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Abstract
This paper deals with school choice as an application of matching theory. Although the use of

matching theory for the design and study of school choice mechanisms is rather recent, some of its
tools were already successfully employed in several other markets, the most noticeable being the
labor market for medical doctors in the US. I �rst brie�y describe the problems that some US school
districts had, and why and how economic engineering has contributed a lot to the improvement of
school choice programs. Then, I will review and interpret a selection of the most recent developments
and results.
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1. Introduction
A common feature of many markets is their bi-

lateral structure and the need to match agents from
one side of the market to the other side of the mar-
ket. An important instance is the assignment of
students to colleges, or workers to �rms.

When David Gale and Lloyd Shapley published
their elegant paper back in 1962 they probably did
not imagine the stream of literature that would fol-
low.1 They described a model in which students
have to be matched to colleges, and where each
student and each college has preferences over the
other side of the market. They proposed an al-
gorithm that always produces a matching (assign-
ment) that is stable in the following sense: each
agent obtains an acceptable mate, and no pair of
agents who are not matched to one another would
prefer to be. Their algorithm is referred to as the

�deferred acceptance algorithm,� the reason being
that (loosely speaking) its two key elements are the
�proposals� from either side of the market and the
�deferred acceptance� by the other side of the mar-
ket.

Gale and Shapley's deferred acceptance algo-
rithm has turned out to be key in the design of
many markets. In fact, even before Gale and Shap-
ley's paper appeared in the American Mathematical
Monthly very similar ideas were already incorpo-
rated in the design of the �rst centralized market
for medical doctors in the US. More recently, vari-
ants of the deferred acceptance algorithms were im-
plemented after the redesign of school choice sys-
tems in Boston and New York.2 Every now and
then variants of the deferred acceptance algorithm
are independently rediscovered and implemented to
solve market failures.3

In their pioneering paper, Abdulkadiro§lu and
∗Corresponding Author. E-mail: �ip.klijn@iae.csic.es. I thank Bettina Klaus and Ana Meca for their comments on an

earlier version of this paper. Any remaining errors are mine. Financial support through Plan Nacional I+D+I (SEJ2005-
01690), the Consolider-Ingenio 2010 (CSD2006-00016) program, and the Barcelona Economics Program of XREA is grate-
fully acknowledged.

1For an overview until 1989, see Gus�eld and Irving (1989) and Roth and Sotomayor (1990). Al Roth's game theory,
experimental economics, and market design page has an updated bibliography.

2See Abdulkadiro§lu, Pathak, and Roth (2005) and Abdulkadiro§lu, Pathak, Roth, and Sönmez (2005) for reports on
the redesign of the New York and Boston school matches, respectively.

3To mention a few: medical interns in the US and the UK (Roth, 1990), secondary schools in Singapore (Teo et al.,
2001), and higher education in Hungary (Biró, 2008), Spain (Romero-Medina, 1998), and Turkey (Balinski and Sönmez,
1999). See also Roth's (2008a) review on the theory and practice of the deferred acceptance algorithm.
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Sönmez (2003) discussed some of the problems that
several US school districts were experiencing and
proposed two student assignment mechanisms. One
mechanism they proposed is directly based on Gale
and Shapley's deferred acceptance algorithm. The
other mechanism is based on Gale's Top Trading
Cycles algorithm, which is �rst described by Shap-
ley and Scarf (1974) in the context of so-called hous-
ing markets. Each of the two mechanisms has a
desirable feature that the other mechanism fails to
satisfy. The Gale-Shapley mechanism is stable, but
not (Pareto-)e�cient, i.e., there are situations in
which the mechanism yields a matching that can
be improved upon for some students without hurt-
ing the others. The Top Trading Cycles mechanism
on the other hand is e�cient, but not stable.

A �rst question of course is why certain school
choice districts were experiencing problems until
very recently. This is what I discuss in Section 2.
In Section 3, I recall Abdulkadiro§lu and Sönmez's
(2003) model of school choice and give a descrip-
tion of the mechanisms involved. Next, in Section
4, I address some important questions and compli-
cations for the full application of the theory to real
school choice problems. I review and interpret a
selection of the most recent developments and re-
sults.4 Section 5 concludes.

2. Why mechanism design in school
choice?
The key issue of school choice is providing the

parents of a child the possibility to have a say in
the assignment of their child to a public school. In
their study of school choice plans in the US, Ab-
dulkadiro§lu and Sönmez (2003) mentioned two ba-
sic shortcomings of several school choice programs
until recently. First, it turned out that many school
districts simply did not have rigorous procedures.
(In fact, until a decade ago children were assigned
to public schools without taking into account the
preferences of the parents at all.) This very of-
ten led to evasive action by the students and their
parents that took its ultimate form in court cases,
which were very often won by the parents, making
the procedure even more vulnerable to future �at-
tacks.� Second, the school choice programs that did
have explicit procedures su�ered from serious short-

comings. A representative case is the mechanism
that was used in the Boston school district. Since
seats in schools are a scarce resource it is generally
not possible to assign each student to his most pre-
ferred school. Therefore, apart from the students'
preferences the Boston (and other) school district
authorities took into account the priorities of stu-
dents for schools. The priority of a student for a
particular school typically is determined by factors
as living in the walk zone of the school, siblings
already attending the school, etc.

The major problem with the Boston mechanism
was that students possibly could bene�t from mis-
representing their preferences over schools. In other
words, the Boston mechanism is not strategy-proof.
A more detailed description of the mechanism is
given in the next section, but to see why it is not
strategy-proof it is enough to know that it �rst tries
to assign as many students as possible to their �rst
choice. More precisely, seats of a school are �lled by
students that put it as a �rst choice, one by one, fol-
lowing the priority order for that school. It is only
when all possible �rst choices are assigned when the
mechanism considers the second choices of the re-
maining (still unassigned) students. The problem is
that a student that remains unassigned in the �rst
round now may fail to gets its second choice because
this school has exhausted its capacity with students
that put it as a �rst choice. This may even be true
for a school that the student would have been as-
signed to had he put it as a �rst choice. In other
words, even if the student has a higher priority than
the students that were assigned to the school in the
�rst round, the school remains out of reach. Hence,
the Boston mechanism forces participants to play
a complicated admissions game. Another cost of
the Boston mechanism not being strategy-proof is
that it does not provide the information the au-
thorities would like to have � if parents do not re-
veal their true preferences it is hard to set the right
policies or make appropriate changes. Abdulka-
diro§lu and Sönmez (2003) therefore argued replac-
ing the Boston mechanism by the Gale-Shapley or
Top Trading Cycles mechanisms: both mechanisms
are strategy-proof and each has additional desir-
able properties. An experimental study of Chen
and Sönmez (2006) con�rmed the superiority of the

4By no means do I claim this review to be exhaustive. The number of studies on school choice using matching theory is
quickly growing.
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latter two mechanisms over the Boston mechanism.
Their data shows that the Boston mechanism in-
duces massive preference manipulation, and, as a
consequence, signi�cant welfare loss.

Abdulkadiro§lu, Pathak, Roth, and Sönmez
(2006) provided empirical evidence that under the
Boston mechanism there are di�erent levels of so-
phistication of play. On the one hand, there are
parents groups that discuss how to submit prefer-
ences strategically. On the other hand, there is also
a large number of parents that do not strategize
(well). As a consequence, the �rst groups of par-
ents systematically obtain �better� results than the
latter. This evidence was one of the reasons why
the Boston school district authorities replaced the
Boston mechanism by the Gale-Shapley mechanism.
Abdulkadiro§lu, Pathak, Roth, and Sönmez (2005)
report on some further design considerations.

Around the same time, Atila Abdulkadiro§lu,
Parag Pathak, Alvin Roth, and Tayfun Sönmez as-
sisted the New York City department in the design
of a new student assignment mechanism. New York
City has the largest public school system in the US
and each year there are about 90,000 entering stu-
dents. Abdulkadiro§lu, Pathak, and Roth (2005)
pointed out that the matching system that was in
use su�ered from three problems. First, there were
not enough rounds to allocate all students, and as
a consequence, about 30,000 students were assigned
to a school that was not on their list. Second, the
parents had to strategize (very much for the same
reason as in Boston). Third, schools acted as strate-
gic agents by withholding some of their capacity.
This last point already hints at what was concluded
after the initial discussions in the redesign process:
the New York City schools are a two-sided mar-
ket. The experience and the success of the redesign
of a very similar two-sided market, where Amer-
ican physicians are assigned to hospitals through
the Gale-Shapley mechanism, became very useful
(see Roth and Peranson, 1999 and Roth, 2002 for
details). It was decided to adapt the Gale-Shapley
mechanism to the particular needs and characteris-
tics of the New York City school match. Abdulka-
diro§lu, Pathak, and Roth (2005) report on the �rst
year of operation of the new mechanism. In con-
trast to the previous mechanism, only about 3,000
were assigned to schools they did not list. One (but
not the only) reason is that in the new mechanism

students are allowed to rank 12 schools (instead of
the previous maximum of 5). In Section 4.2, I will
discuss this restriction on the length of submittable
preference lists in more detail.

Further theoretical, experimental, and empirical
studies have disentangled some of the open prob-
lems and have provided additional insights in the
design of student assignment mechanisms. In the
next session I will �rst recall the basic model and
give a description of the three mechanisms. Subse-
quently I will focus on some concerns that mostly
deal with the gap between the simpli�cations in-
herent to the modeling and real-life school choice
procedures.

3. The model
Following Abdulkadiro§lu and Sönmez (2003), a

school choice problem is de�ned by a set of schools
and a set of students, each of which has to be as-
signed a seat at not more than one of the schools.
Each student is assumed to have strict preferences
over the schools and the option of remaining unas-
signed. Each school is endowed with a strict priority
ordering over the students and a �xed capacity of
seats. Formally, a school choice problem is a 5-tuple
(I, S, q, P, f) that consists of

1. a set of students I = {i1, . . . , in},
2. a set of schools S = {s1, . . . , sm},
3. a capacity vector q = (qs1 , . . . , qsm),
4. a pro�le of strict student preferences P =
(Pi1 , . . . , Pin), and
5. a strict priority structure of the schools over
the students f = (fs1 , . . . , fsm).

We denote by i and s a generic student and a generic
school, respectively.

The preference relation Pi of student i is a lin-
ear order over S ∪ {i}, where i denotes his outside
option (e.g., enrolling in a private school). Student
i prefers school s to school s′ if sPis

′. School s

is acceptable to i if sPii. Let Ri denote the weak
preference relation associated with the preference
relation Pi.

The priority ordering fs of school s assigns
ranks to students according to their priority for
school s. The rank of student i for school s is fs(i).
Then, fs(i) < fs(j) means that student i has higher
priority (or lower rank) for school s than student j.
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Throughout the paper the set of students I and
the set of schools S do not vary. Hence, a school
choice problem is given by a triple (P, f, q), or sim-
ply by P when no confusion is possible.

School choice is closely related to the college
admissions model (Gale and Shapley, 1962). The
only but key di�erence between the two models is
that in school choice schools are mere �objects� to
be consumed by students, whereas in the college
admissions model (or more generally, in two-sided
matching) both sides of the market are agents with
preferences over the other side. In other words, a
college admissions problem is given by 1�4 above
and 5' below:

5'. a pro�le of strict school preferences PS =
(Ps1 , . . . , Psm

),
where Ps denotes the strict preference relation of
school s ∈ S over the students.

Priority orderings in school choice can be rein-
terpreted as school preferences in the college admis-
sions model. Therefore, many results or concepts
for the college admissions model have their natu-
ral counterpart for school choice.5 In particular,
an outcome of a school choice or college admissions
problem is a matching µ : I ∪S → 2I ∪S such that
for any i ∈ I and any s ∈ S,

• µ(i) ∈ S ∪ {i},
• µ(s) ∈ 2I ,
• µ(i) = s if and only if i ∈ µ(s), and
• |µ(s)| ≤ qs.

For i ∈ I, if µ(i) = s ∈ S then student i is assigned
a seat at school s under µ. If µ(i) = i then student
i is unassigned under µ.

A key property of matchings in the two-sided
matching literature that does not lose its impor-
tance in school choice is stability. Informally, a
matching is stable if, for any student, all the schools
he prefers to the one he is assigned to have ex-
hausted their capacity with students that have
higher priority. Formally, let P be a school choice
problem. A matching µ is stable if

• it is individually rational, i.e., for all i ∈ I,
µ(i)Ri i,
• it is non wasteful (Balinski and Sön-
mez, 1999), i.e., for all i ∈ I and all s ∈ S,
sPiµ(i) implies |µ(s)| = qs, and

• there is no justi�ed envy, i.e., for all i, j ∈ I

with µ(j) = s ∈ S, sPiµ(i) implies fs(j) <

fs(i).

The set of stable matchings is denoted by S(P ).
Another desirable property for a matching is

Pareto-e�ciency. In the context of school choice,
the schools are mere �objects.� Therefore, to deter-
mine whether a matching is Pareto-e�cient we only
take into account students' welfare. A matching µ′

Pareto dominates a matching µ if all students pre-
fer µ′ to µ and there is at least one student that
strictly prefers µ′ to µ. Formally, µ′ Pareto domi-
nates µ if µ′(i)Riµ(i) for all i ∈ I, and µ′(i′)Pi′µ(i′)
for some i′ ∈ I. A matching is Pareto-e�cient if
it is not Pareto dominated by any other matching.
We denote the set of Pareto-e�cient matchings by
PE(P ).

A (student assignment) mechanism systemati-
cally selects a matching for each school choice prob-
lem. A mechanism is stable (or Pareto-e�cient) if it
always selects a stable (or Pareto-e�cient) match-
ing. A mechanism ϕ is manipulable by student i at
problem P if there exists a preference relation P ′i
such that ϕ(P−i, P

′
i )(i)Piϕ(P )(i). A mechanism is

strategy-proof if no student can ever manipulate it.
In other words, a mechanism is strategy-proof if no
student can ever bene�t by unilaterally misrepre-
senting his preferences.6

3.1. The three mechanisms
The following concise description, which is taken

from Calsamiglia et al. (2007), integrates the three
student assignment mechanisms that I discussed
earlier. It distinguishes between the students' and
the schools' point of view. The reason is that in the
eventual computations the three mechanisms only
di�er in the way a student is �rejected� by a school.

The Boston (β, BOS), Gale-Shapley (γ, GS),
and Top Trading Cycles (τ , TTC) mecha-
nisms:
Step 1: For each school, a priority ordering of
students is determined (based on state and local
laws/policies, etc.).

Step 2: Each student submits a preference ranking
of the schools.

5See, for instance, Balinski and Sönmez (1999).
6In game theoretic terms, a mechanism is strategy-proof if truthful preference revelation is a weakly dominant strategy.
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Step 3: The assignment of seats is obtained
through an algorithm, as follows.

Round k, k ≥ 1 [students]: Each student that
has not been removed yet but is rejected in the
previous round7 points to the next highest ranked
school in his submitted list that has not been re-
moved yet (if there is no such school then the stu-
dent points to himself).

Round k, k ≥ 1 [schools, BOS]: Each school as-
signs seats one at a time to the students that point
to it following its priority order. If the school capac-
ity is or was attained, the school rejects any remain-
ing students that point to it. If a student points to
himself, he is assigned to himself. Any student that
is assigned is removed.
The Boston algorithm terminates when all students
have been removed.

Round k, k ≥ 1 [schools, GS]: Each school ten-
tatively assigns seats one at a time to the students
that point to it following its priority order. When
the school capacity is attained the school rejects
any remaining students that point to it. If a stu-
dent points to himself, he is tentatively assigned to
himself.
The Gale-Shapley algorithm terminates when no
student is rejected. The tentative matching becomes
�nal.

Round k, k ≥ 1 [schools, TTC]: Each school
that has not been removed yet points to the stu-
dent with highest priority among the students that
have not been removed yet. There is at least one
cycle. If a student is in a cycle he is assigned a seat
at the school he points to (or to himself if he is in
a self-cycle). Students that are assigned a seat are
removed. If a school is in a cycle then its number
of vacant seats is decreased by 1. If a school has no
longer vacant seats then it is removed.
The Top Trading Cycles algorithm terminates when
all students or schools have been removed.

The Gale-Shapley and Top Trading Cycles mech-
anisms are strategy-proof, but the Boston mecha-
nism is not. The Gale-Shapley mechanism is also
stable. In fact, it always generates the best stable
matching for the students. However, it is not Pareto

e�cient. In contrast, the Top Trading Cycles mech-
anism is Pareto e�cient but not stable. In fact, it
is well-known that stability and e�ciency are in-
compatible. That is, there is no mechanism that is
both stable and e�cient. The Boston mechanism is
Pareto e�cient, but since it is not strategy-proof,
Pareto e�ciency is likely to be distorted in practice.

4. Issues in the design of student
assignment mechanisms
Below I will discuss, in no particular order, some

of the key issues that played a role in the design
of student assignment mechanisms or that possibly
will be relevant in future redesigns.
4.1. Indi�erence classes in the priority

structure
An important question in the application of the-

ory of school choice to real-life situations is the pres-
ence of indi�erences in the priority structure f . In
practical situations there is only a limited number of
relevant criteria that determine the priority of each
student for a given school. Thus, it may happen
that some students have exactly the same priority,
i.e., there are distinct students i, j and a school s

such that fs(i) = fs(j). Then, instead of having
a strict priority list, a school's priority list typi-
cally contains several indi�erence classes. From the
school's point of view, all students in the same in-
di�erence class are indistinguishable. Clearly, this
complication is relevant if (and only if) some stu-
dents of the same indi�erence class compete for the
same school seat.

A �rst idea is to break the ties in order to get rid
of the indi�erence classes and obtain a strict prior-
ity structure. Next, one can apply either the Gale-
Shapley or Top Trading Cycles mechanism. Re-
garding the Top Trading Cycles mechanism, Pathak
(2007) shows that it is insensitive to how ties are
broken. The Gale-Shapley mechanism, however, is
very much a�ected by the way the ties are broken.
Erdil and Ergin (2008) show by means of an exam-
ple that if we break ties in an arbitrary way, then it
is possible that the stable matching induced by the
Gale-Shapley mechanism is Pareto dominated by
another stable matching. Gale and Shapley (1962)
showed that this is never the case in their original
setting without indi�erences.

7In order to incorporate the initial step correctly, we use the convention that at �Round 0� all students are rejected.
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Erdil and Ergin (2008) propose the following
procedure to obtain a stable matching that is not
Pareto dominated by any other stable matching.
They �rst introduce the concept of a stable im-
provement cycle.

De�nition 4.1. (Erdil and Ergin, 2008)
A matching µ admits a stable improvement cy-
cle if there is a cycle of distinct students
〈i1, . . . , in =: i0〉 (n ≥ 2) such that for any l =
0, . . . , n − 1, µ(il+1)Pil

µ(il) ∈ S and fµ(il+1)(il)
= min {fµ(il+1)(j) : j ∈ I and µ(il+1)Pjµ(j)}. 4

Loosely speaking, each student i in a stable im-
provement cycle desires the school s to which the
next student in the cycle is assigned at µ, and in ad-
dition student i has the highest priority (i.e., lowest
rank order) among all students that desire school s.

Given a stable improvement cycle 〈i1, . . . , in =:
i0〉 for a matching µ, one can construct a new
matching µ′ as follows,

µ′(j) :=





µ(j) if j 6∈ {i1, . . . , in},
µ(il+1) if j = il for

some l = 0, . . . , n− 1.

One easily veri�es that if µ is stable, then the
matching µ′ that results from �satisfying� the stable
improvement cycle is again a stable matching.

Theorem 4.1. (Erdil and Ergin, 2008)
Let µ be a stable matching. If µ is Pareto domi-
nated by another stable matching, then µ admits a
stable improvement cycle.

This result induces a simple algorithm to �nd
a matching µ∗ that is stable and constrained e�-
cient. Here, constrained e�cient means that there
is no other stable matching that Pareto dominates
µ∗. (Of course, this does not discard the existence
of an unstable matching that Pareto dominates µ∗.)
First, break the ties of the priority structure in an
arbitrary way and apply the deferred acceptance
algorithm to obtain a stable matching. Next, sat-
isfy iteratively stable improvement cycles. Clearly,
this algorithm terminates in a �nite number of steps
and by Theorem 4.1 the resulting matching is sta-
ble and constrained e�cient. In fact, Erdil and
Ergin (2008) show that their algorithm has a re-
markably small computational complexity. More-

over, Abdulkadiro§lu, Pathak, and Roth (2008) re-
port that if the algorithm would have been applied
to the preference data of the 2003-2004 New York
City school match, then more than 10% of the about
64.000 students involved would have been assigned
to a strictly preferred school, without hurting the
other students.

Given that in practice the priority structure is
not strict, why not immediately replace the Gale-
Shapley mechanism by the algorithm proposed by
Erdil and Ergin (2008)? A problem of the latter
algorithm is that it cannot induce a strategy-proof
mechanism. (Note that there is range of possibil-
ities for such mechanism since the �nal matching
crucially depends on the tie-breaking.) In other
words, unlike the Gale-Shapley mechanism, it does
not make it a (weakly) dominant strategy to state
one's true preferences. In fact, Erdil and Ergin
(2008) proved the following impossibility result.

Theorem 4.2. (Erdil and Ergin, 2008)
There is no mechanism that is both strategy-proof
and constrained e�cient.

Abdulkadiro§lu, Pathak, and Roth (2008) fur-
ther analyzed the impact of the presence of ties in
the priority structure. A tie-breaker is a bijection
r : I → {1, . . . , n} and can be used to break ties
at a school s by replacing its priority fs by f ′s as
follows: f ′s(i) < f ′s(j) if and only if [fs(i) < fs(j) or
[fs(i) = fs(j) and rs(i) < rs(j)]]. A tie-breaking
rule is a collection of tie-breakers, one for each
school. A single-tie breaking rule uses the same tie-
breaker for all schools, a multiple-tie breaking rule
may use di�erent tie-breakers for di�erent schools.
Let γr denote the mechanism that yields the match-
ing from the deferred acceptance algorithm, after
breaking possible ties according to r.

Using data from the New York City school
match they compared di�erent single and multiple-
tie breaking rules obtained from independent draws
from uniform distributions. On the one hand,
single-tie breaking does not stochastically dominate
multiple-tie breaking. On the other hand, the mean
and the number of students that receive their top
choices are higher under single-tie breaking than
multiple-tie breaking. The next theoretical result
further supports the use of a single-tie breaking rule.
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Theorem 4.3. (Abdulkadiro§lu, Pathak, and
Roth, 2008)
For any priority structure f and any school choice
problem P , if µ is constrained e�cient then there is
a single-tie breaking rule r such that γr(P ) = µ.

As has been pointed out before, if we use a
tie-breaking rule and apply the deferred accep-
tance algorithm then the resulting matchings need
not be constrained e�cient. Theorem 4.2 im-
plies that Pareto improving upon these matchings
comes at the price of losing strategy-proofness.
Abdulkadiro§lu, Pathak, and Roth (2008) further
strengthen this result as follows. A mechanism
dominates another mechanism if the �rst mecha-
nism always gives a weakly better match to all stu-
dents than the second mechanism, and for some
school choice problem and for some student the �rst
mechanism gives a strictly better match than the
second mechanism.

Theorem 4.4. (Abdulkadiro§lu, Pathak, and
Roth, 2008)
For any tie-breaking rule r, there is no strategy-
proof mechanism that dominates γr.

4.2. Constrained school choice
Real-life school choice situations typically in-

volve a large number of participants and a rela-
tively small number of school programs. Parents
are often asked to submit a preference list contain-
ing only a limited number of schools.8 In other
words, there is a constraint or quota on the number
of schools that can be listed. This restriction is rea-
son for concern: true preference revelation is (typ-
ically) no longer an option. As a consequence, the
Gale-Shapley and Top Trading Cycles mechanisms
are no longer strategy-proof. Since the (desirable)
properties of the two mechanisms are relative to the
revealed preferences, it is far from clear what these
properties mean in case the revealed preferences are
not the true preferences. In the setting of �con-
strained school choice� (i.e., school choice with a
restriction on the length of submittable preference
lists), it is likely that participants adopt strategic
behavior. For instance, if a participant fears re-
jection by his most preferred programs, it can be
advantageous not to apply to these programs and

use instead its allowed application slots for less pre-
ferred programs.
Manipulability

Pathak and Sönmez (2008b) develop a notion
to compare mechanisms that are not strategy-proof
based on the degree to which they encourage manip-
ulation. Subsequently, they use their notion to com-
pare several well-known mechanisms in the match-
ing and auction literature. One speci�c case is the
setting of constrained school choice where the Gale-
Shapley and Top Trading Cycles mechanisms are
not strategy-proof.

Pathak and Sönmez (2008b) call a mechanism
ψ weakly more manipulable than mechanism ϕ if
whenever ϕ is manipulable, ψ is also manipulable,
even though the converse does not hold. Equiv-
alently, ψ is weakly more manipulable than ϕ if
whenever truthtelling is a Nash equilibrium under
ψ truthtelling is a Nash equilibrium under ϕ as well.
Theorem 4.5. (Pathak and Sönmez, 2008b)
The stronger the restriction on the length of submit-
table preferences lists (i.e., the smaller the quota)
the weakly more manipulable becomes the Gale-
Shapley mechanism.
Theorem 4.6. (Pathak and Sönmez, 2008b)
Let 1 ≤ k < m. If students can list at most k

schools, then the Boston mechanism is weakly more
manipulable than the Gale-Shapley mechanism.

Pathak and Sönmez (2008b) consider also a sec-
ond notion to compare manipulability of di�erent
mechanisms: a mechanism ψ is strongly more ma-
nipulable than mechanism ϕ if at any pro�le R,
any student that can manipulate ϕ can also manip-
ulate ψ, even though the converse does not hold.
Next, they show by means of an example that The-
orem 4.6 cannot be strengthened through replace-
ment of the �rst notion by the second notion.

An interesting open problem is how the Top
Trading Cycles mechanisms compares to the other
two mechanisms and whether it becomes more ma-
nipulable as the restriction on the length of submit-
table preferences becomes more stringent.
Stability and e�ciency

Haeringer and Klijn (2007) study the impact of
the constraint on stability and e�ciency by intro-

8For instance, in the school district of New York City each year more than 90,000 students are assigned to about 500
school programs, and parents are asked to submit a preference list containing at most 12 school programs (Abdulkadiro§lu,
Pathak, and Roth, 2005, 2008).
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ducing a preference revelation game where students
can only declare up to a �xed number (the quota) of
schools to be acceptable. Each possible quota, from
1 up to the total number of schools, together with a
student assignment mechanism induces a strategic
�quota-game.� Since the presence of the quota elim-
inates the existence of a dominant strategy when
the mechanism at hand is the Gale-Shapley and Top
Trading Cycles mechanisms, we focus on the Nash
equilibria of the quota-games.

Fix the priority ordering f and the capacities q.
Given a pro�le of preferences P = (Pi1 , . . . , Pin

),
a quota k with 1 ≤ k ≤ m, and a mechanism
ϕ, the induced quota-game Γϕ(P, k) is a triple
〈I,Q(k)I , P 〉. The strategy set of each player (stu-
dent) is the set of preference lists with at most k

acceptable schools which is denoted by Q(k). Out-
comes of the game are evaluated through the true
preferences P . Let Eϕ(P, k) and Oϕ(P, k) denote
the set of Nash equilibria and Nash equilibrium
outcomes, respectively. Haeringer and Klijn (2007)
show that for all three mechanisms discussed above
there are Nash equilibria in pure strategies.

Below I summarize the results regarding the
stability of the equilibrium outcomes, and sub-
sequently comment on e�ciency. The following
benchmark is, given the negative empirical evidence
regarding the Boston mechanism, quite surprising.

Theorem 4.7. (Ergin and Sönmez, 2006 and
Haeringer and Klijn, 2007)9
For any quota k and any school choice problem P ,
the game Γβ(P, k) implements S(P ) in Nash equi-
libria, i.e., Oβ(P, k) = S(P ).

When k = 1 the deferred acceptance algorithm
consists of only one step, which moreover coincides
with the (then also unique step) of the Boston al-
gorithm, i.e., Γγ(P, 1) = Γβ(P, 1) = S(P ). In case
k 6= 1, it is easy to see that under the Gale-Shapley
mechanism each stable matching can still be ob-
tained as an equilibrium outcome. However, as Ex-
ample 3 in Sotomayor (1998) already showed, not
all equilibrium outcomes need to be stable. There-
fore, an important question is to �nd out whether
and when we can guarantee a stable outcome. One
possible interpretation of �when� is to �nd necessary
and su�cient conditions on the priority structure.

For s ∈ S and i ∈ I, we denote by Uf
s (i) the set

of students that have higher priority than student i

for school s, i.e., Uf
s (i) = {j ∈ I : fs(j) < fs(i)}.

De�nition 4.2. Ergin-Acyclicity (Ergin, 2002)
Given a priority structure f , an Ergin-cycle is con-
stituted of distinct s, s′ ∈ S and i, j, l ∈ I such that
the following two conditions are satis�ed:
Ergin-cycle condition: fs(i) < fs(j) < fs(l) and
fs′(l) < fs′(i) and
ec-scarcity condition: there exist (possibly empty
and) disjoint sets Is, Is′ ⊆ I\{i, j, l} such that Is ⊆
Uf

s (j), Is′ ⊆ Uf
s′(i), |Is| = qs−1, and |Is′ | = qs′−1.

A priority structure is Ergin-acyclic if no Ergin-
cycles exist. 4

Theorem 4.8. (Haeringer and Klijn, 2007)
Let k 6= 1. Then, f is an Ergin-acyclic priority
structure if and only if for any school choice prob-
lem P , Oγ(P, k) = S(P ).
De�nition 4.3. Kesten-Acyclicity (Kesten, 2006)
Given a priority structure f , a Kesten-cycle is con-
stituted of distinct s, s′ ∈ S and i, j, l ∈ I such that
the following two conditions are satis�ed:
Kesten-cycle condition fs(i) < fs(j) < fs(l) and
fs′(l) < fs′(i), fs′(j) and
kc-scarcity condition there exists a (possibly
empty) set Is ⊆ I\{i, j, l} with Is ⊆ Uf

s (i) ∪[
Uf

s (j)\Uf
s′(l)

]
and |Is| = qs − 1.

A priority structure is Kesten-acyclic if no Kesten-
cycles exist. 4

Kesten-acyclicity implies Ergin-acyclicity
(Lemma 1, Kesten, 2006). It is easy to check that
the reverse holds if all schools have one seat.
Theorem 4.9. (Haeringer and Klijn, 2007)
Let 1 ≤ k ≤ m. Then, f is a Kesten-acyclic pri-
ority structure if and only if for any school choice
problem P , Oτ (P, k) = S(P ).

Theorems 4.7�4.9 show that in all three school
choice procedures stability can be guaranteed by
strategic interaction in spite of possible constraints
on preference revelation. While no particular as-
sumption is needed for the Boston mechanism,
stringent conditions are required for the Gale-
Shapley and the Top Trading Cycles mechanisms.
Since real-life priority structures typically do not
satisfy these conditions, the transition to either of

9Ergin and Sönmez (2006) deal with k = m. Kojima (2008) extends their result to the case with general priority
structures.
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the supposedly superior mechanisms may yield �un-
fair� assignments in the sense that there are stu-
dents that prefer a seat that is occupied by a lower
priority student.

Regarding e�ciency, Haeringer and Klijn (2007)
identify similar (but new) acyclicity conditions and
show that they are necessary and su�cient to guar-
antee the e�ciency of the three mechanisms. Qual-
itatively, the two (main) di�erences are that (i)
the Boston and Gale-Shapley mechanisms perform
equally well (or bad), and (ii) the Top Trading Cy-
cles mechanism performs better than the other two
mechanisms.

As a closing remark, the acyclicity conditions
that guarantee stability or Pareto-e�ciency are very
limiting, and unlikely to hold in practice. This is
a clear call for unrestricting preference revelation,
i.e., setting k = m. Of course the negative results
above still apply for k = m but it is likely that
in this case students use their (weakly) dominant
strategy, namely submitting their true preferences.
Recall that in the unconstrained setting the Gale-
Shapley and Top Trading Cycles mechanisms yield
a stable and e�cient matching, respectively. The
choice for either of the two mechanisms then de-
pends on whatever has the highest priority for the
policy makers: stability or e�ciency.

4.3. Manipulation by schools
The formal model of school choice only allows

the students to act strategically. More precisely,
the priorities and capacities of the schools are de-
termined by law and there is no room for strate-
gizing. Nevertheless, Abdulkadiro§lu, Pathak, and
Roth (2005) noted that in the New York City school
match schools acted as strategic agents by withhold-
ing some of their capacity (Sönmez, 1997). An-
other possibility of manipulation is through pre-
arranged matches (Sönmez, 1999): a student-school
pair commit to a mutually bene�cial agreement
prior to the centralized procedure, according to
which (i) the student does not participate in the
procedure and (ii) he is rewarded with a seat at
the school. Here, mutually bene�cial means that at
least the student or the school obtains a strictly bet-
ter match (and the other agent does not get hurt).
Sönmez (1997, 1999) showed that any stable mech-
anism can be manipulated through capacity with-
holding and also through pre-arranged matches.

In many school districts, each school is required
to admit a minimum number of students. In other
words, in this extended model each school s can-
not declare less than say q

s
seats. To formalize

the �rst type of manipulation we need the follow-
ing piece of notation. Let Ps denotes the strict
preference relation of school s ∈ S over the (in-
dividual) students (see item 5' in Section 3). More
precisely, fs(i) < fs(j) if and only if iPsj for all
i, j ∈ I. With a slight abuse of notation, let Ps

also denote the preferences of school s over sets of
students. A usual assumption in the literature is
that for each school s ∈ S the preferences Ps are
responsive (Roth, 1985), i.e.,

• if i 6∈ I ′ and |I ′| < qs, then (I ′ ∪ {i})PsI
′ if

and only if iPs∅, and
• if i 6∈ I ′ and j ∈ I ′, then ((I ′\{j}) ∪ {i})PsI

′

if and only if iPsj.
Let PS = (Ps1 , . . . , Psm).
De�nition 4.4. (Sönmez, 1997)
A mechanism ϕ is non-manipulable via capacities
if for all (PS , q), all s ∈ S, and all q

s
< q′s < qs,

ϕ(PS , q)(s)Rsϕ(PS , q′s, q−s)(s). 4

Theorem 4.10. (Kesten, 2008b)
The Boston and Top Trading Cycles mechanisms
are non-manipulable via capacities. The Gale-
Shapley mechanism is non-manipulable via capac-
ities if and only if f is an Ergin-acyclic priority
structure.

The second type of manipulation by schools is
formalized as follows.
De�nition 4.5. (Sönmez, 1999)
A mechanism ϕ is non-manipulable via pre-arranged
matches at (I, PI , PS , q) if there is a student i ∈ I

and a school s ∈ S such that sRiϕ(I, PI , PS , q)(i)
and

(
{i} ∪ ϕ(I\{i}, PI\{i}, P

I\{i}
S , q−s, qs − 1)(s)

)

Rsϕ(I, PI , PS , q)(s) with at least one of the rela-
tions holding strictly. 4

Here, P
I\{i}
S denotes the preferences of the schools

over the set of students I\{i}. As the following
result shows, it is virtually impossible to avoid ma-
nipulation via pre-arranged matches.
Theorem 4.11. (Kesten, 2008b)
Suppose that at (I, PI , PS , q) for some school s ∈ S,
qs < n. Then, any mechanism is manipulable via
pre-arranged matches at some problem.
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Kojima (2007) studies the same two kinds of ma-
nipulation. As Kojima (2007) points out, there are
two di�erences between his and Kesten's (2008b)
paper. First, Kojima (2007) follows the litera-
ture on school choice by assuming that the schools'
priorities (or preferences) are publicly known.
Kesten (2008b) assumes that the priorities are pri-
vate information. Second, Kojima (2007) obtains
conditions in terms of preferences of an individual
school under which that particular school cannot
manipulate. Clearly, Kesten's results (Theorems
4.10 and 4.11) deal with conditions on the entire
priority structure such that no school can manipu-
late.

De�nition 4.6. (Konishi and Ünver, 2006)
Preference relation Ps is strongly monotone in pop-
ulation if, if qs > |I ′| > |I ′′| and each student i ∈ I ′

is acceptable (i.e., iPs∅), then I ′PsI
′′. 4

The following two results show that the class
of strongly monotone preferences in population is a
maximal domain for non-manipulability via capac-
ities of the Gale-Shapley mechanism.

Theorem 4.12. (Konishi and Ünver, 2006)
If Ps is strongly monotone in population, then s

cannot manipulate the Gale-Shapley mechanism via
capacities.

Theorem 4.13. (Kojima, 2007)
Fix I, S, s ∈ S, Ps, and qs. If Ps is not strongly
monotone in population, then there exist preferences
of students and other schools (PI , P−s) such that s

can manipulate the Gale-Shapley mechanism via ca-
pacities. The preferences of the other schools can be
taken as strongly monotone in population.

Kojima (2007) also identi�es a maximal domain
for the second type of manipulation.

De�nition 4.7. (Kojima, 2007)
Preference relation Ps is weakly maximin if [qs =
|I ′| = |I ′′|, each student i ∈ I ′ is acceptable, and
the least preferred student in I ′ is strictly preferred
to the least preferred student in I ′′] implies I ′PsI

′′.4

Theorem 4.14. (Kojima, 2007)
(i) If Ps is weakly maximin, then s cannot manip-
ulate the Gale-Shapley mechanism via pre-arranged
matches.
(ii) Fix I, S, s ∈ S, Ps, and qs. If Ps is not weakly
maximin, then there exist preferences of students
and other schools (PI , P−s) such that s can manip-
ulate the Gale-Shapley mechanism via pre-arranged
matches. The preferences of the other schools can
be taken as weakly maximin.

4.4. Further issues
There are many other important issues and new

developments in the �eld. I just mention three. Ab-
dulkadiro§lu and Ehlers (2006) study how in prac-
tice one can assign students to school while main-
taining racial and ethnic balance. They introduce
a notion of fairness and show that there is always a
constrained non-wasteful matching that satis�es it.
On the other hand, they prove that there is no such
mechanism that is also strategy-proof.

Kesten (2008a) provides theoretical and compu-
tational evidence that the Gale-Shapley mechanism
may su�er large welfare losses. He proposes an ad-
justment such that a student's waiving his priority
for a particular school leads to a Pareto improve-
ment. He further shows that the adjustment prac-
tically does not disrupt strategy-proofness.

Abdulkadiro§lu, Che, and Yasuda (2008) ex-
pand the set of strategies by allowing students to
�signal� a school (in addition to a preference list).
They introduce a new mechanism and show that it
improves upon the Gale-Shapley mechanism.

5. Concluding remarks
It has become clear that matching theory and

mechanism design can provide a better understand-
ing of several real-life markets and help to improve
their working.10 The case of school choice is a clear
example. The assistance of economists in the de-
sign of school choice programs has led to student
assignment mechanisms that are considered fair or
e�cient. Addtionally, the new mechanisms have
also taken away concerns of the parents since they
no longer have to strategize and can simply submit
their true preferences. As an illustration, the Insti-
tute for Innovation in Public School Choice, which

10See, for instance, Roth, 2008b.
11For further information and developments see http://iipsc.org/index.htm or Al Roth's page.
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is a nonpro�t organization in the US, makes use of
the know-how of economists in the �eld of market
design.11

On the other hand, recent literature shows there
is still room for further improvements in student as-
signment mechanisms. I mentioned for instance the
presence of a cap on the length of submittable pref-
erence lists is harmful, and there is no clear rea-
son to not remove it. It is also necessary to take
care of the ties in the priority structure. All of this
could lead to additional social welfare. An impor-
tant but di�cult task for �economic engineers� is
to convince authorities how one should deal with
these and other market failures. One di�culty is
that authorities or clearinghouses may not always
be eager to share information about the exact pro-
cedures or cannot reveal the (submitted) prefer-
ences of the participants. Finally, groups of in-
terest may be resistant against redesign. For the
case of school choice, Pathak and Sönmez (2008a)
identi�ed groups of parents that invested in learn-
ing about the Boston mechanism. These parents
obtained a clear advantage over the other partici-
pants, and opposed changing the mechanism.

The interaction between practical problems and
theory leads also to new interesting theoretical
problems. One challenge is to model, study, and
compare di�erent informational environments (that
correspond to more realistic settings). Another
challenge is to �nd out how well the mechanisms
perform. For instance, if a mechanism is manipula-
ble, ine�cient, or unstable, how manipulable, inef-
�cient, or unstable is it really?
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