Symmetry groups and Lagrangians associated with Tzitzeica surfaces

Nicoleta Bîlă

Abstract

The aim of this paper is to apply the symmetry group approach to the partial differential equations arising in the Tzitzeica surfaces theory. As a consequence, we find a new solution of the Tzitzeica equation which defines a ruled Tzitzeica surface. The symmetry groups for the Liouville-Tzitzeica equation and the Tzitzeica equation are determined. We prove that these are also Euler-Lagrange equations. The variational symmetry groups and respectively, the associated conservation laws are found. Recently, we have shown that the simple Tzitzeica surfaces equation is an Euler-Lagrange equation. According to these results, the Tzitzeica surfaces theory is strongly related to variational problems, and hence this is a subject of global differential geometry.

Mathematics Subject Classification: 58J70, 53C99, 35A15.

Keywords: Tzitzeica surface, Tzitzeica Lagrangians, symmetry group, variational symmetry group, conservation law

1 Introduction

Tzitzeica – the founder of the centroaffine geometry – introduced in 1907 the so-called S-surfaces, with the property that^K_{d4} =constant, where K is the Gaussian curvature and d is the distance from the origin to the tangent plane at an arbitrary point [24]. These surfaces are called Tzitzeica surfaces by Gheorghiu, affine spheres by Blaschke, and projectives spheres by Wilczynski. The spheres and the quadrics are the simplest examples of Tzitzeica surfaces. Tzitzeica also considered their generalization to hypersurfaces (see for details [25] and [26]). Mayer [20], Gheorghiu [11], Dobrescu [9] and Vranceanu [30], [31] studied the properties of these hypersurfaces. Gheorghiu proved that the Tzitzeica hypersurfaces can be considered as affine spaces A_{n−1} embedded in an affine Euclidean space E_n, and he introduced a new class of affine space A^0_n. Udrişte [27] gave and studied new examples of these affine spaces.

Let us briefly explain the basic notions of Tzitzeica surfaces theory. Consider D ⊂R^2 an open set and let ∗ Balkan Journal of Geometry and Its Applications, Vol.10, No.1, 2005, pp. 73-91. © Balkan Society of Geometers, Geometry Balkan Press 2005.

Σ : r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k, (u, v) ∈ D, be a surface in R^3. Assume that Σ is different from a cone with the vertex at the origin, i.e., (r, r_u, r_v) ≠ 0,

(1.1)

where r denotes the position vector of an arbitrary point on the surface. In this case, the surface Σ can be defined by the following PDE system

r_{uu} = ar_u + br_v + cr r_{uv} = a^′r_u + b^′r_v + c^′r r_{vv} = a^{′′}r_u + b^{′′}r_v + c^{′′}r,

(1.2)

where a, a^′, a^{′′}, ... are nine functions of u and v, and for which the conditions of completely integrability

(r_{uu})_v = (r_{uv} )_u, (r_{uv} )_v = (r_{vv} )_u

(1.3)

must be satisfied. Note that (1.2) defines a surface leaving a centroaffinity aside, so that, the coefficients a, a^′, a^{′′}, ... are called centroaffine invariants. Recall that the asymptotic lines are different for a surface which is not developable. Next, if the surface Σ is related to the asymptotic lines then we have c = c^{′′} = 0 in (1.2), and so Σ is given by r_{uu} = ar_u + br_v r_{uv} = a^′r_u + b^′r_v + c^′r r_{vv} = a^{′′}r_u + b^{′′}r_v .

(1.4)

Theorem 1 (Tzitzeica). Let Σ be a surface defined by the PDE system (1.4).Then the ratio I =^K_{d4} is constant if and only if a^′ = b^′ = 0.

According to the above theorem, the following PDE system

r_{uu} = ar_u + br_v r_{uv} = hr r_{vv} = a^{′′}r_u + b^{′′}r_v ,

(1.5)

defines a Tzitzeica surface (here denote c^′ = h). In this case, the integrability conditions (3) turn into ah = h_u, a_v = ba^{′′} + h, b_v + bb^{′′} = 0, h_v = b^{′′}h, a^{′′}_u + aa^{′′} = 0, h = b^{′′}_u + a^{′′}b. (1.6)

Particular cases:

1. if b = 0 or a^{′′} = 0 then Σ is a simply ruled surface;

2. if b = 0, a^{′′} ≠ 0 then the coordinates curves v = v_0 are straight lines; 3. if b ≠ 0, a^{′′} = 0 then the coordinates curves u = u_0 are straight lines; 4. if b = a^{′′} = 0, then Σ is a double ruled surface (a quadric surface).

The PDE system (1.5) takes two different forms if Σ is a Tzitzeica ruled surface or not. Thus, the Tzitzeica ruled surfaces are given by the PDE system r_{uu} =^{hu}_h r_u +^{φ(u)}_h r_v r_{uv} = hr r_{vv} =^{hv}_h r_v,

(1.7)

where h is a solution of the Liouville-Tzitzeica PDE

(ln h)_{uv} = h.

(1.8)

The Tzitzeica surfaces which are not ruled surfaces are defined by the system

r_{uu} =^{hu}_h r_u +^1_h r_v r_{uv} = hr r_{vv} =^1_h r_u +^{hv}_h r_v ,

(1.9)

with h a solution of the Tzitzeica equation

(ln h)_{uv} = h − 1 h^2 . (1.10)

It can be proved that (1.5) is related to the scalar PDE system θ_{uu} = aθ_u + bθ_v θ_{uv} = hθ θ_{vv} = a^{′′}θ_u + b^{′′}θ_v , (1.11)

for which (1.6) holds, through the condition: three independent solutions of (1.11) and (1.6) define a Tzitzeica surface. Every linear combination of three independent solutions of (1.11) is also a solution of this system. Some recent results related to the Liouville-Tzitzeica equation and the Tzitzeica equation can be found in [6] and [32].

The purpose of this paper is to apply the classical symmetry approach to the PDE systems arising in Tzitzeica surfaces theory, and to make the connection of our study to the already known results. The symmetry analysis of PDEs, introduced by Sophus Lie at the end of the 19-th century [18] has been proven to be a powerful tool in studying ODEs and PDE systems arising in geometry, mechanics and physics (see e.g., [2] - [5], [7], [8], [13], [17], [19], [21], [22], [28], [29] and [32]). Lie’s method, known today as the classical Lie method, is based on the notion of the symmetry group. This is a local group of transformations acting on the space of the independent variables and the space of the dependent variables of a studied PDE system with the property that it leaves the set of its solutions invariant. Since the classical Lie method is an algorithmic procedure, many symbolic manipulation programs have been designed for this purpose [14]. Unfortunately, in the case of the PDE systems (1.5) and (1.11), none of these packages can be used due to the form of these systems.

The paper is structured as follows: in Section 2 we present the classical symmetry approach for a PDE system (see for details Olver’s book [21]). Classical symmetries associated with the PDE system (1.5) and respectively, with the PDE system (1.11) are studied in Section 3. Variational symmetries and conservation laws for the Liouville-Tzitzeica PDE and Tzitzeica PDE are given in the last section.

2 Symmetry group of a PDE system

Consider the PDE system Δ_ν (x, u^{(n)}) = 0, ν = 1, ..., l, (2.12)

where x = (x^1, ..., x^p) are the independent variables, u = (u^1, ..., u^q) are the dependent variables and Δ(x, u^{(n)}) = (Δ_1(x, u^{(n)}), ..., Δ_l(x, u^{(n)}))

is a differentiable function. Denote u^{(n)} all the partial derivatives of the function u to 0 up to the order n. For any function u = h(x), where h : D ⊂ R^p → U ⊂ R^q, h = (h^1, ..., h^q ), we can define its prolongation of order n, pr^{(n)}h : D → U^{(n)}, where u^{(n)} = pr^{(n)}h, u^α_J = ∂_J h^α, so that, for each x ∈ D, pr^{(n)}h is a vector whose qp^{(n)} = C^n_{p+n} entries represent the values of h and its derivatives up to order n at the point x.

The space D × U^{(n)}, whose coordinates represent the independent variables, the dependent variables and the derivatives of the dependent variables up to order n, is called the jet space of order n of the underlying space D × U. In this sense, Δ is a map from the jet space D × U^{(n)} to R^l, and moreover, the PDE system (2.12) defines the subvariety S = {(x, u^{(n)}) |Δ(x, u^{(n)}) = 0}

of the total jet space D × U^{(n)}. In that follows, (2.12) is identified with S.

Consider M ⊂ D × U an open set. A symmetry group associated with the PDE system (2.12) is a local group of transformations G acting on M with the property that whenever u = f(x) is a solution of (2.12), and whenever g · f is defined for g ∈ G, then u = g · f(x) is also a solution of the system. Then the system (2.12) is called invariant with respect to G.

Let X be a vector field on M. Assume that X is the infinitesimal generator of the symmetry group of the PDE system (2.12), which is the (local) one-parameter group exp(εX). Then its associated prolongation of order n is the one parameter group pr^{(n)}[exp(εX)] with the infinitesimal generator

pr^{(n)}X|_{(x,u}(n)_) = d dε pr^{(n)}[exp(εX)](x, u^{(n)})|_{ε=0}

where (x, u^{(n)}) ∈ M^{(n)}. This is a vector field on M^{(n)} called the prolongation of order n of X.

The PDE system (2.12) is a maximal rank system if the Jacobi matrix

J_Δ(x, u^{(n)}) = ( ∂Δ_ν ∂x^i , ∂Δ_ν ∂u^α_J )

of the function Δ satisfies the condition rankJ_Δ = l on S.

Theorem 2. Let X = p∑ i=1 ζ^i(x, u) ∂ ∂x^i + q∑ α=1 ϕ_α(x, u) ∂ ∂u^α be a vector field on open set M ⊂ D × U. The prolongation of order n of X is given by the vector field

pr^{(n)}X = X + q∑ α=1 ∑ J ϕ^J_α(x, u^{(n)}) ∂ ∂u^α_J , (2.13)

defined on the corresponding jet space M^{(n)} ⊂ D × U^{(n)}, where

ϕ^J_α(x, u^{(n)}) = D_J ( ϕ_α − p∑ i=1 ζ^iu^α_i ) + p∑ i=1 ζ^iu^α_{J,i}, with u^α_i =^{∂uα}_{∂xi} , u^α_{J,i} =^{∂uαJ}_{∂xi} (the second summation in (2.13) is over all multi-indices J = (j_1, ...j_k) with 1 ≤ j_k ≤ p, 1 ≤ k ≤ n).

The coefficient functions of X, i.e., ξ^i and ϕ_α, are called infinitesimals. Theorem 3 (Criterion for infinitesimal invariance). Let (2.12) be a PDE system of maximal rank on M ⊂ D × U. If G is a local group of transformations acting on M and pr^{(n)}X[Δ_ν (x, u^n)] = 0, ν = 1, ..., l, (2.14) whenever Δ_ν (x, u^{(n)}) = 0, for every infinitesimal generator X of G, then G is a symmetry group of the PDE system (2.12).

The classical Lie method: consider X a vector field on M and write the criterion for infinitesimal invariance for the system (2.12); eliminate any dependence between the partial derivatives of the functions u^α, determined by the PDE system itself; write the condition (2.14) like polynomials in the partial derivatives of u^α; equate to zero the coefficients of partial derivatives of u^α. The resulting over-determined linear PDE system for the infinitesimals ζ^i, ϕ_α is called the determining equations of the symmetry group G.

3 Symmetries of the Tzitzeica Surfaces PDE systems

3.1 Classical symmetries of the PDE system (1.5)

In the first part of this subsection we discuss the symmetries of the PDE system (1.5), in the case when Σ admits two real asymptotic lines. Note that this system can be written as x_{uu} = ax_u + bx_v x_{uv} = hx x_{vv} = a^{′′}x_u + b^{′′}x_v y_{uu} = ay_u + by_v y_{uv} = hy y_{vv} = a^{′′}y_u + b^{′′}y_v z_{uu} = az_u + bz_v z_{uv} = hz z_{vv} = a^{′′}z_u + b^{′′}z_v,

(3.15) for which the conditions (1.1) and (1.6) must be satisfied. The relation (1.1) is equivalent to (y_uz_v − z_uy_v)x − (x_uz_v − x_v z_u)y + (x_uy_v − x_v y_u)z = f,

(3.16) where f = f(u, v) is a nonzero function. Let D × U^{(2)} be the jet space of second order associated with the PDE system (3.15) whose coordinates represent the independent variables u, v, the dependent variables x, y, z and the derivatives of the dependent variables up to the order two. Consider M ⊂ D × U an open set and let X = ζ∂_u + η∂_v + ϕ∂_x + λ∂_y + ψ∂_z

(3.17) be the infinitesimal generator of the symmetry group G of the PDE system (3.15) and (3.16) (here the infinitesimals ζ, η, ϕ, λ and ψ are functions of u, v, x, y and z).

3.1.1 Symmetries acting on the space of the dependent variables In that follows, we seek for a symmetry subgroup G_1 (of the symmetry group G), which acts on the space of the dependent variables x, y and z of the system (3.15). Let Y be its associated infinitesimal generator. For that, set ζ = 0, η = 0, ϕ = ϕ(x, y, z), λ = λ(x, y, z) and ψ = ψ(x, y, z) in (3.17). The second prolongation of the vector field Y (see (2.13)) is defined by the following functions

Φ^u = ϕ_xx_u + ϕ_y y_u + ϕ_z z_u, Φ^v = ϕ_xx_v + ϕ_y y_v + ϕ_z z_v, Φ^{uu} = ϕ_{xx}x^2_u + ϕ_{yy}y^2_u + ϕ_{zz}z^2_u + 2ϕ_{xy}x_uy_u + 2ϕ_{xz}x_uz_u + 2ϕ_{yz}y_uz_u +ϕ_xx_{uu} + ϕ_yy_{uu} + ϕ_z z_{uu}, Φ^{uv} = ϕ_{xx}x_ux_v + ϕ_{xy}x_v y_u + ϕ_{xz} x_v z_u + ϕ_{xy}x_uy_v + ϕ_{yy}y_uy_v + ϕ_{yz} y_vz_u +ϕ_{xz}z_vx_u + ϕ_{yz}y_uz_vϕ_{zz}z_uz_v + ϕ_xx_{uv} + ϕ_yy_{uv} + ϕ_z z_{uv}, Φ^{vv} = ϕ_{xx}x^2_v + 2ϕ_{xy}x_vy_v + 2ϕ_{xz}x_v z_v + 2ϕ_{yz}y_vz_v + ϕ_{yy}y^2_v + ϕ_{zz}z^2_v +ϕ_xx_{vv} + ϕ_y y_{vv} + ϕ_z z_{vv} , and respectively, by the functions Λ^u, Λ^v, Λ^{uu}, Λ^{uv}, Λ^{vv}, and Ψ^u, Ψ^v, Ψ^{uu}, Ψ^{uv}, Ψ^{vv} that have a similar form obtained by substituting ϕ by λ, and respectively, ϕ by ψ. Note that the PDE system (3.15) and (3.16) is of maximal rank. Writing the criterion for infinitesimal invariance (2.14) for the system (3.15) we obtain the relations aΦ^u + bΦ^v − Φ^{uu} = 0 hΦ − Φ^{uv} = 0 a^{′′}Φ^u + b^{′′}Φ^v − Φ^{vv} = 0 ..................................... . (3.18)

Substituting Φ^u, Φ^v and Φ^{uu} into the first relation of (3.18) we get a(ϕ_xx_u + ϕ_y y_u + ϕ_z z_u) + b(ϕ_xx_v + ϕ_y y_v + ϕ_z z_v) − ϕ_{xx}x^2_u − 2ϕ_{xy}x_uy_u − 2ϕ_{xz}x_uz_u −2ϕ_{yz}y_uz_u − ϕ_{yy}y^2_u − ϕ_{zz} z^2_u − ϕ_xx_{uu} − ϕ_yy_{uu} − ϕ_zz_{uu} = 0.

Eliminate the dependencies between the derivatives of x, y and z by substituting into the above relation x_{uu} = ax_u + bx_v , y_{uu} = ay_u + by_v, z_{uu} = az_u + bz_v, so that, we obtain

ϕ_{xx}x^2_u + ϕ_{yy}y^2_u + ϕ_{zz} z^2_u + 2ϕ_{xy}x_uy_u + 2ϕ_{xz}x_uz_u + 2ϕ_{yz}y_uz_u = 0. Equate to zero the coefficients of the remaining unconstrained partial derivatives of x, y and z. It follows the PDE system ϕ_{xx} = 0, ϕ_{yy} = 0, ϕ_{zz} = 0, ϕ_{xy} = 0, ϕ_{yz} = 0, ϕ_{xz} = 0, with the solution given by ϕ(x, y, z) = a_{11}x + a_{12}y + a_{13}z + k, where a_{11}, a_{12}, a_{13} and k are real numbers. Substituting the function ϕ into the next two relations of the system (3.18) we get k = 0, and thus ϕ(x, y, z) = a_{11}x + a_{12}y + a_{13}z.

Similarly, from the next six relations of the system (3.18) we have λ(x, y, z) = a_{21}x + a_{22}y + a_{23}z, and ψ(x, y, z) = a_{31}x + a_{32}y + a_{33}z, where a_{ij} are real numbers. Writing the criterion for infinitesimal invariance (2.14) in the case of the equation (3.16), we get the relation ϕ(y_uz_v − z_uy_v) + λ(x_v z_u − x_uz_v) + ψ(x_uy_v − x_v y_u) + Φ^u(zy_v − yz_v) + Φ^v (yz_u − zy_u) +Λ^u(xz_v − zx_v) + Λ^v (zx_u − xz_u) + Ψ^u(yx_v − xy_v ) + Ψ^v(xy_u − yx_u) = 0.

The substitution of the functions Φ^u, Φ^v, .... into the above relation yields (x_uy_v − x_v y_u)(ψ − xψ_x − yψ_y + zϕ_x + zλ_y) + (x_v z_u − x_uz_v)(λ − xλ_x − zλ_z + yϕ_x +yψ_z) + (y_uz_v − y_vz_u)(ϕ − yϕ_y − zϕ_z + xλ_y + xψ_z) = 0.

Any dependencies between the derivatives of x, y and z is eliminated by using the relation (3.16). It follows the relation ϕ_x + λ_y + ψ_z = 0 which is equivalent to a_{33} + a_{11} + a_{22} = 0.

Thus, the infinitesimal generator Y of the symmetry subgroup G_1 is defined by the following functions ϕ(x, y, z) = a_{11}x + a_{12}y + a_{13}z, λ(x, y, z) = a_{21}x + a_{22}y + a_{23}z, ψ(x, y, z) = a_{31}x + a_{32}y − (a_{11} + a_{22})z,

and so, this has the form

Y = a_{11} (x∂_x − z∂_z) + a_{22} (y∂_y − z∂_z) + a_{12}y∂_x + a_{13}z∂_x

+a_{21}x∂_y + a_{23}z∂_y + a_{31}x∂_z + a_{32}y∂_z.

Theorem 4. The Lie algebra of the subgroup G_1 of the symmetry group G of the PDE system (3.15) and (3.16) (G_1 acts on the space of the dependent variables) is described by the vector fields

Y_1 = x∂_x − z∂_z, Y_2 = y∂_y − z∂_z, Y_3 = y∂_x, Y_4 = z∂_x

(3.19)

Y_5 = x∂_y, Y_6 = z∂_y, Y_7 = x∂_z , Y_8 = y∂_z.

The subgroup G_1 is the unimodular subgroup of the group of centroaffine transformations.

Knowledge of the symmetry subgroup G_1 allows us to find the group-invariant solutions of the PDE system (3.15) and (3.16). For example, consider the subalgebra described by the vector fields Y_1 and Y_2. A function F invariant with respect to these vector fields satisfies Y_1(F ) = 0, and Y_2(F ) = 0. Therefore, we get F = φ(u, v, xyz). In this case we obtain the well-known Tzitzeica surfaces z = C xy , C ∈ R^∗. (3.20)

3.1.2 Symmetries acting on the space of the independent variables

Let G_2 be the symmetry subgroup of the symmetry group G acting only on the space of the independent variables u and v of the system (3.15) and (3.16). Suppose Z is its associated infinitesimal generator, for which we have ζ = ζ(u, v), η = η(u, v), ϕ = 0, λ = 0, and ψ = 0 in (3.17). Similarly, applying the classical Lie method we get Theorem 5. The symmetry subgroup G_2 acting on the space of the independent variables of the system (3.15) is generated by the vector field Z = ζ(u)∂_u + η(v)∂_v , (3.21)

where the infinitesimals ζ and η satisfy the PDE system:

ζa_u + ηa_v + aζ_u + ζ_{uu} = 0 ζb_u + ηb_v − bη_v + 2bζ_u = 0 ζh_u + ηh_v + h(ζ_u + η_v ) = 0 ζa^{′′}_u + ηa^{′′}_v − a^{′′}ζ_u + 2a^{′′}η_v = 0 ζb^{′′}_u + ηb^{′′}_v + b^{′′}η_v + η_{vv} = 0, (3.22)

and the functions a, b, h, a^{′′} and b^{′′} satisfy the integrability conditions (1.6).

In that follows, we discuss the PDE system (3.22) for the Tzitzeica surfaces defined by (1.7), and respectively by (1.9).

I. If Σ is a ruled Tzitzeica surface (1.7) then the completely integrability conditions (1.6) are given by a = h_u h , b = φ(u) h , a^{′′} = 0, b^{′′} = h_v h , where h is a solution of the Liouville-Tzitzeica equation (1.8). In this case, the relations (3.22) can be written as

ζh_u + ηh_v + h(ζ_u + η_v) = 0 ζ^3 =^k_φ , hh_{uv} − h_uh_v = h^3. Consider the change of variables ζ =^1_{U ′} and η = −^1_{V ′} , where U = U(u) and V = V (v). The first equation implies h = U^′V^′μ(U + V ), and by substituting it into the last PDE (that is the Liouville-Tzitzeica equation), we get the second order ODE

μμ^{′′} − μ^{′2} = μ^3,

with the general solution given by

μ(t) =

2 (t+C)^2 , k = 0

l^2 2cos^2(^l_2 t+C) , k = −l 2

l^2 2sinh^2(^l_2 t+C) , k = l 2, l > 0, where t = U + V . Consider the following changes of functions: - for k = 0 set Ũ = F (U) and Ṽ = G(V ), where Ũ = U + C and Ṽ = V ; - k = l^2 then Ũ = tanh^l_2 (U + C) and Ṽ = tanh^l_2 V ; - k = −l^2 set Ũ = cot(^l_2 U + C) and Ṽ = tan^l_2 V .

We obtain the general solution of the Liouville-Tzitzeica equation (see [15] and [25]) written as h(u, v) = 2Ũ^′Ṽ^′ (Ũ + Ṽ )^2 . (3.23)

II. If Σ is a Tzitzeica surface which is not a ruled surface then the conditions (1.6) turn into a = h_u h , b = a^{′′} = 1 h , b^{′′} = h_v h , where h is a solution of the Tzitzeica equation (1.10). If we substitute these functions into the system (3.22) then we get the PDE system

ζ_u = 0, η_v = 0, ζh_u + ηh_v + h(ζ_u + η_v ) = 0,

with the solution ζ = C_1, η = C_2 and h = μ(C_1v − C_2u). Then the infinitesimal generator of G_2 has the form

Z = C_1∂_u + C_2∂_v .

(3.24)

Substituting the function h = μ(C_1v − C_2u) into the Tzitzeica equation we obtain the following second order ODE −C_1C_2(μμ^{′′} − μ^{′2}) = μ^3 − 1.

(3.25) Case 1. If C_1C_2 = 0 then μ = 1, and so h = 1. In this case we get the Tzitzeica solution [25].

Case 2. If C_1C_2 ≠ 0 then denote k = −^1_{C1C2} . The ODE (3.25) becomes

μμ^{′′} − μ^{′2} = k(μ^3 − 1).

Consider k = 1. Then (3.25) can be reduced to the following first order ODE μ^{′2} = 2μ^3 + Cμ^2 + 1, C ∈ R, and after the change of function μ =^1_2 g, this turns into g^{′2} = g^3 + Cg^2 + 4.

(3.26) Let λ be the real root of the polynomial written in the right hand side of the ODE (3.26). Since that λ ≠ 0 and λ cannot be a triple solution, the ODE is equivalent to

g^{′2} = (g − λ) ( g^2 − 4 λ^2 g − 4 λ ) . (3.27)

Case 2.1. If λ = −1 then C = −3 and (3.27) becomes g^{′2} = (g + 1)(g − 2)^2.

If g = w^{−2} + 2 then we get the ODE

w^{′2} = 1 4 ( 3w^2 + 1 ) , with the general solution given by w(t) = 1 √ 3 sinh ( t √ 3 2 + C_1 ) , C_1 ∈ R,

where t = u + v. It follows that the Tzitzeica equation has the solution h = 1 2w^2

+ 1,

and for C_1 = 0 this can be written as follows h(t) = 3 2sinh^2 (_{t√3} 2 ) + 1, t = u + v. (3.28)

Case 2.2. Assume λ ≠ −1. Then for λ > −1 or C < −3, the roots of the polynomial from the right hand side of (3.26) are three different real numbers. For λ < −1 or

C > −3 then the polynomial has a real root and the other two are complex. Note that, in this case, the integral J = ∫ dg √ (g − λ) ( g^2 −^4_{λ2} g −^4_λ )

can be reduced to a first genus elliptical integral [10] J = ∫ dφ √ 1 − k^2 sin φ . In conclusion, for C ≠ −3, the solutions of the Tzitzeica equation of the form h = μ(u + v) are written in the terms of the elliptical functions.

Proposition 1. The solution (3.28) defines a revolution Tzitzeica surface. Moreover, there is also an associated ruled Tzitzeica surface.

Proof. Studying the revolution surfaces defined by (1.11), Tzitzeica (see [25], pp. 164– 174) showed that h_u = h_v. From that we get h = μ(u + v) which must satisfy the ODE μμ^{′′} − μ^{′2} = μ^3 − 1.

(3.29)

Tzitzeica did not integrate the equation (3.29) but he proved that, by using the notation μ^{′2} − 2μ^3 − 1

4μ^2

= −k^2,

the solution of the system (1.11) is the following θ(u, v) = k_1e ∫_{h′ −12h dα} cos kβ + k_2e ∫_{h′ −12h dα} sin kβ + k_3e ∫_{h2} h′ +1 dα, (3.30)

for k ≠ 0, and respectively, θ(u, v) = e ∫_{h′−12h dα} [ k_1 ( β^2 + ∫ 4μ μ^′ + 1 dα ) + k_2β + k_3 ] , for k = 0, where α = u + v, β = u − v and k_i are real numbers. According to our results, we have k^2 = −^C_4 . It results that the function (3.28) defines a revolution surface (3.30). Moreover, after the change of functions

Ũ = tanh √ 3 2 (U + C_1), Ṽ = tanh √ 3 2 V, the function h takes the form h(u, v) = 2Ũ^′Ṽ^′ (Ũ + Ṽ )^2

+ 1 = H(u, v) + 1.

Notice that the function H is in fact a solution of Liouville-Tzitzeica equation (1.8) and this defines a ruled Tzitzeica surface.

Proposition 2. The solution (3.30) given by Tzitzeica is invariant under the symmetry subgroup generated by (3.24).

3.2 Classical symmetries of the PDE system (1.11)

Consider the PDE system (1.11) with the integrability conditions (1.6). Let D × Ū^{(2)} be the second order jet space associated with this system, whose coordinates are the independent variables u, v, the dependent variable θ and the derivatives of the dependent variable up to the order two. Consider M̄ ⊂ D × Ū an open set and let X̄ = ζ∂_u + η∂_v + α∂_θ be the infinitesimal generator of the symmetry group Ḡ of this system, where the infinitesimals ζ, η and α are functions of u, v and θ.

Similarly, we are interested in finding the symmetry subgroups Ḡ_1, and respectively, Ḡ_2 of the symmetry group Ḡ, with the property that they act on the space of the dependent variable θ, and respectively, the space of the independent variables u and v of (1.11). It this case, it can be proved that Theorem 6. The symmetry subgroup Ḡ_1, acting on the space of the dependent variable of the system (1.11) is generated by the vector field

Ȳ_1 = θ∂_θ. (3.31)

Theorem 7. The vector field Z̄ = ζ(u)∂_u + η(v)∂_v , (3.32)

where ζ and η satisfy the relations (3.22), generates the symmetry subgroup Ḡ_2 of Ḡ (G_2 acts on the space of the independent variables of the system (1.11)).

3.3 Symmetries for Liouville-Tzitzeica PDE and Tzitzeica PDE

In order to study the symmetries of the Liouville-Tzitzeica equation (1.8) and the Tzitzeica equation (1.10), consider the change of function ln h = ω. Then ω_{uv} = e^ω (3.33)

is equivalent to the Liouville-Tzitzeica PDE, and respectively, the equation ω_{uv} = e^ω − e^{−2ω} (3.34)

is equivalent to the Tzitzeica PDE. Note that (3.33) and (3.34) belong to the same class of second order PDEs ω_{uv} = H(ω), (3.35)

that has been studied by Sophus Lie, and recently by Pucci, Saccomandi and Mansfield [19].

Theorem 8. If ζ = ζ(u, v, ω), η = η(u, v, ω) and ϕ = ϕ(u, v, ω) satisfy the PDE system

ζ_v = 0, ζ_ω = 0, η_u = 0, η_ω = 0, ϕ_{ωω} = 0, ϕ_{uω} = 0, ϕ_{vω} = 0,

(3.36) ϕ_{uv} + (ϕ_ω − ζ_u − η_v − ϕ)H − H^′ϕ = 0, where H = H(ω), then

X = ζ∂_u + η∂_v + ϕ∂_ω is the infinitesimal generator of the symmetry group associated with (3.35).

In particular, in the case of the equations (3.33) and (3.34) we get Theorem 9. The vector field

W = f∂_u + g∂_v − (f^′ + g^′)∂_ω,

(3.37)

where f = f(u) and g = g(v), generates the symmetry group of the Liouville-Tzitzeica equation (3.33).

Theorem 10. There is a 3D Lie algebra associated with the symmetry group of the Tzitzeica equation (3.34) and this is described by

U_1 = u∂_u − v∂_v , U_2 = ∂_u, U_3 = ∂_v.

(3.38)

Notice that for any ω = f(u, v) solution of the Tzitzeica PDE (3.33) the following functions ω^{(1)} = f(e^εu, e^{−ε}v), ω^{(2)} = f(u − ε, v), ω^{(3)} = f(u, v − ε), are also solutions of the equation (here ε is a real number).

Using the adjoint representation of the symmetry group of the Tzitzeica PDE (3.33) given by the following table

Ad U_1 U_2 U_3 U_1 U_1 e^εU_2 e^{−ε}U_3 U_2 U_1 − εU_2 U_2 U_3 U_3 U_1 + εU_3 U_2 U_3 T able 1 the one-dimensional subalgebras of the Lie algebra associated with Tzitzeica equation (1.10) can be classified. The optimal system of these subalgebras is described by U_2, U_3 and respectively, by U_2 − U_3.

1. For U_2 and U_3, the group-invariant solution is ω = 0. In this case, we get the Tzitzeica solution h = 1.

2. The group-invariant solutions with respect to U_2 − U_3 have the form ω = f(u + v) (and respectively, we have h = μ(u + v) for equation (1.10)). Note that this case was studied in Section 3.1.2.

Theorem 11. The second order PDE invariant with respect to the symmetry group of the Tzitzeica PDE, has the form H(ω, ω_uω_v, ω_{uv} , ω_{uu}ω_{vv}) = 0. (3.39)

Proof. Consider the following maximal chain of Lie subalgebras

{U_2} ⊂ {U_2, U_3} ⊂ {U_1, U_2, U_3}.

of the Lie algebra of the symmetry group related to (3.33). Let F (u, v, ω^{(2)}) = 0 be a second order PDE for the unknown function ω = ω(u, v). If this is an equation invariant under the considered symmetry group, then the criterion for infinitesimal invariance must be satisfied by the vector fields U_i. If pr^{(2)}U_2(F ) = 0 then we get F = F_1(v, ω^{(2)}). From pr^{(2)}U_3(F ) = 0 it results F = F_2(ω^{(2)}), and pr^{(2)}U_1(F ) = 0 leads us to the PDE

U_1(F_2) − ω_u ∂F_2 ∂ω_u + ω_v ∂F_2 ∂ω_v − 2ω_{uu} ∂F_2 ∂F_2ω_{uu} + 2ω_{vv} ∂F_2 ∂ω_{vv} = 0,

with the general solution given by F_2 = H in (3.39).

4 Lagrangians associated with Tzitzeica PDEs

4.1 Euler-Lagrange equations and Tzitzeica PDEs

If a PDE is an Euler-Lagrange equation then the classical Lie symmetries lead us to variational symmetries for the associated variational problem. Moreover, by using the Noether Theorem, we can determine conservation laws for the studied PDE (see for more details [1], [7], [16], [21], [22], [29], [32] and references therein). In this subsection we study the inverse problem for the equations (3.33) and (3.34).

Remind that a second order PDE

Δ(u, v, ω^{(2)}) = 0,

(4.40)

for the unknown function ω = ω(u, v) is said to be identically to an Euler-Lagrange equation if and only if the integrability Helmholtz conditions ∂Δ ∂ω_u = Du (_{∂Δ} ∂ω_{uu} ) + D_v (_1 2 ∂Δ ∂ω_{uv} ) ∂T ∂ω_v = Du (_1 2 ∂Δ ∂ω_{uv} ) + D_v (_{∂Δ} ∂ω_{vv} ) (4.41)

are satisfied, where denote D the total derivatives. In this case, we can find a function L called Lagrangian for which the Euler-Lagrange equation, i.e., E(L) = ∂L ∂ω − D_u ( ∂L ∂ω_u ) − D_v ( ∂L ∂ω_v ) = 0 is equivalent to (4.40) – in the sense that every solution of (4.40) is a solution of the Euler-Lagrange equation and conversely.

On the other hand, the equation (4.40) is said to be equivalent to an Euler- Lagrange equation if there is a nonzero function f = f(u, v, ω, ω_u, ω_v), called variational integrant factor, such that f · Δ = E(L).

Theorem 12. The Liouville-Tzitzeica equation (3.33) and the Tzitzeica equation (3.34) are Euler-Lagrange equations, and their associated Lagrangians are given by

L_1(u, v, ω^{(1)}) = − 1 2 ω_uω_v − e^ω, (4.42)

and respectively,

L_2(u, v, ω^{(1)}) = − 1 2 ω_uω_v − e^ω − 1 2 e^{−2ω}. (4.43)

Proof. Since the Helmholtz integrability conditions (4.41) are satisfied, we write the Euler-Lagrange equations for L_1, and respectively, for L_2, and so, we get the PDE (3.33), and respectively (3.34).

Notice that the equations (1.8) and (1.10) are equivalent to Euler-Lagrange equations, and they admit h^{−3} as variational integrant factor.

4.2 Variational symmetries and conservation laws

In this subsection, the theory of variational symmetry groups is briefly presented (for more details see [21] and [22]). Consider the functional L[ω] = ∫ ∫ Ω_0 L(u, v, ω^{(1)})dudv, (4.44)

where Ω_0 is a domain in R^2. Let D ⊂ Ω_0 be a subdomain, U an open set in R, and M an open set in D × U. Consider ω ∈ C^2(D), ω = f(u, v) such that its graph Γ_ω = {(u, v, ω(u, v))|(u, v) ∈ D} ⊂ M. A local group of transformations G acting on M is called variational symmetry group of the functional (4.44), if for any g_ε ∈ G, g_ε(u, v, ω) = (ū, v̄, ω̄), then the function ω̄ = f̄(ū, v̄) = (g · f)(ū, v̄) is defined on Ω̄ ⊂ Ω_0 and ∫ ∫ D̄ L(ū, v̄, pr^{(1)}f̄(ū, v̄))dūdv̄ = ∫ ∫ D L(u, v, pr^{(1)}f(u, v))dudv. Theorem 13 (Infinitesimal criterion for the variational problem). A connected group of transformations G acting on M ⊂ Ω_0 × U is a variational symmetries group of the functional (4.44) if and only if the condition

pr^{(1)}X(L) + L Div ξ = 0

(4.45)

holds for any (u, v, ω^{(2)}) ∈ M^{(2)} ⊂ D × U^{(2)} and for any infinitesimal generator X = ζ(u, v, ω)∂_u + η(u, v, ω)∂_v + ϕ(u, v, ω)∂_ω of G (here ξ = (ζ, η) and Div ξ = D_uζ + D_vη is the total divergence). Theorem 14. If G is a variational symmetry group of the functional (4.44), then G is a symmetry group of the Euler-Lagrange equation.

In general, the converse of Theorem 14 is false.

A conservation law associated with the equation (4.40) is a divergence expression of the form Div P = 0 that is identically zero on the set of the solutions u = f(x) of the equation. If P = (P^1, P^2) then Div P = D_uP^1 + D_vP^2 is the total divergence. The function P^1 is called the associated flow and P^2 is called the conserved density of the conservation law. It can be proved that there is a function Q such that Div P = Q · Δ. (4.46)

The above relation is called the characteristic form of the conservation law, and Q is called the characteristic of the conservation law. The vector field of evolution associated with a vector field X = ζ(u, v, ω)∂_u + η(u, v, ω)∂_v + ϕ(u, v, ω)∂_ω (4.47)

is given by X_Q = Q∂_u, Q = ϕ − ζω_u − ηω_v, where Q is called the characteristic of X.

Theorem 15 (Noether Theorem). Let (4.47) be the infinitesimal generator of the symmetry group G of the variational problem (4.44). Then the characteristic Q of the field X is also a characteristic of the conservation law for the associated Euler- Lagrange equation E(L) = 0.

If L = L(u, v, ω^{(1)}) is a first order Lagrangian, then ( [21], p. 356)

P = −(A + Lξ) = −(A^1 + Lζ, A^2 + Lη) = (P^1, P^2),

(4.48)

where A = (A^1, A^2) is given by

A^1 = Q · E^{(u)}(L), A^2 = Q · E^{(v)}(L).

In this case, E^{(u)}(L) = ∂L ∂ω_u and E^{(v)}(L) = ∂L ∂ω_v are called first order Euler operators.

4.3 Variational symmetries and conservation laws for the Liouville- Tzitzeica PDE and Tzitzeica PDE

The variational problems related to the first order Lagrangians (4.42) and (4.43) are the following L[ω] = ∫ ∫ D L_1(u, v, ω^{(1)})dudv, (4.49)

and respectively, L̄[ω] = ∫ ∫ D L_2(u, v, ω^{(1)})dudv, (4.50)

where D is a domain in R^2 and ω ∈ C^2(D).

Theorem 16. The Lie algebra of the variational symmetry group of the functional (4.49) is described by the vector fields

W_1 = u∂_u − ∂_ω, W_2 = v∂_v − ∂_ω, W_3 = ∂_u, W_4 = ∂_v.

(4.51)

Proof. According to Theorem 13 and Theorem 14, the condition (4.45) must be satisfied only for certain vector fields that generate the symmetry group of the equation (3.33). Consider the vector field (3.37) and its second order prolongation (see Theorem 9) given by pr^{(2)}W = W − (f^{′′} + f^′ω_u) ∂ ∂ω_u − (g^{′′} + g^′ω_v) ∂ ∂ω_v .

Substituting ξ = (f, g) and Div ξ = f^′ + g^′ into (4.45) we get the relation f^{′′}ω_v + g^{′′}ω_u = 0. Equate to zero the coefficients of the partial derivatives of the function ω. It follows f^{′′} = g^{′′} = 0, and so f = C_1u + C_3 and g = C_2v + C_4. Thus the variational symmetry group is generated by the vector field

W = C_1 (u∂_u − ∂_ω) + C_2 (v∂_v − ∂_ω ) + C_3∂u + C_4∂_v .

Theorem 17. The following vector fields

U_1 = u∂_u − v∂_v, U_2 = ∂_u U_3 = ∂_v .

(4.52)

generate the variational symmetry group of the functional (4.50). Proposition 3. The associated flows and the conserved densities related to the Liouville-Tzitzeica equation (3.33), and respectively, of the Tzitzeica equation (3.34) are given by

−W_i P^1 P^2 −W_1^1_2 ω_v − ue^{ω 1}_2 ω_u(1 + uω_u) −W_2^1_2 ω_v(1 + vω_v)^1_2 ω_u − ve^ω −W_3 −e^{ω 1}_2 ω^2_u −W_4^1_2 ω^2_v −e^ω T able 2 −U_i P^1 P^2 −U_1 −^1_2 ue^{−2ω} −^1_2 vω^2_v − ue^{ω 1}_2 uω^2_u + ve^ω +^1_2 ve^{−2ω} −U_2 −e^ω −^1_2 e^{−2ω 1}_2 ω^2_u −U_3^1_2 ω^2_v −e^ω −^1_2 e^{−2ω} T able 3

Acknowledgement. The author is grateful to Prof. Constantin Udrişte, her Ph.D. supervisor, Prof. Dumitru Opriş and Prof. Virgil Obadeanu who have encouraged her work in this area of research, and to Prof. Peter J. Olver for helpful comments which have improved the presentation of this paper.

References

[1] I. M. Anderson and T. Duchamp, Variational principles for second order quasiliniar scalar equations, J. Differ. Equations , 51 (1984), 1-47.

[2] N. Bilă, Symmetry Lie groups of PDE of surfaces with constant Gaussian curvature, Scientific Bulletin, University Politehnica of Bucharest, Series A 61, 1-2 (1999), 123-136.

[3] N. Bilă, Lie groups applications to minimal surfaces PDE, Proceedings of the Workshop on Global Analysis, Differential Geometry and Lie Algebras, BSG Proceedings 3 (1999), Geometry Balkan Press, Editor: Gr. Tsagas, 197-205.

[4] N. Bilă and C. Udrişte, Infinitesimal symmetries of Camassa-Holm equation, Proceedings of the Workshop on Global Analysis, Diff. Geom. & Lie Algebras, BSG Proceedings 4 (1999), Geometry Balkan Press, Editor: Gr. Tsagas, 149-160.

[5] G. Bluman and J. D. Cole, Similarity Methods for Differential Equations, Springer Verlag, New York, 1974.

[6] A. I. Bobenko, Surfaces in terms of 2 by 2 matrices: Old and new integrable cases, in Harmonic maps and Integrable systems, Aspects of Mathematics, vol. E 23, A. P. Fordy, J. C. Wood, Friedr. Vieweg & Sohn Verlagsgesellschaft mbH, Braunschweig, Wiesbaden, 1994.

[7] G. Caviglia, Symmetry transformations, isovectors and conservation laws, J.

Math. Phys. 27, 4 (1986), 972-978.

[8] P.A. Clarkson, E.L. Mansfield and T.J. Priestley, Symmetries of a class of nonlinear third order partial differential equations, Math. Comput. Modelling 25, 8-9 (1997), 195–212.

[9] A. Dobrescu, Sur les variétés V_n immergées dans E_{n+1}, Rev. Roum. Math. Pures Appl. 12 (1967), 829-841.

[10] G.M. Fichtenholtz, - Curs de calcul diferenţial şi integral, II, Editura tehnica, Bucureşti, 1963.

[11] Gh.Th. Gheorghiu, O clasă particulară de spaţii cu conexiune afină, St. Cerc.

Mat. 21, 8 (1969), 1157-1168.

[12] Gh.Th. Gheorghiu, Hipersuprafeţe Tzitzeica, Lucrarile Ştiinţifice ale Institutului Pedagogic Timişoara, 1959, 45-60.

[13] B.K. Harrison and F.B. Estabrook, Geometric approach to invariance groups and solution of partial differential systems, J. Math. Phys. 12, 4 (1971), 653-666.

[14] W. Hereman, Review of symbolic software for the computation of Lie symmetries of differential equations, Euromath Bull. 1 (1994), 45-82.

[15] A. Kahane, Elemente din teoria congruenţelor de drepte, Biblioteca Soc. de Ştiinţe Matematice şi Fizice, R.P.R., Editura Tehnica, Bucureşti, 1956.

[16] B. Lawruk and W.M. Tulczyjew, Criteria for Partial Differential Equations to be Euler-Lagrange Equations, J. Differ. Equations 24 (1977), 211-225.

[17] J.Y. Lefebre and P. Metzger, Quelques exemples de groupes d’invariance d’équations aux dérivées partielles, C. R. Acad. Sci., Paris, Sér. I, Math. 279 (1974), 165-168.

[18] S. Lie, Gesammelte Abhandlungen, 4 (1029), Teubner, Leipzig, 320-384.

[19] E.L. Mansfiled, Computer algebra for the Classification Problem, In Modern Group Analysis: Developments in theory, computation and application, 211–217, Trondheim, Norway, 2000.

[20] O. Mayer, Géométrie centroaffine différentielle des surfaces, Ann. Sci. de l’Université de Jassy, 21, 1-4 (1934), 1-77.

[21] P.J. Olver, Applications of Lie Groups to Differential Equations, Graduate Texts in Math., 107, Springer Verlag, New York, 1986.

[22] D. Opriş and I. Butulescu, Metode geometrice in studiul sistemelor de ecuaţii diferenţiale, Editura Mirton, Timişoara, 1997.

[23] P.L. Sachdev, Nonlinear ordinary differential equations and their applications, Monographs and Textbooks in Pure and Applied Mathematics, 142, Marcel Dekker, New York, 1991.

[24] G. Tzitzeica, Sur une nouvelle classe de surfaces, C. R. Acad. Sci., Paris, Sér. I, Math. 144 (1907), 1257–1259.

[25] G. Tzitzeica, Géométrie différentielle projective des réseaux, Cultura Naţionala, Bucureşti, 1923.

[26] G. Tzitzeica, Sur la géométrie différentielle de l’équation de Laplace, C. R. du Congres Int. de Math. Oslo, 1936.

[27] C. Udrişte, Asupra varietaţilor A^0_m, Bul. Inst. Politehnic ”Gheorghe Gheorghiu- Dej” 37, 3 (1975), 4 pages.

[28] C. Udrişte and N. Bila, Symmetry Lie groups of the Monge-Ampère equation, Balkan J. Geom. Appl. 3, 2 (1998), 121-133.

[29] C. Udrişte and N. Bila, Symmetry group of Tzitzeica surfaces PDE, Balkan J.

Geom. Appl. 4, 2 (1999), 123-140.

[30] G. Vranceanu, Invariants centro-affines d’une surface, Rev. Roum. Math. Pures Appl. 24, 6 (1972), 979-982.

[31] G. Vranceanu, Gh. Tzitzeica fondateur de la Géometrie centro-affine, Rev. Roum.

Math. Pures Appl. 24, 6 (1979), 983-988.

[32] T. Wolf, A comparison of four approaches to the calculation of conservation laws, Eur. J. Appl. Math. 13, 2 (2002), 129-152.

Nicoleta Bila Johannes Kepler University Institute for Industrial Mathematics 69 Altenbergerstrasse, A-4040 Linz, Austria e-mail: bila@indmath.uni-linz.ac.at