An Expanded Class of Parametric Partial Linear Complex Vector Functional Equations

I.B. Risteski, K.G. Trenčevski and V.C. Covachev

Abstract

In this paper one expanded class of parametric complex vector partial linear functional equations is solved. The results presented here generalize the results given in [3].

Mathematics Subject Classification 2000: 39B32, 39B52 Key words: expanded parametric complex vector functional equations

0 Introduction

First we introduce the following notations. Let V, V^′ be finite dimensional complex vector spaces and Z_i, i ∈ N, be vectors in V. We may assume that Z_i = (z_{i1}(t), · · · , z_{in}(t))^T , where z_{ij} (t) (1 ≤ j ≤ n) are complex functions and O = (0, · · · , 0)^T is the zero-vector in V or V^′. We also denote by V^0 the subspace of all real vectors in V (thus V = V^0 ⊕ iV^0), and by L(V^0, V^′) the space of linear mappings V^0 → V.

In the present paper we will solve the following simple complex vector functional equation (1) m+n+k ∑ i=1 f (^{m−1}∑ j=0 a^{m−1−j} Z_{i+j} , n−1∑ j=0 a^{n−1−j} Z_{i+m+j} , k−1∑ j=0 a^{k−1−j} Z_{i+m+n+j} ) =O,

(Z_{m+n+k+i} ≡ Z_i, a ∈ C),

where C is the field of complex numbers and f : V^3 → V^′ is an unknown complex vector function.

The above equation for k = 0 was solved in [3]. Also, the functional equation (1) for a = 1 was solved in [1] under the hypothesis that the function and variables are real.

The generalized functional equation

Balkan Journal of Geometry and Its Applications, Vol.6, No.1, 2001, pp. 63-86 © Balkan Society of Geometers, Geometry Balkan Press

(2) m+n+k ∑ i=1 f_i (^{m−1}∑ j=0 a^{m−1−j} Z_{i+j} , n−1∑ j=0 a^{n−1−j} Z_{i+m+j} , k−1∑ j=0 a^{k−1−j} Z_{i+m+n+j} ) =O (f_{m+n+k+i} ≡ f_i, Z_{m+n+k+i} ≡ Z_i, a ∈ C) will be also solved here.

1 Solution of the Simple Functional Equation

Now we will solve the functional equation (1) in the following cases.

I. Let a = 1. If we introduce the notations

(3) S = m+n+k ∑ j=1 Z_j and (4) f(U, V, S) = g(U, V, S + U + V),

then the equation (1) becomes (5) m+n+k ∑ j=1 g (^{m−1}∑ j=0 Z_{i+j} , n−1∑ j=0 Z_{m+i+j} , S ) = O.

If we introduce new variables T_i (1 ≤ i ≤ m + n + k − 1) by the equalities

T_i = Z_i − S m + n + k (1 ≤ i ≤ m + n + k − 1), i.e.

Z_{m+n+k} = S m + n + k − m+n+k−1 ∑ j=1 T_j ,

then the equation (5) becomes (6)_k ∑ i=1 g ( mS m + n + k + m−1∑ j=0 T_{i+j} , nS m + n + k + n−1∑ j=0 T_{m+i+j} , S ) +

+ n+k∑ i=k+1 g ( mS m + n + k + m−1∑ j=0 T_{i+j} , nS m + n + k − m+k−1 ∑ j=0 T_{m+n+i+j} , S ) +

+ m+n+k ∑ i=n+k+1 g ( mS m + n + k − n+k−1 ∑ j=0 T_{m+i+j} , nS m + n + k + n−1∑ j=0 T_{m+i+j} , S ) = O.

By putting

(7) g ( mS m + n + k + U, nS m + n + k + V, S ) = H(U, V, S), the equations (6) becomes

(8) k∑ i=1 H (^{m−1}∑ j=0 T_{i+j} , n−1∑ j=0 T_{m+i+j} , S ) +

+ k+n∑ i=k+1 H (^{m−1}∑ j=0 T_{i+j} , − m+k−1 ∑ j=0 T_{m+n+i+j} , S ) +

+ m+n+k ∑ i=n+k+1 H ( − n+k−1 ∑ j=0 T_{m+i+j} , n−1∑ j=0 T_{m+i+j} , S ) = O.

Now, we may suppose that the variable S is fixed, and we may put

(9) H(U, V, S) = h(U, V).

In this case, the functional equation (8) takes the following form

(10) k∑ i=1 h (^{m−1}∑ j=0 T_{i+j} , n−1∑ j=0 T_{m+i+j} ) +

+ m+k∑ i=k+1 h (^{m−1}∑ j=0 T_{i+j} , − m+k−1 ∑ j=0 T_{m+n+i+j} ) +

+ m+n+k ∑ i=n+k+1 h ( − n+k+1 ∑ j=0 T_{m+i+j} , n−1∑ j=0 T_{m+i+j} ) = O.

The complex vector function h has the following properties: 1^o. If m < n < k and m + n < k, then the following relations hold

(11) h(O, O) = O,

(12) h(U, −U) + h(U, O) + h(O, −U) = O,

(13) h(O, U) + h(O, −U) = O,

(14) h(U, V) = h(U + V, O) − h(V, O) + h(O, V),

(15) h(U, O) + h(−U, O) = O,

(16) h(U, V) = h(O, U + V) − h(O, U) + h(U, O).

2^o. If m < n < k and m + n = k, then (11), (12), (13), (14), (15) and (16) hold. 3^o. If m < n < k and m + n > k, then (11), (12), (13), (14), (15) hold and

(17) h(U, V) + h(V, −U − V) + h(−U − V, U) = O.

4^o. If m < n = k, then (11), (12), (13), (14) and (17) hold. 5^o. If m = n and 2m < k, then (11), (12) hold and

(18) h(U, V) + h(V, O) + h(O, −U − V) + h(−U − V, U) = O.

6^o. If m = n and 2m = k, then (11), (12) and (18) hold. 7^o. If m = n < k and 2m > k, then (11), (12) and (18) hold. 8^o. If n < m < k and m + n < k, then (11), (12), (15), (16), (13) and (14) hold. 9^o. If n < m < k and m + n = k, then (11), (12), (15), (16), (13) and (14) hold. 10^o. If n < m < k and m + n > k, then (11), (12), (15), (16), (13) and (17) hold. 11^o. If n < m = k, then (11), (12), (15), (16) and (17) hold. 12^o. If m = n = k, then (11), (12) and (17) hold.

Now, we will prove the theorems which treat the functional equation (1). Theorem 1. If a = 1, m, n < k, m ≠ n and m + n ≠ k, then the general continuous solution of the functional equation (1) is

f(U, V, W) = G_1(U + V + W)Re ( U − m U^+V^+W m+n+k ) + + G_2(U + V + W)Im ( U − m U^+V^+W m+n+k ) + + G_3(U + V + W)Re ( V − n U^+V^+W m+n+k ) + + G_4(U + V + W)Im ( V − n U^+V^+W m+n+k ) , where G_i : V → L(V^0, V^′) (1 ≤ i ≤ 4) are arbitrary continuous complex vector functions and Re U resp. Im U denotes the real resp. imaginary part of U. Proof. Let m < n < k and m + n < k. On the basis of the expressions (14) and (16), we obtain that the complex vector function h satisfies the equation

h(U + V, O) − h(O, U + V) = h(U, O) − h(O, U) + h(V, O) − h(O, V),

and hence we get h(U, O) − h(O, U) = G^′Re U + G^{′′}Im U, where G^′, G^{′′} ∈ L(V^0, V^′) are arbitrary continuous functions of S.

Thus, the equation (16) has the form

(19) h(U, V) = h(O, U + V) + G^′Re U + G^{′′}Im U.

If we substitute the function h determined by (19) into (10), on the basis of the expression (13) we obtain

(20) k∑ i=1 h ( O, m+n−1 ∑ j=1 T_{i+j} ) − k−1∑ i=k+1 h ( O, k−1∑ j=0 T_{m+n+i+j} ) = O.

If we put T_1 = U, T_k = V and T_j = O (j ≠ 1, k) into (20), then we obtain h(O, U + V) = h(O, U) + h(O, V), and hence we deduce (21) h(O, U) = G_3Re U + G_4Im U, where G_3, G_4 ∈ L(V^0, V^′) are arbitrary complex vector functions of S.

On the basis of the expressions (21) and (19), we obtain (22) h(U, V) = G_1Re U + G_2Im U + G_3Re V + G_4Im V, where G_1 = G^′ + G_3 and G_2 = G^{′′} + G_4.

Let m < n < k and m + n > k. On the basis of the expressions (14) and (17), we get h(U + V, O) − h(−U − V, O) − h(O, U + V) = = h(U, O) − h(−U, O) − h(O, U) + h(V, O) − h(−V, O) − h(O, V), and hence we can calculate that (23) h(U, O) − h(−U, O) + h(O, U) = G_3Re U + G_4Im U, where G_3, G_4 ∈ L(V^0, V^′) are arbitrary complex vector functions of S.

On the basis of the identity (23), the equation (14) becomes (24) h(U, V) = h(U + V, O) − h(−U, O) + G_3Re V + G_4Im V.

If we substitute the function h determined by (24) into (10), we obtain

(25) k∑ i=1 h (^{m+n−1} ∑ i=1 T_{i+j} , O ) + m+n+k ∑ i=k+1 h ( − k−1∑ j=0 T_{m+n+i+j} , O ) −

− m+n+k ∑ i=k+1 h (^{m+k−1} ∑ j=0 T_{m+n+i+j} , O ) − m+k∑ i=1 h ( − n−1∑ j=0 T_{i+j} , O ) = O.

For T_1 = U, T_{m+k} = V and T_j = O (j ≠ 1, m + k) from (25) we have h(U + U, O) = h(U, O) + h(V, O), where h(U, O) = G_1Re U + G_2Im U.

On the basis of this, the equation (24) becomes (25).

Let n < m < k and m + n < k. On the basis of the equations (16) and (14) we obtain

h(U + V, O) − h(O, U + V) = h(U, O) − h(O, U) + h(V, O) − h(O, V), from where it follows that (26) h(U, O) − h(O, U) = G^′_1Re U + G^{′′}_2 Im U.

On the basis of the equality (26), the equation (16) becomes (27) h(U, V) = h(O, U + V) + G^′Re U + G^{′′}Im U.

If we substitute the function h determined by (27) into (10), we obtain the following equation

(28) k∑ i=1 h ( O, m+n+1 ∑ j=0 T_{i+j} ) = m+n+k ∑ i=k+1 h ( O, k−1∑ j=0 T_{m+n+i+j} ) .

By putting T_1 = U, T_{m+n} = V and T_j = O (j ≠ 1, m + n) in (28) we have h(O, U, V) = h(O, U) + h(O, V), from where we conclude that h(O, U) = G_3Re U + G_4Im U.

On the basis of this, the equation (27) becomes (22).

Let n < m < k and m + n > k. On the basis of (16) and (17), we obtain that the function h satisfies the functional equation

h(U + V, O) + h(O, −U − V) − h(O, U + V) = = h(U, O) + h(O, −U) − h(O, U) + h(V, O) + h(O, −V) − h(O, V).

Therefore, the function h(U, O) + h(O, −U) − h(O, U) is determined by (29) h(U, O) + h(O, −U) − h(O, V) = G_1Re U + G_2Im U.

The equation (16), on the basis of the equality (29), becomes (30) h(U, V) = h(O, U + V) − h(O, −U) + G^′Re U + G^{′′}Im U.

The function h needs to satisfy the equation (10). If we substitute (30) into (10), we get

(31) k∑ i=1 h ( O, m+n−1 ∑ j=0 T_{i+j} ) + m+n+k ∑ i=k+1 h ( O, − k−1∑ j=0 T_{m+n+i+j} ) −

− k+1∑ i=1 h ( O, − m−1∑ j=0 T_{i+j} ) − m+n+k ∑ i=n+k+1 h ( O, m−1∑ j=0 T_{m+n+i+j} ) = O.

If we put T_1 = U, T_{n+k} = V and T_j = O (j ≠ 1, n + k) into (31), we obtain h(O, U + V) = h(O, U) + h(O, V), from where it follows that h(O, U) = G_3Re U + G_4Im U.

On the basis of the last equality, the equality (30) has just the form (22). Consequently, in all four cases the function h is determined by (22).

We denote the arbitrary complex functions G_i (1 ≤ i ≤ n) of S by G_i(S) (1 ≤ i ≤ 4). On the basis of that, the equality (22) and the transformations (9), (7), (4) and (3) there follows the proof of the theorem. □ Theorem 2. If a = 1, m ≠ n and m + n = k, then the general continuous solution of the functional equation (1) is determined by

f(U, V, W) = F (U + V − k

U + V + W m + n + k , U + V + W)− − F ( −U − V + k

U + V + W m + n + k , U + V + W ) + + G_1(U + V + W)Re ( U − m U + V + W m + n + k ) + + G_2(U + V + W)Im ( U − m U + V + W m + n + k ) ,

where F : V^2 → V^′ and G_i : V → L(V^0, V^′) (i = 1, 2) are arbitrary continuous complex vector functions.

Proof. Let m < n. As in the proof of the previous theorem, on the basis of the expressions (14) and (16), we may show that the function h has the form determined by (19). If we substitute the function h determined as previously into (1), on the basis of the expression (13), we conclude that the equality is valid and consequently, the function h(O, U) may be arbitrary. According to (13), for h(O, U) we can put

h(O, U) = F (U) − F (−U),

where F is an arbitrary continuous function.

On the basis of this, the equality (19) becomes

(32) h(U, V) = F (U + V) − F (−U − V) + G_1Re U + G_2Im U.

Let n < m. As in this case the equalities (14) and (16) hold and the function h has the form determined by (19). If we substitute (19) into (10), we obtain that the equation (10) holds, which means that h(O, U) is an arbitrary function for which (13) holds.

On the basis of this, we obtain that the function h in this case has the form determined by (32).

If we put that the arbitrary continuous complex vector functions G_1 and G_2 are G_1(S) and G_2(S) respectively, on the basis of the expressions (9), (7), (4) and (3), there follows the proof of the theorem. □ Theorem 3. If a = 1 and m < n = k, the functional equation (1) has a general continuous solution determined by f(U, V, W) = F ( U + V − (m + n)

U + V + W m + n + k , U + V + W ) − − F ( −V + n U + V + W m + n + k , U + V + W ) + + G_1(U + V + W)Re ( V − n U + V + W m + n + k ) + + G_2(U + V + W)Im ( V − n U + V + W m + n + k ) , where F : V^2 → V^′ and G_i : V → L(V^0, V^′) (i = 1, 2) are arbitrary continuous complex vector functions.

Proof. On the basis of the equalities (14) and (17), as in the proof of Theorem 1, we conclude that (23) holds, i.e. (24) holds. If we substitute (24) into (10), since n = k, we obtain an identity which means that for h(U, O) we may take an arbitrary continuous function.

On the basis of this, for the function f(U, V) we obtain

(33) h(U, V) = F (U + V) − F (−V) + G_1Re V + G_2Im V.

From (33), on the basis of the transformations (9), (7), (4) and (3) and putting that G_1 and G_2 are arbitrary continuous functions of S, we obtain that the function f has the form given in the Theorem 3. □ Theorem 4. If a = 1 and n < m = k, then the general continuous solution of the functional equation (1) is

f(U, V, W) = F ( U + V − (m + n)

U + V + W m + n + k , U + V + W ) − − F ( −U + m U + V + W m + n + k , U + V + W ) + + G_1(U + V + W)Re ( U − m U + V + W m + n + k ) + + G_2(U + V + W)Im ( U − m U + V + W m + n + k ) , where F : V^2 → V^′ and G_i : V → L(V^0, V^′) (i = 1, 2) are arbitrary continuous complex vector functions.

Proof. On the basis of (16), (17) and (29), we obtain that the function h satisfies the equation (30).

If the function h determined by (30) is substituted into (10), then the equation (10) becomes an identity, which means that h(O, U) can be substituted by an arbitrary continuous function F (U).

On the basis of this, the equality (30) has the form

(34) h(U, V) = F (U + V) − F (−U) + G_1Re U + G_2Im U.

According to the transformations (9), (7), (4) and (3), from the equation (34), by putting G_1 = G_1(S) and G_2 = G_2(S), it follows that the function f has the form which is given in this theorem. □

Theorem 5. If a = 1, m = n < k and 2m ≠ k, then the general continuous solution of the functional equation (1) is determined by

f(U, V, W) = F ( U − m U + V + W m + n + k , U + V + W ) − − F ( V − n U + V + W m + n + k , U + V + W ) + + G_1(U + V + W)Re ( U − m U + V + W m + n + k ) + + G_2(U + V + W)Im ( U − m U + V + W m + n + k ) , where F : V^2 → V^′ and G_i : V → L(V^0, V^′) (i = 1, 2) are arbitrary continuous complex vector functions.

Proof. Let 2m < k. On the basis of the expression (18), we obtain

h(U, V) + h(V, O) + h(O, −U − V) + h(−U − V, U) = O,

h(−U − V, U) + h(U, O) + h(O, V) + h(V, −U − V) = O, h(V, −U − V) + h(−U − V, O) + h(O, U) + h(U, V) = O.

If from these three equalities we eliminate h(−U − V, U) and h(V, −U − U), we obtain 2h(U, V) = −h(−U − V, O) − h(O, −U − V) + h(U, O) − h(O, U) + h(O, V) − h(V, O). If we substitute this value of h into (10), we get

(35) k∑ i=1 h ( − m+n−1 ∑ j=0 T_{i+j} , O ) + k∑ i=1 h ( O, − m+n−1 ∑ j=0 T_{i+j} ) +

+ m+n+k ∑ i=k+1 h (^{k−1}∑ j=0 T_{m+n+i+j} , O ) + m+n+k ∑ i=k+1 h ( O, k−1∑ j=0 T_{m+n+i+j} ) = O.

If we put T_1 = U, T_{m+n} = V and T_j = O (j ≠ 1, m + n) into (35), we have

(36) h(U + V, O) + h(O, U + V) + (k − 1)[h(V, O) + h(O, V)]+ +h(−U, O) + h(O, −U) + k[h(−V, O) + h(O, −V)] = O.

For V = O, from (36) we obtain

(37) h(−U, O) + h(O, −U) + h(U, O) + h(O, U) = O,

i.e. the equality (36) has the form

h(U + V, O) + h(O, U + V) = h(U, O) + h(O, U) + h(V, O) + h(O, V).

Hence, it follows that h(U, O) + h(O, U) = G_1Re U + G_2Im U.

Thus we obtain that the function h(U, V) is determined by h(U, V) = h(U, O) + h(O, V), or (38) h(U, V) = F (U) − F (V) + G_1Re U + G_2Im V, where we have put F (U) = −h(O, U).

Let 2m > k. If we put T_1 = U, T_k = V and T_j = O (j ≠ 1, k) into (35), we get (39)

h(U, O) + h(O, U) + (m + n)[h(V, O) + h(O, V)]+ +h(−U − V, O) + h(O, U − V) + (m + n − 1)[h(−V, O) + h(O, −V)] = O, and hence for V = O we obtain (37), i.e. the equality (39) has the following form h(U + V, O) + h(O, U + V) = h(U, O) + h(O, U) + h(V, O) + h(O, V).

Hence it follows that the function h has the form (38).

Thus, on the basis of the expressions (38), (9), (7), (4) and (3), we conclude that the function f has the form given in the theorem. □ Theorem 6. If a = 1 and 2m = 2n = k, then the general continuous solution of the functional equation (1) is given by f(U, V, W) = F (U, V + W) − F (V, W + U) + G(U + V, W) − G(W, U + V), where F, G : V^2 → V^′ are arbitrary complex vector functions.

Proof. From the equation (35), which holds in this case, there immediately follows the equality h(U, O) + h(O, U) + h(−U, O) + h(O, −U) = O, i.e. we may put (40) h(U, O) + h(O, U) = 2G(U) − 2G(−U), where G is an arbitrary complex vector function.

Since by virtue of (15) it holds 2h(U, V) = −h(−U − V, O) − h(O, −U − V) + h(U, O) − h(O, U) + h(O, V) − h(V, O), on the basis of the expression (40) we have (41) h(U, V) = F (U) − F (V) + G(U + V) − G(−U − V), where we introduced the notation 2F (U) = h(U, O) − h(O, U).

From the equalities (41), (9), (7), (4) and (3) there follows the proof of the theorem. □ Theorem 7. If a = 1 and m = n = k, then the general continuous solution of the functional equation (1) is given by

f(U, V, W) = F (U, V, W) − F (V, W, U),

where F : V^3 → V^′ is an arbitrary complex vector function.

Proof. If we put T_1 = U, T_{m+1} = V and T_j = O (j ≠ 1, m + 1) into (10), then we obtain h(U, V) + h(V, −U − V) + h(−U − V, U) = O.

According to [2] the general solution of this equation is given by

(42) h(U, V) = F (U, V) − F (V, −U − V),

where F : V^2 → V^′ is an arbitrary complex vector function.

On the basis of the expressions (42), (9), (7), (4) and (3), we conclude that the function f is determined by the form given in the theorem. □

II. Let a^{m+n+k} ≠ 1. If we put

(43) f(U, V, W) = g(U+a^{k+m}V+a^mW, V+a^{m+n}W+a^nU, W+a^{n+k}U+a^kV),

then the functional equation (1) becomes m+n+k ∑ i=1 g (^{m−1}∑ j=0 a^{m−1−j} Z_{i+j} + n−1∑ j=0 a^{m+n+k−1−j} Z_{m+i+j} + k−1∑ j=0 a^{m+k−1−j} Z_{m+n+i+j} ,

n−1∑ j=0 a^{n−1−j} Z_{m+i+j} + k−1∑ j=0 a^{m+n+k−1−j} Z_{m+n+i+j} + m−1∑ j=0 a^{m+n−1−j} Z_{i+j} , k−1∑ j=0 a^{k−1−j} Z_{m+n+i+j} + n−1∑ j=0 a^{m+n+k−1−j} Z_{i+j} + n−1∑ j=0 a^{n+k−1−j} Z_{m+i+j} ) = O,

i.e._{m+n+k} ∑ i=0 g (^{m+n+k−1} ∑ j=0 a^j Z_{m−1+i−j} , m+n+k−1 ∑ j=0 a^j Z_{m+n−1+i−j} , m+n+k−1 ∑ j=0 a^j Z_{m+n+k−1+i−j} ) = O.

This transformation of the equation (1) is possible since a^{m+n+k} ≠ 1. If we introduce new variables T_i by the relations

T_i = m+n+k−1 ∑ j=0 a^j Z_{m−1+i−j} (1 ≤ i ≤ m + n + k), then the previous equation becomes

(44) m+n+k ∑ i=1 g(T_i, T_{i+n}, T_{i+n+k}) = O.

Now we will give the following results.

Lemma 1. The general solution of the functional equation (44) is determined by 1^0. g(U, V, W) = F (U) − F (W) − H(V) − H(W) (m ≠ n ≠ k ≠ m, m ≠ n + k, n ≠ m + k, k ≠ m + n), 2^0. g(U, V, W) = F (U) − F (V) − G(U, W) − G(W, U) (m ≠ n ≠ k ≠ m, m = n + k), 3^0. g(U, V, W) = F (W) − F (U) − G(U, V) − G(V, U) (m ≠ n ≠ k ≠ m, n = m + k), 4^0. g(U, V, W) = F (U) − F (V) + G(V, W) − G(W, V) (m ≠ n ≠ k ≠ m, k = m + n), 5^0. g(U, V, W) = G(U, V) − G(V, W) (m ≠ n = k, m ≠ n + k), 6^0. g(U, V, W) = K(U, V) − K(V, W) + G(W, U) − G(U, W) (m ≠ n = k, m = n + k), 7^0. g(U, V, W) = G(U, V) − G(W, U) (m = n ≠ k, k ≠ m + n), 8^0. g(U, V, W) = K(U, V) − K(W, U) + G(V, W) − G(W, V) (m = n ≠ k, k = m + n), 9^0. g(U, V, W) = G(V, W) − G(W, U) (m = k ≠ n, n ≠ k + m), 10^0. g(U, V, W) = K(U, V) − K(V, U) + G(V, W) − G(W, U) (m = k ≠ n, n = k + m), 11^0. g(U, V, W) = L(U, V, W) − L(V, W, U) (m = n = k), where F, H : V → V^′, G, K : V^2 → V^′ and L : V^3 → V^′ are arbitrary complex vector functions.

Proof. Since the proofs of the particular cases are similar or completely the same, we will prove the lemma only in the cases 3^0 and 8^0.

3^0. If all variables in (44), except for Z_i, Z_{i+n} and Z_{i+n+k} , are equal to some constant, we obtain g(Z_i, Z_{i+n}, Z_{i+n+k} ) = F (Z_{i+n+k}) + K(Z_i, Z_{i+n}), i.e.

(45) g(U, V, W) = F (W) + K(U, V).

Hence, the equation (44) becomes m+n+k ∑ i=1 F (Z_i) + m+n+k ∑ i=1 K(Z_i, Z_{i+n}) = O.

If we put Z_r = O (r ≠ i, i + n) in the above equation, we have F (Z_i) + F (Z_{i+n}) + K(Z_i, Z_{i+n}) + K(Z_{i+n}, Z_i) = O, and thus it follows that K(U, V) = G(U, V) − G(V, U) − F (U).

Now, the equality (45) becomes g(U, V, W) = F (W) − F (U) + G(U, V) − G(V, U).

8^0. If we put Z_r = O (r ≠ i, i + n, i + n + k) into (44), then the equation (44) becomes

g(Z_i, Z_{i+n}, Z_{i+n+k} ) = K(Z_i, Z_{i+n}) + K_1(Z_{i+n}, Z_{i+n+k} ) + K_2(Z_{i+n+k}, Z_i), i.e.

g(U, V, W) = K(U, V) + K_1(V, W) + K_2(W, U), where K, K_1, K_2 : V^2 → V^′ are arbitrary complex vector functions.

By a substitution of the value obtained for g into (44), we get

(46) m+n+k ∑ i=1 K(Z_i, Z_{i+n}) + m+n+k ∑ i=1 K_1(Z_i, Z_{i+n}) + m+n+k ∑ i=1 K_2(Z_i, Z_{i+n}) = O.

Hence, for Z_r (r ≠ i, i + k) we obtain K_2(Z_i, Z_{i+k}) + K_2(Z_{i+k} , Z_i) + H(Z_i) + H(Z_{i+k}) = O, where H : V → V^′ is an arbitrary complex vector function.

From the above equation it follows that the function K_2 has the form (47) K_2(U, V) = G(U, V) − G(V, U) − H(U), where G : V^2 → V^′ is an arbitrary complex vector function.

If we put (47) into (46), we obtain

(48) m+n+k ∑ i=1 [K(Z_i, Z_{i+n}) + K_1(Z_i, Z_{i+n}) + H(Z_i)] = O.

For Z_r = O (r ≠ i, i + n) from the above equation we obtain K_1(U, V) = −K(U, V) − 2H(U) − 2H(V).

By putting the above obtained value of K_1 into (48), we have m+n+k ∑ i=1 H(Z_i) = O,

i.e.

H(U) = O.

On the basis of the previous equalities, the function g is determined by g(U, V, W) = K(U, V) − K(W, U) + G(V, W) − G(W, V). □ According to the previous lemma and the transformation (43), we obtain the following theorems.

Theorem 8. If a^{m+n+k} ≠ 1, m ≠ n ≠ k ≠ m, m ≠ n + k, n ≠ m + k and k ≠ m + n, then the general solution of the functional equation (1) is

f(U, V, W) = F (U + a^{k+m}V + a^mW) − F (W + a^{n+k}U + a^kV)+ +G(V + a^{m+n}W + a^nU) − G(W + a^{n+k}U + a^kV), where F, G : V → V^′ are arbitrary complex vector functions.

Theorem 9. If a^{m+n+k} ≠ 1, m ≠ n ≠ k ≠ m and m = n + k, then the general solution of the functional equation (1) is

f(U, V, W) = F (U + a^{k+m}V + a^mW) − F (V + a^{m+n}W + a^nU)+ +G(U + a^{k+m}V + a^mW, W + a^{n+k}U + a^kV)− −G(W + a^{n+k}U + a^kV, U + a^{k+n}V + a^mW), where F : V → V^′ and G : V^2 → V^′ are arbitrary complex vector functions. Theorem 10. If a^{m+n+k} ≠ 1, m ≠ n ≠ k ≠ m and n = m + k, then the general solution of the functional equation (1) is

f(U, V, W) = F (W + a^{n+k}U + a^kV) − F (U + a^{k+m}V + a^mW)+ +G(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −G(V + a^{m+n}W + a^nU, U + a^{k+m}V + a^mW), where F : V → V^′ and G : V^2 → V^′ are arbitrary complex vector functions.

Theorem 11. If a^{m+n+k} ≠ 1, m ≠ n ≠ k ≠ m and k = m + n, then the functional equation (1) has a general solution

f(U, V, W) = F (U + a^{k+m}V + a^mW) − F (V + a^{m+n}W + a^nU)+ +G(V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV)− −G(W + a^{n+k}U + a^kV, V + a^{m+n}W + a^nU), where F : V → V^′ and G : V^2 → V^′ are arbitrary complex vector functions. Theorem 12. If a^{m+n+k} ≠ 1 and m ≠ n + k, then the general solution of the functional equation (1) is

f(U, V, W) = F (U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F (V + a^{m+n}W + a^nU, U + a^{k+m}V + a^mW), where F : V^2 → V^′ is an arbitrary complex vector function.

Theorem 13. If a^{m+n+k} ≠ 1, m ≠ n = k and m = 2n, then the functional equation (1) has a general solution determined by

f(U, V, W) = F (U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F (V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV)+ +G(W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW)− −G(U + a^{k+m}V + a^mW, W + a^{n+k}U + a^kV), where F, G : V^2 → V^′ are arbitrary complex vector functions.

Theorem 14. If a^{m+n+k} ≠ 1, m = n ≠ k and k ≠ m + n, then the functional equation (1) has a general solution given by

f(U, V, W) = F (U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F (W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW), where F : V^2 → V^′ is an arbitrary complex vector function.

Theorem 15. If a^{m+n+k} ≠ 1, m = n ≠ k and k = m + n, then the the functional equation (1) has a general solution

f(U, V, W) = F (U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F (W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW)+ +G(V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV)− −G(W + a^{n+k}U + a^kV, V + a^{m+n}W + a^nU), where F, G : V^2 → V^′ are arbitrary complex vector functions.

Theorem 16. If a^{m+n+k} ≠ 1, m = k ≠ n and n ≠ m + k, then the functional equation (1) has general solution f(U, V, W) = F (V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV)−

−F (W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW), where F : V^2 → V^′ is an arbitrary complex vector function.

Theorem 17. If a^{m+n+k} ≠ 1, m = k ≠ n and n = m + k, then the functional equation (1) has a solution given by

f(U, V, W) = F (U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F (V + a^{m+n}W + a^nU, U + a^{k+m}V + a^mW)+ +G(V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV)− −G(W + a^{n+k}U + a^kV, U + a^{m+n}V + a^nW), where F, G : V^2 → V^′ are arbitrary complex vector functions.

Theorem 18. If a^{m+n+k} ≠ 1, m = n = k, then the general solution of the functional equation (1) is f(U, V, W) = F (U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV)− −F (V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW), where F : V^3 → V^′ is an arbitrary complex vector function.

III. If a^{m+n+k} = 1, this case is very difficult and up to now we are not able to solve the functional equation (1).

2 Solution of the Generalized Functional Equation

Further, we will consider the solving of the functional equation (2). For the equation (2) we will determine the general solution only if a^{m+n+k} ≠ 1.

Now, we transform the equation (2). If we put (49) f_i(U, V, W)

= g_i(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV), then the equation (2) becomes m+n+k ∑ i=1 g_i (^{m−1}∑ j=0 a^{m−1−j} Z_{i+j} + n−1∑ j=0 a^{m+n+k−1−j} Z_{m+i+j} + k−1∑ j=0 a^{m+k−1−j} Z_{m+n+i+j} ,

n−1∑ j=0 a^{n−1−j} Z_{m+i+j} + k−1∑ j=0 a^{m+n+k−1−j} Z_{m+n+i+j} + m−1∑ j=0 a^{m+n−1−j} Z_{i+j} , k−1∑ j=0 a^{k−1−j} Z_{m+n+i+j} + m−1∑ j=0 a^{m+n+k−1−j} Z_{i+j} + n−1∑ j=0 a^{n+k−1−j} Z_{m+i+j} ) = O,

i.e.

(50) m+n+k ∑ i=1 g_i (^{m+n+k−1} ∑ j=0 a^j Z_{m−1+i−j} , m+n+k−1 ∑ j=0 a^j Z_{m+n−1+i−j} ,

m+n+k−1 ∑ j=0 a^j Z_{m+n+k−1+i−j} ) = O.

Since the linear forms

T_i = m+n+k−1 ∑ j=0 a^j Z_{m−1+i−j} (1 ≤ i ≤ m + n + k) are linearly independent, it is possible to introduce new variables T_i which are determined by the above relations.

Therefore, the functional equation (50) takes the following form

(51) m+n+k ∑ i=1 g_i(T_i, T_{i+n}, T_{i+n+k} ) = O.

For the last equation the following lemma holds.

Lemma 2. The general solution of the functional equation (51) is given by the equalities

1^0. g_i(U, V, W) = F_i(U) − F_{i+n+k} (W) − H_i(V) − H_{i+k}(W) − A_i, m+n+k ∑ i=1 A_i = O (m ≠ n ≠ k ≠ m, m ≠ n + k, n ≠ m + k, k ≠ m + n), 2^0. g_i(U, V, W) = F_i(V) − F_{i+k} (W) + G_i(U, W) (1 ≤ i ≤ m), g_i(U, V, W) = F_i(V) − F_{i+k} (W) − G_{i+m}(W, U) − A_{i+m} (m + 1 ≤ i ≤ 2m), m∑ i=1 A_i = O (m ≠ n ≠ k ≠ m, m ≠ n + k), 3^0. g_i(U, V, W) = F_i(W) − F_{i+m}(U) + G_i(U, V) (1 ≤ i ≤ n), g_i(U, V, W) = F_i(W) − F_{i+m}(U) − G_{i+m}(V, U) − A_{i+m} (n + 1 ≤ i ≤ 2n), n∑ i=1 A_i = O (m ≠ n ≠ k ≠ m, n = m + k), 4^0. g_i(U, V, W) = F_i(U) − F_{i+n}(V) + G_i(V, W) (1 ≤ i ≤ k), g_i(U, V, W) = F_i(U) − F_{i+n}(V) − G_{i+k} (W, V) − A_{i+k} (k + 1 ≤ i ≤ 2k), n∑ i=1 A_i = O

(m ≠ n ≠ k ≠ m, k = m + n), 5^0. g_i(U, V, W) = G_i(U, V) − G_{i+n}(V, W) + A_i (1 ≤ i ≤ m + n + k), m+n+k ∑ i=1 A_i = O (m ≠ n = k, m ≠ n + k), 6^0. g_i(U, V, W) = K_i(U, V) − K_{i+n}(V, W) + G_i(W, U) (1 ≤ i ≤ m), g_i(U, V, W) = K_i(U, V) − K_{i+n}(V, W) − G_{i+m}(U, W) (m + 1 ≤ i ≤ 2m), (m ≠ n = k, m = n + k), 7^0. g_i(U, V, W) = G_i(U, V) − G_{i+n+k}(W, U) + A_i (1 ≤ i ≤ m + n + k), m+n+k ∑ i=1 A_i = O (m = n ≠ k, k ≠ m + n), 8^0. g_i(U, V, W) = K_i(U, V) − K_{i+n+k}(W, U) + G_i(V, W) + A_i (1 ≤ i ≤ k), k∑ i=1 A_i = O,

g_i(U, V, W) = K_i(U, V) − K_{i+n+k}(W, U) − G_i(V, W) (k + 1 ≤ i ≤ 2k), (m = n ≠ k, k = m + n), 9^0. g_i(U, V, W) = G_i(U, V) − G_{i+m+n}(W, V) + A_i (1 ≤ i ≤ m + n + k), m+n+k ∑ i=1 A_i = O (m = k ≠ n, n ≠ m + k), 10^0. g_i(U, V, W) = K_i(V, W) − K_{i+k}(W, U) + G_i(U, V) + A_i (1 ≤ i ≤ n), n∑ i=1 A_i = O,

g_i(U, V, W) = K_i(V, W) − K_{i+k}(W, U) − G_{i+n}(V, U) (n + 1 ≤ i ≤ 2n), (m = k ≠ n, n = m + k), 11^0. g_i(U, V, W) = L_i(U, V, W) (1 ≤ i ≤ 2m),

g_i(U, V, W) = −L_i(V, W, U) − L_{i+2m}(W, U, V) (2m + 1 ≤ i ≤ 3m), (m = n = k).

In all cases the functions F_i, H_i : V → V^′, G_i, K_i : V^2 → V^′ and L_i : V^3 → V^′ are arbitrary complex vector functions such that F_{i+n+m+k} = F_i, G_{i+n+m+k} = G_i, · · ·. Also, for the arbitrary constant complex vectors A_i the equalities A_{i+n+m+k} = A_i hold.

Proof. Since the statements of the lemma for particular cases may be proven in a similar way, therefore it is sufficient to prove the lemma only for some cases, for example 4^0 and 5^0.

4^0. If in (51) all variables, except T_i, T_{i+n} and T_{i+n+k} , are equal to some constant, we obtain g_i(T_i, T_{i+n}, T_{i+n+k}) = F_i(T_i) + K_i(T_{i+n}, T_{i+n+k}), i.e.

(52) g_i(U, V, W) = F_i(U) + K_i(V, W), where F_i and K_i (1 ≤ i ≤ m + n + k) are arbitrary complex vector functions.

On the basis of the equation (52), the equation (51) becomes m+n+k ∑ i=1 F_i(T_i) + m+n+k ∑ i=1 K_i(T_i, T_{i+n+k}) = O,

i.e._{m+n+k} ∑ i=1 F_{i+n}(T_{i+n}) + m+n+k ∑ i=1 K_i(T_i, T_{i+n+k}) = O.

If we put T_r = O (r = i + n, i + n + k) into the previous equality, we obtain (53) F_{i+n}(T_{i+n}) + F_{i+n+k} (T_{i+n+k}) + K_i(T_{i+n}, T_{i+n+k}) +K_{i+k}(T_{i+n+k}, T_{i+n}) + A_{i+k} = O, where A_i are arbitrary constant complex vectors.

From (53) we obtain

K_i(V, W) = −K_{i+m}(W, V) − F_{i+n}(V) − F_{i+n+k} (W) − A_{i+k}, i.e. the equation (52) takes the form g_i(U, V, W) = F_i(U) + K_i(V, W) (1 ≤ i ≤ k), g_i(U, V, W) = F_i(U) − K_{i+k}(W, V) − F_{i+n}(V) − F_{i+n+k} (W) − A_{i+k} (k + 1 ≤ i ≤ 2k), such that_k ∑ i=1 A_i = O.

If we introduce new functions G_i by G_i(V, W) = K_i(V, W) + F_{i+n}(V), the previous equations take the following form

g_i(U, V, W) = F_i(U) − F_{i+n}(V) + G_i(V, W) (1 ≤ i ≤ k), g_i(U, V, W) = F_i(U) − F_{i+n}(V) − G_{i+k} (W, V) − A_{i+k} (k + 1 ≤ i ≤ 2k), where_k ∑ i=1 A_i = O.

5^0. If T_j = O (j ≠ i, i + n, i + n + k), from the equation (51) we obtain g_i(T_i, T_{i+n}, T_{i+n+k}) = K_i(T_i, T_{i+n}) + M_i(T_{i+n}, T_{i+n+k}), i.e.

(54) g_i(U, V, W) = K_i(U, V) + M_i(V, W), where K_i and M_i are arbitrary complex vector functions.

On the basis of the relation (54), the functional equation (51) becomes m+n+k ∑ i=1 K_i(T_i, T_{i+n}) + m+n+k ∑ i=1 M_i(T_{i+n}, T_{i+n+k}) = O,

i.e.

(55) m+n+k ∑ i=1 K_i(T_i, T_{i+n}) + m+n+k ∑ i=1 M_{i+m+n}(T_i, T_{i+n}) = O.

If we put T_r = O (r ≠ i, i + n) into (55), then (56) K_i(T_i, T_{i+n}) + M_{i+m+n}(T_i, T_{i+n}) + P_i(T_i) − Q_{i+n}(T_{i+n}) = O, where P_i and Q_i are arbitrary complex vector functions.

On the basis of the above equation (65), the equation (55) becomes m+n+k ∑ i=1 P_i(T_i) − m+n+k ∑ i=1 Q_i(T_i) = O,

from which we obtain Q_i(T_i) = P_i(T_i) + B_i, m+n+k ∑ i=1 B_i = O.

Therefore, the equality (56) takes the form

K_i(T_i, T_{i+n}) + M_{i+m+k}(T_i, T_{i+n}) + P_i(T_i) − P_{i+n}(T_{i+n}) − B_{i+n} = O. On the basis of this equality and (54), we have g_i(U, V, W) = K_i(U, V) − K_{i+n}(V, W) + P_{i+n}(U) − P_{i+2n}(V) + B_{i+2n}, i.e.

g_i(U, V, W) = G_i(U, V) − G_{i+n}(V, W) + A_i, m+n+k ∑ i=1 A_i = O,

where we put G_i(U, V) = K_i(U, V) + P_{i+n}(U), A_i = B_{i+2n}.

On the basis of Lemma 2 and the transformations (49), there follow the theorems which treat the functional equation (2).

Theorem 19. If a^{m+n+k} ≠ 1, m ≠ n ≠ k ≠ m, m ≠ n + k, n ≠ m + k and k ≠ m + n, then the general solution of the functional equation (2) is f_i(U, V, W ) = F_i(V + a^{m+n}W + a^nU) − F_{i+k} (W + a^{n+k}U + a^kV )+ +G_i(U + a^{k+m}V + a^mW, W + a^{n+k}U + a^kV ) (1 ≤ i ≤ m), f_i(U, V, W ) = F_i(V + a^{m+n}W + a^nU) − F_{i+k} (W + a^{n+k}U + a^kV )− −G_{i+m}(W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW ) − A_{i+m} (m + 1 ≤ i ≤ 2m), m∑ i=1 A_i = O,

where F_i : V → V^′ and G_i : V^2 → V^′ are arbitrary complex vector functions, and A_i are arbitrary constant complex vectors such that m+n+k ∑ i=1 A_i = O.

Theorem 20. If a^{m+n+k} ≠ 1, m ≠ n ≠ k ≠ m and m = n + k, then the general solution of the functional equation (2) is

f_i(U, V, W ) = F_i(V + a^{m+n}W + a^nU) − F_{i+k} (W + a^{n+k}U + a^kV )+ +G_i(U + a^{k+m}V + a^mW, W + a^{n+k}U + a^kV ) (1 ≤ i ≤ m), f_i(U, V, W ) = F_i(V + a^{m+n}W + a^nU) − F_{i+k} (W + a^{n+k}U + a^kV )− −G_{i+m}(W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW ) − A_{i+m} (m + 1 ≤ i ≤ 2m), where F_i : V → V^′ and G_i : V^2 → V^′ are arbitrary complex vector functions, and A_i are arbitrary constant complex vectors such that m∑ i=1 A_i = O.

Theorem 21. If a^{m+n+k} ≠ 1, m ≠ n ≠ k ≠ m and n = m + k, then the general solution of the functional equation (2) is

f_i(U, V, W ) = F_i(W + a^{n+k}U + a^kV ) − F_{i+m}(U + a^{k+m}V + a^mW )+ +G_i(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU) (1 ≤ i ≤ n), f_i(U, V, W ) = F_i(W + a^{n+k}U + a^kV ) − F_{i+m}(U + a^{k+m}V + a^mW )− −G_{i+n}(V + a^{m+n}W + a^nU, U + a^{k+m}V + a^mW ) − A_{i+n} (n + 1 ≤ i ≤ 2n), where F_i : V → V^′ and G_i : V^2 → V^′ are arbitrary complex vector functions, A_i are arbitrary constant complex vectors such that n∑ i=1 A_i = O.

Theorem 22. If a^{m+n+k} ≠ 1, m ≠ n ≠ k ≠ m and k = m + n, then the general solution of the functional equation (2) is given by

f_i(U, V, W ) = F_i(U + a^{k+m}V + a^mW ) − F_{i+n}(V + a^{m+n}W + a^nU)+ +G_i(V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV ) (1 ≤ i ≤ k), f_i(U, V, W ) = F_i(U + a^{k+m}V + a^mW ) − F_{i+n}(V + a^{m+n}W + a^nU)− −G_{i+k}(W + a^{n+k}U + a^kV, V + a^{m+n}W + a^nU) − A_{i+k} (k + 1 ≤ i ≤ 2k), where F_i : V → V^′ and G_i : V^2 → V^′ are arbitrary complex vector functions, A_i are arbitrary constant complex vectors such that k∑ i=1 A_i = O.

Theorem 23. If a^{m+n+k} ≠ 1, m ≠ n = k and m ≠ n + k, then the general solution of the functional equation (2) is f_i(U, V, W ) = F_i(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F_{i+n}(V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV ) + A_i (1 ≤ i ≤ m + n + k), where F_i : V^2 → V^′ are arbitrary complex vector functions, A_i are arbitrary constant complex vectors such that m+n+k ∑ i=1 A_i = O.

Theorem 24. If a^{m+n+k} ≠ 1, m ≠ n = k and m = n + k, then the general solution of the functional equation (2) is determined by f_i(U, V, W ) = F_i(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F_{i+n}(V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV )+ +G_i(W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW ) (1 ≤ i ≤ m), f_i(U, V, W ) = F_i(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F_{i+n}(V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV )− −G_{i+m}(U + a^{k+m}V + a^mW, W + a^{n+k}U + a^kV ) (m + 1 ≤ i ≤ 2m), where F_i, G_i : V^2 → V^′ are arbitrary complex vector functions.

Theorem 25. If a^{m+n+k} ≠ 1, m = n ≠ k and k ≠ m + n, then the general solution of the functional equation (2) is f_i(U, V, W ) = F_i(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F_{i+n+k} (W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW ) + A_i (1 ≤ i ≤ m + n + k), where F_i : V^2 → V^′ are arbitrary complex vector functions, A_i are arbitrary constant complex vectors such that m+n+k ∑ i=1 A_i = O.

Theorem 26. If a^{m+n+k} ≠ 1 and k = m + n, then the general solution of the functional equation (2) is f_i(U, V, W ) = F_i(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F_{i+n+k}(W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW )+ +G_i(V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV ) + A_i (1 ≤ i ≤ k), f_i(U, V, W ) = F_i(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F_{i+n+k}(W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW )− −G_{i+k}(W + a^{n+k}U + a^kV, V + a^{m+n}W + a^nU) (k + 1 ≤ i ≤ 2k), where F_i, G_i : V^2 → V^′ are arbitrary complex vector functions, and A_i are arbitrary constant complex vectors such that k∑ i=1 A_i = O.

Theorem 27. If a^{m+n+k} ≠ 1, m = k ≠ n and n ≠ m + k, then the general solution of the functional equation (2) is f_i(U, V, W ) = F_i(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU)− −F_{i+m+n}(W + a^{n+k}U + a^kV, V + a^{m+n}W + a^nU) + A_i (1 ≤ i ≤ m + n + k), where F_i : V^2 → V^′ are arbitrary complex vector functions, and A_i are arbitrary constant complex vectors such that m+n+k ∑ i=1 A_i = O.

Theorem 28. If a^{m+n+k} ≠ 1, m = k ≠ n and n = m + k, then the general solution of the functional equation (2) is determined by f_i(U, V, W ) = F_i(V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV )− −F_{i+k}(W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW )+ +G_i(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU) + A_i (1 ≤ i ≤ n), f_i(U, V, W ) = F_i(V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV )− −F_{i+k}(W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW )− −G_{i+n}(V + a^{m+n}W + a^nU, U + a^{k+m}V + a^mW ) (n + 1 ≤ i ≤ 2n), where F_i, G_i : V^2 → V^′ are arbitrary complex vector functions, and A_i are arbitrary constant complex vectors such that n∑ i=1 A_i = O.

Theorem 29. If a^{m+n+k} ≠ 1, m = n = k, then the general solution of the functional equation (2) is f_i(U, V, W ) = F_i(U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV ) (1 ≤ i ≤ 2m), f_i(U, V, W ) = −F_i(V + a^{m+n}W + a^nU, W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW )− −F_{i+2m}(W + a^{n+k}U + a^kV, U + a^{k+m}V + a^mW, V + a^{m+n}W + a^nU) (2m + 1 ≤ i ≤ 3m), where F_i : V^3 → V^′ are arbitrary complex vector functions.

If a = 1 or a^{m+n+k} = 1 (a ≠ 1), then the solution of the functional equation (2) is very complicated and up to now we cannot obtain it.

Aknowledgements. Supported in part by the Bulgarian Science Fund under Grant MM–706.

References

[1] D. Ž. Djoković, Solution d’Une Équation Fonctionnelle Cyclique, Bull. Soc.

Math. Phys. R. P. Serbie 13 (1961), 185–198.

[2] M. Ghermǎnescu, Sur Quelques Équations Fonctionnelles Lineaires, Bull. Soc.

Math. France 68 (1940), 109–128.

[3] I. B. Risteski, K. G. Trenčevski, V. C. Covachev, On a Class of Parametric Partial Linear Complex Vector Functional Equations, An. Univ. Craiova. Ser. Mat. Informat., (to appear).

Ice B. Risteski 2 Milepost Place # 606, Toronto, M4H 1C7, Canada e-mail: iceristeski@hotmail.com

Kostadin G. Trenčevski Institute of Mathematics, St. Cyril and Methodius University P.O.Box 162, 1000 Skopje, Macedonia e-mail: kostatre@iunona.pmf.ukim.edu.mk

Valéry C. Covachev Institute of Mathematics, Bulgarian Academy of Sciences 8 Acad. G.Bonchev Str., 1113 Sofia, Bulgaria e-mail: matph@math.bas.bg

Present address: Fatih University Department of Mathematics 34900 Büyükçekmece, Istanbul, Turkey e-mail: vcovachev@fatih.edu.tr