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Abstract

The aim of the present paper is to determine the spectrum of the Laplace
operator on the functions on SP(1)/SU(l).
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1 Intoduction

Let (M, g) be a compact Riemannian manifold of dimension n. From this Riemannian
manifold we obtain the vector spaces A?(M, R),q = 0,1, ...,n. If we apply the Laplace
operator A = dé + dd on AY(M, R) we obtain the spectrum Sp?(M, g).

One problem in the spectral theory is to determine Sp?(M, g), where (M, g) is a
known compact Riemannian manifold.

The aim of the present paper is to determine Sp°(M, g), that means the spectrum
of A on the functions on M, where M = SP(l)/SU(l) and g is the Riemannian metric
on M, coming from the Killing-Cartan form of the Lie algebra sp(l).

2 Basic elements for symmetric spaces

Let M = G/H be a compact homogenous space. One of the problems concerning of
the spectrum is to calculate

(2.1) Sp!(M =G/H,g),q=0,1,...,dim M

Let t and v be the Lie algebras of G and H respectively. If m is the tangent space
of M at its origin, we have the relation

(2.2) t=v®m

Let (,) be a positively definite inner product on the vector space m which comes
from the Riemannian metric g, which is an ad(H)-invariant. Conversely, an inner
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product on m which is an ad(H)-invariant gives a G-invariant metric on the homoge-
neous space M, which is also called homogeneous manifold.

We assume that the Lie group G is compact and semisimple and the Lie subgroup
H of G is its closed subgroup.

Let b be the Cartan subalgebra of ¢. The set of the simple roots which are linear
forms on the b, that is elements of be, is given as follows:

(2.3) U= {1,...., ¢},

where [ = dim b.
We denote by A the set of all roots of bc,

l
(2.4) A:{)\:mei/ﬁEZ}

and with AT the set of all positive roots, so we have

l

i=1
2
For each element p € b*, we take p* = ﬁ so we can construct the following
set: 7
(2.5) U* = {7, ..., ¢}
where:
2¢n 29y
1/)* = y ey 1/}* =
L () TR
and consequently for each A\, we take \* defined as follows:
2\
2.6 AN= —————.
(2:6) <AA>

Now, we can define the fundamental weights p; € b,i = 1,...;1, via

(2.7) < i, P >= 5ij,i:1,...l,j:1,...,l
We construct the set of the weights

1
(2.8) B = {M = Zmi,uz’/mz’ €Zm; > O} )

i=1

If we consider the set

(2.9) {I=peb/ <uf>Z,i=1,..,1},

then B is equivalent to the set
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(2.10) Ni={pue/<puA>>0,Y\e€ A},
or
(2.11) No={pel/<puip;>>0,i=1,..,1}

The above relations are used for the calculations of the spectrum of a symmetric
space M = G/H, where G is a simply connected compact semisimple Lie group and
H is a closed subgroup of G, where the Riemannian metric on M comes from the
Killing-Cartan form (,) on the Lie algebra ¢t of G. If v is the Lie algebra of H, then
we have

t=v® s,

where v is the eigenspace with the eigenvalue +1 and s is the eigenspace with the
eigenvalue —1.

Let m be the maximal abelian subspace of s and A}, the system of positive roots
on mg.

We define the subset k of v as follows

(2.12) k={x€v/[x,m] =0},

and we consider the Cartan subalgebra by of k.
The following relaton is valid

b=10b; +m,

and therefore b is a Cartan subalgebra of t. We define the A}, as follows:

(2.13) Al ={Nm:Xe AT and A\/m # 0},

and we construct the set

_ o < A > i
(2.14) R”_{u€|<AA:>>Q VAeAm}
The following theorem is valid
Theorem. Let M = G/H the compact symmetric space of Riemann, where G is a
simply connected, compact, semisimple Lie group and H is a closed subgroup of G,
where the metric g on M comes from the Killing-Cartan form of the Lie algebra t of
G. The spectrum Sp(M, g) is given by

(2.15) Sp(M, g) = {< p,pp > +2 < 1,0, >, 1 € By},

where § is the half of the sum of the positive roots and d,, is the restriction of 6 on
m, which is the mazimal abelian subspace of s (the eigenspace with eigenvalue —1).
The multiplicity of the eigenvalue is given by

<p+oA>
<OA>

(2.16) P =[]

AEAT
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3 The spectrum Sp°(M, g), where M = SP(l)/SU(I)
Let sp(1) and su(l) be the Lie algebras of SP(l) and SU(I) respectively. Then we have
sp(l) = su(l) ®m =h @& m,

where the direct sum is valid if the Lie algebras are considered as vector spaces and
m is the tangent space of the SP(1)/SU(I) at its origin.
The Lie algebra sp(l) has the form

sp(l) = {X € My| XK+ KXT =0, where K= { ? g ]}
1

An element of the Lie algebra sp(l) is split into an element of su(l) and an element
of the tangent space m in the following way

l o L1 p l
X X
Xesp(l)=X= c AT |
Ixl Ixl
where B and C' are symmetric martices of order .
A,
The matrix A can be written A = ZH Ix(1—1)
21 22
(-1)x1 (I-1)x(-1)
Therefore the vector X takes the form
A
all 1x (112— ].) ZBZ
A21 A22 %
X=| (I-1)x1 (I-1)x(1—-1) =
C —a —AT
I x1 " 2
—Af, —Ad
7157’(1422) A12 O
_ Agy Ago @
19) tT(A%Q) —Agl
—Ap —Ap
t’/‘(AQQ) + a1 0] B
® (0] 0]
C 7t7"(A22) — a1 0]
0] 0]
Hence the tangent space m takes the following form
kE O
0 0 B
m = JkeR
c -k O
O O

and the Lie algebra h becomes
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—tT(AQQ) A12

0]
A21 A22
1) tT(AQQ) _Agl
—Al, AL

Therefore the Lie algebra sp(l) can be written sp(l) = h @ m. The roots of sp(l)

m'(Ei —Ei),i=
1,...,l and E; is a matrix of order 2] which has at the position (4,%) the number one
and everywhere else the number zero.

Taking into consideration the form of the tangent space m, the quantities e; take
the following form:

are given by {te; £ ey, +2¢;|i < k,i,k =1,...,1} , where e; =

1 1
“fori=1l,ei=—— (B —Es))=0® —— - (B, — E
ori=1e =g (B1 = Fiy) = 0@ 7w - (Br = B

. 1
‘f0r2§1§l7€i:m'(Ei*Ez#l): -(Ei*EH_l)@O.
At first we construct the weights of sp(l),

4 +4

1
P = i = W, = =— (Fh—F s :1,,l
w; =€e1+es+...+e w;, =€ T (Ey 141), 4

Then we construct the quantity
p=miwi, +..+muw, where my,..,m; € Z" .

Taking into consideration the form of the weights restricted to the tangent space,
the quantity p takes the form p= (my +mao+...+my) -e1 =m-eq.
Now, we construct the half of the sum of all positive roots ¢§

20 = 2leg + (2l — 2) es + ... +4ej_1 + 2e.

Subsequently the restriction of the half of the sum of all positive roots to the tangent
space takes the following form §,, = [ - e;. At first we calculate the quantities which
appeare in formula (17)

2 m?
(o) = (m v, ex) = mer, 1) = "
ml
(1, 6m) = (m-ey,l-e1) =m-1-(eg,e1) = TR

So, the spectrum takes the form

(3.1) Sp(SP(1)/SU(1), g) = {M z}.

41+ 4
The positive roots are

1) ei—ej,1§i<j§l

11) ei+ej,1§i<j§l

i) 2e;,1 <1<
and for

p+od=me;+leg+(I—1lea+...+eg=m+er + (I —1ea+ ... + e,
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we construct 5 L5 .1
. < pu—+ 16— €5 > < ;€1 —€ej > m+) — .
n- 11 - 11 - I -

1<i<j<i < (5, e; —e; > 0Zi< < (5, e —e; > 2<j<l j—1
m+1—-1 Y\
-1 ’
<p+d,e+e; > <p+d,e1+e; > m+2—j+1
Py = H zde-ie-; - H ide +e-; H H 20 — JZl :
1<i<j<I L 2<<li »E1 T Ey 2<<1 J
P, = H <u—|—5,2€i>:<u—|—6,261>:m—|—l.
1sie1 < 0,2¢e; > < 6,2e1 > l

Having taken into consideration the relation (18) the multiplicity of the eigenvalue
is taken then

2[—-1

(3.2) dp’ = PPPs =[]

m+k(m+2l—1 )
k=1

k 20—-1

We conclude with the following
Theorem. The spectrum Sp(M, g), where M = SP(L)/SU(l), is given by the relation
(19). The multiplicity of the eigenvalue is given by the relation (20).
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