Gauge Bianchi Identities in Higher Order Lagrange Spaces

Adrian Sandovici

Dedicated to Prof.Dr. Constantin UDRIŞTE on the occasion of his sixtieth birthday

Abstract

In the previous papers ([12] , [13]) we put the bases of a gauge theory which can be applied any time we are dealing with physical phenomena that depend on the coordinates of the k – osculator bundle.

In the above mentioned papers we studied the strength fields of the second order and the Lagrangians generated only by strength fields. Also, for a full Lagrangian L0 we determined the conserved currents and the corresponding conservation laws.

In this paper we shall define (k+1) gauge covariant derivatives of strength fields and we shall determine four types of gauge Bianchi identities.

Mathematics Subject Classification: 53C60, 53C80, 53C07. Key words: gauge transformations, gauge Miron connection, higher order Lagrange spaces, generalized Lagrange metric of order k, gauge Bianchi identities.

1 Introduction

The higher order Lagrange spaces constitute an adequate geometrical framework for the development of an integrated gauge theory of the physical fields. Also, the form of interactions between some matter fields can be determined by postulating invariance under a certain group of transformations. In monograph [8] R. Miron gives an original construction of the geometry of higher order Lagrange spaces based on the k – osculator bundle notion. Generalizing some results given in [1], [5], [6], [9] and [14], R. Miron and Gh. Munteanu put the bases of a gauge theory on higher order Lagrange spaces ([8], [10]).

In the paper [12] we studied the strength fields of the second order on the geometrical model given by GOSC^{(2)}M. Also, we studied Lagrangians involved gauge fields, defined through strength fields. A full Lagrangian was defined as the sum of the Lagrangian of gauge fields and local gauge invariant Lagrangian of matter fields. For a full Lagrangian L_0(u) we determined in Lagrange manner, the equations of motion. In [13] we studied the local gauge invariance of a full Lagrangian, the conserved currents and the corresponding conservation laws.

Balkan Journal of Geometry and Its Applications, Vol.5, No.1, 2000, pp. 141-148 © Balkan Society of Geometers, Geometry Balkan Press

This paper continues the line of [12] and [13]. Using the structure constants of the Lie group G, the gauge fields and an arbitrary gauge Miron connection we shall define (k+1) gauge – covariant derivatives of strength fields and then obtain four types of gauge Bianchi identities.

2 Preliminaries

Let M be a real n–dimensional C^∞– differentiable manifold and its k–osculator bundle (OSC^{(k)}M, π, M). The local coordinates on the total space E = OSC^{(k)}M are denoted by u = (x^i, y^{(1)i}, ..., y^{(k)i}). Let us consider G a compact subgroup in GL(m, R) and G^{(k)} its prolongation of order k. Let P^{(k)}_G (M) be a principal bundle having the base M and structural group G^{(k)}. We consider F = R^{km} . A gauge k–osculator bundle GOSC^{(k)}M is a G–structure of order k of the principal bundle P^{(k)}_G (M). The geometrical theory of the gauge k–osculator bundle GOSC^{(k)}M is the geometrical theory of the k–osculator bundle OSC^{(k)}M restricted to the group G^{(k)}.

The notions of gauge transformation in GOSC^{(k)}M, nonlinear connection on GOSC^{(k)}M, N–linear connection on GOSC^{(k)}M, generalized Lagrange metric of order k, are given in [8] and [10]. The transformations of coordinates on GOSC^{(k)}M are given by

(2.1)

∼ x^i=^∼x^i (x) det ∂ ∼ x^i ∂x^j ≠ 0 ∼ y^{(1)i}= ∂ ∼ x^i ∂x^j · y^{(1)j} .... k^∼y^{(k)i}= k ∂^∼y^{(k−1)i} ∂y^{(k−1)j} y^{(k)j} + ... + ∂^∼y^{(k−1)i} ∂x^j y^{(1)j} .

In local coordinates on manifold GOSC^{(k)}M, a gauge transformation can be represented by equations of the form

(2.2) − x^i= X^i(x) − y^{(1)i}= Y^{(1)i}(x, y^{(1)}) .... − y^{(k)i}= Y^{(k)i}(x, y^{(1)}, ..., y^{(k)}), where det ( ∂X^i ∂x^j ) det ( ∂Y^{(1)i} ∂y^{(1)j} ) · ... · det ( ∂Y^{(k)i} ∂y^{(k)j} ) ≠ 0. Let a generalized Lagrange metric of order k on GOSC^{(k)}M be given by the components (g_{ij} (u)), a gauge nonlinear connection N = (N_{(1)}^i j , N_{(2)}^i j , ..., N_{(k)}^i j ), and a

gauge Miron connection DΓN = (L^i_{jk}, C_{(1)}^i jk , ..., C_{(k)}^i jk ) on GOSC^{(k)}M and L_0(u), u = ( x^i, y^{(1)i}, ..., y^{(k)i} ) a Lagrangian defined on the domain Ω ⊂ R^{(k+1)n} . Suppose that there exist p differentiable scalar fields (physical fields) Q^A, A = 1, p so that the Lagrangian L_0 depends only on the variable x^i, y^{(1)i}, ..., y^{(k)i} by means of Q^A and their derivatives δQ^A δx^i , δQ^A δy^{(α)i} , α = 1, ..., k. More accurately, L_0 is a scalar field on

GOSC^{(k)}M given by

(2.3) L_0 ( x, y^{(1)}, ..., y^{(k)} ) = L ( Q^A, δQ^A δx^i , δQ^A δy^{(1)i} , ..., δQ^A δy^{(k)i} ) . In order to obtain the gauge–invariant Lagrangians with respect to the local gauge invariance of the Lie group G, we considered a new Lagrangian

(2.4) L_0(u) = L^′ ( Q^A, δQ^A δx^i , δQ^A δy^{(α)i} , H^a_i (u),^{(α)}V a i (u) )

in which H^a_i (u) and^{(α)}V a i (u), α = 1, ..., k are the components of some gauge d– covectors, called local gauge fields, satisfying the following nonhomogeneous conditions of variations

(2.5) ∗ δ (H^a_i (u)) = ε^b(u) · f^a_{bc} · H^c_i + δε^a δx^i ∗ δ (_{(α)} V a i (u) ) = ε^b(u) · f^a_{bc}·^{(α)}V c i + δε^a δy^{(α)i} , where f^a_{bc} are the structure constants of the Lie group G and ε^a(u) are differentiable functions.

The study of Lagrangians involving only gauge fields is given in [12]. These Lagrangians can be generated by means of the following functions

(2.6)^{(h)}F a ij =^{(h)}A a ij −f^a_{bc} · H^c_i · H^b_j + k∑ α=1 R_{(0α)}^m ij ·^{(α)}V a m

(2.7)^{(h,vα)}F a ij =^{(h,vα)}A a ij −f^a_{bc} · H^c_i ·^{(α)}V b j + k∑ β=1 B_{(αβ)}^m ij ·^{(β)}V a m

(2.8)^{(vα,vβ )}F a ij =^{(vα,vβ )}A a ij −f^a_{bc}·^{(α)}V c i ·^{(β)}V b j + k∑ γ=1 (γ) C_{(αβ)} m

ij ·^{(γ)}V a m , where

(2.9)^{(h)}A a ij = δH^a_i δx^j − δH^a_j δx^i ,^{(h,vα)}A a ij = δH^a_i δ^{(α)}y j − δ^{(α)}V a j δx^i ,^{(vα,vβ )}A a ij = δ^{(α)}V a i δ^{(β)}y j − δ^{(β)}V a j δ^{(α)}y i .

We call^{(h)}F a ij ,^{(h,vα)}F a ij and^{(vα,vβ )}F a ij the horizontal strength fields, the mixed strength fields and v_α− vertical strength fields, respectively.

3 Gauge Bianchi identities with respect to covariant derivatives of strength fields

In this section, using the structure constants of the Lie group G, the gauge fields and an arbitrary gauge Miron connection we shall define (k + 1) gauge–covariant derivatives of strength fields and then obtain four types of Bianchi identities.

Denote by K^a_{ij} the local components of one of the strength fields^{(h)}F a ij ,^{(h,vα)}F a ij , (v_α,v_β ) F a ij given by (2.6), (2.7) and (2.8) respectively. Then we define the horizontal gauge covariant derivative of K^a_{ij} as follows (3.1) K^a_{ij|k} = δK^a_{ij} δx^k + f^a_{bc} · K^b_{ij} · H^c_k − K^a_{hj} · L^h_{ik} − K^a_{ih} · L^h_{jk}. In a similar way, we define the v_α− vertical gauge covariant derivative of K^a_{ij} by (3.2) K^a_{ij(α)| k} = δK^a_{ij} δ^{(α)}y k + f^a_{bc} · K^b_{ij} ·^{(α)}V c k −K^a_{hj} · C_{(α)}^h ik −K^a_{ih}· C_{(α)}^h jk .

By a direct but very long calculation we can prove the following three results Proposition 3.1. Both covariant derivatives define d–gauge tensor fields of type (0,3). More precisely, with respect to (2.1) and (2.2) we have (3.3) K^a_{ij|k} = σ^h_i · σ^l_j · σ^r_k·^∼K^a_{hl|r}

(3.4) K^a_{ij(α)| k} = σ^h_i · σ^l_j · σ^r_k·^∼K^a_{hl}^{(α)}_{| r} , and respectively

(3.5) K^a_{ij|k} = X^h_i · X^l_j · X^r_k ·^−K a hl|r

(3.6) K^a_{ij(α)| k} = X^h_i · X^l_j · X^r_k ·^−K a hl (α) | r ,

where σ^j_i = ∂^∼x^j ∂x^i and X^h_i = ∂X^h ∂x^i . Proposition 3.2.With respect to the local gauge action of Lie group G, the gauge covariant derivatives verify the following homogeneous laws of transformation:

(3.7)^∗δ ( K^a_{ij|k} ) = ε^b · f^a_{bc} · K^c_{ij|k}

(3.8)^∗δ ( K^a_{ij(α)| k} ) = ε^b · f^a_{bc} · K^c_{ij(α)| k}.

Proposition 3.3. With respect to d–vector fields of adapted basis of T_uGOSC^{(k)}M, the following Jacobi identities hold:

(3.9) ∑ (i,j,k) δ R_{(0α)}^m ij δx^k + k∑ β=1 R_{(0β)}^h ij · B_{(βα)}^m kh = 0

(3.10) k∑ β=1 ( R_{(0β)}^h ij ·^{(γ)}C_{(βα)} m

hk − B_{(αβ)}^p jk · B_{(βγ)}^m ip + B_{(αβ)}^p ik · B_{(βγ)}^m jp ) =

= δ R_{(0γ)}^m ij δ^{(α)}y k + δ B_{(αγ)}^m jk δx^i − δ B_{(αγ)}^m ik δx^j

(3.11) k∑ γ=1 ( B_{(αγ)}^p ij ·^{(ζ)}C_{(γβ)} m

pk − B_{(βγ)}^p ik ·^{(ζ)}C_{(γα)} m

pj − B_{(γζ)}^m ip ·^{(γ)}C_{(αβ)} p

jk )

= δ B_{(αζ)}^m ij δ^{(β)}y k − δ B_{(βζ)}^m ik δ^{(α)}y j + δ^{(ζ)}C_{(αβ)} m

jk δx^i

(3.12) k∑ ζ=1 (_{(ζ)} C_{(αβ)} p

ij ·^{(η)}C_{(ζγ)} m

pk +^{(ζ)}C_{(βγ)} p

jk ·^{(η)}C_{(ζα)} m

pi +^{(ζ)}C_{(γα)} p

ki ·^{(η)}C_{(ζβ)} m

pj )

= δ^{(η)}C_{(αβ)} m

ij δ^{(γ)}y k + δ^{(η)}C_{(βγ)} m

jk δ^{(α)}y i + δ^{(η)}C_{(γα)} m

ki δ^{(β)}y j .

Here and in sequel, by ∑ (i,j,k) we mean the cyclic sum with respect to (i, j, k). The above propositions are useful for proving the following main results Theorem 3.1. The following gauge Bianchi identity with respect to the horizontal gauge–covariant derivative of the horizontal strength fields holds:

(3.13) ∑ (i,j,k) {_{(h)} F a ij|k + k∑ α=1 R_{(0α)}^m ij ·^{(h,vα)}F a km + T_{(00)}^h ij ·^{(h)}F a kh } = 0.

Proof. First, we have

(3.14) δ^{(h)}F a ij δx^k = δ^2H^a_i δx^kδx^j − δ^2H^a_j δx^kδx^i − f^a_{bc} · ( δH^c_i δx^k · H^b_j + δH^b_j δx^k · H^c_i ) +

+ k∑ α=1 δ R_{(0α)}^m ij δx^k · (α) V a m + k∑ α=1 R_{(0α)}^m ij · δ^{(α)}V a m δx^k .

Using (3.14) we can easily obtain

(3.15)

∑ (i,j,k) δ^{(h)}F a ij δx^k − f^a_{bc} · H^b_i ·^{(h)}A c jk + k∑ α=1 R_{(0α)}^m ij · δH^{ak} δ^{(α)}y m − δ^{(α)}V a m δx^k

− k∑ α=1 δ R_{(0α)}^m ij δx^k ·^{(α)}V a m = 0.

Now, using (3.9) and (3.15) we have

(3.16) ∑ (i,j,k) δ^{(h)}F a ij δx^k − f^a_{bc} · H^b_i ·^{(h)}A c jk

+ k∑ α=1 R_{(0α)}^m ij · δH^{ak} δ^{(α)}y m − δ^{(α)}V a m δx^k + k∑ β=1 B_{(αβ)}^h km ·^{(β)}V a h = 0.

Taking into account (2.6) and the Jacobi identity from the general theory of Lie groups (f^a_{bc} · f^c_{de} + f^a_{dc} · f^c_{eb} + f^a_{ec} · f^c_{bd} = 0) we obtain the following relation

(3.17) f^a_{bc}· ∑ (i,j,k) {(_{(h)} F b ij −^{(h)}A b ij − k∑ α=1 R_{(0α)}^m ij ·^{(α)}V b m ) · H^c_k } = 0.

From (3.16) and (3.17) we have ∑ (i,j,k) δ^{(h)}F a ij δx^k + f^a_{bc}·^{(h)}F b ij ·H^c_k+

+ k∑ α=1 R_{(0α)}^m ij · δH^{ak} δ^{(α)}y m − δ^{(α)}V a m δx^k +^k ∑ β=1 B_{(αβ)}^h km ·^{(β)}V a h −f^a_{bc} · H^c_k·^{(α)}V b m = 0 ⇐⇒

(3.18) ∑ (i,j,k) {_{(h)} F a ij|k + (h) F a hj ·L^h_{ik}+^{(h)}F a ih ·L^h_{jk}+ k∑ α=1 R_{(0α)}^m ij ·^{(h,vα)}F a km } = 0.

Because T_{(00)}^h ij = L^h_{ij} − L^h_{ji} we have

(3.19) ∑ (i,j,k) (_{(h)} F a hj ·L^h_{ik}+^{(h)}F a ih ·L^h_{jk} ) = ∑ (i,j,k) (h) F a kh · T_{(00)}^h ij .

From (3.18) and (3.19) we can easily obtain the conclusion of theorem. ⊓⊔

Next, by ∑ (i,j,k) (α,β,γ) we mean the cyclic sum with respect to (i, j, k) and (α, β, γ) when we move simultaneously the indices of these triples. In the same manner we can prove the following two results Theorem 3.2. The following gauge Bianchi identity with respect to the v_α–gauge– covariant derivatives of the v_β −vertical strength fields holds:

(3.20) ∑ (i,j,k) (α,β,γ)

(v_α,v_β ) F a ij (γ) | k + k∑ ζ=1 (ζ) C_{(αβ)} m

ij ·^{(vγ ,vζ )}F a km + D_{(γ)}^{hp} ijk ·^{(vα,vβ )}F a hp = 0,

where (3.21) D_{(γ)}^{hp} ijk = C_{(γ)}^h ik ·δ^p_j + C_{(γ)}^p jk ·δ^h_i . Theorem 3.3. The following mixed gauge Bianchi identities with respect to the gauge v_α– covariant derivatives of the mixed strength fields, and the horizontal covariant derivative of v_β −vertical strength fields, respectively hold:

(3.22)

(h,v_α) F a ij (β) | k −^{(h,vβ )}F a ik (α) | j +^{(vα ,vβ )}F a jk|i + k∑ γ=1 {^{(γ)}C_{(αβ)} m

jk ·^{(h,vγ )}F a im +

+ B_{(βγ)}^m ik ·^{(vγ ,vα)}F a mj − B_{(αγ)}^m ij ·^{(vγ ,vβ )}F a mk}+ D_{(β)}^{hp} ijk ·^{(h,vα)}F a hp −

− D_{(α)}^{hp} ikj ·^{(h,vβ )}F a hp +E^{hp}_{jki}·^{(vα,vβ )}F a hp= 0

(3.23)

(h,v_α) F a ij|k − (h,v_α) F a kj|i + (h) F a ki (α) | j + +^{(h,vα)}F a hj · T_{(00)}^h ik +^{(h,vα)}F a ph ·F^{hp}_{jki} +^{(h)}F a hp · D_{(α)}^{hp} kij +

+ k∑ β=1 { B_{(αβ)}^m ij ·^{(h,vβ )}F a km − B_{(αβ)}^m kj ·^{(h,vβ )}F a im − R_{(0β)}^m ik ·^{(vα,vβ )}F a jm } = 0,

where (3.24) E^{hp}_{jki} = L^h_{ji} · δ^p_k + L^p_{ki} · δ^h_j

(3.25) F^{hp}_{jki} = L^h_{jk} · δ^p_i − L^h_{ji} · δ^p_k , and the functions D_{(α)}^{hp} kij are given by (3.21).

References

[1] G.S.Asanov, Finsler Geometry, Relativity and Gauge Theories, D. Reidel, Dordrecht, 1985.

[2] V. Balan, Generalized Einstein – Yang Mills equations on Vector Bundles, Bull.

Math. de la Soc. Sci. Math. de Roumanie, Tome 36(84), no. 1, 1992, 17–22.

[3] V. Balan, On the Generalized Einstein – Yang Mills Equations, Publ. Math.

Debrecen, vol. 43, no. 3 – 4 (1993), 273–282.

[4] V. Balan, Gh. Munteanu, P.C. Stavrinos, Generalized Gauge Asanov Equations on Osc^{(2)}M Bundle, Proceedings of the Workshop on Global Analysis, Differential Geometry and Lie Algebras, 1995, 21–32.

[5] A. Bejancu, Finsler Geometry and Applications, Ellis Horwood Limited, 1990.

[6] M. Chaichian, N.F. Nelipa, Introduction to Gauge Field Theories, Springer– Verlag, 1984.

[7] R. Miron, Lagrange Geometry, Math. Comput. Modelling, vol. 20, no. 4–5 (1994), 25–40.

[8] R. Miron, The Geometry of Higher Order Lagrange Spaces. Applications to Mechanics and Physics, Kluwer Academic Publishers, 1997.

[9] R. Miron and M. Anastasiei, The Geometry of Lagrange Spaces. Theory and Applications, Kluwer Academic Publishers,1994.

[10] Gh. Munteanu, Higher Order Gauge–Invariant Lagrangians, Novi-Sad J. Math.

Vol. 27, No. 2, 1997, 101–115.

[11] Gh. Munteanu, Fibre structures on OSC^{(k)}M bundle, Sci. Ann. Univ. ”Al. I.

Cuza” Iasi. Tom. XLIII, s.1.a, Matematica, 1997, f_1, 73-80.

[12] A. Sandovici, Strength fields and Lagrangians on GOsc^{(2)}M. I, II. Analele Universitatii ”Al. I. Cuza”, Sci. Ann. Univ. ”Al. I. Cuza”, Iasi (to appear).

[13] A. Sandovici, Conservation Laws in Higher Order Lagrange Spaces, Mathematica, Cluj, (to appear).

[14] R. Utiyama, Invariant Theoretical Interpretation of Interaction, Phys. Rev. 101 (1956), 1957–1607.

Adrian Sandovici High School ”Gh. Cartianu” 5600, Piatra Neamţ