C B(Q,9), the integrals in (1.16) are integrals on the compact
set

K={zcR" " :|z| <5}
We observe that using Theorem 4.5, p. 85 in [10] we have
lima; (2, & (w)) = Tr(a;) (2, £(z)) n LP(K),

while, using (1.1) and (1.7), we have

(L) g o, €0y (o) | G (0)] = o, () ) sl S22 ) = ()

uniformly in K. Therefore, since the sequence of functions that appear in the left side
of (1.17) is uniformly bounded in K, by the Dominated Convergence Theorem we
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obtain the proof .
O

Corollary. Assume Uy € CL(Q)NDLP(Q). If dU has interior nontangential trace in
LY, (09Q), then Tr(U,) € WhP(99Q) and

(1.18) dTr(Uy) = (dUs)™ a.e. on Of.

Proof. It is sufficient to show that

/ (U~ A Dy s = (—1)5/ Tr(U,) A d®, s s
o0 o0

for all @, _, 5 € C1_, 5(39Q) (see n.1 in [13]), that is to say, because of (1.14) and
since (dUs)p = d(Usp),

N (dUah) A By s = (_1)8/ Tr(Us) A dDr_y_s.

lim
h le)

a0
Hence, it is enough to observe that

/ A5 (dUg) Ay :/ dUs A A (P 5—2)
on 11978

=(-1)* Us AN (d®y—s—2),
121978

and to apply Theorem 1.1.
O
We obtain also the following Theorems
Theorem 1.2. If U, € CX(Q), then there exists an open set Q' of R"™ such that
Q C Q and there exists a form Us € C§ (') such that U and dU, are extensions
of Us and dU; respectively.

Proof. Let Us = ) a;dX; € CL(€Q) and let dU, = ZjeN’Lrl b;dX;. Then we have

ieN?n
(Vi e N?)(a; € C'(Q)NCH(Q)) and (Vj € NZ,) (b; € CO(Q)).
In Q it results

( 5y = S (1
VieN" ) (b =S (-1 ,
+1 J ] 8X]k

where 5% = (j1,.. ., jk—1, Jk+1s- - - Js1) When j = (i, ..., jst1)-

Arguing in a manner similar to the proof of Theorem 54 XV of [11], we prove the
existence of an open set ' of R™ such that Q C ' and, for i € N” and j € N7,
the existence of functions @; € CJ(Q')NCL(Q'\ 0N) and b; € CJ(Q') extensions of a;
and b;, respectively, such that

_ s+1 kaa/j\k ' Q/ 0
(1.19) bj:kZ:l(_n ox, \ 9.

Let, then
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= Z a;dX; and vs+1 = Z BJdXJ

1€ENY JENT,

We have that U, € C§ (@) and Vey1 € C§ .1 (€). In order to prove that U, is
regular in €/ ubmg the Lemma 16.d p. 105 in [17], it suffices to show the existence
of a sequence (U4)pen in C2°(Q) such that

(1.20) U? - U, and dU. — V4
uniformly in every compact subset of . Clearly we may suppose U, and V ,;; defined
in R". Let now (p,)pen be a sequence of mollifiers and let

Ui = pp *ﬁs = Z Pp * a;dX;
N

and

— _ _
Vi =pp* Ve = > pp*bidX;,
JENT
where * is the usual convolution product between functions.
First we obtain that U € C5%(R™) and Vf_H € C§%41(R™), and from Proposition
IV.21, in [1], it follows that

U’S) — U, and VI:H — Vi1
uniformly on compact sets of R™. We finish by proving the second formula in (1.20).
For this it is sufficient to show that

s+1 a
(~1)F oy %) = pp *
; 8Xjk p ik p J

or, for Proposition IV.2 in [1], that

s+1 8
(—1)* (5 py) % T, = pp %
; ank p ik p J

for all p € N and j € N7, ;. We observe that, as a consequence of (1.19), we have

S 1y 2 X-Y) @ (Y B 1y 2 X-Y) @Y
> (1) 87”(%( —Y) @.(Y)) —;(—) (ankpp)( —Y) @ (Y)
+op(X = Y) - b;(Y)

s+1
for X e R* and Y € R™\ 9. Thus Z(—l)k 0 (pp(X =Y) @ (V)) is in L' (R™).
k=1 aY?k J
Since
s+1 s+1
X—Y~6 )NAY = pp(X =Y) @~ (Y))dY
fo X ayjk (X = V) U G (X =) (V)

s+1

AR

(X =Y) @ (V)dY = [ + I,
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to obtain (1.20) we need to prove

(1.21) L+ I, =0.

Now, since (see Preliminares)

s+1
I =1lim) (-1)* 0 (pp(X —=Y) @ (Y))dY
h k=1 Qp 8YJ}¢ J
s+1
=) (=1)Flim pp(X —Y) @ (Y)dY
k=1 oy,
s+1
= (D lim [ py (X = AR(Y) - T (A (Y )wn (Y)Y,
k=1 v Joq

where wy, : 9Q — R is the function of [17]: Theorem 1.12, by Dominated Convergence
Theorem it follows that

s+1

(1.22) B=Y (D" [ X -¥) vy,
1 o0
In the same manner we prove that
s+1
(1.23) I=— Z(—l)’f/ pp(X = Y) @ (Y)dY
o1 0 J

taking a sequence (2}, )nen of C*°-domains of R™ with Q C Q) and a sequence of
diffeomorphisms A} : 9Q — 99} such that Q — Q) in C' according to Necas (see
[10] and [16]) and limp, supgepq |Q — A, (Q)| = 0. From this and (1.22) we have (1.21).
Hence the thesis.

O
Theorem (Stokes) 1.3. If U, € CX(Q), then

(1.24) / Us:/ dU,
6F5+1 Fs+1

for all chain T's1q1 C Q.
Proof. Let ' be an open set of R™ such that QO C Q' and let Uy, dU , be regular forms
in €’ such that the coefficients of U, and of dU , are respectively the extensions of the
corresponding coefficients of Uy and dUy (see Theorem 1.2). Then, by the definition
of regular forms, (1.24) is obtained.

O

2 Existence and Uniqueness Theorems

Let 1 < s < n. Following [8] we introduce the form

1
2.1 (XY = XY,
= R S
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in two variables (X,Y) € R" xR" (see [4], Section. 7). By (2.1),if X,)Y e R", X #Y
we obtain

(22) dx(SXwn,S(X, Y) = (—1)n_sdy(5Xwn,S,1(X, Y)
and
(2.3) Sxws_1(X,Y) = (=) D150, (X, Y).

Let ([Tg—l]a [P)/:l?—l})ISjSR; ) ([tgfl})lgngs’_ and let ([Ci—l]hgl R be bases of

—1 1 — e 1
1<i<rt
- = s—1

C'-differentiable singular homology spaces Hy_1(9Q), He_1(€), and H,_(R" \ Q)
respectively, verifying the following conditions (see n. 5 in [13])

7 ~0 in R"\Q and 4\ ;~0 in Q
and

j . ray . N
) o~7l, in @ and ¢ ~4, in R"\Q,

forl=1,...,R ;and j=1,...,R; ; (see n. 5 in [13]).
Let now 1 < p < oco. The following results hold:

Theorem 2.1. Let Fy_1 € C1_,(Q) be a closed form with interior nontangential
trace in L¥_,(0R) such that

(2.4) / F,=0  i=1,..R_,

s—1

Then there exists Us_o € CL_5(Q) N DIP,(Q) verifying

l) dUS,Q = FS,1 m Q,

i) Tr(U,_o) € WH5(8Q) and dTr(U,_o) = F- | a.e. on 99,
i) dU*_, = 0 in Q.

Proof. Let B,_s be a generic harmonic form in €, such that 6B, _s has interior
nontangential trace in L?_, (99). Since F_; and dB,,_ are forms of C}__, () with
interior nontangential trace in L} . ,(99), from Theorem 2.7 in [13] it follows that
they are in L} (). Then we can put

(2.5) Go_1(X) = ’7/9%_1()(, Y)A(F* | 4 (=1 DE=bgp, (V).

According to Theorem 77.VI in [9] this form is in C2_,(Q) N D>?, (). Let then

(2.6) Us—o =0G%:_; and V,_,=(-1)"0Gs_1.
From (1.10), using Theorem 77.VI in [9], we obtain that

(2.7) dUs_9 4+ 0Vy_s =Fs_1+6B,_s a.e. in Q.

Then in order to prove the thesis it is sufficient to show that there exists B,,_s such
that
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(2.8) OVyp_s =0B,,_s a.e. in Q.
Now (2.3) and (2.6) imply that

1
VaeelX) = - [ B (X) AR+ ()00 B, ) (1)
1
= k—/ dywn,S(X, Y) A\ (FS,1 + (SBn,S)(Y)
n JQ

— L tim [ dyen (X, V) A (Fay +0Bu_0)(Y),.
k‘n h—o0 Qn

Hence, since Fs_; and 6B,,_s are closed forms in 2, from Theorem 11, p.121 in [10]
we have

1
V,_o(X) = — lim Wn—s(X,Y) A (Fy_1 + 6Bp_s)(Y).
kn h—oo th

Moreover, because Fs_; and 0 B,,_s have interior nontangential trace in LY_;(99), by
(1.14) it follows that

1
(2.9) Vn_s(X):Hn_s(X)+k—/ Wn—s(X,Y)ANDPs_1(Y),
n J o
where
1
(2.10) H, s(X)= —/ wn—s(X,Y)ANF_(Y)
kn N
and
(2.11) O, = (0Bn_s)".
If we require that the form V,,_; satisfies (2.8), it results that
1
(2.12) 0Bn—s(X)=0H,_(X)+ P Oxwn—s(X,Y)ANPs_1(Y).
n JoQ

From this, if we take into account Theorem 1 in [14], it follows that a.e. on 0f2

(2.13) (0Hp—s)” = (%I — iTS,l)(q)S,l),

where I is the identity operator on L?_, (92) and Ts_; is a compact operator on the
same space. Consider now the the homogeneous transposed equation of (2.13)

T kn
(2.14) T(Yn—s) = ?\I!n_s +Th_s(¥,_s) =0.
In order to show that (2.13) has solution in LY ,(99), we prove that for all i =
1,...,R,_,

(215) / \Ilfq,fs A (6Hn*8)_ = 07
o0

where (U], _ ), _;,cp+ 1is abase of Ker(T,_s) verifying the conditions (see Theorem

n—s

7 in [14]):
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(2.16) / Ul =0 and W =0y
?'l"'_s W‘ZL*S
forl=1,...,R, . and fori,j=1,..., R} _. Here (7' ., 7, .) 1<i<n-__ s the dual
1<G<RT
fundamental system of the fundamental system (77_,,~4L ), <j<n-, - Wemnow observe
1<i<rt
- = s—1

that using Theorem 1 in [14] we obtain

1 1

(2-17) (5Hn—8)_ =;F_+ 7Ts—1(Fs_—1)-

2 ¢ kn,

Hence from (2.14) we have

. 1 ) 1 . -
/89 \IJ:L—S A (6H’fl—8) = 5 /69 \Pn—s A Fs—l + ? /BQ \I’n—s A TS—l(Fs—l)
(2.18) n
1 1 - 1 1 — [ -
= 5/ \I’n—s A Fs—l - F/ Tn—s(\pn—s) A (Ee—l) = / ‘Iln—s A Fs—l'
o0 n JoQ o0

Thus, since ¥, and F_, are closed forms in W, (39) (for all » > 1) and in

ij’l(aﬂ) respectively, by applying Theorem 1.7 in [14], using (2.4) and (2.16), it
follows that

R,
/ \I/i_s ANF7, = (,1)(871)(71*8) Z / F_, / v
o0 j=1 .:_1 5!

T
n—s

R,
+Z/ F;—l/ \IliLfs:O'
=1 Y T

Furthermore, using (2.18) we obtain that (2.15) is verified.
Let now ®5_1 be a solution of (2.13) in L?_, (9€2). Thus, from (2.17) and Theorem

2 in [14], since F_; € WP (9Q) is a closed form, it results that also 6 H,,_ is a closed
form in VVsl’_p1 (09). Hence, arguing in a manner similar to the proof of the Theorem
1.4 in [15], we have that ®,_; is a closed form in W17, (99Q). Let finally

1
(2.19) Byy(X) = Hyg + - / wnes(X,Y) ADy_1(Y).
n JoQ
Thus using (11) in [14], we have that B,,_, is a harmonic form. Moreover in {2 it is
1
0Bp_s(X)=0H,_s(X)+ — Oxwn—s(X,Y)ANPs_1(Y).
k" o

Furthermore by Theorem 1 in [14] 6 B,,_ has interior nontangential trace in L?_,(9)
and

1 1
(5ans)7 - (5ans)7 + 5(1)571 + kiTsfl((Dsfly

From this, being ®;_;1 a solution of (2.13), we deduce that (0B,,—s)~ = ®s_1 and i)
is satisfied.
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ii) and iii) follow from Corollary of Theorem 1.1 and from (2.6) respectively.
O
By applying Lemma 2.1 of [15], from (2.6) we obtain the following
Corollary. If Fs_1 is a form that satisfies the hypotheses of Theorem 2.1, then the
form

(2.20)  U,_o(X) = % /Q Sxwn—si1 (X, Y) A (Fy_1(Y) + 6Bp_s(Y))

is a primitive of Fs_1, where By, _s is the form defined in (2.19) and ®5_1 is a solution
of (2.13).

Theorem 2.2. If F;_1 is a form that satisfies the hypotheses of Theorem 2.1, and
dF? € L2_ . ,(Q), then there exists a primitive Us_s of Fs_y in C2_5(Q)NDLE,(Q).

Proof. Arguing in a manner similar to the proof of (2.9), from (2.20) it follows that

Uis(X) =~ /Q we_a(X,Y) A dF?_ (V)
b [ s (XYY A (FL) (V) + (-1 DB, ) (1))
n JoQ

and applying Theorem 1.2 of [15] and Theorem 77.VI of [9], we obtain our claim.

O
Corollary. If F,_, satisfies the hypotheses of Theorem 2.1 and F;_, is a closed form
in Q, then there exists a primitive U,_y of Fs_1 in C2°,(Q) N NLE(Q).
Theorem 2.3. If Fs_1 € C%_,(Q) is a closed form and satisfies (2.4), then for all
p > n there exists a primitive Us_o of Fs_1 in C?_,(Q) N D;fg(Q).

Proof. Let p > n. Theorem 2.1 implies that there exists a primitive Us_o of Fs_1 in
D!?,(€). By Theorem 77.VI of [9] it follows that U,_5 € C%#(Q), where =1 — L
pl]
Our purpose is to obtain the following uniqueness Theorem:
Theorem 2.4. Let Fy_1 and G,,_s.3 be closed forms in C?_1(Q)NCL () and
in CO_, 5(Q)NCL_ . 5(), respectively, such that

(221) / Fg_l =0 and / Gn—s+3 = 0,
71—1 -

n—s+3

foralll =1,...,R;_| and for all j =1,..., R, _ 5. Let Ly_» € Cl ,(09) be such
that

(222) dLS_Q = Fs—l on 99

and

(2.23) / Loy = / Fo s
vis ri_,

fori=1,...,RY ,, where yi_o = 0T%_,. Then we have
i) if R,_,.o = 0, there exists a unique form Us_o € Cl_,(Q) with an interior
nontangential trace in L?_,(0K) such that
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(2.24) dUs_o = Fys_1 in Q, dU;_5 = Gp_sy3in
and
(2.25) U _s=Ls_o on 08

ii) if R,,_,,o > 0, then for any sequence (), ;< p- in R there exists a unique
—"=""n—s+2

form Us_o € CL_5(Q) with interior nontangential trace in LE_,(0) satisfying (2.24),
(2.25), and

(2.26) / Uy = a,
t;—s+2

foralli=1,...,R, ..

Proof. By applying Theorems 2.1 and 2.3 to forms Fs_; and Gj—si3, it results
that there exist two forms Us_s € CY_,(Q) N CL_5(Q) and V,,_s10 € CO_, ,(Q) N

C}_ .+ 5(€), such that in Q

(2.27) dUs—5 = Fs_1, dU,_, =0
and

(228) dvn—s—i-? = Gn—s+37 dVZ—s+2 =0.

Let Ky_si1 € C2_ 1 (Q) NNLP L (Q) and M,_3 € C2_4(Q) N NE(Q) be two
arbitrary harmonic forms in Q. Thus if we let

(2.29) W =Tsa+ (-1 0V,
and
(230) Us—p = W572 + 6ans+1 + dMsf?n

in Q, it follows that W,_y € C1(Q),dU,_3 = Fs_; and dU? 5 = Gp_sps in Q.
We want to show that there exist K,,_s;1 and M,_3 such that Us_5 satisfies (2.25)
and (2.26). In order to do this let

n—s+2

R
= Ws— ) ’:L—s 2 ’
(2.31) MeaX)= 3 /8 (X Y) A (L))

‘e . . . k .
where (ﬁk)lﬁkSRLsH is an arbitrary sequence in R and (\I/n_s_m)1S,€§R;7&+2 is a

base of Ker(T},_,,,) such that for h,i =1,...,R;,_, . ,andforl=1,..., R} ., we
have (see: Theorem 8 in [14])

(2.32) U _,o=0; and W42 = 0.
Tﬁ—s+2 'Yi,—s+2

Since W} _,,, belongs to Ker(T)_ . ,), Theorem 4 in [14] implies that ¥} __ , is a
closed form in W7, 4+2(09Q) for any ¢ > 1. Using Theorem 72.V in [9] we have that
M;_3 is a continuous form in R™. Moreover, by Theorems 1 and 2 in [14], it follows
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that M,_3 is harmonic form in R™\ 02 with interior and exterior nontangential trace
in LY, ,(09Q) for any ¢ > 1, and (0M,_3)" = 0. Furthermore, from Theorem 2.1 in
[13] it follows that 6M,_3 € L}, o(R™\ Q) for any ¢ > 1. By applying Theorem 11,
p. 121 in [10], we have

/ dM,_s NSM,_ 5 = / M,_3 A (0M,_3)* = 0.
R™\Q o0

We deduce that dM,_3 = 0 in R™\ . Thus, for all ®,,_,,1 € Cp_s11(09), it results
that

/89(dM573)_ A (I)n75+3 = /aQ My 3 A dq)nferS = /89(dM373)+ A (I)nferB = 0.

Hence, by Lemma 3.1 in [13], we obtain (dM,_3)~ = 0. From this, if we require that
the form Us_o, defined in (2.30), satisfies the boundary condition (2.25), we have

(233) ((;Kn—s—l-l)i = LS_Q - WS_Q on Jf).

Let 1 < p < oo. From (2.22), (2.27), and (2.28) it follows that Ls_o — W ,_5 is a closed
form of W'%,(99), instead from Theorem 1.3 and (2.23) we have

/, (L572 - W572) =0
,YT

s—2
for any i = 1,..., R} ,. Hence, using Theorem 1.5 in [15] we obtain that there exists

aform K,,_ 41 € C2__ () ﬁ./\/';fs_‘_l(Q), harmonic in © and satisfying (2.33). Now,
since using (2.30) and (2.31)

Ta(X) =W o(X) + (—1)™ K1 (X)

+
n—s+2

R
+ Z /Bk/ 5Xw873(X’ Y) A (\IJ’:L75+2)(Y)7
k=1 o0
we prove the existence of a sequence (8k);<<pt in R such that U}_, satisfies
SRS, o4

(2.26). For this purpose, arguing in a manner similar to the proof of the Theorem
(2.2) in [15], it is sufficient to show the existence of a sequence (ﬂk)lﬁkSRLsﬁ in R

such that

(2.34) ai:/_ (W:—2+(—1)(n71)SdKn—s+1)+ﬂz’/ _ 5Y/ _ Wr— 542
ti Yeci_, Xeti

n—s+2 s+2

foralli=1,..., R, _, . This is easily seen to be true, because by (27) in [8], it is

/ 5Y/ Wn—st2 # 0.
Yec Xeti _

s+2

Thus the existence of a solution of the problem is obtained. Finally to show the
uniqueness of the solution it is sufficient to prove that the homogeneous problem
associated to the above problem is the zero form. Thus, let Us_5 be a solution of

2
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the homogeneous problem. Hence U,_o and U;_, are closed forms in 2, with interior
nontangential trace of class LY ,(99Q), U,_, = 0, and

(2.35) [ via=o

i
n—s+2

foralli=1,...,R,__,,. We now prove that fori =1,... . R .,

(2.36) / Ur ,=0.

i
n—s+2

Let I =1,...,R,_ ., If®, 35 € CL ,(09) is a closed form associated to Tt
Using Definition 5.3 in [13] and (1.14) we have

/l :_2 :/ U* 2/\(1)3 3—11H1 Ah( )/\(1)3_3
(2 37) Ty a2 o o
= lim Uy AN (®5-3) = lim .,
o h T(ln—s+2)h
where T(ln s+2)h = = Ap(7h_44o)- Since T(ln75+2)h is a Cl-differentiable cycle on 9,

Qn, € Qand ([t _, o)) icicn- is a base of H,_s4+2(€2), there exists a sequence
SIS, oy
(a?)lgigR;HQ in R and a cycle ¢, 4, C'-differentiable in ©, such that

R'; s+2

l _ h4i l
T(nfs+2)h - E : @; tnfs+2 + aC(nfer?))h'
i=1

Thus, using (2.35), since U;_, is a closed form in €, we have that

R, s+2
* —
s—2 — s—2 T
t? dcl

!
T(n—st+2)h n—s+2 (n—s+2)h

Moreover using (2.37), it follows (2.36) Hence UY_, verifies the hypotheses of Corol-
lary of Theorem 2.2. Thus there exists a form

Pn—s+1 € Cgferl( ) ﬂNi’pb+1( )

such that

(2.38) dP_oiy = U*_,.

From this, since dUs_2 = 0 in Q and U,_, = 0 on 02, we obtain that P,_sy; is a
solution of the homogeneous Neumann problem. Thus dP,,—s+1 = 01in § (see Theorem
2.1 in [15]) and, hence, from (2.38), Us_2 = 0 in Q.

O
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