Geometrical Interpretation of Solutions of Certain PDEs

C. Udrişte and M. Neagu

Abstract

In §1 the authors mention some open problems and define the notion of harmonic map between two generalized Lagrange spaces. In §2 one proves that for certain systems of differential or partial differential equations, the solutions belong to a class of harmonic maps between two generalized Lagrange spaces. §3 describes the main properties of the generalized Lagrange spaces constructed in §2. These spaces, being convenient relativistic models, allow us to write the Maxwell and Einstein equations.

Mathematics Subject Classification: 53C60, 49N45, 35R30. Key words: generalized Lagrange spaces, harmonic maps, geodesics, ODEs, PDEs.

1 Introduction

Looking for solving a generalized Poincaré problem, Sasaki tried to find a Riemannian metric on a manifold M such that the orbits of an arbitrary vector field X should be geodesics. This attempt was a failure, but Sasaki discovered the well known almost contact metric structures on a manifold of odd dimension [8]. After the introduction of generalized Lagrange structures [4], the problem of Poincaré-Sasaki was reconsidered by the first author [9, 10, 11] using a suitable prolongation of the flow to a secondorder conservative dynamical system. He succeded to discover a Lagrange structure on M, depending of the given vector field X, a (1, 1)-tensor field built using X, using a metric g, and the covariant derivative induced by g, such that the C^2 orbits belong to a class of pregeodesics. Moreover, replacing the system of ODEs of the orbits of X by a system of PDEs and the notion of geodesic by the notion of harmonic map, same open general problems appear [12], namely

1) There exist Lagrange type structures such that the solutions of certain PDEs should be harmonic maps?

2) What is a harmonic map between two generalized Lagrange spaces? 3) What Lagrange structure solve the inverse problem in the variational calculus associated to an even-order prolongation obtained by differentiations and mathematical artifice from a given PDE system?

Balkan Journal of Geometry and Its Applications, Vol.4, No.1, 1999, pp. 145-152 © Balkan Society of Geometers, Geometry Balkan Press

Using the notion of direction dependent harmonic map between a Riemannian manifold and a generalized Lagrange space, a partial answer to the Udrişte questions was offered by the second author [6].

In this paper we will attempt to carry on the development of certain ideas that realize a closely linked between PDEs, Differential Geometry, and Variational Calculus.

Let us introduce, in a natural way, the notion of harmonic map between two Lagrange spaces (M, g_{αβ} (a, b)) and (N, h_{ij} (x, y)), where M (resp. N) has the dimensions m (resp. n) and (a, b) = (a^μ, b^μ) (resp. (x, y) = (x^k , y^k)) are local coordinates on T M (resp. T N).

Definition. On M × N, a tensor field P of type (1, 2) with all components null excepting P^β_{αi}(a, x) and P^j_{αi}(a, x), where α, β = 1, m, i, j = 1, n, is called tensor of connection.

Assume that the manifold M is connected, compact, orientable and endowed also with a Riemannian metric φ_{αβ} . This fact ensures the existence of a volume element

on M. In these conditions, we can define the ( P g φ h ) -energy functional, E not= E^P_{gφh} : C^∞(M, N) → R, E^P_{gφh}(f) = 1 2 ∫ M g^{αβ}(a, b)h_{ij} (f(a), y)f^i_αf^j_β √ φda,

where f^i = x^i(f), f^i_α = ∂f^i ∂a^α , φ = det(φ_{αβ} ) b(a) = b^γ (a) ∂ ∂a^γ | | |_a def= φ_{αβ} (a)f_{iα}(a)P γ_{βi}(a, f(a)) ∂ ∂a^γ | | |_a y(f(a)) = y^k(a) ∂ ∂x^k | | |_{f (a)} def= φ_{αβ} (a)f_{iα}(a)P_{kβi}(a, f(a)) ∂ ∂x^k | | |_{f (a)}. Definition. A map f ∈ C^∞(M, N) is called ( P g φ h ) -harmonic if f is a critical

point (extremal) for the functional E^P_{gφh}.

Let L(a^α, f^i, f^i_α) = 1 2 g^{γμ}(a^ν , b^ν )h_{kl}(x^p, y^p)f^k_γ f^l_μ. The ( P g φ h ) -harmonic maps

are described by Euler-Lagrange PDEs (H) √ φ ∂L ∂f^i + ∂ ∂a^α ( √ φ ∂L ∂f^i_α ) = 0, ∀i = 1, n. The naturalness of the preceding definitions comes from the following particular cases:

i) If g_{αβ} (a, b) = φ_{αβ} (a) and h_{ij} (x, y) = h_{ij} (x) are Riemannian metrics, then it recovers the classical definition of a harmonic map between two Riemannian manifolds [2, 3]. In this case, the definition of harmonic maps is independent of the connection tensor field P .

ii) If M = [a, b] ⊂ R, φ_{11} = g_{11} = 1 and P = (P^1_{1i}, δ^k_i ), then we find

C^∞(M, N) = {c : [a, b] → N| c − C^∞differentiable} not= Ω_{a,b}(N) and the energy functional is

E^P_{11h}(c) = 1 2 ∫_b a h_{ij} (c(t), ċ(t)) dc^i dt dc^j dt dt, ∀c ∈ Ω_{a,b}(N).

In other words, the ( P 1 1 h ) -harmonic curves are exactly the geodesics of the generalized Lagrange space (N, h_{ij} (x, y)) [4].

iii) If we take N = R, h_{11} = 1 and P = (δ^α_β , P^1_{β1}), we obtain C^∞(M, N) = F(M) and the energy functional becomes

E^P_{gφ1}(f) = 1 2 ∫ M g^{αβ} (a, grad_φf)f_αf_β √ φda, ∀f ∈ F(M). The extremals are harmonic maps between the Lagrange space (M, g_{αβ} (a, b)) and the classical Riemannian space (R, 1).

iv) In the particular cases when the metric tensors are of the form g_{αβ} (a, b) = e^{−2σ(a,b)}φ_{αβ} (a) and h_{ij} (x, y) = e^{2τ (x,y)}ψ_{ij} (x), where σ : T N → R, τ : T N → R are smooth functions and ψ_{ij} is a pseudo-Riemannian metric on N, we have ∂L ∂x^i = e^{2σ+2τ} φ^{γμ}φ^{δε}ψ_{kl} [ ∂P^ν_{εp} ∂x^i ∂σ ∂b^ν + ∂P^j_{εp} ∂x^i ∂τ ∂y^j ] x^p_δ x^k_γ x^l_μ + 1 2 g^{γμ} ∂h_{kl} ∂x^i x^k_γ x^l_μ ∂L ∂x^i_α = e^{2σ+2τ} { φ^{γμ}φ^{αε}ψ_{kl} [ P^ν_{εi} ∂σ ∂b^ν + P^j_{εi} ∂τ ∂y^j ] x^k_γ x^l_μ + φ^{γα}ψ_{ik} x^k_γ } . These expressions can be simplified if we consider the following more particular cases:

1) σ = σ(a) and P = (P^α_{βi}, A_β (a)δ^i_j ), where {A_β } are the components of a covector A on M. In this situation, we obtain

(∗) ∂L ∂x^i = 1 2 g^{γμ} ∂h_{kl} ∂x^i x^k_γ x^l_μ ∂L ∂x^i_α = e^{2σ+2τ} { φ^{γμ}φ^{αε}ψ_{kl}A_ε ∂τ ∂y^i x^k_γ x^l_μ + φ^{γα}ψ_{ik}x^k_γ } . 2) τ = τ(x) and P = (δ^α_β ξ_i(x), P^α_{βi}), where {ξ_i} are the components of an 1-form ξ on N. Now, we find

(∗∗) ∂L ∂x^i = e^{2σ+2τ} φ^{γμ}φ^{δε}ψ_{kl} ∂ξ_p ∂x^i ∂σ ∂b^ε x^p_δ x^k_γ x^l_μ + 1 2 g^{γμ} ∂h_{kl} ∂x^i x^k_γ x^l_μ ∂L ∂x^i_α = e^{2σ+2τ} { φ^{γμ}φ^{αε}ψ_{kl} ∂σ ∂b^ε ξ_ix^k_γ x^l_μ + φ^{γα}ψ_{ik} x^k_γ } . 2 Geometrical interpretation

By the preceding ideas, we shall offer some beautiful geometrical interpretations for the C^2 solutions of certain PDEs of order one.

We start with a smooth map f ∈ C^∞(M, N). This map induces the tensor field δf not= f^i_αda^α ⊗ ∂ ∂y^i | | | f (x) ∈ Γ(T^∗M ⊗ f^{−1}(T N)). On M × N, let T be a tensor field of type (1, 1) with all components null excepting (T^i_α)_{i=1,nα=1,m} . These geometrical objects determine the system of PDEs, (E) δf = T, ∂f^i ∂a^α = T^i_α(a, f). If (M, φ_{αβ} ) and (N, ψ_{ij} ) are Riemannian manifolds, then we can build a scalar product on Γ(T^∗M⊗f^{−1}(T N)), namely < T, S >= φ^{αβ} ψ_{ij} T^i_αS^j_β , where T = T^i_αda^α ⊗ ∂ ∂y^i and S = S^j_β da^β ⊗ ∂ ∂y^j . Obviously, the Cauchy-Schwartz inequality < T, S >≤ ‖S‖^2‖T ‖^2, ∀S, T ∈ Γ(T^∗M × f^{−1}(T N)), is an equality iff there exists K ∈ F(M) such that T = KS.

In these conditions, we prove the following Theorem. If (M, φ), (N, ψ) are Riemannian manifolds and the map f ∈ C^∞(M, N) is solution of the PDE system (E), then f is an extremal of the functional L_T : C^∞(M, N)\{∃a ∈ M such that < δf, T > (a) = 0} → R_+, L_T (f) = 1 2 ∫ M ‖δf‖^2‖T ‖^2 < δf, T >^2 √ φda = 1 2 ∫ M ‖T ‖^2 < δf, T >^2 φ^{αβ} ψ_{ij} f^i_αf^j_β √ φda. Proof. Let f be an arbitrary map from the definition domain of L_T . Applying the preceding Cauchy-Schwarz inequality, we obtain

L_T (f) = 1 2 ∫ M ‖δf‖^2‖T ‖^2 < δf, T >^2 √ φda ≥ 1 2 ∫ M √ φda = 1 2 V ol_φ(M).

Obviously, if f is solution of the system (E), it follows L_T (f) = 1 2 V ol_φ(M), that is, f is a global minimum point of the functional L_T . In conclusion, the map f verifies the Euler-Lagrange equations of L_T □.

Generally, the global minimum points of the functional L_T are solutions of the PDE system δf = KT , where K ∈ F(M). They are not necessarily solutions of the initial PDE system (E).

Now, we remark that, in certain particular cases, the functional L_T becomes exactly a functional of type ( P g φ h ) -energy and, consequently, the Euler- Lagrange equations are equations of harmonic maps. This idea can be applied to the following important cases:

1. Orbits Taking M = ([a, b], 1) and T = ξ ∈ Γ(c^{−1}(T N)), the PDE system (E) reduces to the differential system of orbits dc^i dt = ξ^i(c(t)), c : [a, b] → N, and the functional L_ξ comes to

L_ξ (c) = 1 2 ∫_b a ‖ξ‖^2_ψ [ξ^b(ċ)]^2 ψ_{ij} dc^i dt dc^j dt dt,

where ξ^b = ξ_idx^i = ψ_{ij} ξ^j dx^i. Hence the functional L_ξ is a ( P 1 1 h ) -energy, where the Lagrange metric tensor h_{ij} (x, y) = ‖ξ‖^2_ψ [ξ^b(y)]^2 ψ_{ij} (x) = ψ_{ij} (x) exp [ 2 ln ‖ξ‖_ψ |ξ^b(y)| ]

is defined on T N\{y|ξ^b(y) = 0}. This case was studied, in other way, by Udrişte [9]-[12].

Replacing σ = 0, τ(x, y) = ln(‖ξ‖_ψ/|ξ^b(y)|), φ_{11} = 1 and A_1 = 1 in the

equations (∗), we obtain ∂L ∂c^i = 1 2 h_{kl} ∂c^i ċ^kċ^l and ∂L ∂ċ^i = e^{2τ} { ψ_{kl} ∂τ ∂ċ^i ċ^kċ^l + ψ_{ik}ċ^k } , and ∂L ∂c^i + d dt ∂L ∂ċ^i = 0, ∀i = 1, n, are the equations of these harmonic curves.

2. Pfaff systems If we put N = (R, 1) and T = A ∈ Λ^1(T^∗M), then the PDE system (E) becomes the Pfaff system df = A, f ∈ F(M) and the functional L_T is

L_A(f) = 1 2 ∫ M ‖A‖^2_φ [A(grad_φf)]^2 φ^{αβ} f_αf_β √ φda.

Consequently, the functional L_A is a ( P g φ 1 ) -energy, where the components g_{αβ} : T M\{b|A(b) = 0} → R are defined by g_{αβ} (a, b) = [A(b)]^2 ‖A‖^2_φ φ_{αβ} (a) = φ_{αβ} (a) exp [ 2 ln |A(b)| ‖A‖_φ ] . In this case, replacing τ = 0, σ(a, b) = ln(‖A‖_φ/|A(b)|), ψ_{11} = h_{11} = 1 and ξ_1 = 1 in (∗∗), we find the form of harmonic maps equations. These are the equations (H) of harmonic maps corresponding to n = 1, where ∂L ∂f_α = e^{2τ} { φ^{γμ}φ^{αε} ∂σ ∂b^ε f_γ f_μ + φ^{γα}f_γ } , ∂L ∂f = 0.

3. Pseudolinear functions We suppose that T^k_β (a, x) = ξ^k(x)A_β (a), where ξ^k is a vector field on N and A_β is an 1-form on M. In this case the functional L_T is expressed by

L_T (f)= 1 2 ∫ M ‖ξ‖^2_φ‖A‖^2_φ [A(b)] φ^{αβ} ψ_{ij} f^i_αf^j_β √ φda =

= 1 2 ∫ M g^{αβ} (a, b)h_{ij} (f(a))f^i_αf^j_β √ φda, where P^γ_{iβ} (x) = δ^γ_β ξ_i(x), b^γ = φ^{αβ} f^i_αP^γ_{iβ} , h_{ij} (x) = ‖ξ‖^2_ψψ_{ij} (x) and the Lagrange metric tensor has the components g_{αβ} : T M\{b|A(b) = 0} → R, g_{αβ} (a, b) = [A(b)]^2 ‖A‖^2_φ φ_{αβ} (a) = φ_{αβ} (a) exp [ 2 ln |A(b)| ‖A‖_φ ] .

It follows that the functional L_T becomes a ( P g φ h ) -energy.

The equations of harmonic maps can be derived, putting τ = ln ‖ξ‖_ψ, σ(a, b) = ln(‖A‖_φ/|A(b)|), P^γ_{βi} = δ^γ_β ξ^b_i (x), in (∗∗), where ξ^b_i = ψ_{ij} ξ^j .

In the particular case when we take M = (R^n, φ = δ) and N = (R, ψ = 1), supposing that (grad f)(a) ≠ 0, ∀a ∈ M, the solutions of the above PDE system are the well known pseudolinear functions. These functions have the property that all hypersurfaces of constant level M_{f (a)} are totally geodesic [7]. Consequently, the pseudolinear functions are examples of harmonic maps between the generalized Lagrange spaces (M, g_{αβ}(a, b) = δ_{αβ} {[A(b)]^2/‖A‖^2}) and (N, h(x) = ξ^2(x)). For example, the function f(a) = e^{<v,a>+w}, where v ∈ M, w ∈ R, is solution for the above PDE system with ξ(a) = 1 and A(f(a)) = f(a)v.

4. Continuous groups of transformations The fundamental PDE system of the group having the infinitesimal generators ξ_r is ∂f^i ∂a^α = t∑ r=1 ξ^i_r(f)A^r_α(a), i = 1, n, α = 1, m, where {ξ_r}_{r=1,t} ⊂ X (N) are vector fields on N and {A^r}_{r=1,t} ⊂ Λ^1(M) is a family of covector fields on M. The geometrical interpretation of solutions via harmonic maps theory is still an open problem. It can be attacked in two ways:

- like in the preceding examples, - using the Lagrangian

L(a^α, f^i, f^i_α) = 1 2 g^{γμ}(a)h_{kl}(x)(f^k_γ − ξ^i_rA^r_γ )(f^l_μ − ξ^i_sA^s_μ)

and the prolongation by differentiation [12].

3 Maxwell and Einstein equations

Finally, we remark that, in all above cases, the solutions of the PDE system δf = T are harmonic maps between generalized Lagrange spaces of type (M^n, e^{2σ(x,y)}γ_{ij} (x)), where σ : T M\{Hyperplane} → R is a smooth function. These spaces, endowed with the non-linear connection N^i_j (x, y) = Γ^i_{jk} (x)y^k, where Γ^i_{jk} (x) are the Christoffel symbols for the Riemannian metric γ_{ij} (x), verify a constructive axiomatic formulation of General Relativity due to Ehlers, Pirani and Schild [4]. Moreover, such spaces represent convenient relativistic models because they have the same conformal and projective properties as the Riemannian space (M, γ_{ij} ).

Denoting by r^i_{jkl} the curvature tensor field of the metric γ_{ij} , by γ^{ij} the inverse tensor field of γ_{ij} , and r_{ij} = r^k_{ijk} , r = γ^{ij} r_{ij} , δ/δx^i = ∂/∂x^i −N^j_i (∂/∂y^j ), σ_i = δσ/δx^i, σ̇_i = ∂σ/∂y^i, we shall use the following notations σ^H = γ^{kl}σ_kσ_l, σ_{ij} = σ_{i|j} + σ_iσ_j − γ_{ij} σ^H /2, σ̄ = γ^{ij} σ_{ij} σ^V = γ^{ab}σ̇_aσ̇_b, σ̇_{ab} = σ̇_a|_b + σ̇_aσ̇_b − γ_{ab}σ^V /2, σ̇ = γ^{ab}σ̇_{ab},

where_{|i} (resp. |_a) represents the h- (resp. v-) covariant derivative induced by the non-linear connection N^i_j .

Developing the formalism presented in [4, 5], the folllowing Maxwell equations hold, F_{ij|k} + F_{jk|i} + F_{ki|} = ∑ (ijk) gipr h qjkσ̇_hy^py^q F_{ij} |_k + F_{jk} |_i + F_{ki}|_j = −(f_{ij|k} + f_{jk|i} + f_{ki|}) f_{ij} |_k + f_{jk}|_i + f_{ki}|_j = 0, where the electromagnetic tensors F_{ij} and f_{ij} are F_{ij} = (g_{ip}σ_j − g_{jp}σ_i)y^p, f_{ij} = (g_{ip}σ̇_j − g_{jp}σ̇_i)y^p. Also, the Einstein equations will take the form r_{ij} − 1 2 rγ_{ij} + t_{ij} = KT^H_{ij} (2 − n)(σ̇_{ab} − σ̇γ_{ab}) = KT^V_{ab}, where T^H_{ij} and T^V_{ab} are the h- and v- components of the energy momentum tensor field, K is the gravific constant and t_{ij} = (n − 2)(γ_{ij}σ̄ − σ_{ij} ) + γ_{ij} r_{st}y^sγ^{tp}σ̇_p + σ̇_ir^a_{tja}y^t − γ_{is}γ^{ap}σ̇_pr^s_{tja}y^t. Remark. For the form of generalized Einstein-Yang-Mills equations in the Lagrange space (M, e^{2σ(x,y)}γ_{ij} (x)), see [1, 5].

Open problem. Is it possible to build a unique generalized Lagrange geometry naturally asociated to a given PDE system, in the large ?

Aknowledgement. A version of this paper was presented at the Workshop on Electromagnetic Flows and Dynamics, Oct 15-19, 1999, University Politehnica of Bucharest.

Supported by MEN Grant No 21815/28.09.1998, CNCSU-31.

References

[1] V. Balan, Generalized Einstein-Yang-Mills Equations for the Space (M, g_{ij} (x, y)), in the Case g_{ij} (x, y) = e^{2σ(x,y)}γ_{ij} (x), Tensor, N. S. Vol 52 (1993), 199-203.

[2] J. Eells, L. Lemaire, A Report on Harmonic Maps, Bull. London Math. Soc. 10 (1978), 1-68.

[3] J. Eells, J. H. Sampson, Harmonic Mappings of Riemannian Manifolds, Amer.

J. Math. 86 (1964), 109-160.

[4] R. Miron, M. Anastasiei, The Geometry of Lagrange Spaces: Theory and Applications, Kluwer Academic Publishers, 1994.

[5] R. Miron, R. K. Tavakol, V. Balan, I. Roxburgh, Geometry of Space-Time and Generalized Lagrange Gauge Theory, Publ. Math. Debrecen, 42, 3-4 (1992), 215- 224.

[6] M. Neagu, Solutions of inverse problems for variational calculus, Workshop on Diff. Geom. , Global Analysis, Lie Algebras, Aristotle University of Thessaloniki, June 25-29, 1999, to appear.

[7] T. Rapcsák, Smooth Nonlinear Optimization in R^n, Kluwer Academic Publishers, 1997.

[8] S. Sasaki, Almost Contact Manifolds, I, II, III, Mathematical Institute Tohoku University, 1965, 1967, 1968.

[9] C. Udrişte, S. Udrişte, Biot-Savart-Laplace Dynamical Systems, Balkan Journal of Geometry and Its Applications, 1, 2, (1996), 125-136.

[10] C. Udrişte, A. Udrişte, Electromagnetic Dynamical Systems, Balkan Journal of Geometry and Its Applications, Vol. 2, No. 1 (1997), 129-140.

[11] C. Udrişte, Electromagnetic Dynamical Systems as Hamilton-Poisson Systems, Workshop on Diff. Geom. , Global Analysis, Lie Algebras, Aristotle University of Thessaloniki, June 25-29, 1997.

[12] C. Udrişte, Geometric Dynamics, Second Conference of Balkan Society of Geometers, Aristotle University of Thessaloniki, Greece, June 23-26, 1998; Southeast Asian Bulletin of Mathematics, Springer-Verlag, 24 (2000), 1-11.

University POLITEHNICA of Bucharest Department of Mathematics I Splaiul Independentei 313 77206 Bucharest, Romania e-mail:udriste@mathem.pub.ro e-mail:mircea@mathem.pub.ro