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Abstract

We determine a nonholonomic Finsler frame for a class of Generalized La-
grange spaces, for a class of Lagrange spaces with (o, 3)-metric and for Finsler
spaces with («, 8)-metric. Then, a special Finsler connection induced by such a
nonholonomic frame is determined. Finally we study the integrability conditions
for Cartan’s structure equations of a Finsler connection.
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Introduction

In [8,9] P.R. Holland studies a unified formalism that uses a nonholonomic Finsler
frame on space-time arising from consideration of a charged particle moving in an
external electromagnetic field. In fact, R.S. Ingarden in [10] was first to point out
that the Lorentz force law, in this case, could be written as geodesic equations on a
Finsler space called Randers space ([16]). In [5,6] a gauge transformation is viewed as
a nonholonomic frame on the tangent bundle of a four dimensional base manifold. The
geometry that follows from these considerations gives a more unified approach to grav-
itation and gauge symmetries. In the above mentioned papers, the common Finsler
idea used by the physicists R.G. Beil and P.R. Holland is the existence of a nonholo-
nomic frame on the vertical subbundle VT'M of the tangent bundle of a base manifold
M. This nonholonomic frame relates a semi-Riemannian metric (the Minkowski or
the Lorentz metric) with an induced Finsler metric. In [2,3], with P.L.Antonelli we
found such a nonholonomic frame for two important classes of Finsler spaces that
are dual in the sense of [7]: Randers and Kropina spaces. As Randers and Kropina
spaces are members of a bigger class of Finsler spaces, namely the Finsler spaces with
(ar, B)-metric, it appears a natural question: does a Finsler space with («, 8)-metric
have such a nonholonomic frame? As the fundamental tensor of a Finsler space with
(a, B)-metric is not so easy to handle with, we didn’t find so far, a direct method to
determine a nonholonomic frame for these spaces.

In this paper we find a nonholonomic Finsler frame for a class of Generalized
Lagrange spaces introduced and studied by M.Anastasiei and H.Shimada. In [1], the
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14 1. Bucataru

metric tensor of such a Generalized Lagrange space has been called the Beil metric.
The Beil metric can be viewed also as a deformation of a Riemannian metric. In this
work we consider the most general case of Beil’s metric and we find a nonholonomic
frame for it. This frame reduces in a particular case to that considered by R.G.Beil in
[5,6]. Then we can use these ideas to find a nonholonomic frame for a class of Lagrange
spaces proposed by R.G. Beil, the so-called Lagrange spaces with («, §)-metric. We
prove that the fundamental metric tensor of a Finsler space with (a, 3)-metric can
be derived from a Riemannian metric using two Beil deformations (1.5). Using these
ideas we can find a nonholonomic frame for a Finsler space with («, §)-metric. As
Randers and Kropina spaces are Finsler spaces with («, 3)-metric we may use these
techniques to find nonholonomic Finsler frames for these Finsler spaces.

We prove that every nonholonomic frame induces a special linear connection on the
total space of the tangent bundle of the base manifold M. This linear connection has
no curvature and the frame is parallel with respect to it. Using the Cartan’s structure
equations we show that a special linear connection, called a Finsler connection, has
no curvature if and only if it is induced by a nonholonomic Finsler frame. The frame
is holonomic if and only if a set of two forms of torsions vanishes.

R.Miron have been studied nonholonomic Finsler frames and the induced Finsler
connection in [15] for the so-called strongly non-Riemannian Finsler spaces. M. Mat-
sumoto studied these nonholonomic frames also, in [11], where he called such frames
the Miron frames of a strongly non-Riemannian Finsler space. The Miron frame is a
natural generalization of the Berwald frame for a two dimensional Finsler space or
the Moor frame for a Finsler space of dimension three.

1 Finsler spaces and related Finsler objects

As the Finsler geometry is a part of the geometry of the tangent bundle of a manifold
M, we present first some natural geometric objects that live on TM as the vertical
distribution, the almost tangent structure. An important tool in the geometry of the
tangent bundle is the nonlinear connection. Metric structures on T'M are defined and
we prove that in some conditions, Lagrange spaces with («, §)-metric are generalized
Lagrange spaces with Beil metric.

We start with a real n-dimensional manifold M of C*°-class. Denote by (T'M, w, M)
the tangent bundle of the base manifold M and by (ﬁ\//l, m, M), the tangent bundle
with the null cross-section removed. For every point p € M, there exist local charts
(U,p = (z%)) on p € M and (7= (U),¢ = (2%, y%)) on u € 7~ (p) C TM such that
with respect to these the canonical submersion 7 has the equations 7 : (z°,y%) €
7 Y (U) — (2%) € U. The local charts on TM of the form (7= 1(U), ¢ = (2%, y*)) are
called induced local charts, (y°) are coordinates of vectors y’ 6‘21- p from T, M, and
p is the natural basis of T,,M.

Denote by m, the linear map induced by the canonical submersion 7 : TM — M.
As for every u € TM, 7. : T,TM — Tr,)M is an epimorphism, then its kernel
determines a n-dimensional distribution V : v € TM — V,TM = Kerm,, C T,,TM.
We call it the wvertical distribution of the tangent bundle. This is the tangent space
to the natural foliation induced by the submersion 7 and consequently we have that
the vertical distribution is integrable. If the natural basis of T;,7M induced by a local
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chart (7=1(U), ¢ = (2°,y")) at u is denoted by {52 ., a%i|u}7 then {a%ﬂu} is a basis
of V, TM.

For every u € T'M we consider the linear map J,, : T,,TM — T,TM, J, = a%i W ®
dxz®|,t. Tt is called the almost tangent structure of the tangent bundle (or the vertical
endomorphism) and it has the properties: J2 = 0 and KerJ, = ImJ, = V,, TM.

We denote by F(TM) the ring of C°-functions over TM and by X(T'M) the
F(TM)-module of vector fields over T'M. With respect to the Poisson bracket,
X(TM) is a real Lie algebra. Then the almost tangent structure J may be taught as
an F(TM)-linear map J : X(TM) — X(T M) with the local expression J = 8?/# ®dz’.
1.1. Definition We call a nonlinear connection on T'M a n-dimensional distribution
HITM :weTM — H,TM C T, TM that is supplementary to the vertical distribu-

tion, which means that we have the direct sum:

(1.1) T, TM = H,TM & V,TM, Yu e TM.

As myo : TyTM — Tr,yM is an epimorphism, Vu € T'M, then the restriction of it
to H,T'M gives us an isomorphism between H,TM and Ty, M. The inverse map of
this isomorphism is denoted by Ip, y : TryM — H,TM and it is called the horizontal
lift induced by the given nonlinear connection HT M. If we fix an induced local chart
(771 (U),¢ = (2%, y")) at u € TM, because T,y 0 lp . = Idg,Tar We have that

L] Yo
o \ i () - 9zt

The functions N;f are defined over 771(U) and are called the local coefficients of
the nonlinear connection HTM. For every u € TM and a local chart (7=1(U), ¢ =
(z%,y)) at u we have now a basis {5 |u, %i «} of T,TM adapted to the decompo-
sition (1.1). We call it the Berwald basis of the given nonlinear connection. We may
remark here that if we change induced local charts from (7=*(U),¢ = (2%, y")) to
(7=1(V),% = (%, 4")) then the corresponding Berwald base and the local coefficients

of the nonlinear connection are related as follows:
i_wiwiﬁﬂimww
Szt Oxt 63 Oyt Ozt O’ Oxt
R OB _ 08t &y O
Pork T oxi R Qai

0

_Nij(u) Ay

_ .0
. ot

u u

)=

At every point u € TM we denote by T¥T'M the cotangent space at u to TM, that
is the dual space of T,,TM over R. Then {dz'|y,0y' |, = dy'|n + N}(u)da’|,} is a
basis of T;fT'M, that is called the Berwald cobasis of the nonlinear connection (it is
the dual basis of the Berwald basis).

For a nonlinear connection HT'M we define the map 6 : X (TM) — X (T M) locally
given by

g i
_5xi®6y'

n this paper the summation convention on upper and lower repeated indices is implied

(1.2) 0
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We have that 6 is globally defined and it has the properties: §2 = 0, Kerf) = Imf =
HTM. The maps h, = 0, o J, and v, = J, o0, are the horizontal and the vertical
projectors that correspond to the decomposition (1.1).

1.2. Definition A generalized Lagrange metric (or a GL-metric for short) is a metric
g on the vertical subbundle VI'M of the tangent space T'M. This means that for
every u € TM, g, : V,TM x V,TM — IR is bilinear, symmetric, of rank n and of
constant signature. A pair GL™ = (M, g), with g a GL-metric is called a generalized
Lagrange space, or a GL-space for short.

If (n=Y(U), ¢ = (2, y")) is an induced local chart at u = (x,y) € T M, we denote by
gij(u) = gu(a%i ws %M) Then a GL-metric may be given by a collection of functions
gij(z,y) such that we have:

19 rank(gij) = n, g5(%,3) = g51(%, )

2° the quadratic form g;;(x,y)&*¢? has constant signature on T'M;

3¢ if another local chart (7=1(V),¢ = (3%,§)) at u € TM is given and gxi(z,y) =
gu(a‘%h, a%l|u) then g;; and gj; are related by

oxk aFt

(1-3) 9i5 = @@gkl-

A tensor field of (r, s)-type on TM whose components transform under a change of
local coordinates on T'M like the components of a tensor field of (r, s)-type on the
base manifold is called a Finsler tensor field. From (1.3) we can see that a GL-metric
is a Finsler tensor field of (0,2)-type.

If a nonlinear connection is given on a GL-space, then we may extend the metric
g to the whole T'M by taking:

(1'4) Gu(Xua Yu) = gu(JuXua JuYu) + gu(JueuXua JueuYu)7VXu> Yu € TuTM~

With respect to this metric, the vertical and horizontal distributions are orthogonal.
In general, a GL-space doesn’t have a canonical nonlinear connection.

1.3. Example Consider a;;(x) the components of a Riemannian metric on the base
manifold M, a(z,y) > 0 and b(x,y) > 0 two Finsler scalars and B(z,y) = B;(x,y)dx!
a Finsler 1-form. Then:

(1'5) gij(ma y) = a(x’y)aij(x) + b(x,y)Bi(x,y)Bj(x,y)

is a generalized Lagrange metric ([1]), called the Beil metric. We say also that the
metric tensor g;; is a Beil deformation of the Riemannian metric a;;. It has been
studied and applied by R.Miron and R.K.Tavakol in General Relativity for a(x,y) =
exp(20(x,y)) and b = 0. The case a(z,y) = 1 with various choices of b and B; was
introduced and studied by R.G.Beil for constructing a new unified field theory in [5].
1.4. Definition A Finsler metric on TM is a function F' : TM — IR with the
properties: -

1° F'is a positive function of C*°-class on T'M and only continuous on the null cross-
section of the tangent bundle; -

2° F is positively homogeneous of degree one on TM with respect to y*;

3° The matrix with the entries:

1 0?F?

(1.6) 9 = 5 5oy
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has rank 7 on TM and the quadratic form g;; (x,9)€°¢7 has constant signature on
TM.

A Finsler space is a pair F™* = (M, F) with F' a Finsler metric. The tensor field
with the components given by (1.6) is called the metric tensor of the Finsler space.
We denote by g% the components of the inverse matrix of g;;, that is g;;g7% = 8¥.

If we do not ask for the homogeneity condition 2°, then F' is called a Lagrange
metric. The pair (M, F') is called a Lagrange space. The geometry of these spaces was
intensively studied by R.Miron in [14].

For a Lagrange space F™, the metric tensor (1.6) determine a GL-metric. The
converse of this is not true and the Beil metric (1.5) is an example of GL-metric that
is not reducible to a Finsler or Lagrange metric.

It is well known that every Lagrange space induces a canonical nonlinear connec-
tion, namely the Cartan nonlinear connection ([14]). This has the local coefficients
given by: ‘

1
N;f = 8—G., with
oyJ
4G = gik ( 02 F? g 5F2) ‘
Oykox™ Oxk
Then a Lagrange space F™ has a canonical metric G given by formula (1.4).

An important class of Finsler spaces is the class of Finsler spaces with (o, 3)-
metrics ([12]). The first Finsler spaces with (e, 3)-metric were introduced in forties
by the physicist G.Randers and them are called the Randers spaces, [16]. Recently,
R.G. Beil suggested to consider a more general case, the class of Lagrange spaces with
(«, B)-metric.

1.5. Definition A Finsler space F™ = (M, F(z,y)) is called with (a, 8)-metric if
there exists a 2-homogeneous function L of two variables such that the Finsler metric
F:TM — IR is given by:

(1.7) F?(z,y) = L(a(z,y), B(x,y)), where

(
o?(z,y) = aij(x)y'y’,  a;j(x) is a Riemannian metric on M;
Bz, y) = b (x)y", bi(x)dx* is a 1 — form on M.

If we do not ask for the function L to be homogeneous of order two with respect to
(a, B) variables, then we have a Lagrange space with («, 3)-metric.
1.6. Example
1° If L(a, B3) = (a + 3)?, then the Finsler space with Finsler metric
F(z,y) = (ai;(z)y'y?)? + bi(z)y" is called a Randers space.
4

2°If L, B) = %, then the Finsler space with Finsler metric
. iq,d

F(z,y) = w is called a Kropina space.
|bi()y’|

These classes of Finsler spaces play an important role in Finsler geometry and they
are dual in the sense of [7].

3° If L(a, B) = ™™, then we have a Lagrange space with (a, 3)-metric, where the
Lagrange metric is F(x,y) = (a;;(z)y'y?)? (b;i(z)y*)™. This Lagrange spaces reduces
to a Finsler spaces with («, §)-metric if and only if n +m = 2.
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Throughout this paper we shall rise and lower indices only with the Riemannian
metric a;;(z), that is y; = aijyj, bt = aijbj7 and so on.

For a Lagrange space with («, 3)-metric F?(z,y) = L(a(z,y), 3(z,y)) it is usual
to denote ([11]):

1 0L _10°L
18) P = 34 0a’ Po= 9952
1.8
_ 1o _ L (oL 1oL
p_1_2a8a8[3’ P27 52 \8a2 " ada )"

For a Finsler space with («, §)-metric, that is L is homogeneous of degree two with
respect to a and 8 we have:

(1.8) p_1f+ p_sa® =0.

With respect to these notations we have that the metric tensor g;; of a Lagrange
space with (o, 3)-metric is given by ([12]):

(1.9) 9ij (2, y) = paij(x) + pobi(w)bj(x) + p—1(bi(x)y; + bj(x)yi) + p—2yiy;-

We may remark here that the formula (1.9) was determined in [12] for Finsler spaces
with («, §)-metric but it works more generally for Lagrange spaces with («, §)-metric.
The metric tensor g;; of a Lagrange space with (c, §)-metric can be arranged into the
form:

1 1
(1.9)"  gi5 = paij + ——(p—1bi + p—2yi)(p—1b; + p_2y;) + 72(/)0/)—2 — p%1)bib;.

pP—2 P—
If the b;b; coefficient vanishes we have:
1.7. Proposition If for a Lagrange space with (a, 3)-metric the condition:

(1.10) pii = pop-2

holds true, then the metric tensor g;; can be written in the equivalent form:

1
(1'11) gij(x7y) = p(xay)aij(x) + ;Bi(% Z/)Bj(%y), where

Bi(x,y) = p-1(z,y)bi(z) + p—2(x, y)y:-

If we compare (1.11) to (1.5) we have the following result:
1.8. Corollary If for a Lagrange space with (c, 3)-metric the condition (1.10) holds
true, then its fundamental metric tensor is a Beil metric.
1.9. Remark For the Lagrange space with («, )-metric suggested by R.G.Beil,
L(a, 3) = a™B™, the condition (1.10) is true if and only if m?n? = mn(m —1)(n —2).
An example of Lagrange space with (a, 3)-metric that satisfies the condition (1.10)

044

has the Lagrange metric L(a, 8) = &
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2 Nonholonomic Finsler frames for special
metrics

The physicists R.G.Beil in [5,6] and P.R. Holland in [8,9] are using nonholonomic
Finsler frames to develop unified field theories. In this section, we determine a non-
holonomic Finsler frame for a Beil metric (1.5). In the particular case when a(x,y) = 1
and b(x,y) is a constant k we get the frame used by R.G. Beil in [5]. In the previous
section, we found conditions in which the fundamental metric of a Lagrange space
with («, §)-metric is a Beil metric. Then we can determine a nonholonomic Finsler
frame for a Lagrange space with (a, 3)-metric from the nonholonomic Finsler frame
of a Beil metric. From (1.9)’ we can see that the fundamental metric tensor of a
Finsler space with («, 3)-metric can be derived from a Riemannian metric a;; using
the Beil deformation (1.5) in two steps. Using this idea we can determine a nonholo-
nomic frame for a Finsler space with («, 8)-metric as a product of two nonholonomic
frames, each of these being determined by a Beil deformation.

Let U be an open set of TM and

VitueUwr Vi(u) e V,TM, ie{l,..,n}

be a vertical frame over U. If V;(u) = Vij(u)%“, then Vij (u) are the entries of a
invertible matrix for all w € U. Denote by ‘7,5 (u) the inverse of this matrix. This
means that: . o _

ViV =&, VIV = 6.
We call VjZ a nonholonomic Finsler frame.
2.1. Theorem Consider a GL-space with Beil metric (1.5) and denote by B?(x,y) =
a;j(x)B(z,y)BI(z,y). Then:

) ) 1 )
(2.1) Vi =Vad; - ﬁ(\/&i Va+bB?%)B'B;

is a nonholonomic Finsler frame. The Beil metric (1.5) and the Riemannian metric
a;;(x) are related by:

(2.2) 9ij(x,y) = V¥ (2, 9)V} (2, y)an ().

Proof. Consider also:

~ 1 . 1 1 1 .
2.1) Vie—§ - —|—=4+—— | B'"Bs.
@1) vl B2<\/& \Wsz) ¢

It is a direct calculation to check that ‘7,3 is the inverse of Vji7 that is V; is a nonholo-
nomic frame. Next we have that Viijlakg = aa;j + bB;B; = g;; so the formula (2.2)
holds true.

2.2. Corollary The Beil metric (1.5) is positive definite on TM.

Proof. As the Finsler scalars a(x,y) and b(z,y) that define the metric (1.5) are posi-
tive and the metric a;; is positive definite from (2.1)" we can see that ‘7,3 is well defined
on TM. Then V]Z from (2.1) is a nonholonomic Finsler frame on TM. From (2.2) we

have that g;; and a;; have the same signature, so g;; is positive definite on M.



20 1. Bucataru

2.3. Remark If we take a(z,y) = 1 and b(z,y) = k, the nonholonomic Finsler frame
(2.1) is the frame used by R.G.Beil in [5], formula (5.1).

2.4. Theorem Let F?(z,y) = L(a(x,y), B(x,y)) be the metric function of a Lagrange
space with (o, B)-metric for which the condition p>, = pop—_o is true. Then:

(2.3) Vi=\/pd; — <f £4[p+ B) (p—1b" + p_ay")(p—1b; + p_ay;)

is a nonholonomic Finsler frame, where B2 = p% b + p? 50% +28p_1p_2, p, po, p—1
and p_o are the invariants of the Lagrange space with («, 3)-metric defined in (1.8).

For a Lagrange space with (o, §)-metric L = %4 we have:

202 at —2a? 4
P=——F7">5 P0= 535 P-1= —5 > P—2= -
B B3 B2 B

We have then that the condition (1.10) is true and B? = 40&44 Consequently a
nonholonomic frame for the given Lagrange space with («, §)-metric is given by:

2hH2
vy —O‘\/; j a3b2 <\/7 \' 3 +2 ’ ) (28y" — a®b")(28y; — ®b;).

Consider now a Finsler space with ( )-metric. From (1.9)” we can see that g;;
is the result of two Beil deformations:

aij = hij = pai; + 51 (p-1bi + p—2yi) (p-1b; + p-2y;) and
(2.4)
hij — gij —hm"‘ (POP 2 — pZ 1)bb

The nonholonomic Finsler frame that corresponds to the first deformation (2.4) is,
according to the Theorem 2.1, given by:

. ) 1 B2 . )
(25)  Xj=pd — 53 (ﬁi \[ Pt M) (p—1b" + p—2y")(p-1b; + p—2y;),

where B? = a;;(p—1b"+p_2y") (p—1V’ +p_2y’) = p%,b*+ Bp_1p_2. The metric tensors
a;; and h;; are related by:

(2.6) hij = X[ Xjap.

According to the Theorem 2.1, the nonholonomic Finsler frame that corresponds to
the second deformation (2.4) is given by:

. . 1 p,QCQ ;
2.5) Y!=96"— 14+ ,/1+ ——""—— | b'b;,
(25) i ( \/ i pop—2 — P2y !

where C? = h;;b'b/ = pb® + p%z(p,le + p—2(3)?. The metric tensors h;; and g;; are
related by the formula:




Nonholonomic Frames in Finsler Geometry 21

(2.6)' Gmn = Y5 Y hyj.

From (2.6) and (2.6)” we have that V¥ = XFY; with X¥ given by (2.5) and Y}, given
by (2.5)’, is a nonholonomic Finsler frame of the Finsler space with («, 3)-metric.

For a Randers space with the fundamental function L = (a+3)? = F?, the Finsler
invariants (1.8) are given by:

_a+p F B 1 B
p= =— p=1 pa=— p2=—5
(67 (67 (67 «
B2:b2a2_52
at

We have then that the condition (1.10) is not satisfied. If we use the previous idea,
then V¥ = X¥Y;! is a nonholonomic Finsler frame of a Randers space, where:

) ) 2 2032 — h202 ) i )
X;:\/aaTﬁ(s_;_a2b2a_52 Wi\/aﬁ+ gﬂ a‘|(b1_iy2)(bj_iy2])’

i i 1 pc? i
Y] :5j—@ 1+ 1+o¢+ﬁ b'b;, and
2
gr @ BF ol B
o 3 a?)
In a similar way we may find a nonholonomic Finsler frame for a Kropina space
4
with the fundamental function L = % = F?. In this case, the Finsler invariants are
given by:
2a2 at —4a0? 4

pzﬁv P0:3@7 ,071:?7 p72:?3

2 /252
9 .07 [afb

2.5. Remark One may use also the two steps deformations (2.4) to determine the

contravariant tensor (¢%/) of a Finsler space with (a, 3)-metric.

3 Finsler connections induced by a nonholonomic
Finsler Frame

Consider now that on the tangent bundle of a manifold M we have a nonlinear con-
nection HT M. Then we consider a special linear connection on T'M that preserves by
parallelism the horizontal and the vertical distributions and we call it a Finsler con-
nection. We prove that a nonholonomic Finsler frame determine a Finsler connection
with no curvature. We study the integrability conditions of the Cartan’s structure
equations of a Finsler connection. Using these, we can prove that if a Finsler connec-
tion has no curvature then it is induced by a nonholonomic Finsler frame.
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3.1. Definition A linear connection D on T'M is called a Finsler connection if:
1° D preserves by parallelism the horizontal distribution HT M;
2° The almost tangent structure J is absolutely parallel with respect to D.

For a Finsler connection D it is immediate that D preserves also the vertical
distribution. With respect to the Berwald basis (%, 8%1') of the nonlinear connection
a Finsler connection can be expressed as:

5 L8 . 0

(3.1) S " Digr Digg ~higs
3.1

1) s 1) . 0 R 0

25~ O Pagn =g

Observe that under a change of induced coordinates on 7'M the functions F' fi trans-
form like the coefficients of a linear connection on the base manifold M and Cﬁ are
the components of a Finsler tensor field of (1,2)-type.

It (Tz1 j’j) are the components of a (r,s)-type Finsler tensor field T, then the
absolute dlfferentlal of T with respect to the Finsler connection D is given by:

(SR 28 [SRRRAS i1 IN2 R 2N AR T N N N £ S R PN I, o/ FRL
DTJ1 Js _dT]l Js "H*J T +- —l—w T ~Js WJITPJI “Js w]sTJI"'.]s—IIN

where w;- = Fj’kdxk + C;kéy are the connection 1-forms of D.

We can write the previous formula in an equivalent form:

- k
DT;l1 g TZ1 o ‘kdx —|—T;11 ; [0y~

Here TZl | & and T;llj“| r stand for horizontal and vertical covariant derivatives of
T}j.’.’.’js, ([14])~
For a Finsler connection D one considers typically:
T(X,Y)=DxY - DyX — [X,Y],
R(X,Y)Z =DxDyZ — DyDxZ — Dixy1Z

the torsion and the curvature. It is well known ([4], [14]) that with respect to the
Berwald basis {%, a%i} there are only five nonzero components of torsion and three
components of curvature. The five nonzero components of torsion are:

5§ 0 B § .
hT( ) =Tk — = (Ff - F})— ST (h)h—torsion

dxt’ Sz dxk
SNk 6NF
= Rf 8i = (5:1:; - 537? > 8iy’“; (v)h—torsion

ONk B
= Pk = ( z FS) a—yk; (v)hv—torsion

9
k k
= (Cf,~ Chg,e

(v)v—torsion.

)-

: ) =Ck 3. (h)hv—torsion
)
)
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The three components of curvature are given by:

SF,  OF)

7 _ _ jh mii  _ pmint i m .
Ry = 5o — ar + Fj b, — FjpFoy + Chn R
. OF? ) .
i ik (Yi i m.
(3:3) Pin = agn = Cln + ChinPihs
) aCt aC! ) )
1 J— jk Jjh m 1 m 1
Si'vn = gy — gk T CinCran — CinCrn-

For a Finsler connection D we have the following Ricci identities:

X\’Lk|7' - X|ir\k: = XmRT;LL kr erTl;r;L’ - X1’|mRZ;”

(34) X\zk|r _Xi|”‘|k :Xumz kr_X\lmCl?Zl’_quPIgﬁ?

Xilklr _Xilrlk = Xms i

m kr

— XS

Consider now a nonholonomic Finsler frame V; = Vf 32@' on a open set U of TM.

That is V;(u) are the entries of a nonsingular matrices over U. We denote by ‘7,5 the
inverse matrix of V.

3.2. Theorem There exists a unique Finsler connection D on TM such that the
absolute differential of the given nonholonomic frame V; = ij‘ azi with respect to D,
18 zero. For this Finsler connection D all components of curvature are zero.

Proof. The absolute differential of the given nonholonomic frame V; with respect to
D is given by DVji = Vf‘kdxk + l/ji|k5yk for every fixed j € {1,2,...,n}. So, DVji =0
if and only if the frame 1s h— and v—covariant constant with respect to D.

The nonholonomic frame V; = Vji 821‘ is h-covariant constant if for all j € {1,...,n}

Ke have Vﬁk = 0. This is equivalent to % + F! Vi™ = 0. If we solve this for F!,, we
ave

i = Vs _yidVa
mk dzk "™ T Gk
Similarly, the nonholonomic frame Vj is v-covariant constant if for all j € {1,...,n}
oV

we have ij| & = 0. This is equivalent to 8y{; + C’jnkvjm = 0. If we solve this for C? .
we have

mk 3yk m J ayk
If we use the Ricci identities (3.4) for Vj, we have: R,! V™ = 0, P!, V" = 0,
and S,7 V™ =0,Vj € {1,..,n}. As V;” is invertible one obtain: R,} ,. = P,/ =
S =0.
m kj

The Finsler connection we have defined in Theorem 3.1 is called the Crystallo-
graphic connection of the nonholonomic frame Vji (12])-

Next we denote by {X.},_ 17, the vector fields of the Berwald basis {5, a%i}
induced by a nonlinear connection HT'M and by {6*},_1=, the dual basis {dz", dy'}.
For a Finsler connection D, the connection 1-forms (wj) corresponding to these base
are defined as follows:

wp(X) =0"(DxXp), VX € x(TM).
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It is a straightforward calculation to check that the connection 1-forms are given by
i . . .
wy = ( B)J wj— >, where w} = F;kalac’C + C}kéyk. For a vector field W = W*X, €

X(T'M) we have that
DyW = (V(W*) + WPw(V)) X, that is
04Dy W) = V(04(W)) + 6°(W)wi (V).

3.3. Theorem The Cartan’s first structure equations of a Finsler connection D are
given by:

—da" Nwi = -1,
(3.5) _ o
d(0y?) =y Awi = —O°

where the 2-forms of torsions % = (O, éz) are defined by:

0%(X,Y) =0%(T(X,Y)), and are given by :

6 O = §Thdad N dx® + Cfyda? A oyP,
©' = LR, dal A da® + Pipdad ASy* + LSi0y7 A dy*.

The Cartan’s second structure equations of a Finsler connection D are given by:

(3.7) dw} — Wl Awj, = -0,

i
where the curvature 2-forms () = ( (?j ?22 ), are defined by:
J

B(X,Y)=0(R(X,Y)Xy), and are given by :

) 1. ) i 1 .
(3.8) Qf = ER»Zkhdxk Ada" + Py, da® A sy" + 55;,€h5y’f A Sy".

Proof. We have that

OUX,Y) = 0%(T(X,Y))=0%(DxY) - 0°(DyX) — 0°([X,Y]) =
= X(0°(Y)) + 0" (V)wy (X) = Y (0*(X)) = 0" (X)wi (V) — 0°([X,Y]) =
= d0*(X,Y)+ (wi A0 (X,Y).

If we take 0 to be dx’ and 6y’ respectively, then we get the Cartan’s first structure
equations (3.5).

From Qf(X,Y) = 0°(R(X,Y)Xp) = dw(X,Y) + (wd Awf)(X,Y) we have the
Cartan’s second structure equations (3.7).
3.4. Theorem If for a Finsler connection D on T M the curvature 2-forms Qz vanish,
then there exists a nonholonomic Finsler frame V]Z such that the local coefficients of
the connection D are given by:
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; SV OV
ij:_(;k i Vr?%(;;k
(3.9) '
C;:k; — 8V7¢L m i 9 ]m
ouk I ™ Hyk

Proof. If the curvature two-forms of D vanish, then the Cartan’s second structure
equations are:

dwy + wi A wg = 0.

Then there exists a frame V,*(z, y) on the tangent space T'M such that
(3.10) dVyt + wiVy = 0.

viovi
- JT
Vi v

Aswi = ( ‘(')”j Sﬁ ) and if we denote V! = (

) then, the equations (3.10)
J

are equivalent to:
dVi +wiVF =0,
dVJJ + w,ile“ =0,

(3.10)’ -
dvj +wpVF =0,

dVi + wiVF =0,
J J

As (V) are the entries of a non-singular matrix of order 2n, whose blocks are solutions
of (3.10)" we have that at least two of these blocks are invertible. Suppose (V}) is one
of them and XN/; = (V})~". Then w! = —XN/kidek = d‘N/,jij and consequently we have
that the local coefficients of D are given by (3.9).

The Theorems 3.2 and 3.4 say that the only Finsler connections that have zero
curvature are induced by nonholonomic Finsler frames.

The frame {H; = Vf%,Vj = Vja%ﬂ} is said to be holonomic if there exist n

functions ¢’ on the base manifold M such that ‘N/ij = g‘ﬁa that is equivalent to say

that the one-forms n? = Vij dx’ are exact.

3.5. Proposition A frame V]Z is holonomic if and only if the torsion two-forms ©7,

defined by (3.6)1 of the Crystallographic connection induced by ij‘7 vanish.

Proof. From (3.6); we have that ©* = 0 if and only if T}, = 0 and C}, = 0, where

Tj, = F,ij — Fj;., and F;k and C%, are given by (3.9). However C}, = 0 if and only
ovy _

o ozk T Oz

equivalent to the fact that V are the gradient of n functions ¢’ on the base manifold

M.

3.6. Proposition If for a Finsler connection D on TM the torsion two-forms ©°

and the curvature two-forms Qz vanish, then local coordinates may be found on the

base manifold M such that with respect to the induced coordinates on T M we have

Fi, = Ci, = 0.

if V/ are functions of (z) only. Then T;k = 0 if and only if %5 and this is
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Proof. If the curvature two-forms Q; of the Finsler connection D vanish then ac-
cording to the Theorem 3.4 there is a frame V7 such that the local coefficients of the
Finsler connection D are given by (3.9). From Proposition 3.5 we have that the frame

. , Y ,
V. is holonomic, that is there exist n functions ¢/ such that V;/ = il Then, ¢/ are

coordinate functions on M and with respect to the induced coordinates on T'M, the
local coefficients of the Finsler connection D, vanish.
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