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Abstract

In the framework of P. Nurowski and M. Przanowski [3], we construct 4-
dimensional examples of Ricci flat almost Kdhler manifolds, almost K&hler
manifolds of pointwise constant holomorphic sectional curvature, and weakly
*-Einstein almost Ké&hler manifolds.
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1 Introduction

An almost Hermitian manifold M = (M, J,g) is called an almost K&hler manifold if
its Kahler form  is closed. One of the interest problems on almost Kahler manifolds
is so called Goldberg’s conjecture, which asserts the almost complex structure of a
compact Einstein almost K&hler manifold is integrable (and the manifold is necessarily
Kéhler) [2]. In connection with this conjecture, P. Nurowski and M. Przanowski [3]
recently constructed a non-compact example of a strictly almost Kahler, Ricci-flat
manifold. This shows that the assumption about compactness of the Einstein manifold
is essential for the Goldberg conjecture. This example is also a space of pointwise
positive constant holomorphic sectional curvature and a weakly *-Einstein manifold
(see also [4]).

By considering a real expression for the Nurowski-Przanowski example, the author
[5] has costructed a new example of almost Kéhler manifold of pointwise negative
constant holomorphic sectional curvature. In the present paper, we shall mainly deal
with 4-dimensional almost Kahler manifolds M (f, u,v, ¢) which will be defined in §2,
and show that there exists a family of Ricci flat almost K&hler manifolds which include
the Nurowski-Przanowski example. In [5], we investigated almost K&hler manifolds
M(f,u,v,¢) with u =v =0 and ¢ = 0. For the case where u and v are any constants
and ¢ is arbitrary, we can obtain the examples of almost Kdhler manifolds with
pointwise constant holomorphic sectional curvature which are generalizations of [5].
These examples are also weakly *-Einstein, but not Einstein. We also show that
there are other examples of weakly *-Einstein almost Kahler manifolds. Our examples
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are 4-dimensional and non-compact. We do not know whether or not there exist
arbitrary dimensional, compact almost Kéhler manifolds which are of (pointwise)
constant holomorphic sectional curvature, or which are (weakly) *-Einstein.

In §2, we recall a characterization for a 4-dimensional almost Kahler manifold
of pointwise constant holomorphic sectional curvature by using the expressions A;;
introduced by J. T. Cho and K. Sekigawa [1]. We give a real version of the Nurowski-
Przanowski’s construction, and define an almost Kahler manifold M (f,u,v, ¢). §3 is
devoted to the construction of Ricci-flat examples. By calculating Ricci tensor p;j,
we find functions u,v and f for p;; vanishing. In §4, we show that the Ricci flat
almost Kdhler manifolds in §3 are also of pointwise constant holomorphic sectional
curvature, by using the characterization of [1]. Moreover, when w,v are constants
a, B, we derive conditions for M(f,a,,®) to be of pointwise constant holomorphic
sectional curvature. Taking account of these conditions, we shall obtain examples
(Theorem 4.4). In the last §5, we give other examples of weakly *-Einstein almost
Kéahler manifolds. Especially, the last example (Theorem 5.3) shows that it depends
on the value of ¢ that M(f,a, 3, ¢) is weakly *-Einstein.

2 Preliminaries

Let M = (M, J,g) be a four-dimensional almost Hermitian manifold with an almost
Hermitian structure (J, g). We denote by Q2 and N the Kahler form and the Nijenhuis
tensor of M defined respectively by Q(X,Y) = ¢(X,JY) and N(X,Y) = [JX,JY] -
[X,Y]-J[JX,Y]-J[X,JY] for X,Y € X(M), where X (M) is the Lie algebra of all
smooth vector fields on M. The Nijenhuis tensor N has the properties

N(JX,Y) = N(X,JY) = —JN(X,Y), X,Y € X(M).

Further we denote by V, R, p, 7, p* and 7* the Riemannian connection, the Rieman-
nian curvature tensor, the Ricci tensor, the scalar curvature, the Ricci *-tensor and
the x-scalar curvature of M, respectively. The Ricci *-tensor p* satisfies

pUX,JY) = p(V,X), XY €X(M).

An almost Hermitian manifold M is called a weakly *-Finstein manifold if it
satisfies p* = A*g for some function \* on M. In particular, if A\* is constant on M,
then M is called a *-FEinstein manifold .

The holomorphic sectional curvature H = H(z) = —R(z,Jz,z,Jz) (r €
Tp(M),||z|| = 1) can be regarded as a differentiable function on the unit tangent
bundle U(M) of M. If the function H is constant along each fiber, then M is called
a space of pointwise constant holomorphic sectional curvature. Especially, if H is con-
stant on the whole of U(M), then M is called a space of constant holomorphic sectional
curvature.

Now we assume that M = (M, J, g) is a four-dimensional almost K&hler manifold.
Then we have

(21) 29((VXJ)Y7 Z) = g(JXaN(Ya Z))7
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* 1 2 _ 1 2
(2.2) T—71" = —5|IVJIIF = —2lINI"

In the sequel, we adopt the following notational convention: for an orthonormal
basis {e;} of a tangent space T, M, we put

Viij = g((VEi J)ejaek)a
g(ei,N(ej,ek)), Rijkl = R(eiaejaekael)a

Vidik = 9((Vie; J)ej, ex), Ny, = g(Jei, N(ej,ex)),

NTk = g(Jei7 N(Jeja ek))7 RijEl_ = R(ei7 €5, Jek; Jel)7 etc.
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Then it is easy to see that

Vi, + V;ij =0,
Vi = V,'ij = ViJj,;,
Nijr = —2ViJji, 2ViJjk = Nijg-

We set
(2.3) Aij = g(ei, (Ve;N)(e1,e3)) = ViNus,
for a unitary basis {e;} = {e1,e2 = Je1,e3,e4 = Jes} of T,M,p € M. We note that
Aij — Aji = —2(Rij13 — Rijoa)-

By using these A;;, J. T. Cho and K. Sekigawa obtained the following characterization
of almost Kéhler manifolds of pointwise constant holomorphic sectional curvature:

Proposition 2.1 ([1]). Let M be a 4-dimensional almost Kdhler manifold of point-
wise constant holomorphic sectional curvature ¢ = c¢(p)(p € M). Then

Ri212 = R3azs = —c(p),

c 1
Ris34 = —% - E(T* —T),

c 1 1
Ri304 = —% + 3—2(7'* —7)+ g(A13 — Az — Aoy + Ago),

c 3 1
Rigr3 = % + E(T* -7)+ g(A13 — Az — Aoy + Aso),
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Riss =~ 4 Lt ) = Sy — An) — S (dns — )
Rig14 = —@ + 35—2(7'* —7) - %(AIB + Ag2) — g(Am + Aay),
Ras23 = _c(4_p) + 35_2(T* -7)+ %(A31 + A2s) + %(Ala + As),
Ra2q = _c(4_p) + 3%(7'* -7)+ g(AM —Ap) + é(AB — Az),

R334 = —Roa3s = _E(AM — Auz),
Ri213 = —Ri224 = —%(Au — An),
Ris34 = Ro3zq = —E(A% + Aua),
Ri214 = Ri223 = —i(An + Ass),
Ri323 = %(A14 + Ag1 + Azz — 3A3),
Roz24 = é(A14 + Ag1 + Azz — 3A3s),
Ri314 = —é(A% + Aszs + A1y — 3A4),

1
Rigo4 = —g(A23 + Ass + Ay — 3A14),

for any unitary basis {e;} of T,M at each point p € M.

T. Sato

Let M be an open set of R*, and let (x1, %2, 3, z4) be the Euclidean coordinates

on M. We put
z1 =21 +V-1x2, 22 =x3+V—1xay.

Let f be a non-zero real function and A be a complex function on M. Then P. Nurowski

and M. Przanowski proved the following

Lemma 2.2 ([3]). Let (21, £1, 22, 22) be coordinates on M. Then for each value of the

real constant ¢ € [0,2m), the metric

2
2

g = 2f%(dz1 + hdzo)(dz1 + hd%) + —dzed2s

f

and the almost complex structure

o .90
+ =9 1 —1¢ ) £2 I N
I, = 2Re [\/ eV { f2(dz1 + hdzo) ® ( 7% h 97

define an almost Kdhler structure on M.

The Riemannian metric g = (g;;) and the almost complex structure J

o 3 )

+ =
V—1¢

(Jij ) in the above Lemma 2.2 are given with respect to the real coordinates

($1,.’1}'2,$3,$4) by
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gi1 = g22 = 2f2;
g12 = g21 = g3a = ga3 = 0,

(2.4) 913 = 931 = g24 = g42 = fzu,
—914 = —041 = 923 = g32 = f2U7

933 = gas = 2f(u® + 0> + )

7
and
Jit = —J,2 = —vcos ¢ + usin ¢,
J,2 = J,' = ucos¢ + vsin ¢,
J2=—J,t = —sing,
Jit = J,3 = —cos ¢,
(2.5)

Jot = —J2 = (u? +? +f4)s1n¢,
J2=Jt = (u?+0? + f4)cosqb,
—J3% = J,4 = vcos ¢ + usin ¢,

Jyt = J2 = —ucos¢ +vsin ¢,

where u and v are the real and imaginary part of the complex function A, respectively.
It is easy to see that the Kahler form Q is given by

O =2sin¢dry ANdrs +2cosdpdry ANdxy + 2cospdrs Adrs — 2sin pdxs A dzy,
and (J* =" g) is an almost Kahler structure. In the present paper, we shall mainly
deal with this almost Kéahler manifold (M, J + W=t g)- Since the almost Kéahler struc-

ture (J+ = g) is determined by functions f,u v and a real constant ¢, we denote

this almost Kihler manifold by M(f,u,v,d).
We define a unitary frame field {e;,e; = Jei,e3,e4 = Jez} on M (f,u,v, ) by

o= L 9
l—ﬁfaxla
62=%{(—vcosq§+usin¢)ai+(ucos¢+vsin¢)6ix2
—singp— 9 cosd) 9 },
6.%‘3 .CL'4
(2.6) 1 8
= /57 by’
e4=%{(ucos¢+vsm¢) 0 +(vcos¢—usin¢)%

—cos¢ +sm¢ }
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With respect to this unitary frame {e;};=1,2,3,4 we set

Vei €; = Z F,’jkek.

Then we have

Tyis = —Thoy = %{COW(&J 4001 — udsf + fOr0)

+sin@(Os f —ub f —v02f — fOru)},
o f

Mz =-Ti31 = ——F—

V2f?’
lNig=-Twu = %{cosd)(agf —ubi f — v f — fOLu)
—sin (B4 f + vOy f — udof + fO1V)},

a3 = —T'130 = Jﬁ{cos @(01u — Oov) + sin ¢(Oau + 01v) },

3

@) Iiog = Ty = ;ﬁ{(@gv — ud1v — v0v) + (O4u + VO U — udau)},

Digg = —Tiy3 = —%{cos @(O2u + O1v) — sin ¢(O1u — Oav) },

af
Vap

[a12 = —T'921 =

o153 = —Te31 = —Jﬁ{cos &(O1u + Dav) — sin ¢(Gau — O1v)},

3
14 = —Tog1 = f—{((931) — ud1v — v02v) + (O4u + vVO1u — ubau)},

2v2

1)
[a23 = —T'232 = \/—%}cz,
1
04 = —To49 = ——={cos ¢p(Fs f — ud f —vdaf)

V2
—sinp(Osf + vOL f —udaf)},
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T3y = —Toyz = \/_{(agu — udiu — vOu) — (04v + vO v — udav) },

[310 = —T'391 = \/_{cos d(O1u — Oav) + sin ¢(Gau + O1v)},

0
313 = —I'331 = \/%}02,

I314 = —T'341 = \/_{cos ¢(02u + O1v) — sin ¢(O1u — O2v)},

393 = —I'332 = \/—{COS P(Osf + 001 f —uls f — fOru)

+sin¢(Osf —udf —vlaf — fO2v)},

3

[go4 = —T340 = —;W{(@gu — udiu — vOu) — (04v + vO v — udav) },

D334 = —'g43 = %{cos (03 f —ubi f —vda f — fOov)
—sin @(0yf + v01 f — udof — fOou)},

3
D10 = —Tyo1 = —;W{(@gv — u01v — v02v) + (Osu + VO U — udau)},

Tiig = —Tys1 = %{COS ¢(O2u — 01v) + sin p(O1u + Oav) },

0
Pja = —Tys = _\/—;—;23

3
Do = —Ty30 = —jﬁ{(@w — ud1u — vOu) — (04v + VO v — udav)},

Fyo4 = —Tyg2 = %{COS G(Osf +v01f —udsf)

—|—sin¢(63f — u@lf - UaZf)}:

15)
Pyzs = —Tyy3 = —\/—;—;2;

where we denote
of

0if = 5o

By (2.7), we find
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(2.8)
VidJizs = —=Vidsi = —=Vidoy =ViJys = —VaJiy = VoJy = —VaJag = Va3
1
= Wi {2cosp(Fsf —ubr f —vdaf) — 2sin p(Ouf + vO1 f — ud: f)
—  fcosg(O1u + Ov) + fsin@p(Gou — O1v)},
ViJuiu = —V1J41 =Vi1dag = =V J33 = VaJiz3 = —VaJ31 = —VaJoy = Vadyo
= 2\/—f2 {20, f — fPu(Bou + O1v) + fPu(Bru — Dav) + f2(Oau + O5v) } ,
V3Jiz = =V3J31 = —=V3Jog = V3Jyp = =VyJis = VyJu = =VyuJog = VuJao
1
W {25in (03 f —ud1f —v02f) +2cos $(Ouf + vO1 f — ud f)
—  fsing(d1u + 0qv) — fcos p(Oou — O1v)},
V3Jiy = —V3J41 =V3dag = =V3Jszy = VyuJiz = =VyJs1 = =Vydoy = Vadyo
- zf 575 (7200f + FPu@ru = 030) + fo(@u+ 91v) = (Bu = o)}
Vidjr. = 0 (otherwise).
By (2.1) and (2.8), we then have
(2.9)
Nyz = —N131 = —Na14 = Nagy1 = —Na223 = Nazo = —Nijog = Nigo
= ff2 {20:f — fou(Bou + 81v) + fOv(B1u — Oov) + f2(Osu + O5v) },
N3 = —=Naz1 = Ni1g = —Nig1s = N2z = —Nizg = —Nagy = Noyo
1
= 7 {2cos (O3 f —ud1 f —vdaf) — 2sin p(Oaf + vO1 f — ud:Lf)
—  fcosd(O1u + O2v) + fsin @p(Oou — O1v)},
N3i3 = —N3z31 = —Ny1qg = Nyg1 = —Nyo3 = Nyzo = —N3ay = N3y
= —\/_2;]& {=20.f + fPu(dru — Bov) + fOv(Oau + O1v) — f3(O5u — B4v) } ,
Nysz = —N431 = N314 = —N34y = N3z3 = —N333 = —Nyoq = Nyyo
= \/_ {2sin (03 f —udi f —v02f) +2cosp(Ouf + vO1 f — ud:Lf)
—  fsing(O1u + 8av) — fcos p(Gou — O1v)},
Nijr = 0 (otherwise).

Now, let u = a,v = 3, where «, § are constants. In this case, we introduce a new
coordinates system (&1,&2,&3,84) on M(f,a, 3, ¢) by

(2.10) & =z +axs — Py, & =20+ Br3 + axy, & = x3, &4 = X4.



Some Examples of Almost Kéhler 4-Manifolds 121

With respect to this coordinates system (&1, &2,&3,£4), we adopt the notation oif =
of

——. Then, (2.9) can be written as

0%
I'ia = —Thi21 = —T'323 =T'330 = Tyo4 = —Tyuo
1 ~ -
= —{cospOsf +sin¢gpds3f},
T {cosg0uf +5indsf)
)
F113 = —F131 = —F223 = F232 = F434 — _1"443 — _\/_;—:)):2,
(211) F114 = —F141 = —F224 = F242 — 1"334 — _1"343
1 ~ -
= —{cospO3f —singpOsf},
\/5{ ¢ 3f ¢ 4f}
)
otz = —Tagr =T33 =T331 =Ty1a = —Tun1 = _\/%]{2,
Tijr = 0 (otherwise).

3 Ricci flat examples

In this section, we shall find out a family of Ricci flat metrics in the framework of
Nurowski and Przanowski [3]. Let M(f,u,v,¢) be the almost Kédhler 4-manifold
defined in §2. Since the Nurowski-Przanowski’s Ricci flat example is given by

1
4

1 -
u = —2x3, v =214, f=7§{2x1—2(x§+wi)} ,

we suppose that v = u(zs,z4),v = v(x3,z4). Then, by a straightforward computation,
we obtain, with respect to the unitary basis {e;} in (2.6),

P11 = 4—1f4f10 (64U+031))2 - 10 (61f)2 +6(62f)2
(3.1) — 2f*(uf +v0f —udf)’ +(8f —udif —v0f)
+ 2f (8if - 85f)

— 2f5 {(84 + 00 — u82)2f + (63 —u0) — 1)62)2f)2}],
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‘4%4 (601 1)> + @:1)) — 20482 + 821}

I {(O5u — 04v)? + (Ogu + D5v)?}

2 f4 { (14 2c0s2¢) (Ouf + v01 f — udaf)?

(1 —2cos2¢) (O3 f — udLf —vOaf)?

48in2¢(03f — udr f — vO2f)(Osf +vO1 f —ubaf) }

2 f° { cos2¢((04 + v01 — ud2)%f — (03 — udy — vBa)2 f)
sin 2¢((03 — udy — v02)(04 + vO, — uds) f

(Os + w01 — uds)(B5 — uds —v32)]) } ],

P22

(3.2)

+ 4+ + + + + o+

1

P33z = W [flo (O3u — 34“)2 +6(01f)* —10(0:f)°

— 2/ {(Oaf+vOif—udof)? + (Osf —udif —vBaf)® }
- 2f (7 f-5F)
- 2f5{(84+v61—u62)2f+(63—u61—1)62)2f}],

pu = o[~ 6@+ @af)) + 2000 + 52f)

if
— 19 {(Osu — 04v)?* + (Osu + O5v)?}
— 2f4{ (1 -2cos2¢) (Osf +v01 f — ubaf)?
+ (14 2cos2¢) (sf —udi f — v f)?
— 4sin2¢(03f — ud1f — v02f)(Osf + vO1 f —ud2f) }
2 £° { cos2¢((04 + v01 — ud2)%f — (03 — udy — v&)2f)
sin 2¢((03 — u0y — v02) (04 + vOL — uda) f

(0s + w01 — uds)(B5 — uds —v32) ) } ],

+ + +

= [fG{Sinqﬁ(% (O4u + O3v) — cos ¢ O3(Oau + O3v) }

P12 = m
+ 401f {cosd(Oaf +vO1f —udaf)+sing (Osf —udif —vdaf)}

— 6% (Quu+50){cos ¢ (of —udLf —v o) —sing (B +v01f —ud)}],

(36) P13 = _4Lf4 [flo (6311 - 84U)(64U + 63’11) + 16 Blf 62f - 4f8162f] )
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(3.7)
pla = #[f(s{sind)ag(&U—l—@W) + cos ¢ D4 (Oyu + B3v)}
+ 401f {cos¢(Osf —uO1f —v0af) —sin@(Ouf +vO1f —udaf)}

+ 6f5 (84u + 631)){c0s¢ (84f +voi f— anf) + sin¢(63f —uof — ’l)azf)}],

P # [fG{cos¢63(83u — O4v) — sin ¢ 04 (Ozu — O4v) }
40,f {cos ¢ (Osf +v01f —udof) +sing (Osf —udif —vd2f)}
6f5 (83u — 64’!)){COS¢ (83f — u81f — ’l)azf) — sinqb(&;f + v61f — Uazf)}],

(3.9)
p2a = %f 0o f (O3u — O4v) — %f 01 f(Osu + O3v)
+ sin2¢{(0saf +vOi1f —udof)? — (Osf —udif —v82f)?}
— 200820 (03f —udif —v0ef)(Osf +vOif —udaf)
+ fcospsingOy(Osf +vOif —ubaf) — fcos? pO4(O3f —udif —v0af)
+  fsin® p03(0sf +vOLf —ubaf) — fcospsingds(Dzf —udif —vdaf)
+ f(ucosg+vsing){ cospOx(Osf —udif —vdaf)
— singh(Osf +voif —ubaf)}
+ f(using —vcosd){cospdi(Osf —udif —vOaf)
— singO(Osf +v0if —udaf) },
(3.10)
P34

1
YA
405 f {sinp (Osf +vO1f —uOaf) —cosep(Osf —udif —v02f)}

+ 6f5 (83u — 641)){sin¢ (83f —ud f — ’Uan) + COS¢(64f +voif— Uagf)}] .

[fﬁ{sinqﬁag(agu — 04v) + c08 ¢ 04(O3u — O4v)}

+

In order that our almost Kahler manifold M (f,u, v, ¢) is Einstein, it is necessary
that p;; = 0 for ¢ # j. From (3.6), if

O3u—04v =0 or Oqu-+03v=0

and
61f =0 or 62f = 0,

then p13 = 0. Taking account of the Nurowski-Przanowski example, we assume that
(3.11) Oqu+03v=0 and O»f =0.
By (3.5) and (3.7), if
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(312) 63f = u@lf and 64f = —v61f,
then p1a2 = p14 = pasa = 0. Further, from (3.8), if
(3.13) Osu — 0qv = A(= costant),

then pa3 = p3s = 0.
In this case, (3.1) ~ (3.4) reduce to

(3.14) pu = =17 (1000~ 2 01f].

(315) o =~ [6 @0 — 21081 + 301",
(3.16) por = 777 (601 —21 011 + 22",
(3.17) pas = —# [6 O1f)2 —2f0%f + )\wa].

Since paa = —ps33, it must be p = 0 for (M, J, g) is Einstein. Comparing (3.14) with
(3.15), we find
401 F)* = A2f1% and 20, f = £Af°.

If 20, f = —Af5, then N = 0 by (2.9), and J is integrable. So, we suppose
(3.18) 201 f = Af°, A#£0.

From (3.18), we obtain that f is of in the following form:

N

(3.19) f={-2X\z1 —p(z3,74)} 7,

where ¢ is an arbitrary function of z3 and z4.
By (3.12), we have

(3.20) O3p =2 u and 09,0 = —2\v.

Taking account of (3.13) and (3.20), we deduce

(3.21) 02+ O3 = 2)2.

Here, we suppose that ¢ is a polynomial of degree 2, for simplicity:
Y= a:c% + 2bxszs + c:ci + 2dx3 + 2ex4 + k.

Then by (3.20) and (3.21), we have
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(axs + bxy + d),

> =

u =

1
v = —X(b$3 +cxs +€),
a+c=X(>0).
Summing up the above arguements, we obtain the following
Theorem 3.1. Let

1
u= \/m(a$3+b.’l;'4+d),
v= L (bzs + cxq +€)
=+ P 3 4 )

1
f={F2va+cx1 — (az} + 2bz324 + c2] + 2dz3 + 2634 + K)} *,

where a,b,c,d, e, k are arbitrary constants such that a + ¢ > 0. Then Riemannian
metric g given by (2.4) is a Ricci flat, i.e., M(f,u,v, ) is a Ricci flat strictly almost
Kidhler manifold.

Note that the Nurowski-Przanowski’s Ricci flat example is obtained by putting
a=c=8A=—-4b=d=e=k=0.

Next, we assume that

(3.22) Oz3u—0,w=0 and O;f =0.
By (3.8) and (3.10), if

(3.23) O3f =vOf and O4f = ubsf,
then psg = pas = p3s = 0. Further, from (3.5), if

(3.24) Osu + O4v = p(= costant),

then p1o = p14 = 0.
In this case, (3.1) ~ (3.4) reduce to

(3.25) P11 = ﬁ [6@:0) ~ 27837 +125"),
(3.26) paz = —ﬁ (60:5)> — 2037 +4217),
(3.27) ps = —# [10@.0)? ~ 21831,
(3.28) pra = —# (6.0 —27 837 +21'].

By the same arguement as above, we have
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™

(3.29) [ =A{-2pz> — p(x3,24)} %,
and suppose that

= amg + 2bxsxzy + cmi + 2dx3 + 2ex4 + k.

Then, we find
1
u= —(bzs + cxg +e),
o
1
v = ;(axg + bxy +d),
a+c=p*(>0).

Consequently, we obtain the following
Theorem 3.2. Let

1
u==
va+c

(bzs + cxq +€),

(azs + bxy + d),

1
v=d=£
va-+c

_1
f= {:|:2\/a + cx2 — (axi + 2bx3wy + cx? + 2dx3 + 2ewy + k)} 1

where a,b,c,d,e, k are arbitrary constants such that a + ¢ > 0. Then Riemannian
metric g given by (2.4) is a Ricci flat, i.e., M(f,u,v,®) is a Ricci flat strictly almost

Kahler manifold.
In the next section, we shall show that the almost Ké&hler manifolds M (f, u, v, ¢) in

Theorems 3.1 and 3.2 are also of pointwise constant holomorphic sectional curvature

and weakly *-Einstein.
Remark 3.3. By considering the integrable case: 20, f = —Af® or 205 f = —puf?, we

get the Ricci flat Kahler manifolds,
Let

1

va+c
1
vV =
:F\/G/+C

_1
f={£2Va+czy + (ax} + 2bzszs + cal + 2dxs + 2exs + k)} ¢,

u== (azxs + bxy + d),

(bxs + cxq + €),

or
1

va—+c

(bxs + cxq + €),

(az3 + bxy +d),

_1
f={£2Va+ czs + (az} + 2bzszs + cxl + 2dzs + 2exs + k)} .
Then M(f,u,v, @) are Ricci flat Kahler manifolds.
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4 Examples of almost Kahler 4-manifolds with point-
wise constant holomorphic sectional curvature

In this section, we construct 4-dimensional almost Kahler manifolds of pointwise con-
stant holomorphic sectional curvature.

First, we show that the almost Kéhler manifolds M (f,u, v, ¢) in Theorem 3.1 have
pointwise constant holomorphic sectional curvature. Indeed, by direct computations,
we obtain

A3 = —An =

—%(a +¢) {F2Va + cz1 = —(az} + 2bz374 + CTF + 2dx3 + ez + k)}fg ,
(41) Ay = —Ag
= §(a +e¢) {F2vVa +cxz1 — (azi + 2bas3zs + cx] + 2dT3 + 2024 + k)}_% ,

2
Ay =0 (otherwise),

Ri212 = Ri2314 = Ri1414 = Ri1423 = Ra323 = R3434

- _i(a +¢) {F2Va + cz1 — (az} + 2bx3ms + €75 + 2dT3 + 2eT4 + k)}% )
(42) Riziz = —Rizaq = Ragoa

= %(a +¢) {F2Va + cz1 — (az} + 2baszs + cx] + 2dw3 + 26z + k)}_% ;

Rijri =0 (otherwise 1< j, k<),

Pi1 = P2 = P33 = P4
1 _3
(43) = §(a +c) {:|:2\/a +cxy — (ax% + 2bxsxy + cxi + 2dxs + 2exy + k)} 2,

p;jZO (7'75.7),

s
(44) 7 =2(a+c) {F2Va +cz1 — (aa3 + 2baszs + cx] + 2dz3 + 2074 + k) } 2.

By virtue of Proposition 2.1, (4.1), (4.2), (4.3), and (4.4), we have the following
Theorem 4.1. Let M(f,u,v, ) be the Ricci flat strictly almost Kdahler manifold in
Theorem 3.1, i.e., functions u,v and f are given by

1
u== (azs + bxg + d),

va-+c

1
= F———(bus + cza + ),
v :F\/m( T3 + cT4 + €)

_1
f= {:|:2\/a + czy — (az? + 2bz3zy + cx) + 2dx3 + 2emq + k)} 4
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Then M(f,u,v,®) is of pointwise constant holomorphic sectional curvature

1 _3
c= Z(a +¢) {F2va + cz1 — (azj + 2bxs3zs + cx) + 2dz3 + 2024 + K)} 2,

and weakly x-FEinstein.
Next, let M (f,u,v,¢) be the almost Kéhler manifold in Theorem 3.2 Then, simi-
larly we obtain

A1z = —Ayy

= _g(a+ c) {:FQ\/mwz - (ax§ + 2bxzxy + cwi + 2dxs + 2exs + k)}_% ’
(4.5) Az =—Agp
- l(a +¢) {F2Va + cxy — (axh + 2bxswy + el + 2dxs + 2ex4 + k)}_% ’

2
A;; =0 (otherwise),

R1212 = R1234 = R1414 = R1423 = R2323 = R3434

1 _3
= —Z(a—|— c) {:FZ\/a—}— cTy — (am% + 2bz3xy + ca + 2dz3 + 2exy + k)} 2,

(4.6) Ri313 = —Ri324 = Roso4

1 _3
= 5(a +c) {:|:2\/a + cxy — (az? + 2bxszy + cx? + 2dxs + 2exy + k)} 2
Rijii =0 (otherwisei < j,k <1),

i1 = P32 = P33 = P
1 _3
4.7 = E(a +¢) {F2va + czy — (azj + 2bxszs + cx) + 2dT3 + 2024 + K)} 2,

pfj:() (275.7)5

_3
(4.8) 7 =2(a+c){F2Va+ czs — (az} + 2ba374 + cT; + 2dT3 + 2034 + K)} 7.

Therefore we have the following
Theorem 4.2. Let M(f,u,v,$) be the Ricci flat strictly almost Kihler manifold in
Theorem 3.2, i.e., u,v and f are given by

1
va+ec

1
va+c

1
f={F2va+czs — (az? + 2bz3zs + c2? + 2dz3 + 2034 + k) } *.

u==+ (bzs + cxq +€),

(azs + bxy + d),

v=d=£

Then M(f,u,v,d) is of pointwise constant holomorphic sectional curvature
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—

3
c=—-(a+¢) {$2\/a+caz2—(a$3+2b$3m4+cm4+2da:3+26m4+k)} 2,

..h

and weakly x-FEinstein.

Now, we shall construct other examples. In the previous paper [5], we assumed
that v = v = 0 and ¢ = 0 for the sake of simplicity. Here, we shall consider the case
where u = a,v = 8 (a and § are constants) and arbitrary ¢. Then, with respect to
the unitary frame {e;} in (2.6) and the coordinates system (§;) in (2.10), we have the
following expressions:

Ay = 351}{?” —&f;f — o268, 18uf — 22248, — (Buf)),
A = C°s¢{2alf83f—282fa4f+ F0,041}
- sm¢{282f63f+261f64f F9:05 11,
Az = _F{(glf)2—2(52f)2+f5§f}_{COS¢6~3f—Sin¢8~4f}2,
A = COS¢{82f83f+61f64f F0:051}
- S‘“¢{61f63f 8u10uf + 1800 f),
L COS¢{282f04f £odn 1}~ L (2afonf + 12idf),
" A = 6”}?”—cosz¢agfa4f—S‘“2¢{<53f>2—<54f>2}
— Feos20d,if - T2z i),
Aoy = =GB I0S - 010iS - fO0uf)
+ Sln¢{61f63f+62f84f F8B4 11,
Ayy = (6;1) + {cos ¢ Dy f + sin ¢ B3 f} ——{63f+84f}
fcos2¢

— {05 f - 0;f} + fsin2¢ 0504 f,

An = —Fh(élf)z — (2f)? — f3f} + {cos B f +sin§ 3s 7,
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Az = COS¢{82f83f+81f64f F0104f}
; Sj‘f{alfasf B f0uf — 10r8s1},
Az = —361;482f+81fa32f+cos2¢53f54f+Sin2¢{(53f)2—(54f)2}a
Ay = C°s¢{261f63f—262fa4f F0185 1}
- S?2¢{282f63f+281f64f FO104f1,
Au = =SNG f0f ~ 0S5 + 1001}
+ Sm¢{81f63f+62f84f 81851},
A = —(a}f) — {cos g f —sin g0} + L (831 + 82 f)
~ LB g5y + fein20Bibf,
A = LB O] - 10011} - TS0 S0uf + fBudaf),
het = _811; %F | cos265u101f + 22 ((Guf)? - (B0 )
+  fcos2p858,f + fsm2¢{83f 8211,

Furthermore, we find from (2.11)

cos 2¢

{@s£)” = (0u1)*}
fcos 2¢

Riss = ziﬂ{s(élff—@f) o2y -

+ sin2p8fau + L@ vy -
fsin2¢ ~ ~
2

{03f - 831}

6364fa
(4.10)

Rous = ;}M{—@f)us@f) B+
fcos2¢

cos ¢

{(3s1)* — (04f)*}

~ sin208,f0uf + LB + 3+ L2 G - )

2% ~ -
fsm ¢8384f,
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Risss = 0,
Rizos = 0,
Rips = 0,

Rins = %{—(51f)2—(52f) BT+ IR+ GG + B,

cos 2¢

{@s£)” = (04£)°}
fcos 2¢

Ruu = Qiﬂ{?,(élff—(ézf) — 1Y+

— sin2¢8;f0uf + i{é}f’f +0if}+
fsm 2¢ x

{03 - 81}

9304,
cos 2¢

Rasz03 = ﬁ{—(@f) +3(0:f)? - fO3f} - {(0:1)* = (0s1)°}

+ sin2¢0;f04f + £{5§f+542f}— fcos2¢

fsin 2¢

{03 - 811}

9304 f,

Bo = ﬁ{(alf) F@P) + (G + Buf )y - Lasir 4 B2y,

R334 = cosfgbalagf smf¢6154f7
Rosss = Cji%zf@f S‘;;”azfagh f¢8264f+ ;f¢6283f,
Rins = —CZ§¢6za4f—51nf¢6zasf,
Rimi = Cji¢alf63f S‘;falfmf—C°§¢6163f+“f¢ala4f,
Rigss = 2f4{431f32f f8132f}
R = —cos208516f — 22243 f) ~ (Bu1))

fcos2¢

bt~ T2y iy,
sin 2(75

Riois = cos2¢03foif +

+ fC°S2¢a3a f+

{(@s1)” — (0.1)°}
fsm 2¢

{031 - 631},
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Rio3 = —%{451]”5%‘ — f016: 1},
Ryz03 = —C;Sf¢ O104f — Smf¢5133f )
Rosns = “J’Z,“S 8105 f + Sl;‘f Brfduf + "Oj‘ﬁ 8831 - Sg‘f B f,
Rizis = — cosf<;5 D205 f + f¢8254f’
Rum = “J’;“S By fouf - Sl;‘j’ b1 105 f + "Ojfs Bibaf + Sg‘f 5:8s.

Then, by (4.1), we obtain easily

T = %{5ff+5§f}_%{(51f)2+(52f)2}

(4.11)

— 2{(0sf)* + (0sf)?} — f{O3f + O3},
(4.12) = %{%f L) - %{(51)’)2 L Guf?y - [Bf + B,
(4.13) 7= %{(élff +@of)?) +2(@B5 1) + @uf)?).

By (4.13), we see that M (f,a, 3, ¢) is non-Kahlerian if and only if f is not constant.
By Proposition 2.1, (4.9), (4.1) and (4.13), we find the following

Lemma 4.3. The almost Kahler manifold M (f,«, 8, $) is of pointwise constant holo-
morphic sectional curvature ¢ = ¢(p) if and only if

i - a2y + L

2f3 {03f — 0 f} — fsin2¢ 0504 f

= F{(élf)Q — (02£)} — cos2¢{(05f)* — (Oaf)*} + 2sin2¢ D3 fOs f,

(4.14)

@13) o= =5 1) =~ gl + @} - LB + Bu?),

%{%f L BfY - 1B + 82 f)
(4.16) 1 ) ) ) )
= F{(alf)2 +(02£)%} = {(0£) + (0af)*},

Cos ¢{5153f + 5254f} — sin ¢{5154f - 5253f}

4.17
( ) 2C;S¢62f64f+2sm¢62f83f,
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cos ¢{(§153f + 5254f} — sin ¢{515~4f - 5253f}

(4.18) 2cos¢81f6f_2sm¢6lfa4f
Foo T ’
31‘92f — fc082¢0504 f — {83f 9/}
(4.19) 481f62f o~ P 3
T + 2082005 fO1 f + sin 2¢{(0s f)* — (Daf)*},

oS ¢{5154f - 5253f} + sin ¢{5153f + 5254f}

4.20
(4.20) _ Cosd){@lf&;f 62f53f}+—{81f53f+52f34f}

To obtain solutions of the above equations, we first assume that f = f(&,£) is a
function of two variables &, &. Then (4.14) ~ (4.20) reduce to

(4.21) Gof-21 = §{<51f>2 —Gaf))

1 1 5 £\2 8 £\2
(4.22) C=—§(T*—T)=—m{(51f) + (021)°},
(4.23) FOf+05f) = (Bif)* + (Baf)?,
(4.24) [0102f = 40, f0» f.

By the same way as [5], we see that f = K (£2 + £2)~3 satisfies (4.21), (4.23) and
(4.24), where K is a constant.

Next, we assume that f = f(&3,&4) is a function of &3, &. Then (4.14) ~ (4.15)
reduce to

(4.25) FO3f —83f) = —2{(3:)* — (84 1)},

1 * 1,z 2 a 2
(4.26) c=—3(" =) = =3{(@uf)* + (Bup)*},
(4.27) FO3F +85f) = (8s1)* + (0uf)?,
(4.28) f0304f = —205f04f.

Similarly, we can easily see that f = L(£2 + £2)% satisfies (4.25),(4.27) and (4.28),
where L is a constant.
Consequently, we obtain the following
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Theorem 4.4. Let u = a,v = 3 (a, 8 are constants) and

1

f = K{(z1 + azs — Bxs)’ + (2 + B3 + azs)’} 5,

or

f =Lz} +23)3,

where K and L are non-zero constants. Then the almost Kahler manifold M (f,u,v, @)
is of pointwise constant holomorphic sectional curvature with

c=— T + axs — Brg)? + (2 + Brs + ax4)2}*%

1
grcz
or

1
c= —§L2($§ +a3)73,

respectively.

We note that the pointwise constant ¢ in the above theorem is negative contrary
to the ones in Theorems 4.1 and 4.2.

5 Weakly x-Einstein examples

In this section, we provide weakly *-Finstein almost Kéhler 4-manifolds. In §4, we have
already shown that the Ricci flat almost Kahler manifolds M (f,u,v, ¢) in Theorems
3.1 and 3.2 are weakly *-Einstein.

Here, we consider the almost Kéhler manifolds M (f,a,3,¢) for any constants
a, . In this case, by using the coordinates (&1, &s, &3,&4) of (2.10), the components of
the Ricci *-tensor with respect to the unitary frame {e;} in (2.6) is given by

. &2f f cos 2¢ fsin 2¢

piv=ri = 555 — (lOf + i} + {03f - i1} - 8304 f
+p 3@ + (Ba)) + “°ZQ¢{<agf> ~(Buf)?) ~ sin20 857801,
o= oia = B Liap iy - LM i+ P00,
4701 = 30f) = DTG~ Guf)?) + sin 200001,

Pla = P51 = P31 = P13 =0,
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010 0110 2
Pl3 = Pi2 = P34 = P31 = ;f23f 2 1J;42f fcos ¢8364f — 0824 D fOuf

f sin 2(;5

sin ¢

{(351)* — (011)},

f¢(8263f + 0104f),

{03f - 811} -

Cos ¢

Pis = —P3p = 2f (8163f 626410)

oS
pis = —pis = g (0udaf ~ Bubaf) -
sin ¢
2f
By (5.1), we have the following
Lemma 5.1. The almost Kdhler 4-manifold M (f, «, 8, ) is weakly x-Einstein if and
only if

cos qﬁ

—(01f0sf — 02 fOuf)

SIND 5,151 + 81 fOuf),

(8203 f + D104 f) + 72

5 f3 @130+ T2 G 52p) — fsin208301
(5.2) B
= F{(51f)2 - (52f)2} — 05 2¢{(0f)* — (0af)*} + 25in 2 D3 fOs f,
6;?23f fc052¢86f_fs1n2¢(a3f 821
=2 "2 Bu)? — @7,
(5.4) cos #(0105f — D204 f) — sin (820 f + 8104 f) = 0,
Ccos ¢(5153f — 5254f) — sin (ﬁ(ézégf + 5154f)
(5.5)

= 2Hoos 601 10af — Buf0uf) — sin (0 fOuf + B S0 1)}.
If f is a function of &, &2, then (5.2) ~ (5.5) reduce to

(5.6) FOf =03 f) = 4{(8f)* = (321)*},

(5.7) f0.0,f = 40, 0, .
Since (5.6), (5.7) are same as (4.21), (4.24), we see that
(58) f=K@E+6)7s

is a solution.
If f is a function of &3,&4, then (5.2) ~ (5.5) reduce to
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59 L8201~ 321) - fsin200505

= —cos2¢{(D3f)% — (D4f)?} + 25in2¢ D3 fO4 ,

feos2¢ s fsin2¢  ~ ~
o — L= 0s0uf ~ K (G3f - 0iF)
= cos 298 8u] + 222 (8,1 — (Buf)?).

Similarly, we see that
(5.11) F=LE+&)

is a solution of (5.9), (5.10). Thus we have the following
Theorem 5.2. Let

f=K{(z1 + az3 — B14)® + (22 + B3 + az4)?} 5,

or X
f = L(z3 + 23)5,

where K and L are non-zero constants. Then the almost Kahler manifold M (f, o, 8, ¢)
is weakly x-Einstein. The x-scalar curvature is given respectively by

1
3

4
" = — g L@ + aws — Bz4)” + (w2 + Brs + ae)’} S,

or

™ = —%L2($§ +22)75.
Now, we give another example. It is easy to see that
(5.12) f = (@€ +asés + ;)73
is also a solution of (5.6), (5.7), and
(5.13) = (a3&s + asés + by)®

is a solution of (5.9), (5.10).
From (5.12) and (5.13),

o=

(5.14) f=(a1& + a2éo + b1)7% (asés + asés + b2)
satisfies (5.2), (5.3). Moreover, if
(5.15) (aras — azaq) cos ¢ — (azas + araq) sing = 0,

then f in (5.14) also satisfies (5.4) and (5.5). Note that the functions f in (5.12),
(5.13) are given as special cases of (5.14) satisfying (5.15).
Consequently, we obtain the following
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Theorem 5.3. Let

W=

= { azr3 + asT4 + bo }
a1(z1 + azz — Bzy) + ax(z2 + Bz3 +axy) + b1 |

where a; (i = 1,2,3,4) and b; (j = 1,2) are constants satisfying (5.15). Then the
almost Kdihler manifold M (f,a, B, ¢) is weakly x-Einstein, and

2(a? + a? 4

™ = %{al(wl + axs — Br4) + az(x2 + B3 + ams) + bl}_g

X (asxs + asxs + b2)

2(a3 + a2)
9

x (asxs + asxs + b2)

_2
3

+ {a1(z1 + azs — Bz4) + az(x2 + fzs + azs) + bl}_%

_4
3.

It should be remarked that the almost K&hler manifold M(f,a, 3, ¢) in Theorem
5.2 is weaklyx-Einstein for all ¢. On the contrary M(f,a,,¢) in Theorem 5.3 is
weaklyx-Einstein for particular values of ¢ and a; (i = 1,2, 3,4) satisfying (5.15).

Finally, we note that the Ricci tensors of these examples in Theorem 5.3 are J-
anti-invariant, i.e., p(JX,JY) = —p(X,Y), and hence 7 = 0.
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